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This PME working group on procedural flexibility has emerged from an international
network of researchers specialising in procedural flexibility. They meet regularly to
discuss the conceptualisation and measurability of relevant constructs. The aim of this
initiative is to discuss diverging approaches and move towards consolidation and
shared research perspectives. Regarding future PME conferences, initiatives such as
working groups and research forums are planned.

INTRODUCTION

The working group will focus on clarifying and operationalizing the construct of
procedural flexibility in mathematics, with attention to its facets (e.g., potential
flexibility, spontaneous/practical flexibility) and the implications for measurement.
While there is broad agreement that flexibility is an important target of instruction,
there is much less consensus on the definition of procedural flexibility, which has
hindered cumulative knowledge building. We begin by referring to the two-component
definition by Star and Newton (2009) - strategy flexibility as the knowledge of
multiple solution strategies and the ability to select the most suitable according to the
characteristics of the task — a definition that has been frequently used in recent works
(e.g., Ableitinger, Dorner, & Star, 2025).

A central goal of the group is to advance the development of usable, valid instruments
for measuring procedural flexibility across topics and grade levels. Existing measures,
notably the instrument by Xu et al. (2017), offer an important foundation. However,
this test is relatively long, targets only linear equations, and it remains unclear to what
extent task characteristics (e.g., numerical features, representation formats, or problem
structures) systematically influence observed flexibility. The instrument has been
frequently used in empirical studies (e.g., Hasto et al., 2019), which underscores its
importance and the need for careful extension and refinement.

Our working group will (a) synthesize definitional frameworks under the Star &
Newton (2009) lens, (b) identify task features that may influence strategy choice, (c)
design shorter, test instruments suitable for multiple mathematical areas, and (d)
discuss issues of validity. Expected results include a consolidated view of common
research desiderata in the field, the development of prototypical test items and
guidelines for the (further) development of reliable and practicable test instruments for
procedural flexibility in different mathematical areas.
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WORKING GROUP STRUCTURE
In Table 1, the structure and organization of the sessions is presented.
Table 1: Structure of the two 90 min sessions.

Time Activity

10 min Introduction of procedural flexibility and WG aims by WG leaders
10 min Introduction of the topic definitions of relevant constructs by WG leaders

30 min Participants work in sub-groups to discuss different definitions of
procedural flexibility, potential flexibility, spontaneous flexibility,
accuracy, generic and situational strategies, and others

20 min  Plenary discussion: wrap-up, refinement of definitions and identification
of necessary follow-up discussions

20 min On the way to the second slot: Participants share experiences and
challenges encountered when applying procedural flexibility assessments

15 min Introduction of the topic flexibility measures and the data providing study
by WG leaders

35 min Data engagement: Participants work in sub-groups with empirical data on
flexibility eligible tasks (provided by WG leaders) and identify patterns
of how the choice of strategies changes depending on task characteristics

10 min  Plenary discussion of relevant ideas from the groups: Documentation of
findings and determination of necessary follow-up discussions

20 min  Building on the insights gained so far, participants formulate demands for
future flexibility measurements

10 min  Summary of the most important outcomes and identification of the most
relevant open questions for future activities, facilitated by WG leaders

References

Ableitinger, C., Dorner, C., & Star, J. (2025). The tree of procedural knowledge. For the
Learning of Mathematics, 45(2), 41-43.

Hasto, P., Palkki, R., Tuomela, D., & Star, J. R. (2019). Relationship between mathematical
flexibility and success in national examinations. European Journal of Science and
Mathematics Education, 7(1), 1-13.

Star, J. R., & Newton, K. J. (2009). The nature and development of experts’ strategy flexibility
for solving equations. ZDM, 41(5), 557-567.

Xu, L., Liu, R. D, Star, J. R., Wang, J., Liu, Y., & Zhen, R. (2017). Measures of potential
flexibility and practical flexibility in equation solving. Frontiers in Psychology, 8, 1368.

PME 49 - 2026 309



YOUTH’S VIEW ON MATHEMATICS FOR HUMAN RIGHTS

Yasmine Abtahil, Trine Mette Foyn?, Matijas Loeb?, Richard Barwell?, Suela
Kacerjal, Beth Herbel-Eisenmann?, Kjellrun Hiis Hauge?®, Lisa Steffensen®

tUniversity of South-Eastern Norway; 2University of Ottawa, Canada; *Western
Norway University of Applied Sciences; *Michigan State University, USA

Young people have powerful voices when it comes to social issues and their
perspectives bring something that adults alone often cannot provide. In this working
group, our aim is to show how youth-created activities could sharpen our understanding
of connecting human rights issues (such as dignity, democratic participation and ethical
awareness) to the teaching and learning of mathematics in teacher education programs.
Through our project Human Rights Values in Mathematics Education (VIMTE),
funded by Norwegian Research Council, we invited secondary school students to
create artifacts to show how they see connections between human rights values and
mathematics. 16 youths made mathematical “things” to share with teacher educators
and pre-service teachers, such as paintings, a rap song, a T-shirt logo, graphs, and
collages. Within our conversations with youth, we learnt how they bring bold ideas for
change.

In our working group, we will build on two main theoretical frameworks to explore
some of the students’ productions. First, Critical Mathematics Education (CME) offer
frameworks to understands mathematics as a fundamentally human endeavour, shaped
by social, political, and ethical contexts around us (Ernest, 2019; Skovsmose, 1994).
From this perspective, mathematics classrooms foster dialogue, critical reflection, and
student agency, helping learners recognize mathematics as a tool for societal
transformation. CME positions the classroom as a space where students can engage in
social critique, ethical questioning, and democratic participation. Second, Tibbitts’
(2017) models of Human Rights Education (HRE) outline three complementary
approaches that reflect different purposes and depths of engagement. The Values and
Awareness model focuses on building foundational knowledge of human rights
principles. The Accountability model moves further by emphasizing legal frameworks,
duties of the state, and the mechanisms that protect human rights. The
Transformational model is the most critical and empowering, encouraging learners to
analyse root causes of injustice, reflect on power dynamics, and engage in collective
action to challenge and change oppressive structures. Building on these frameworks,
we propose the following objectives:

1. To examine how youth-created mathematical artifacts can illuminate
connections between human rights and the teaching and learning of
mathematics in teacher education programs.

2. To explore the contributions of young people’s imaginative and critical
perspectives through the lens of CME and Tibbitts’ (2017) models of HRE
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The following questions will guide our exploration through various activities and
discussions: How can youth voices help us rethink the role of mathematics education
in promoting human rights values?

Activity A — we examine youth productions to explore how they connect
mathematical thinking with human rights values. The goal is to see how
youths’ creative work opens new ways of understanding dignity, democracy,
and ethical awareness within mathematics education.

Activity B — By engaging with student artifacts, we consider how youth
imagination and critiqgue can inform teacher education and inspire more
socially responsive mathematics classrooms.

Activity C — through the combined lenses of CME and Tibbitts’ models we
create a space to discuss how mathematics can function as a tool for social
change.

We propose to organise the sessions as follows:

Day 1 | 1. Introduction to the guiding question and exploration of the key terms. Q & A (15 min.)
90 2. Exploration of current literature on issues in researching human rights (15 min.)
mins | 3. Small group working on Activity A (30 min.)
4. Whole-group reflection on implications of activity A (20 min)
5. Gathering themes and questions for session 2 and recapitulation. Q & A (10 min.)
Day 2 | 1. Short summary of themes collected in the first session (10 min.)
90 2. Small group working on Activity B (25 min.)
mins | 3. Whole group discussion. Relating the work to our stance towards social change (10 min.)
4. Small group working on Activity C (25 min.)
5. Whole group discussion, Q & A, closing remarks (20 min.)

Acknowledgements
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We will invite participants to engage in poetic approaches and collective sharing to
examine emotional relational, and material marks of mathematical sense-making. By
reconstructing transcripts into poetic forms, these activities aim to humanize research
by making the rhythmic, emotional, and embodied dimensions of mathematical
engagement visible.

This working group is a continuation of POEME first established in PME 46. Prior
POEME working group sessions (PME 46 and 47 and EARCOME 9) examined
mathematical poetic inquiry through emotional relationality and linguistic patterns of
repetition (Hare et al., 2024; Tiong et al., 2025). This working group attends to methods
guided by an ethics of care and embodied poeticity. Participants will engage poetic
approaches that illuminate emotional and relational dynamics in mathematical
experiences—particularly researcher emotions and affective dimensions often
marginalized by conventional coding—and practise poetic diagramming as an analytic
approach foregrounding the generative agency of diagrams and gestures in
mathematical sense-making.

BACKGROUND

Poetic methods offer a transformative framework of mathematical inquiry, providing
a vital means to surface shared concerns, build connections across diverse identities
and positions, and uncover the everyday mathematics that shapes family life. When
adopting a feminist ethics of care, poetic inquiry establishes conditions for listening
that resist the tendency to flatten participant experiences (Faulkner, 2019). This
approach transforms researcher affect — responses of empathy, discomfort, or
resonance — into vital analytic resources, where noticing one’s own emotional
landscape becomes a site of connection (Gerbrandt, 2026). When poetry humanizes
research encounters, it can help us to listen in ways that resist pathologizing
participants and instead foster empathetic, reciprocal understanding.

Building on this relational foundation, we incorporate de Freitas and Sinclair’s (2012)
perspective on diagrammatic agency to view diagrams and gestures as vital actants in
mathematical sense-making. Consequently, lines, marks, numbers, and bodily
movements are not merely static representations but dynamic forces shaping distinctive
rhythms of thought. Poetic diagramming serves as a methodological bridge that makes
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these temporal and spatial dimensions perceptible, extending poetic inquiry into the
material realm. By translating gestures and drawings into poetic forms, we shift the
analytic focus from what students say to how mathematical meaning and agency
emerge through embodied engagement.

GOALS OF THE WORKING GROUP

Participants in this working group will consider the following questions: (1) How can
poetic methods humanize mathematics education research by making relationality,
emotion, everyday mathematical experiences and diagrammatic agency visible? (2) In
what ways can researchers affect — including responses of empathy, discomfort, or
resonance — become vital analytic resources? (3) How can poetic inquiry be extended
to diagrammatic and gestural forms of data and what are some ways poetic structures
are entailed in these embodied forms of mathematical sense-making?

ACTIVITIES AND TIMELINE

Session 1 | We would provide an overview of the two sessions (5 min)

We would introduce the roles of emotion, relationality, and care in poetic (15 min)
Participants to create poems (20 min)
Participants to share poems to discuss emotional and analytic insights (20 min)

Participants to reflect on the poem creation and possible extensions (30 min)

Session 2 | We would revisit the last session (10 min)

We would explore diagramming and gesturing (15 min)

Participants to reconstruct gestures, rhythms, and patterns as poetic diagrams (25 min)
Participants to discuss agency and material interaction (30 min)

We would seek future collaboration towards an edited book on Poetic Inquiry within
Mathematics Education (10 min)
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This is a continuation of the working group on ‘international perspectives on proof and
proving’ at PME 43-45 (Reid et al., 2019, 2021, 2022), PME 46 (Sommerhoff &
Komatsu, 2023) and PME 47 (Reid & Shinno, 2024, 2025). The aim is to foster
research on proof and proving by bringing together research on proof, proving and
related activities, and perspectives of international and cultural comparison. The long-
term goal is to present the results of several comparative international studies on proof,
proving and related activities in a PME Research Forum. The past two decades have
seen a strong increase in research into proof and proving in mathematics education, as
well as work addressing broader aspects of proving-related activities, such as exploring
and arguing for conjectures, and other forms of mathematical justification or reasoning.
Nevertheless, much of this research has been conducted in single national and cultural
contexts. More recently, and perhaps in part as a result of past incarnations of this
Working Group, there has been a growing interest in research that compares aspects of
proof, proving and related activities in mathematics education in multiple contexts. The
upcoming special issue of the journal Educational Studies in Mathematics (ESM) on
Cultural Practices in Mathematical Argument is an example of this.

This growing research on proof, proving and related activities from an international
perspective is much needed as it remains unclear whether existing research results from
single national and cultural contexts are transferable, or, indeed, if the assumptions on
which the studies are based are valid elsewhere. Notwithstanding the increasing
amount of comparative research, comparatively little information exists about the role
of proof, proving and related activities in educational contexts from an international
perspective. Additional international comparisons involving a wider range of countries
could shed light on the teaching and learning of proof and proving as concerns
curriculum (including textbooks and other teaching and learning resources), student
learning and achievements, teaching (including teaching practices, teachers’
knowledge, and initial or continuing teacher education), and assessment. The same
applies for proving-related activities (like argumentation) and their relation to proof
(e.g., Pedemonte, 2007; Stylianides, 2008).

As part of the PME 49 Working Group sessions, there will be discussions of recent
developments in related research, for example, by considering contributions from
sessions at the ERME Topic Conference MATHPIE2026 on Argumentation and Proof
in the Teaching and Learning of Mathematics and Interactions with Other Disciplines.
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STRUCTURE OF THE SESSIONS

Involvement of participants from different countries and regions is essential to the
functioning of the group. Over the two sessions, the following activities are planned:

Day 1: This session focuses on community building and establishing priority themes
for future studies. Introduction to the working group, its aims, long-term goals and
history (15 minutes); introduction of participants (25 minutes); reports from
MATHPIE2026 (15 minutes); reports from other related research (10 minutes);
introduction of the forthcoming ESM special issue (5 minutes); identification of themes
for Day 2 (20 minutes).

Day 2: This session focuses on developing concrete collaborative directions and
strengthening international partnerships. Assignment of participants to subgroups
based on established Day 1 themes (10 minutes); subgroup discussions (40 minutes);
reports of subgroups (20 minutes); whole group discussion of ways to expand
collaborations among researchers (20 minutes).
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Ban Heng Choy!, Michal Ayalon?, Arindam Bose® & Ceneida Fernandez*

INanyang Technological University, 2University of Haifa,
STata Institute of Social Sciences, *University of Alicante

There have been debates over the characteristics of high-quality mathematics
instruction in recent years, despite the widely held understanding that effective
teaching can take many forms. More specifically, there is a lack of clarity about the
necessary characteristics of high-quality mathematics instruction and what it might
look like in different parts of the world. In this working group, we aim to foster
discussions on various dimensions of effective teaching and to develop a more inclusive
characterisation of good teaching.

In recent years, a polarising discourse, fuelled by iterations of the ‘math wars’, has
emerged over what constitutes high-quality mathematics instruction (Chernoff, 2019;
Sawatzki & Armour, 2025). The language used in these conversations promoted a
particular pedagogical approach, even though it is widely recognised that effective
teaching can take many forms (Kilpatrick et al., 2001). For example, in Australia, there
has been a push towards explicit teaching, alongside pushback from many mathematics
educators against a single dominant approach. Although mathematics education
researchers generally proposed using a mix of instructional approaches, the balance
required remains an open question. What is more pressing, perhaps, is the lack of clarity
about the essential features of high-quality mathematics instruction and what it might
look like in different parts of the world.

High-quality mathematics instruction is often characterised by its mathematical
quality: the mathematics presented, the tasks used, the kinds of mathematical discourse,
and a clear focus on problem-solving and problem-posing. Several frameworks, such
as the Mathematical Quality of Instruction, or MQI (Learning Mathematics for
Teaching Project, 2011), and Teaching for Robust Understanding, or TRU
(Schoenfeld, 2013), have been developed. However, much of the narrative has been
shaped by the Global North, which privileges particular ways of assessing the quality
of mathematics teaching that may not be culturally relevant or even feasible given
differences in classroom cultures and norms across the globe. Hence, it is critical to
develop a more inclusive characterisation of high-quality mathematics instruction if
we want to acknowledge and draw from the diversity of effective teaching practices,
especially those from the underrepresented countries.
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Aim of this Working Group

Building on the work to characterise high-quality mathematics instruction (Learning
Mathematics for Teaching Project, 2011; Schoenfeld, 2013), we aim to foster
discussions around different dimensions of effective teaching and collectively examine
and refine existing characterisations, based on cross-cultural analyses conducted with
the participants.

The following two questions will help in framing and situating the work and
discussions in this working group:

1. What are the similarities, differences, and tensions in our characterisations of high-
quality mathematics instruction practised across the globe?

2. What are the potential areas for refinements or extension we make to the existing
dimensions of high-quality mathematics instruction to acknowledge and draw from the
diversity of effective teaching practices across different parts of the world?

Proposed activities for the two sessions

We Dbegin the first session by setting the context and key questions to be explored in
this working group (5 minutes). To answer the first question, we will provide up to 2
mathematics teaching videos (from the TIMSS Video Study or OECD Global Teaching
Insights) to the conference participants (10 minutes) and focus group discussions on
identifying similarities, differences, and tensions in the application of existing
frameworks, such as MQI or TRU (40 minutes). We will then consolidate participants'
ideas and emerging insights through a whole-group discussion (25 minutes) before
synthesising and articulating the focal issues to be taken up in Session 2 (10 minutes).

The second session will begin with a recap of Session 1 and framing using Question 2
(10 minutes). We then facilitate small-group work exploring possible refinements,
extensions, or re-framings of selected dimensions, considering the identified tensions
(40 minutes). We then invite the participants to share and discuss their proposed
directions (30 minutes). The working group will then conclude with a shared mapping
of key tensions and exploratory directions for future collaboration (10 minutes).
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BACKGROUND AND RATIONALE

Research on Vocational Mathematics Education (VME) is limited, yet vocational
education attracts many students; in 2023 in the EU, 49 % of upper secondary students
followed vocational programs (https://ec.europa.eu/eurostat). VME covers the
mathematics in courses and programmes that prepare learners for high-demand
occupations, such as builders, fashion designers, health workers, office managers, and
machine operators. Many adolescents and adults engage in VME because an ever more
digitalized and quantified society demands capabilities to skilfully perform many
specialized activities of a mathematical nature. Depending on the country, VME is at
lower secondary level, at upper-secondary level, at post-secondary (further education)
level and/or is embedded on-site within industries (Straer & Zevenbergen, 1996).
Also, the mathematical content within VME varies; it can be similar to, or slimmer
than the mathematics curriculum from parallel theoretical streams, it can connect
mathematics specifically to the vocations, it can aim for mathematical literacy, or it
can be a hybrid (FitzSimons, 2014). Many learners in VME have a history of failure in
mathematics, combined with discouragement, anxiety, apathy, or even dropping out.
Also, more learners in VME than in the theoretical streams are from disadvantaged and
less-represented backgrounds and have a lower SES.

Theoretical frameworks for research on VME need to create a bridge between
mathematics and the crafts, and to consider that learners within VME “have a sense of
belonging” to their vocation, totally different from being a student of mathematics-for-
its-own-sake. Among the theories used are community of practice theory (e.g.,
FitzSimons, 2014), boundary crossing (Fiorentino et al, accepted), theories on
authenticity for vocation-based problems (Brantlinger, 2022), or Bishop’s framework
of seeing learning mathematics as a process of enculturation (Dahl et al., 2025).

STRATEGY AND AIMS

We propose a new WG focusing on VME. Yet, also PME has not been focused on this
very large group of students but given its high scientific reputation, the community has
the opportunity to be at the forefront of establishing research and research paradigms
for this large group of learners. PME offers a unique platform to initiate and sustain
international research collaborations in VME. The working group aims to outline,
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discuss and study: differences across vocational education internationally, including
the role of mathematics in it; differences between school mathematics for theoretical
streams and for VME; characteristics of collaborations between mathematics and
vocational teachers (Fiorentino et al., accepted), characteristics of teacher competences
needed in VME (Voss, 2025); find, develop and compare theoretical and conceptual
frameworks for researching VME.

OUTLINE OF THE SESSIONS

In a first session we propose: (1) an introduction and rationale for the WG, including
discussion (30 min); (2) Activity around tables where participants are asked to map
their experience with VME. WG-leaders circulate (40 min). Participants present their
findings (20 min). In the second session: (1) Introduction and presentation of the WG-
leaders’ reflections on the submitted materials from participants at session 1, including
which areas to focus on today (20 min); (2) Activity around tables with participants
discussing the new task, WG-leaders circulate (40 min); (3) Discussion, evaluation and
decision on the next moves. In general, we expected that this WG will provide
participants with more knowledge on VME internationally and lay the ground for
future research, including work on conceptual frameworks.
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VALUES FOR MATHEMATICS EDUCATION: NEXT STEPS
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Ana Isabel Silvestre* and Jodie Hunter®

tUniversity of Education Freiburg, Germany, 2The University of Melbourne,
Australia, 3University of Ferrara, Italy, *ISPA — Instituto Universitéario, Portugal,
*Massey University, New Zealand

GOALS OF WORKING GROUP

This Working Group is a follow up to previous PME working groups (namely, PME36
in 2012, and PME39 in 2015), which resulted in two Springer books (Clarkson et al,
2019; Dede et al, 2024) and many years of sustained RR presentations at subsequent
PME conferences. This proposed Working Group is expected to have the same follow-
up activities. The goals for the current Working Group are:

e To re-conceptualize existing theories/concepts on values and related constructs,
by exploring emergent frameworks and personal research experiences.

e To formulate researchable questions in the field, and to explore and develop
potential methodologies that address these questions.

THEORETICAL BACKGROUND

A more comprehensive understanding of how mathematics is even better taught and
learnt requires the acknowledging that the human mind is tripartite in nature, involving
cognition, affect, and conation, and that all three aspects can — and need to — be
developed for everyone to learn mathematics and be numerate while experiencing a
sense of well-being. Values constitute a key conative variable, underlying motivation
and drive (Seah, 2019). DeBellis and Goldin (2006) highlight the deeply rooted nature
of values, describing them as “personal truths” that inform long-term priorities.

Recently, within mathematics education research, there has been increasing interest in
the development of theories and research approaches that can account for shaping
decisions and behaviours and can shed further light on the complex relationship
between values and affective variables (e.g. beliefs). A dynamic interplay between
teaching and learning highlights the potential of values to enhance ethical and effective
mathematics education (Chiu & Seah, 2024). Values have also been instrumental in
the promotion of mathematical wellbeing, an affective variable (Hill et al, 2021).

PROPOSED LAYOUT OF WORKING GROUP
Sessionl

e Introductions and sharing of experiences about values and values research.
What theoretical constructs do we build on when working with what teachers
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and students value in mathematics education? What specific expertise do we
have as researchers? How can we learn from other fields (psychology, cultural
studies etc)? Participants will be invited to share their views on frameworks
as we come from different backgrounds. They will also be welcomed to share
their own stories leading to a discussion of themes, commonalities,
differences, etc.

e  Brief presentation of existing ways of research and then moving to some
suggestions for possible new approaches and conceptualisations (JEDI
approach, applying research to practice, etc).

e Discussion in groups with a focus on the development of frameworks that

support the interaction between theory and practice.

Session 2:

e Building off session 1, groups discuss: Creating a set of researchable
questions in the area of values and consider i) which of these questions would
you like to/be able to research? ii) what theoretical frameworks could you
use/develop to support this research? iii) what methodologies are appropriate
for these questions? iv) what would data consist of?

e Each group to share responses and then discuss and agree on next steps for
future collaborations, including consideration of a possible joint output for
participants such as a special issue for the Journal of Mathematics Teacher
Education.
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ECOLOGICAL METHODOLOGIES FOR MATHEMATICS
EDUCATION RESEARCH
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Research frameworks orient inquiry, drawing on particular principles and assumptions
that guide action. They simultaneously enable and constrain how educational research
Is conceptualised and justified, and impact the questions we ask, along with the
methodologies taken to move towards understanding. In this working group, we will
explore an emerging framing in mathematics education that has been referred to as
ecological (e.g., Weston, 2025) or socioecological (e.g., Coles, 2023). We use the term
ecological to centre the study of relationships (Begon et al., 2012) between organisms
(including humans), and their environments (e.g., natural, physical, social, cultural,
political, material). There are several strands of thinking within mathematics education
which have forged awareness of ecological relations, including critical mathematics
education, Indigenous scholarship, ethnomathematics, feminist thinking, de-
colonizing, new materialism, enactivism, socio-political research, and others
(Makramalla et al., 2025).

In this working group, we build on a recent research forum at PME46 on socio-
ecological issues (Amico et al., 2023) and explore what the emergence of an ecological
framing could mean for the way we conceptualise and carry out research in
mathematics education. The term ‘ecological methodologies’ is used here to capture
an entangled, emergent approach to research that prioritises the living world,
prompting us to consider how a range of relationships might inform the articulation of
potential research and pedagogical designs. Our working group is linked to the
conference theme in that we are trying to make sense of the precarity of our living
world, and sense how our common and unique environments and ecological challenges
can collaboratively contribute to emerging ecological methodologies for mathematics
education research and pedagogies.

In addition to considering the study of relationships, an ecological framing provokes
many additional considerations. One of these considerations concerns our
understanding of time. Working from an ecological perspective that is grounded in the
living world indicates ecological time is not linear but rather is a superposition of
multiple cycles where fast and slow processes occur simultaneously, interact, and
shape the present at any location. This means any point in time is a snapshot of various
ongoing cycles interacting and producing a combined, layered influence. Other aspects
that an ecological framing might prompt us to consider include: who or what counts as
a knower; how our inquiries reinforce, generate, or collapse a range of distinctions;
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how emergence, ambiguity, and complexity could shape the boundaries of our
research; how our positionality, practicing of deep listening, and recognition of
participants’ lived knowledge continually influence both our interpretation and the
phenomena we aim to study. Throughout this working group, a guiding question is,
when working from an ecological perspective, is it possible to apply an ecological lens
to our existing inquiries or do we need to be asking fundamentally different questions?
We will consider a variety of ecological principles and discuss how an ecological
framing could impact on our methodologies both in terms of observation and research
design.

AIMS OF THE WORKING GROUP

(1) To explore the consequences of an ecological framing on research design and
research practices in mathematics education.

(2) To interrogate current and articulate new research practices and principles from an
ecological perspective.

OUTLINE OF THE SESSIONS

Session 1 (Observing relations): (1) Sharing ecological issues from our contexts in
small groups (15 mins); (2) Introduction to ecology as the study of relations, including
discussion time (25 mins); (3) Focusing on relations in observing, practicing together
with video data (40 mins); (4) Feedback and setting up session 2 (10 mins).

Session 2 (Ecological practices): (1) Recap of session 1 and setting up session 2 (10
mins); (2) Interrogating current research practices, in small groups using prompts from
an ecological perspective (30 mins); (3) Generating new research practices in small
groups (40 mins); (4) Feedback and next steps (10 mins).
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SENSING AND MAKING SENSE OF DEVELOPING
SUSTAINABLE RESEARCH PRACTICE PARTNERSHIPS

Limin Jao! and Richelle Maryowski?

IMcGill University, 2University of Lethbridge

Engaging in sustainable research practice partnerships (RPPs) with teachers offers a
powerful means of supporting teacher professional learning while conducting research
that can meaningfully influence classroom practice and student outcomes. Coburn et
al. (2013) characterize RPPs as long-term collaborations between researchers and
practitioners that investigate problems emerging from practice itself. Such partnerships
draw on teachers’ expertise and experiences to co-construct research agendas aimed at
improving student learning. Effective partnerships develop over time and are grounded
in the realities of local contexts. RPPs can strengthen teachers’ capacity for data-
informed decision-making, supporting the productive use of research in practice
(Hemsley-Brown & Sharp, 2003).

At the same time, building and sustaining RPPs presents persistent challenges. These
include establishing and maintaining trust, negotiating shared goals as institutional
priorities shift, and aligning research and funding timelines with the rhythms of school
and partnership life (Barton et al., 2014). Recent initiatives in the mathematics
education community — such as an ICME-15 Discussion Group and a special issue in
School Science and Mathematics — signal a growing interest in research partnerships,
while also highlighting the need for continued, practice-focused dialogue. This
Working Group contributes to that momentum by providing a forum for PME
participants to collectively examine these tensions and share experiences of designing,
implementing, and sustaining RPPs. Together, we will consider whether and how long-
term partnerships are feasible across varied contexts, what has made some initiatives
successful or unsustainable, and what structural conditions may be necessary to support
this work.

AIMS OF WORKING GROUP

(1) To identify key challenges in developing and sustaining RPPs with teachers across
diverse contexts; (2) To develop strategies and recommendations for researchers,
teacher educators and school stakeholders that address these challenges and support
partnerships that are sustainable, mutually beneficial, and responsive to practice.
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OUTLINE OF SESSIONS
Session 1: Examining the Problem Space

This session focuses on surfacing collective knowledge about the realities of long-term
collaboration in schools and interrogating assumptions about the feasibility and value
of sustained RPPs.

Introduction (30min): Framing of the session goals and guiding questions. Brief
overview of relevant research and illustrative examples of RPP models.
Collaborative Data Gathering (30min): Participants work in small groups to share
experiences developing or attempting to develop RPPs. Guiding prompts may include:
What conditions enabled or constrained partnership development? What challenges
emerged over time? What opportunities or successes were leveraged? How did
contextual factors (e.g., rural/urban settings, funding structures, institutional
expectations) shape the work?

Synthesis and Reflection (30min): Groups report back to identify recurring themes,
tensions, and questions. Collective documentation of key challenges using a shared
visual space.

Session 2: Developing solutions and future directions

Building on insights from Session 1, this session shifts toward designing practical and
systemic responses.

Revisiting Key Challenges (15min): Facilitators synthesize themes from Session 1
and identify priority areas for action.

Reviewing lllustrative Cases (15min): Small groups analyse brief case examples of
partnership models to explore structures, supports, and strategies that have enabled
sustainability.

Collaborative Action Planning (30min): Participants form self-selected groups to co-
develop strategies and recommendations to address identified challenges.

Final Reflections and Closing (30min): Sharing of proposed strategies and emerging
principles. Identification of opportunities for continued collaboration beyond the
conference. Summary of key takeaways for advancing sustainable RPPs within the
mathematics education community.
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MATHEMATICAL-PEDAGOGOCAL (MP) TASKS IN TEACHER
EDUCATION: DESIGN, TEACHING AND RESEARCH
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!Ontario Tech University, 2Simon Fraser University

In mathematics teacher education, the mathematics subject matter and the pedagogy of
mathematics are traditionally separated between courses and departments. Despite
repeated arguments for the value of integration (e.g., CBMS, 2012), traditions and
Institutional structures are resistant to change. The separation contributes to what Felix
Klein described as the “second discontinuity” (1945) — teachers see little value in their
undergraduate mathematics courses. To overcome this discontinuity, there have been
efforts to introduce teaching-related tasks in mathematic courses (e.g., Wasserman et
al., 2023), in order to demonstrate the potential applicability of the learned material to
the work of teaching. Our goal is to compliment these initiatives by focusing on their
compliment: explore the use and potential growth of teachers’ mathematical
knowledge via pedagogical engagement. To this end, we define a mathematical-
pedagogical task (in what follows, MP Task), as a task in teacher education that uses a
pedagogical setting to explore and strengthen teachers’ knowledge of underlying
mathematical ideas. The goals of this new WG are: (1) Introduce the idea of MP Task
as a research and instructional tool in mathematics teacher education; (2) Explore
various interpretations and diverse uses of MP Tasks; and (3) Design and mobilize new
MP tasks and new collaborations.

As an example of an MP Task, consider the following:

In class students are introduced to the concept of an inverse function and the conventional
symbol f~1is used. Students are confused, recognizing the symbol previously indicating

a reciprocal, such asin 571 = % . A student asks: “have they run out of symbol or what?”

This scenario was presented to secondary teachers in Zazkis and Kontorovich (2016)
as a “scripting task”, that is, participants were asked to write a dialogue with students
that responds to the question. The results revealed that only a few participants related
the symbol to the overarching notion of inverse with respect to an operation, whereas
majority opted for highlighting the difference is usage with respect to numbers and
functions. This presents an opportunity to enrich teachers’ knowledge in follow up
instruction by expanding or strengthening teachers’ mathematics and exploring
pedagogical responses to the situation that preserve mathematical integrity.
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Table 1: Structure of Day 1 Working Group Activities

Activities Time

Description

Introduction 10min

Participant 15min
Activity
Short 30min

Presentations

Small Groups 20min
Activity

Whole Group 15min
Discussion

Use an example and activity to introduce MP Tasks
Participants analyse a set of provided tasks according
to the underlying mathematical ideas, using QR code

Three mathematics education researchers present
results of MP tasks they used in teaching or research

In groups of 3-4, participants share a task from their
own practice that could be developed as an MP Task

Discuss goals of the (MP) tasks with respect to
pedagogy and mathematics. Set up for Day 2

Table 2: Structure of Day 2 Working Group Activities

Activities Time

Description

Introduction 5min

Small Groups 20min
Activity

Group 30min
Presentations,
Discussion

Participant 15min
Activity

Discussion 20min

and Next Steps

Welcome and summary of Day 1

Participants choose from a variety of mathematical
topics, design MP Tasks, and analyse mathematical
knowledge needed to engage with the task

Groups share MP Tasks that were designed.
Participants discuss the related learning goals and
possible research directions.

Participants analyse presented extended collection of
MP Tasks according to different criteria using QR code

Develop collaborations for future PME activities, and
possibility of task compilation and dissemination
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SENSE-MAKING IN EXTENDED REALITY: EXPLORING
EMBODIED MATHEMATICAL INTERACTIONS USING SMART
DEVICES AND HEAD-MOUNTED DISPLAYS
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This Working Group (WG) investigates how different Extended Reality (XR) interfaces
— smart devices and head-mounted displays (HMDs) — shape embodied mathematical
sense-making. The WG will explore how XR technologies extend mathematical activity
beyond 2D representations into gesture-rich 3D visuospatial representations. Through
hands-on engagement and discussion across two 90-minute sessions, co-researchers
will collaboratively analyze affordances, constraints and design implications of
different XR modalities. Thereby, the WG aims to generate design principles, guide
future research directions and help establish an international network for XR-focused
researchers in mathematics education.

TOPIC, GOAL AND STRATEGY

Topic: embodied mathematical sense-making in XR environments, with a specific
focus on interface modality (smart device versus HMD).

Goal: To examine how XR interface design reorganizes multimodal engagement,
spatial reasoning, abstraction and collaboration in mathematics education and to
articulate emerging design and research directions.

Strategy: The WG combines embodied engagement with comparative analysis and
collaborative synthesis. Co-researchers will experience mathematical tasks using both
handheld and hands-free XR tools, followed by guided discussion and qualitative and
quantitative feedback to identify emerging themes and researchable questions.

THEORETICAL BACKGROUND

Embodied and enactivist perspectives consider mathematical meaning as emerging
through learners’ sensorimotor interaction with their environment (Anton &
Abrahamson, 2025). Multimodal research has shown how gesture, artefact
manipulation, speech and inscription all contribute to mathematical sense-making.
Even so, most studies remain grounded in 2D or screen-based environments. XR
technologies [e.g., Augmented Reality (AR) and Virtual Reality (VR)] extend
multimodal interaction into spatially anchored, immersive 3D environments (Wang et
al., 2025). However, XR is not a uniform modality; different interfaces afford distinct
forms of embodied interaction. Handheld AR remains screen-mediated, whereas
HMD-based XR offers immersive, field-of-view engagement. These interface
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differences may reorganize perceptual focus, proprioceptive anchoring, gesture—
symbol coordination, cognitive load, and collaboration.

This WG investigates whether interface modality affects embodied mathematical
interaction and sense-making for learners.

NEW INITIATIVE, STRUCTURE AND FOLLOW-UP

The proposed WG is a new initiative extending PME-48 discussions on embodiment
and multimodality into XR contexts with varying levels of immersivity. It consolidates
an emerging field examining how interface modality reorganizes embodied
mathematical sense-making. Follow-up activities may include: (a) a collaborative
journal article synthesizing cross-national XR studies; (b) a Colloquium on immersive
and embodied mathematics learning; and (c) a PME-50 continuation WG focused on
classroom implementations. Co-researchers and potential co-authors will be invited to
join a post-conference writing and research network.

Table 1: Activity Plan (2 x 90 Minutes)

Duration Tasks and Structure

15mins  Session 1: Introducing GeoGebra 3D/AR for smartphones or tablets

45 mins  Activity stations: Fraction number line app prototype; differential
modelling; projectile model; Earth-Sun interaction model.

30 mins  Reflection, synthesis and polling.

15 mins  Session 2: Introducing XR apps for HMDs.

60 mins Immersive activity stations: co-researchers adopt three roles: Embodied
Actor, Embodied Interaction Analyst and Semiotic Analyst.

15mins  Comparative reflection, synthesis, and future research directions.

COLLABORATION, DATA COLLECTION AND OUTCOMES

Co-researchers rotate through stations, contribute written and verbal reflections,
participate in live polling and collaboratively map affordances and constraints. The
WG aims to: identify affordances and limitations of hand-held versus head-mounted
XR; generate design principles; surface methodological considerations for studying
immersive embodied interaction; develop researchable propositions concerning
interface modality; and establish an international XR research network. Co-researchers
will critically examine both opportunities and implementation constraints.
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PROOF ASSISTANTS AS CATALYSTS TO DISCUSS ABOUT
PROOF IN MATHEMATICS EDUCATION RESEARCH
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This new working group addresses a persistent deadlock in mathematics education
research on proof, as identified by Balacheff (2002) and Reid (2005), a challenge that
remains still relevant today. Despite an extensive literature, learning and teaching
difficulties with proof and proving are worldwide still present, particularly during the
secondary-tertiary transition. Multiple theoretical frameworks and experiments —
rooted in distinct epistemological, logical, cultural, and cognitive foundations —
coexist, often without explicit researchers’ positioning. This impedes shared
understandings and the collective search for solutions to the didactic challenge of proof
instruction. Proof assistants (PAs, e.g., Lean, Rocq etc.) offer a novel lens to revitalize
the debate. They are increasingly present in mathematics and computer science
research and are gradually implemented in educational contexts (e.g. Hanna et al.,
2019) even if not initially designed for educational purposes. While all PAs share the
same function of mechanically verifying proofs through formal logic, their interface
designs and feedback mechanisms differ substantially. This working group uses their
potentials via an unplugged simulation with a shared language to highlight the implicit
elements embedded within each researcher's proof conception. It also identifies priority
research directions for enhanced community dialogue within mathematics education
but also between mathematics education and other domains concern by proof (e.g.
computer science, represented by two members of the working group team).

THEORETICAL BACKGROUND

This working group intentionally avoids any predetermined theoretical framework to
preserve openness in the debate. Participants are thus encouraged to draw upon the full
spectrum of established frameworks in mathematics education research about proof,
including Balacheff, Hanna, Duval, Reid, Harel & Sowder, Stylianides and others, for
interpreting contrasts emerging from exemplar and PA-simulated proofs.

PLANNED ACTIVITIES
Session 1: from “exemplary proofs” to PA constraints (90 minutes)

The plan is to debate on what a “good” proof is, so to list common ground and
differences depending on researchers’ points of view. To achieve this aim, following a
previous experience (Reid, 2005), participants pre-submit or bring their own most
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“exemplary proof” from their research or teaching (on one page). The team of the
working group presents the aims and the modalities of the sessions (10 minutes).

Phase 1: Traditional mode (40 minutes)

In small groups of four to five, participants share exemplars. Each participant controls
at least one colleague’s proof. In each group, the participants share the justifications of
their choices and their control criteria. These are synthesized in plenary.

Phase 2: What is a PA? For what? (40 minutes)

What a PA is and how it works will be illustrated by the working group team with two
different PAs (a point-and-click PA and a controlled natural language PA). The tactics
and validation processes are highlighted.

Session 2: Simulated assistant mode and debrief (2x45 minutes)

Participants rework their “exemplary proof” under an unplugged PA, with constraints
provided by the working group team (limited tactics to rework the proof and simulated
automated validation). Groups document the way they have to adapt or modify their
reasoning processes, their proof structure, the granularity of their arguments, the
language. Then, they analyze the contrasts observed between the two modes of proving
(traditional mode and simulated assistant mode). They identify dimensions along
which the two proofs differ, they articulate how validation operates and they examine
whether the simulated mediation changes what counts as a “satisfactory” proof. Each
group produces a written synthesis, identifying key analytical criteria emerging from
the comparison and concrete research questions suggested by these observations. A
final plenary discussion summarizes contributions into a shared set of analytical
dimensions and research questions about the epistemology of proof and the use of PAs
in teaching and learning.

EXPECTED OUTCOMES

The expected outcome is to produce a first shared analytical grid derived from
exemplary proofs / PA contrasts for PME newsletter. A follow-up activity includes a
working group at PMES5O0 to continue the grid and the debate about the relevance of
PAs in teaching and learning proof.
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This Working Group emerges from a small international community of early-career
researchers in mathematics education who have been collaboratively negotiating how
“identity” is conceptualised and operationalised in empirical research. Over the past
year, we have met regularly to examine tensions in our own studies, compare and test
methodological options, and reflect on how research settings and data sources shape
what identity becomes in analysis. Our projects span multiple countries, learning
groups, in- and pre-service teachers. Across diverse focal concerns, including language
diversity, social justice, problem solving, and emotions, we draw on sociocultural,
political, and psychological perspectives through narrative and participation-based
approaches. Within this breadth, identity has functioned both as a shared focus and a
productive point of tension. This leads us to a common set of questions about how
identity is conceptualised across topics, how these conceptualisations relate to
theoretical commitments, and how the analytic choices are justified.

To extend these conversations to a wider community, the Working Group is designed
around two theoretical tools. First, we use a Darragh-inspired landscape mapping
(identity as narrative, participative, discursive, performative or psychoanalytic) as an
organising scaffold, to visualise plurality and surface key tensions and overlaps across
approaches (Darragh, 2016). Second, we use networking strategies (Prediger et al.,
2008) as a meta-theoretical lens for relating perspectives through explicit moves.
Networking strategies are structured in paired moves: understanding and making
understandable, comparing and contrasting, combining and coordinating, and
integrating locally and synthesising. Crucially, Prediger and colleagues emphasise that
networking becomes most productive when grounded in a shared empirical base and
paradigmatic examples, because purely abstract dialogue can obscure explanatory
power and limitations.

The main goal of this Working Group is to engage early-career and senior researchers
In mathematics education in the process of identity research. Through participatory,
hands-on analytic work, participants will explore how different theoretical and
analytical perspectives can be brought into relation, and how these choices shape the
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identity objects, warrants, and claims that become possible. Organisers will provide a
shared set of short empirical excerpts (e.g., a transcript segment) that will serve as
common ground for analysis and testing networking moves. Thus, our questions are:

1. What are the core ideas, underlying assumptions, and research traditions that
stand behind each of the theories used in shared identity studies?

2. How are multiple perspectives connected through networking strategies, and
how do these choices shape the identity objects, warrants, and claims that
become possible?

OUTLINE OF SESSIONS

Session 1 (90 min): Mapping multiple perspectives

Introduction (10 min): Presentation of the goal of the Working Group and visualise
the theoretical plurality identity research through Darragh’s landscape mapping.

Overview of theoretical perspectives (30 min): Members of the organising team
present their research topic and the theoretical perspectives followed in their work.

Landscape mapping activity (40 min): Participants will work in groups to construct
potential connections and tensions based on a landscape map of the perspectives
represented in the organisers’ studies.

Discussion (10 min): Discussion outcomes of tensions and promising connections.
Session 2 (90 min): Testing data analysis through networking moves

Re-entry and task framing (10 min): Brief recap of Session 1 outcomes and introduce
the networking moves.

Shared data and lenses briefing (15 min): Organisers will share empirical excerpts
and minimal context. Organisers states the theoretical lens they would mobilise and
what it foregrounds in the excerpt.

Data engagement activity (40 min): Participants, in small groups, will engage with
excerpts through the aforementioned tools. They will work on interpreting the identity
phenomenon foregrounded in the excerpts, choosing and justifying a networking move.

Collective synthesis (25 min): Senior researchers in the organising team synthesise
patterns across groups, highlighting takeaways for operationalising identity and
justifying when connecting perspectives.
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Al-BASED MATHEMATICS TEACHING SIMULATIONS:
PROMISE, PITFALLS, AND RESEARCH DIRECTIONS
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Al-based teaching simulations are emerging as a significant methodological and
instructional development in mathematics education (Galig et al., 2025; Lee et al.,
2025; Rotem & Chytas, 2026; Schwarts & Czaczkes, 2026). Powered by generative
models, they produce adaptive, mathematically coherent student responses within
defined content domains, enabling structured approximations of classroom dialogue—
particularly for practicing eliciting reasoning and responding to errors. Building on
traditions of rehearsing high-leverage practices in live simulations (e.g., Shaughnessy
& Boerst, 2018) and digital environments (e.g., Herbst et al., 2022; Schwarts et al.,
2025; Webel & Conner, 2017), Al-based simulations serve as both research
instruments and pedagogical tools. They foreground analytic and instructional
affordances while raising concerns about validity, disembodiment, and broader ethical
and environmental implications. In this inaugural meeting of the working group, we
aim to examine both the promise and the pitfalls of Al-based teaching simulations.

Al-based teaching simulations offer significant promise for mathematics teacher
education and research: They create structured environments for approximating
practice, enabling focused work on instructional noticing (Galig et al., 2025; Rotem &
Chytas, 2026), responsiveness (Schwarts & Czaczkes, 2026), and questioning skills
(Lee et al., accepted) while making teacher pedagogical reasoning more visible and
studyable. Such simulations support iterative rehearsal, design experimentation, and
the decomposition of complex practice into analytically tractable components. They
also open possibilities for scalable comparative research.

Yet, these environments introduce substantive pitfalls. They rely on computational
infrastructures with environmental costs; they reduce and reconfigure the embodied,
relational, and contingent dimensions of classroom life; and they raise concerns about
epistemic integrity and bias in Al-generated interactions.

AIMS OF THE WORKING GROUP

The working group aims to (1) examine the pedagogical and methodological
affordances of Al-based simulations for mathematics teaching; (2) analyze key
constraints, including environmental costs, disembodiment, and issues of authenticity
and bias; and (3) develop principles and collaborative research directions.
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OUTLINE OF THE SESSIONS

Session 1: (1) Introduction to the working group’s aims and overview of the literature
(10 mins); (2) Trying Al-based simulation #1, focused on instructional noticing (15
mins) followed by small-group reflection and analysis (15 mins); (3) Trying Al-based
simulation #2 focused on responsiveness (15 mins) followed by small-group analysis
and reflection (15 mins); (4) Whole group discussion comparing simulations and
synthesizing implications for studying and supporting mathematics teaching (20 mins).

Session 2: (1) Trying Al-based simulation #3 focused on supporting preservice
teachers’ one-on-one questioning practices (30 mins); (2) Small-group work on three
critical concerns—environmental issues, disembodiment, and authenticity,
interpretability, and bias in Al-generated interaction (30 mins total); (3) Discussion of
key constraints and responsible research design (15 mins); (4) Whole group synthesis
and discussion of future collaborations (15 mins).
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DESIGNING PROBLEM SITUATIONS TO FOSTER SENSE
MAKING: ATLSOA PERSPECTIVE ON LEARNING TO THINK
MATHEMATICALLY
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Developing students who engage in sense making remains a persistent challenge in
mathematics education. While curricular reforms increasingly emphasize problem
solving and open-ended tasks, research continues to show that students often resort to
procedural execution rather than monitoring, interpreting, and evaluating their
reasoning. Drawing on the work of Alan H. Schoenfeld (1992) in Learning to Think
Mathematically, sense making is understood as an integral component of mathematical
thinking, closely connected to metacognitive monitoring, strategic control, and the
evaluation of plausibility. From this perspective, sense making is not merely
understanding content, but actively regulating and interpreting one’s reasoning during
problem solving. At the same time, the Transformative Lesson Study incorporating
Open Approach (TLSOA), developed by Maitree Inprasitha (2023), provides a
structured instructional model in which carefully designed problem situations,
anticipation of student thinking, whole-class discussion, and reflective forums interact
to support mathematical meaning construction.

This Working Group proposes that sense making is not an accidental by-product of
open-ended tasks; rather, it must be structurally embedded in the design of problem
situations and supported through teachers’ anticipatory and reflective practices within
TLSOA. Given the evolving nature of research on sense making, metacognition, and
lesson study, this topic is well suited to the Working Group format, where participants
collaboratively examine, design, and refine conceptual and practical tools.

The Working Group aims to 1) Clarify and refine the notion of sense making in relation
to learning to think mathematically. 2) Examine how problem situations can be
designed to structurally promote sense making. 3) Explore how the TLSOA model
supports or constrains students’ engagement in sense making. 4) Develop a shared set
of design principles for problem situations that foster sense making. 5) Initiate an
international research dialogue and potential collaboration on this topic. The Working
Group will address the following guiding questions: 1) What counts as sense making
in mathematical activity? 2) What characteristics of problem situations provoke or
inhibit sense making? 3) How does anticipation of student thinking influence
opportunities for sense making? 4) In what ways does the TLSOA structure (problem
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situation, discussion, reflection) cultivate metacognitive engagement? 5) How can
these insights inform teacher preparation before practicum?

DESIGN OF THE WORKING GROUP
The Working Group is designed as a collaborative process across sessions.
Session 1.1: Conceptual Framing and Shared Problematization

e  Brief input on sense making (Schoenfeld) and TLSOA.

e Small-group discussion: participants share examples of problem situations
that either promoted or hindered sense making.

e  Collective mapping of emerging themes.

Session 1.2: Analysis and Anticipation

Participants analyze selected problem situations.
Identify potential points of metacognitive engagement and breakdown.
Anticipate possible student responses and teacher moves.

Discuss how structural features of tasks and lesson design influence sense
making.

Session 2.1: Collaborative Design and Synthesis

e  Small groups design or redesign a problem situation aimed at fostering sense
making.

e  Extract cross-case design principles.

e Draft a shared framework outlining characteristics of sense-making-oriented
problem situations within TLSOA.

Session 2.2: Collaborative Observation and Reflection
e  Open Class, observation and reflection.
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Traditionally, mathematics is understood as an abstract discipline detached from any
material reality. Yet, the role of bodily interactions with the environment in
understanding and doing mathematics has become increasingly evident (Abrahamson
etal., 2016; Shvarts, 2025). One aspect of such interactions is selective visual focusing
on different locations, enabled by the structure of our eyes and their movements.
Embodied mathematics learning and eye-tracking (ET) methodology were at the focus
of the multiple PME activities: embodiment (WG/WSs in 2011, 2017, 2020, 2025, &
RF in 2023); and eye-tracking (WG/WSs in 2014, 2018, & a colloquium in 2023). Yet,
the crossroads of those two aspects offer a yet underexplored critical potential for
understanding the process of mathematics learning and problem-solving.

There are multiple interpretations of ET data (Schindler et al., 2025). Many of them
stem from an information-processing paradigm in cognitive science, relying on eye-
mind hypothesis—you look at the information you process—or on assumptions of overt
vs. covert attention. A new interpretation comes from embodied cognitive science: eye
movements are considered part of a holistic sensory-motor system that also include
head rotation, body positions, hand manipulations, etc. All together, those sensory-
motor processes manipulate the environment so as to reveal task-relevant invariants
(Gibson, 1966). When mathematical artifacts are added to the human environments,
eye movements reveal mathematical invariants, such as coordinates or proportionality,
as eyes move along the coordinate plane axes (e.g., Shvarts, 2025) or partition
proportional segments (Abrahamson et al., 2016). Such a theorization of eye
movements calls for reframing the mathematics as having an interactional ecological
ontology and for considering education as learning to see mathematics.

Considering eye movements as a part of a broader sensory-motor system fosters
research designs that account for participants’ movements and multimodal expressions
(Heyd-Metzuyanim et al., 2023). Practically, if mathematics is “born” in interaction
with the environment, ET can support the design of learning environments that foster
mathematical perception. ET can also support teacher professional development:
noticing students’ gazes as they bodily engage with mathematical artifacts and each
other, teachers learn to attend to students’ perspectives (Palatnik et al., 2026).

The aims of the WG activities (Table 1): (1) Theory: popularizing and developing an
embodied perspective on eye-movements as sensory-motor processes within broader
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body—environment interactions of solving mathematical problems; (2) Methodology:
reflecting on the limitations and benefits of various ET research designs and working
towards a framework for analysing eye movements from an embodied perspective; and
(3) Educational implications: formulating future directions and research strategies in
the embodied approach to ET that would inform mathematics education designs and
teacher professionalization.

Table 1 outlines the schedule of activities

Session  Duration Activity
1 10 min Brief introduction: Getting to know each other and the WG’s aims.
15 min  Work in pairs: Grounding the question of where mathematics is done.
Self-(observation) of problem-solving.
15 min  Grounding presentation: Sensory-motor processes in perceiving and
acting with the environment mathematically. An eye as a part of the body.
30 min  Work in groups: Analysis of ET data: Evidence for active constitution of
mathematical understanding and eye-movement interpretation (aim 1)
20 min  Plenary discussion: Theoretical reflections: the observed roles of the eye
movements as sensory-motor processes in mathematical problem-solving
2 10 min  Grounding presentation: Mobile and stationary ET; multipersonal ET.
20 min - Work in groups: Range of ET data: benefits and impediments; research
questions and analysis based on research design (aim 2).
10 min Plenary summary: Methodological reflections: towards an analytical
framework for an embodied approach to eye movements
20 min Discussion in groups: The implications for learning environments’ design
and teacher professionalisation and RQs in those areas (aim 3)
20 min Plenary discussion: Educational implications, further steps.
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Fractions and algebra remain among the most challenging mathematical domains for
students to learn and for teachers to teach. This working group will bring together
researchers whose work investigates the learning and teaching of fractions through the
lens of Kieren’s (1981)’s five subconstructs—particularly the operator and measure
subconstructs—as well as research on fraction schemes (Steffe & Olive, 2010) and the
role of unit coordination (Hackenberg & Sevinc, 2024) in the development of fraction
understanding and investigations to transition to Algebra basing on these constructs.
We envision forming several subgroups, each focusing on one of the following areas:

e  Students/teachers’ fraction schemes and units coordination and their potential
overlaps with Kieren’s (1981) fraction subcontracts.

e  The relationship or transition from fraction knowledge to algebraic reasoning,
including how students/teachers (pre- and in- service) use fractions when
generalizing mathematical situations or writing equations and using
representations.

e  Teaching practices and classroom investigations related to the use of different
fraction subconstructs and their influence on learning.

e Different Methodologies (including but not limited to eye tracking, Al etc.)
for investigating fraction knowledge and the relationship or transition to
algebraic knowledge.

Opportunities for Participant Contribution & Organization

Participants may share empirical data, classroom examples, or methodological tools.
A short pre-survey will identify subgroup themes. The WG fosters a structured yet
open environment for collaboration.

Active involvement from participants is essential. They will join thematic subgroups,
share materials, contribute data or theoretical tools, and engage in collaborative
analysis and co-development of the WG synthesis. The WG is intentionally designed
not as a series of presentations but as a collaborative working session.

This is a new PME initiative, grounded in active research communities on fractions,
unit coordination, and algebra readiness. Potential follow-up activities include a
Research Report proposal, continuation as a WG, and a collaborative publication. The
overarching goal of the working group is to promote productive discussion about how
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to investigate these complex phenomena. Through these discussions, we hope to
generate shared frameworks, methodological considerations, and future research
directions that can strengthen the field’s understanding of the (deep) connections
between fractions and algebra.

STRUCTURE OF THE SESSIONS

Day 1: This session introduces participants to the focus of the Working Group,
provides short stimulus inputs to frame collaborative work, and allows participants to
identify themes for subgroup collaboration.

Introduction to the Working Group: aims, goals, and structure (10 minutes)

Participant introductions with emphasis on research interests and possible
contributions (20 minutes). There will be group works related to the 4 stimulus where
we carefully provide stimulus data to be shared and discussed.

Stimulus input 1: Units coordination and fraction knowledge (10 minutes)
Stimulus input 2: Quantitative reasoning and ratios (10 minutes)

Stimulus input 3: Pre-service and in-service teachers’ fraction knowledge as a
foundation for algebraic reasoning (15 minutes).

Stimulus input 4: Methodological approaches for investigating fractions and algebra
(e.g., technological tools such as eye tracking, Al-supported analysis) (10 minutes)

Identification of emerging themes and formation of subgroups for Session 2 (15
minutes). Note: All stimulus inputs are intentionally brief and serve only to activate
shared perspectives and generate focused collaborative work with the use of data.

Day 2: This session is devoted to substantive subgroup work, sharing insights across
groups, and building plans for continued collaboration beyond the conference.

Subgroup collaborative discussions based on themes identified in Session 1 (50
minutes): Analysis of cases or data, Exchange of frameworks or methodologies,
Conceptual mapping and identification of research gaps. Reports from subgroups to
the whole group (20 minutes). Whole-group discussion: Opportunities to expand
cross-national collaboration, Identification of shared outcomes and next steps,
Decisions regarding contributions to the PME Newsletter and potential future
proposals (20 minutes).
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Access to early mathematics remains a challenge in many parts of the world. A range
of literature posits early mental mathematics, underpinned by, and aimed at, strong
number sense, as key to improved mathematics outcomes. This new Working Group
(WG) brings together academics working on early mental mathematics learning
interventions within schools and pre- and in-service teacher education to understand
commonalities and contrasts in intervention models, research methodologies and
outcomes. The WG will engage PME participants through collaborative discussion of
intervention models, research methodologies and empirical data at multiple levels.

BACKGROUND TO WG FOCUS

Early mental mathematics has been widely written about as underpinned by, and
enabling, number sense building that provides strong foundations for mathematical
learning (Chu et al, 2018). However, in many parts of the world, most children fail to
meet even core grade level outcomes in mathematics at early primary level (UNICEF,
2022). This WG aims to advance understandings of intervention models and their
research methodologies that seek to improve early mental mathematics outcomes
through work in schools and pre- and in-service teacher education.

A key goal is to understand:

1. Overlaps/contrasts in intervention models seeking to improve teaching/ learning
of mental mathematics in low attainment contexts, and their data sources.

2. Research methodologies across multiple levels (teacher educator experiences,
teacher perspectives and learning outcomes), seeking to understand experiences
and outcomes linked to these intervention models.

STRATEGY AND STRUCTURE
Session 1: Early number interventions models, materials and data

Introduction (20-30 min): Overview of intervention models and materials
implemented by WG team, background on their development with discussion for low
attainment contexts and how they interconnect, drawing on several case studies.
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Data Engagement (40 min): Participants will discuss models, materials and data from
five research groups linked to their pre- and in-service teacher education interventions
on mental mathematics. We will focus discussion on overlaps and differences in
models and data. Groups will engage with how interventions and tools differ from their
own country experiences in teacher education.

Discussion (20-30 min): Whole group discussion of models/data sources and insights
emerging across groups. WG leaders will facilitate discussion in each group, ensuring
alignment with overall goals. Mike Askew will move across all groups.

Session 2: Multi-level data analysis of change in mental mathematics outcomes

Introduction (25 min): Several projects by co-ordinators in this WG have data linked
to intervention outcomes at multiple levels: teacher educator experiences, pre-service
teacher reflections and learning outcomes. Brief sharing of these will orient and
stimulate group discussions to follow.

Data Engagement (40 min): Participants will work in sub-groups to analyse selected
datasets across these levels linked to a project. They will share insights into what multi-
level data makes visible and offer insights on ways to strengthen and connect multi-
level analysis. WG leaders and Mike Askew will facilitate discussions.

Discussion (25 min): Whole group discussion of models and insights; concluding
synthesis of insights and suggestions for continued collaboration from Mike Askew.

EXPECTED OUTCOMES

This WG will identify aspects of early mental mathematics intervention models
associated with teaching/learning improvements in low attainment contexts and
propose future research directions. Participants will gain insights into materials that
address gaps in mental mathematics in different education systems. The WG will foster
international collaborations on mental mathematics among researchers and hopes to
support future PME Research Report/Research Forum contributions.
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MATHEMATICAL LEARNING IN INTEGRATED STEM
INQUIRY: DESIGN AND ASSESSMENT CHALLENGES

Sasha Wang! and Marta Magiera?
1Boise State University, 2Marquette University

This Integrated STEM inquiry has become a prominent approach for engaging learners
in authentic, problem-based experiences that connect science, technology, engineering,
and mathematics. However, from the perspective of the psychology of mathematics
learning, significant theoretical and methodological challenges remain, particularly
regarding how mathematical learning is designed, enacted, and assessed within
integrated STEM contexts.

This working group is grounded in three complementary theoretical perspectives. First,
sociocultural theories of learning (Sfard, 2008; Cobb & Yackle, 1996; Vygotsky,
1978) emphasize that mathematical understanding develops through social interaction,
discourse, and the use of cultural tools. Integrated STEM inquiries often involve
collaborative design, multimodal representations, and shared problem solving, making
them rich sites for examining socially mediated mathematical thinking. Second,
design-based and engineering design learning theories (English, 2016; NRC, 2014)
highlight iterative cycles of problem definition, testing, and refinement. While these
cycles support sense-making and modeling, they also complicate the identification of
stable mathematical objects and learning trajectories. Third, complexity and systems
perspectives on learning (Bakker et al 2021; Barab, S., & Squire, K., 2004) suggest
that mathematical learning in integrated STEM is nonlinear, distributed across tools,
peers, and time, and not easily captured through traditional pre and post assessments.

Prior research has documented positive outcomes of integrated STEM for engagement
and attitudes, yet evidence for robust mathematical learning remains mixed. A
persistent gap concerns the centrality of mathematics: mathematics is often positioned
as a supporting tool rather than an explicit object of inquiry. Furthermore, assessment
practices frequently lack alignment with the mathematical reasoning demanded by
integrated tasks, overlooking learning manifested through discourse, representations,
and design decisions. The working group discussions on integrated STEM education
at IGPME conferences in 2017, 2018, 2019, 2024, and 2025, questions remain about
the benefits of this approach to mathematics teaching and learning. This working group
aims to address these theoretical tensions by foregrounding mathematics as a core
analytical lens in integrated STEM inquiry.

This working group is designed as a highly interactive forum for collaborative sense-
making and theoretical exchange. For Session 1, the goal is to establish a shared
theoretical foundation for integrated STEM inquiry and surface key challenges in
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identifying, supporting, and assessing mathematical learning within interdisciplinary
contexts. For Session 2, the goal is to collaboratively examine concrete examples of
integrated STEM inquiry and explore ways to theorize and assess mathematical
learning within these settings. The following are the plans for Sessions 1 and 2.

Session 1 Framing Mathematical Learning in Integrated STEM (90 min)
e Brief introduction and overview of working group goals (10 min)

e |Interactive presentation on theoretical perspectives (e.g., sociocultural theory,
discourse, interdisciplinary learning) and current research gaps (20 min)

e Small-group discussions (3-5 participants) sharing experiences and challenges
In integrating and assessing mathematics in STEM inquiry (30 min)

e Whole-group synthesis to identify key themes and priority issues (20 min)
o Reflection and preparation for Session 2 (10 min)

Session 2 Collaborative Analysis and Assessment (90 min)
e Recap of Session 1 themes and session goals (10 min)

e Small-group case analysis (e.g., tasks, student work, video excerpts) to identify
mathematical thinking and learning processes (35 min)

e Group discussion on assessment strategies and theoretical alignment (25 min)

e Whole-group knowledge building: design and assessment principles, future
research directions (15 min)

e Closing reflection and next steps for collaboration (5 min)
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DOCTORAL PROGRAMS IN MATHEMATICS EDUCATION:
STRUCTURES, CULTURES, COLLABORATION

Anita N. Alexander! and Scott A. Courtney?
'HU University of Applied Sciences Utrecht, NL
2Kent State University, USA

This Seminar examines doctoral programs in mathematics education and didactics of
mathematics from cross-national and cross-institutional perspectives. It
conceptualizes doctoral learning as a culturally situated system shaped by supervision,
research communities, and professional socialization. Through structured participant
exchange and collaborative analysis, the aim is to identify shared patterns, tensions,
and possibilities for collaboration across contexts. Outcomes include comparative
insights, new research questions, and pathways for continued PME engagement.

TOPIC AND FOCUS

Doctoral programs in mathematics education (didactics of mathematics) vary widely
across regions and institutions in terminology, structure, and scholarly traditions. This
Seminar adopts a comparative perspective to examine similarities/differences in
doctoral program structures, learning cultures, and developmental expectations across
national and institutional contexts, with attention to how mathematics education
researchers are prepared. The topic is timely within PME given increasing international
mobility, evolving doctoral expectations, and growing interest in doctoral preparation
in the field (Herbst, 2023). The goal is to co-develop a shared cross-national
understanding of doctoral learning cultures and to identify directions for collaboration
and future research through structured participant exchange and collaborative analysis.

THEORETICAL BACKGROUND

The Seminar draws on sociocultural and community-based perspectives that
conceptualize doctoral preparation as a socially, culturally, and institutionally situated
learning process (Lave & Wenger, 1991). Prior research highlights supervision,
participation in research communities, and professional socialization as central to
doctoral learning, positioning doctoral programs as learning cultures rather than solely
formal curricula (Herbst, 2023). Building on this work, the Seminar creates space
within PME to examine convergences and tensions across doctoral learning cultures
and to consider implications for supervision, program design, and researcher
development across contexts.

PARTICIPANT ENGAGEMENT

Participants will contribute brief contextual perspectives on doctoral programs in their
institutions or countries and engage in structured small-group and whole-group
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comparative discussions. Activities are designed to surface shared challenges,
divergences, and priorities in doctoral learning cultures and to support collective sense-
making across contexts. This Seminar is a new initiative within PME, informed by
recent calls to articulate key features of doctoral preparation while recognizing cultural
and institutional diversity (Herbst, 2023). Follow-up activities may include
comparative research projects and future PME activities (e.g., Research Reports).

PROPOSED LAYOUT

Seminar session (90 minutes): Mapping Doctoral Program Structures and
Cultures, Comparative Insights, and Collaborative Futures

e (15 min) Two large number lines (1-10) on floor; current students and
professors position themselves to indicate overall doctoral program ratings,
followed by discussion of group differences and potential nostalgia bias.

e (10 min) Using a digital Word cloud tool and a QR code, participants share
specific, one or two-word, strengths/weaknesses of their programs.

e (10 min) Researchers provide short summary of strengths/weaknesses, and
essential features of mathematics education doctoral programs from results of
two recent papers.

e (35 min) Think-Pair-Share: heterogenous groups based on “culture of”
components from reflexive thematic analysis. Participants describe their
experience in writing first, pair with a colleague to compare notes next,
followed by a whole group discussion with an emphasis on cross-cultural
collaboration, academic mobility, and comparative research.

e (10 min) Theoretical, guided discussion over nostalgia bias and how the
possible effect contributes to our approach to teaching, research, and
supervision within our current roles. Short reflection on the impact on
professional identities.

e (10 min) Reflection and exit ticket for feedback, insights, and next steps with
link and QR code for Google form: the most influential experience during
your program; ideas on how to strengthen supervisory and mentoring systems;
ways to ensure equitable access to research and professional opportunities.

References

Herbst, P. (2023). The doctorate is part of the infrastructure of our research field. Journal for
Research in Mathematics Education, 54(5), 288-294.

Lave, J., & Wenger, E. (1991). Situated learning: Legitimate peripheral participation.
Cambridge University Press.

PME 49 - 2026 349



INNOVATING PEER REVIEW FOR RESPONSIVE
MATHEMATICS EDUCATION IN A CHANGING WORLD

David Wagner!, Kate le Roux?, Mariam Makramalla®
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Our focus is intentional innovation within peer review. We envisage practices sensitive
to and enabling of mathematics education scholarship that is responsive in a complex,
changing world. We open dialogue about the nature of contextually relevant research,
the traditions and purposes of responsible peer review, and the ethical role of editors.

ACTIVITY OF THE SEMINAR

Peer review is a longstanding practice, where we negotiate and establish what counts
as legitimate mathematics education scholarship. Thus, there is opportunity for
intentional innovation towards peer review that is sensitive to and enabling of
contextually relevant research that is responsive, in complex, changing, and uncertain
times. We aim to open dialogue about what matters in our scholarship in these times,
and how the peer review process can serve these needs. We identify the following
questions as being of interest to researchers offering diverse mathematics education
Interests, experiences, and contexts, and to current (and future) peer reviewers.

Round 1 questions (the focus of small group sharing and plenary dialogue)

e What are the most significant changes in the contexts of our scholarship?
(Contexts includes specific mathematics teaching, learning, and research
settings, and framing education and societal contexts.)

e What new possibilities for scholarly contributions might these changes
implicate?

e  How can our scholarship contribute to societal and educational settings?

e  What challenges does this pose for the peer review process?

We sense the need for critical reflection in the field of mathematics education research
on the nature of research problems; who participates in scholarship and in what way;
theoretical choices and interdisciplinarity; methodological approaches; and the
position of ‘local’ knowledge in transnational research communities. We will have
prepared examples from our work to share, if necessary.

Round 2 questions (the focus of small group sharing and plenary dialogue)

e  What are the criteria generally used for peer review in the field of mathematics
education? Why are they important? To whom?

e  What peer review practices serve mathematics education that is relevant and
responsive in context, in complex, changing, uncertain times?
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e  What might be the responsible role of (journal) editors in the process?
e  Where is there space for dialogue within/around peer review processes?

We will listen for participants’ additional points of concern around research design and
writing, peer review writing and receiving, and editorial experiences and handling.

MOTIVATION FOR THE SEMINAR

Our current editorial work within the relatively new area of mathematics education and
the socio-ecological, in juxtaposition with our prior experiences editing journals, books
and proceedings, prompted us to convene this working group. Locating mathematics
education in considerations of present and future liveability, for all, in a world of
dynamic, interrelated local and global socio-ecological issues poses challenges to
dominant academic traditions that value fixity, categorisation, and closure. We are
learning that socio-ecological mathematics education needs “to go visiting” (Haraway,
2016, p. 4) with others, for “we require each other in unexpected collaboration and
combinations” (ibid.). We find that this requires of mathematics education an openness
to new relations, between knowledges, ways of knowing, peoples, and contexts,
realised in/through ethical empirical, methodological, and theoretical practices.

As editors handling research writing within these new compelling contexts, we find
ourselves mediating between new voices and ways of knowing, and the traditions of
what and who counts as legitimate in mathematics education scholarship (which tend
to be represented in the practices of peer review). This experience has surfaced
questions around peer review processes in mathematics education more broadly, such
as what ‘counts’ as a scholarly contribution (empirical, methodological, theoretical
practices, and their relations), for whom it is a contribution (scale-ability), and how this
Is communicated. We feel deeply troubled, not only by the knowledge implications of
our ‘gatekeeping’ as editors (e.g., Niss, 2018; Andrade-Molina et al., 2020), but also
the ethics of our roles. Indeed, Haraway (2016) warns of aiming for a ‘safe’ imagined
future, encouraging us to be “truly present in entwined relation of places, times, matters
and meanings” (p. 1), and to risk exploring new directions, in an orientation that is both
responsive, and responsible (able to respond). We look forward to exploring these new
directions with others.
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