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IDIOSYNCRATIC METAPHORS IN A MATHEMATICAL
INVESTIGATION: THE SIEVE OF ERATOSTHENES

Everton Jacinto, Rina Zazkis
Simon Fraser University

We engaged undergraduate liberal arts students in investigating patterns within the
Sieve of Eratosthenes, a historical method for finding prime numbers in a given
interval by crossing out multiples of primes. The investigation used a digital
application in which numbers appeared in a grid, and changes in grid width produced
different visual displays of prime and composite numbers. The participants examined
how the grid width related to the appearance of primes in specific columns and
described their approaches and conclusions in the form of a dialogue between
interlocutors, referred to as “scripting journeys.” The reported research examines
how participants use metaphors to articulate and develop their reasoning within a
mathematical investigation.

INTRODUCTION, CONTEXT AND PURPOSE OF THE STUDY

Research in mathematics education has consistently shown that metaphors play a
central role in how learners make sense of abstract ideas. Past contributions in
mathematics education have considered metaphors, analogies, and images as
conceptual tools that enable learners to organize initial ideas before these ideas become
formal structures (English, 1997). Drawing from Lakoff and Ndfiez (2000), metaphors
serve not just as images but as critical cognitive tools for constructing abstract
mathematical knowledge. They enable students to scaffold their understanding by
transforming abstract concepts into more familiar, concrete ideas. Chapman (1997)
extended this view by showing that metaphors can also shape learners’ approach to
problem solving by drawing attention to particular aspects of a situation while leaving
others aside.

Sfard (2015) argued that metaphors should not be viewed as final or fixed
representations of students’ thinking. Instead, they function as working ideas that help
learners move toward more stable forms of reasoning. In this sense, changes in the
metaphors learners use may indicate developments in their mathematical activity. This
aligns with the assertion that “metaphors serve as ‘transplants’ from familiar discourses
into mathematical discourse, enabling new conceptual systems and ways of seeing
what would otherwise remain abstract” (Sfard, 2009, p. 50). Thus, metaphors enable
students to bring familiar ideas into abstract spaces, opening new ways of thinking and
understanding mathematical concepts.

Metaphors play a central role in classroom participation and mathematical
communication. Teachers and students often rely on familiar frames such as “learning
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mathematics is a journey,” “doing mathematics is work,” and “presenting mathematics
is a story” (Yee, 2017, p. 211) to make sense of abstract processes. These shared
metaphors shape classroom participation and influence how learners position
themselves in relation to mathematics (Kaphesi, 2014). At the university level, research
indicates that students continue to depend on metaphors for mathematical sense-
making. Osman et al. (2022) showed that undergraduates in science, engineering, and
mathematics programs describe mathematics through metaphorical images that guide
how they understand the discipline. In advanced courses, lecturers also rely on
metaphors to communicate abstract ideas, and students adopt these expressions as part
of their own reasoning (Olsen et al., 2020). Similar patterns appear in teacher
education, where Scheiner et al. (2022) showed that prospective teachers use
metaphorical structures when organizing content and anticipating student thinking. In
these settings, metaphors function as shared tools that support mathematical sense-
making.

Research in specific mathematical domains also highlights how metaphors help
learners connect their everyday experiences with formal concepts. In number theory,
Pradhan (2019) showed that students make sense of prime and composite numbers
through familiar actions and cultural artifacts. He noted that “the abstract concepts can
be made more meaningful by connecting learners’ real-life situations... [and]
metaphors provide a powerful tool to understand one domain of knowledge in terms of
another” (p. 78). At a broader curricular level, Dietiker (2015) described curriculum as
a “mathematical story” (p. 246), illustrating how learners build coherence by linking
tasks and ideas across time.

A common theme emerged across these studies: metaphors help learners move from
what they notice to what they can explain. They tend to surface when students attempt
to express causal relationships, test emerging ideas, or generalize structures. Pugalee
and Schinck (2014) further emphasized this, stating that “students’ metaphorical
descriptions of mathematics as journeys, tools, or interconnected structures reflect their
beliefs and influence how they make sense of mathematical tasks” (p. 115). This idea
highlights how metaphors not only guide the understanding of abstract concepts but
also shape how students approach mathematical challenges. The present study builds
on this line of work by addressing the following research question: How do
undergraduate students use metaphors to articulate and develop their reasoning within
mathematical investigations?

METHODOLOGY

The participants in this study were undergraduate liberal arts students (n = 22) enrolled
in a course titled Numbers and Beyond, an elective mathematics course used to fulfill
a “course in quantitative reasoning” requirement for their degrees. The course
addressed topics related to elementary number theory, such as prime and composite
numbers, factors and multiples, divisibility, and prime decomposition. Participants
were introduced to the Sieve of Eratosthenes, a historical method for finding prime

PME 49 - 2026 884



Jacinto, Zazkis

numbers in a given interval by crossing out the multiples of primes, through a digital
application (www.visnos.com/demos/sieve-of-eratosthenes). In this application,
numbers are displayed in a grid, multiples of primes can be crossed out manually or
automatically, and the grid width can be changed from 4 to 30 (see Figure 1).

Figure 1: Sieve of Eratosthenes, grid widths of 10, 11, and 12.
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Following the initial exploration of the Sieve with a grid width of 10, the participants
completed a Sieve of Eratosthenes Task, in which they were invited to use the digital
application and investigate in what columns prime numbers appear and in what
columns there are no primes for different grid widths. Participants were required to
present their investigation in the form of a dialogue, recording their approaches and
explaining their findings. These approaches could include questions, conjectures
(which were tested and either rejected or confirmed), and conclusions. This method of
participants’ reporting on how investigation was conducted is referred to in prior
research as a “scripting journey” (Kercher et al., 2025), which is a novel data collection
technique where “participants construct a dialogue that represents their experiences
during a mathematical investigation” (p. 61), and what they choose to report represents
what they found most relevant in their investigation.

The participants’ scripting journeys, which provided an account of their exploration,
comprised the data analyzed in this study. All scripts were imported into NVivo. We
conducted line-by-line coding to identify metaphorical expressions, shifts in metaphor
use, references to structural relationships, and moments of inquiry or verification,
focusing on language drawn from non-mathematical domains. This initial phase
generated a set of categories, including spatial metaphors, investigative metaphors,
elimination metaphors, and narrative markers, which captured recurring patterns across
the dialogues. The codes were then compared within and across student scripts to
examine how metaphorical expressions aligned with or enabled the movement from
noticing numerical regularities to articulating structural explanations.

Following Braun and Clarke’s (2006) approach, the development of the themes was
iterative and interpretive rather than a mechanical combination of codes. After initial
coding, the categories were reorganized and refined into themes that captured how
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students use metaphors to articulate and develop their reasoning within mathematical
investigations. This process resulted in two analytical themes: (1) metaphors that
describe mathematical structure, and (2) metaphors that frame the task through an
investigative lens. These themes are presented in the following section.

FINDINGS

In this report, we focus on the scripting journeys of two pairs of students, Jay-Tim and
Ken-Pam (pseudonyms), as their use of metaphors was most explicit and purposeful.
Focusing first on the metaphors that describe a mathematical structure, we note that
the Sieve of Eratosthenes itself is a metaphor, describing how primes are sieved out
from the lure of numbers, similar to how a kitchen utensil is used to separate solids
from liquids. In describing the process involved in the sieve, the usual reference in
various learning resources is that multiples are “crossed out” or “shaded,” so the
uncrossed or unshaded numbers at the end of the process are prime.

However, in most participants’ scripts, metaphorical language developed beyond these
standard terms. The multiples of primes were described as being “eliminated,” “killed,”
or “wiped out.” Consequently, the remaining primes were seen as “survivors” in a
process of “natural selection:”

Jay: It kind of feels like natural selection but for numbers.
Tim: Yeah, some get eliminated right away.

These metaphorical expressions then extended from elimination to reflect the survival
of numbers that remain, highlighting the competition and weeding-out process. These
metaphorical expressions continued to evolve as students articulated and developed
their investigation and described the grid more systematically. In the following excerpt,
Tim and Jay consider a grid with a width of 12:

Tim: Some columns are automatically doomed. They only ever hold multiples of
2 or multiples of 3 or whatever.

Jay: So if a column only spits out even numbers, then it is dead for primes.

Tim: Except maybe in the very first row, like 2 itself.

Tim: So those four columns are basically “composite factories.” They never give

us primes past the first row.

The reference to “doomed” columns and “composite factories” reframes columns not
as organizational units but as sites in which primes cannot survive. Similarly, in the
script of Pam and Ken, we observe this expanded perspective to describe broader
regions of the grid. The following excerpt refers to a grid width of 30:

Pam: Whole neighborhoods of empty houses. Columns 2, 3, 4, 5, and 6 have no
primes at all.
Ken: Columns that line up with multiples of base primes get wiped out. They

overlap and form a desert of primes.
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Pam: The smaller prime factors in the grid width, the more likely we are to see
consecutive barren columns.

Ken: If the grid width K is highly composite, then many consecutive columns
correspond to numbers divisible by small primes. That creates runs of
empty columns.

Here, columns without primes are described as “neighborhoods of empty houses,”
where multiples are “wiped out.” Eventually, noting “runs of empty columns,” the
students managed to formulate their conclusion: prime numbers can appear only in the
columns in which the column number is coprime to the column width:

Ken: With width 10, primes beyond the first row only appear in columns 1, 3, 7,
and 9. That's because the other columns all line up with multiples of 2 or 5.
So the general rule here is: if a column number shares a factor with the grid
width, it won't have primes—except maybe the very first row.

[-]

Ken: That generalization ties everything together. The prime-containing columns
are those where the column number and the grid width have no common
factors.

Next, in their scripting journeys, students used metaphors that frame a mathematical
task through an investigative lens, positioning themselves as “mathematical detectives”
who looked carefully at what appeared on the grid and checked their assumptions. They
used this framing to organize their steps, explain their choices, and develop their line
of inquiry. This is reflected in Jay’s statement:

Jay: Yes, but let’s act like detectives. You have to always check and confirm
yourself. It will save you from future mistakes.

The notion of checking and confirming as a way of avoiding mistakes is seen by Jay
as part of the practice of verification and systematics testing, employed by detectives.
For Pam and Ken, the detective positioning adopted by the students guided their
curiosity toward additional discoveries by considering different cases:

Pam: Absolutely. Let’s keep going and discovering more, like detectives.

Ken: I am curious about different cases here. Why don’t we try to find something
where the primes appear in every column.

Further, Tim described their mathematical investigation as “narrowing down suspects
in a mystery case.”

Tim: Exactly. They’re just the only candidates. It’s like narrowing down suspects
in amystery case, you still have to test which ones are guilty of being prime.

Jay: I like that prime suspects.

The term “prime suspects,” using homonymy of the term “prime’, shows a link between
the terminology of detective investigation and that of mathematics. Tim’s description
of the activity as “narrowing down suspects in a mystery case” connects his reasoning
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to an investigative process. In this frame of reference, the columns coprime with the
grid width became “candidates” in mathematical terms or “suspects” in the detective
sense, each needing further checking. Their phrase “guilty of being prime” continued
this connection. Jay’s response, “I like that prime suspects,” showed interest in the idea
and how the detective’s frame shaped their talk.

This metaphor of “prime suspects” outlines further steps in their work. As investigators
rule out suspects based on clear evidence, in a search for primes, the students removed
columns from their search in which the column number shared a factor with the grid
width. Consequently, focusing only on columns whose number was coprime to the grid
width narrowed the search for those “guilty of being prime.”

As they reflected on their work, Ken and Pam described the experience of finding
primes as uncovering “hidden treasures:”

Pam: The more | hear about this, the more I think primes are like hidden treasures.

Ken: That’s exactly how mathematicians describe them: beautiful, mysterious,
almost like art.

Pam: But isn’t it frustrating that we’ll never find the “last” prime.

Ken: Maybe. But it’s also comforting. It means there’s always more to discover.

This moment in the dialogue shows how students began to see their mathematical work
as an ongoing search that only pauses when the “hidden treasures” are discovered,
leading to the beginning of another idea where there is “more to discover.” Also, their
comment about “never finding the last prime” captures the mix of curiosity and surprise
they experience during the task. The open-ended nature of the task appeared to keep
them engaged, and the treasure metaphor aligned with the way they worked, as each
discovery encouraged them to seek out what might be hidden next.

DISCUSSION

This study explores how undergraduate students use metaphors to articulate and
develop their reasoning while working with the Sieve of Eratosthenes. The findings
highlight the central role metaphors played in shaping students’ reasoning. Students
used metaphors in two interconnected ways, which serve as the themes of this analysis:
to describe the mathematical structure of divisibility and appearance of prime numbers
within a grid, and to frame the investigative task, positioning students as active
participants in the process of mathematical discovery.

This study addressed the research question: How do students use metaphors to
articulate and develop their reasoning within mathematical investigations, by
demonstrating that metaphors not only support understanding of abstract mathematical
ideas but also organize students’ investigative activity, positioning them as active
participants in mathematical inquiry. By adopting the role of mathematical detectives,
students engage more deeply with the task, transforming observations into structural
explanations. This dual function of metaphors, describing structure and framing the
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investigation, encourages students to take ownership of their learning, guiding them
through more reflective and thorough work. Additionally, combining this task with the
scripting journey approach provided a unique advantage, allowing students to reflect
on and document their investigation, thereby enhancing their ability to track and refine
their reasoning.

Students used metaphors to make abstract concepts tangible. Metaphors like “natural
selection” and “neighborhoods of empty houses” helped students focus on divisibility
relationships, describing how primes “survived” in certain columns while other
numbers were “eliminated.” Beyond describing mathematical structures, metaphors
shaped how students approached the task. By positioning themselves as “mathematical
detectives,” students engaged in systematic checking and verification, narrowing
“down suspects” to identify those “guilty of being prime.” This framing helped
students justify their reasoning, reconsider assumptions, and develop generalizations,
a process Grootenboer & Jorgensen (2009) and Hansen et al. (2022) describe as
mathematical agency. The detective metaphor guided students’ reasoning and
deepened their engagement.

This study contributes to research on metaphors in mathematics education by
highlighting the unprompted use of idiosyncratic metaphors that helps students
articulate their observations and describe their investigation. While previous studies
focus on how metaphors provide a cognitive tool in facilitating understanding of
abstract concepts (e.g., Falani et al., 2023), this study shows how metaphors shape the
investigative process. Students, for example, use metaphors like “mathematical
detectives” to guide their verification and exploration. It offers a unique contribution
by showing how metaphors do not merely represent understanding but actively
organize observations, conjectures, and generalizations during mathematical
investigations.

In acknowledging the limitations of this study, we note that the sample size was small,
and the grid’s maximal size of 30x30 in the digital application may have limited what
students could explore. A larger grid could reveal additional patterns or push students
to investigate higher numbers.

Future research could explore how metaphors evolve during mathematical activity and
whether some are more effective than others in promoting conceptual breakthroughs.
Further, future research may focus on the role the digital application played in students’
use of metaphors in their investigation. Extrapolating from Lakoff’s well-known title
Metaphors We Live By, we highlight the importance of extending research on the
“metaphors students move by” in their mathematical investigations.
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TRACING PRE-SERVICE PRIMARY TEACHERS’ VIEW OF
MATHEMATICS THROUGH RETROSPECTIVE GRAPHS

Juulia Lahdenperd, Cigdem Haser
University of Turku, Finland

Pre-service primary teachers’ (PSTs) views of mathematics play a central role in them
becoming effective mathematics teachers. As these views are constructed through prior
experiences, understanding how such experiences are formed is essential to support
the development of more positive views of mathematics. The data consists of 101 PSTs’
retrospective graphs representing their relationship with mathematics and its variation
over time. The analysis revealed five graph-shape categories, Positives, Uphills,
Negatives, Downhills, and Zigzags, with aspects such as motivation, competence,
perceived difficulty, effort, and former teachers associated with changes along the way.
Overall, the study demonstrates that graphs offer a valuable alternative for solely
verbal and written responses.

INTRODUCTION

Pre-service primary teachers (PSTs) enter teacher education programmes, and later
their own classrooms, carrying their mathematics-related views constructed through
previous experiences with mathematics (Bekdemir, 2010; Guillaume & Kirtman, 2010;
Kim et al., 2023). These experiences originate largely from PSTs own schooling, and
views of mathematics constructed through these experiences tend to influence their
future instructional practices, classroom environments, and ultimately their students’
learning and views of mathematics (Kim et al., 2023). Therefore, when aiming for
high-quality mathematics teaching and learning, teacher education programmes play a
central role in reshaping PSTs’ views of mathematics.

The term “view of mathematics” is seen to encompass a range of cognitive as well as
affective and motivational dimensions, such as beliefs, attitudes, emotions, and self-
related constructs (Kim et al., 2023). Similar to Roesken et al. (2011), these dimensions
are understood to be formed and developed through individuals’ previous experiences
of learning mathematics. Previous research has investigated the mathematics-related
experiences PSTs bring with them to teacher education programmes. These
experiences include for example experiences of success or failure while learning
mathematics, perception of own competence and ability to learn mathematics,
perceived difficulty of mathematical content, levels of enjoyment, motivation, and
effort, as well as parental and peer encouragement or pressure (Bekdemir, 2010;
Guillaume & Kirtman, 2010; Hannula et al., 2005; Roesken et al., 2011).

It is important that PSTs have or develop a positive view of mathematics. Firstly,
experiences with teachers have a crucial role in shaping students’ views of
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mathematics; research shows that both positive and negative experiences with
mathematics are often teacher-related (Bekdemir, 2010; Guillaume & Kirtman, 2010;
Hannula et al., 2005; Lo, 2021). In this vein, the goal is to educate teachers who can
provide their students with positive experiences with mathematics. Secondly, PSTs
need a positive view of mathematics to benefit from teacher education (Brady & Bowd,
2005; Erixon & Christiansen, 2025). For example, positive views of mathematics help
PSTs in learning to teach mathematics more effectively (Lo, 2021). In contrast, a
negative view of mathematics can result in negative experiences within teacher
education programmes (Bekdemir, 2010). This may lead PSTs to avoid more effective
teaching practices (Brady & Bowd, 2005), again reducing their future students’
possibilities for positive mathematics learning experiences.

However, it is important to note that not all negative previous experiences have
negative consequences. For example, PSTs’ negative experiences with mathematics
can hinder their teaching efficacy, but the same can also motivate them to learn to teach
mathematics better for their students (Guillaume & Kirtman, 2010; Lo, 2021; Rule &
Harrell, 2006). Furthermore, sometimes a teacher’s own negative experiences can
serve as key to understanding students better; teachers with only positive experiences
with mathematics can find it challenging to relate to students facing difficulties in
learning mathematics (Lutovac & Havia, 2024). Hence, PSTs can use their negative
experiences to become more effective mathematics teachers.

Still, in order to support the development of more positive views of mathematics, and
to help PSTs use their negative experiences to create positive outcomes during teacher
education, there is a need to understand the previous experiences through which PSTs
constructed their views of mathematics. To address this, the present study investigates
PSTs retrospective graphs representing their relationship with mathematics from the
first grade up to the point of the beginning of the first mathematics didactics course at
university. Asking PSTs to write or talk about their views of mathematics may not
result in well-articulated responses, highlighting the need for alternative methods
(Erixon & Christiansen, 2025). In addition, cross-sectional studies overlook
developmental perspectives. Here, the use of retrospective graphs provides a novel way
for PSTs to express their experiences and illustrate how and why their relationship with
mathematics changes over time (Satyam et al., 2022). The research questions are:

1. What kind of relationship do PSTs have with mathematics from the first grade
up to their first mathematics didactics course in the teacher education
programme?

2. To what factors do PSTs attribute changes to in their relationship with
mathematics over time?

In addition, the study has a pedagogical development dimension. Reflecting on
previous experiences with mathematics through drawing activities can increase PSTs’
awareness of these experiences and support the development of a more positive view
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of mathematics (Guillaume & Kirtman, 2010; Rule & Harrell, 2006; Satyam et al.,
2022). Thus, the study also serves as an intervention for the PSTs

METHODS

The study involved 101 PSTs who attended the first small-group session of their first
mathematics didactics course in their teacher education programme in Spring 2025.
The participants gave active consent to participate in the research, and the response
rate was 86 percent. Similar to Satyam et al. (2022) and Andra and Scalvini (2023), the
data were collected via minimally structured graphs. Graphing provides autonomy for
PSTs to express their experiences (Satyam et al., 2022) and gives them a tool for
making their experiences concrete. The PSTs were asked to sketch graphs representing
their relationship with mathematics. The vertical axis (relationship with mathematics)
had three marks, positive, neutral, and negative, and the horizontal axis (time) was
unstructured. The students were prompted with the following task:

e Draw a line on the graph that represents your relationship with mathematics
from the beginning of first grade up to this moment.

e Explain what happens in the graph. Focus on points where changes occur.
Indicate the time of the change (e.g., 4th grade) and write what happened
then.

The data were analysed using data-driven qualitative content analysis (Schreier, 2012).
First, the graphs were analysed by examining trends over time, that is, by comparing
the valence and relative magnitude of the start and end points, and by analysing their
overall shape and temporal ordering. These aspects were used inductively to build the
coding frame, and the graphs were then grouped by shape into qualitative categories in
an iterative fashion (see Table 1). The analysis then continued with in vivo and
descriptive coding (Saldafia, 2021) of the PSTs’ own words associated with changes in
their graph shapes. The resulting codes were organised into broader descriptive
categories that reflected recurring themes across the data. Finally, these categories were
examined separately for peaks and valleys to identify the common aspects associated
with positive and negative shifts in the PSTs’ relationship with mathematics.

RESULTS

When comparing the valence of the start and end points, the PSTs’ graphs show that
75 percent of the students started in first grade with a positive relationship with
mathematics. In addition, 16 percent started with a neutral, and 9 percent with a
negative relationship with mathematics. At the end, that is, upon entering the first
mathematics didactics course in their teacher education programme, 67 percent of the
students reported having a positive, nine percent a neutral, and 24 percent a negative
relationship with mathematics. Over the course of their school years, 17 percent
increased their valence, 29 percent decreased their valence, and 54 percent had the
same valence (positive, negative, or neutral) both at the start and end points.
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Based on the valence, the overall shape, and temporal ordering of the graphs, five
qualitative graph categories representing the PSTs experiences with mathematics were
identified: Positives, Uphills, Negatives, Downhills, and Zigzags. The categories are
presented in Table 1. Four of the categories are somewhat equally represented;
however, there are only two graphs in the Negatives category implying that only two
students reported having a solely negative relationship with mathematics during their

school years.

Table 1. The five categories representing the PSTs views of mathematics formed
through their previous experiences with mathematics.

Category Definition

Example

The dominant feature
is positivity. Graphs
start and end on the
positive side at roughly
the same level, Peaks
and valleys may occur
along the way, crossing
also into the negative
side.

Positives
(n=31)

Uphills
(n=26)

The dominant feature
is an uphill. Graphs
may start negative,
neutral, or positive but
always end on the
positive side. Peaks
and valleys may occur
along the way but the
overall trend is still
upward.

The dominant feature
is negativity. Graphs
start and end on the
negative side roughly
at the same level.
Peaks and valleys may
occur along the way,
not crossing into the
positive side.

Negatives
(n=2)

Positive

e

Time
In high school, I had a very
good and lovely teacher

Negative

Negative

aaaaaaaaaaaaa
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Downbhills The dominant feature . =
(n=19) isadownhill. Graphs ™ 1 o
typically begin on the
positive and end on the )
negative side. Peaks

and valleys may occur

along the way, but the ™"+
overall trend is still
downward.

ssssss

Zigzags The dominant feature 1 s
(n=23) s variability. The
graphs alternate
between positive and
negative values, with
multiple peaks and S
valleys without a clear
overall trend.

The PSTs linked various factors to changes in their relationship with mathematics over
time. Positive shifts were associated with personal interest and motivation, liking
mathematics, and seeing it as important. Experiences of success and competence were
central, also reflected in good grades and success in the matriculation examination at
the end of high school. Positive changes also occurred when PSTs consciously reduced
the level or amount of mathematics studied, for example by switching from the
advanced to the basic mathematics syllabus in high school and, in this way, making the
mathematical content less challenging. Teachers and teaching were likewise central, as
nice, supportive teachers and effective teaching were linked to positive changes. In
addition, the PSTs’ own teaching-related experiences such as work in teaching roles
and orientation towards a teaching career were associated with positive changes in their
relationship with mathematics.

Negative changes in PSTs’ relationships with mathematics were linked to lack of
interest and motivation, weak self-confidence and frequent experiences of
incompetence. Lower effort, whether due to limited time or energy, or feeling unable
to meet expectations, also contributed to declines in the PSTs relationship with
mathematics. Many PSTs reported increasing difficulty with certain topics or tasks,
and following the advanced mathematics syllabus in high school was mostly associated
with a negative shift. Teachers and teaching practices played a notable role as well;
Several PSTs recalled former teachers they perceived as ineffective, and some reported
experiences of humiliation or shaming, all of which were connected to negative shifts
in their relationship with mathematics.
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DISCUSSION

The present study investigated PSTs’ retrospective, minimally structured graphs to
explore the development of their views of mathematics over time (see Andra &
Scalvini, 2023; Satyam et al., 2022). As views of mathematics are constructed through
previous experiences (Roesken et al., 2011), the PSTs were asked to graph their
relationship with mathematics from the first grade up to the beginning of the
mathematics didactics studies. As expected, the analysis revealed substantial variation
in the graphs including positive, neutral, and negative experiences, as well as
fluctuations (peaks and valleys) across school years (Guillaume & Kirtman, 2010).

The main contribution of the study concerns the use of retrospective graphs as a data
collection method. Five graph-shape categories were identified: Positives, Uphills,
Negatives, Downhills, and Zigzags. These shape patterns highlight the diversity of the
PSTs’ previous experiences. Notably, only two PSTs described an entirely negative
relationship with mathematics across the school years; the remaining 99 participants
reported at least some positive experiences. This distinction is meaningful; PSTs who
currently hold a negative view but have encountered positive experiences along the
way differ fundamentally from those with solely negative experiences with
mathematics. Similarly, PSTs whose relationship has remained positive throughout are
distinct from those who currently feel positive but have struggled in earlier phases.
Overall, using retrospective graphs highlight the notion that it is not only the present
moment that matters (or the time of cross-sectional data collection) but all experiences
that construct a view of mathematics.

Another main finding is the prevalence of positive views of mathematics at the
beginning of teacher education. Two thirds of the PSTs reported a positive relationship
with mathematics, a considerably higher proportion than that found among Finnish
PSTs twenty years ago (43%; Hannula et al., 2005). At the same time, the proportion
with negative views, about one quarter, has remained relatively stable. The present
study also identified only nine percent of neutral views, compared with 36% in
Hannula et al. (2005). One possible explanation for this is methodological. Hannula et
al. (2005) used a quantitative approach that allowed more fine-grained analysis of
neutral views of mathematics, whereas retrospective graphs may emphasise the
developmental process more strongly. It is also possible that PSTs, when reflecting
visually on their view of mathematics, become more aware of fluctuations and the
positive and negative sides of the axes and thus represent their experiences with more
nuance than cross-sectional surveys typically capture.

The findings further demonstrate that PSTs can enter teacher education with a positive
view of mathematics despite having encountered significant negative experiences
earlier in their school years. Negative experiences do not determine view of
mathematics long term. In fact, they may offer pedagogical advantages, as PSTs with
a history of struggle can be better at relating to students who find mathematics difficult
(Lutovac & Havia, 2024). This reinforces the idea that teacher education should not
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aim to eliminate negative experiences but should help PSTs reinterpret and reuse them.
The graphs also showed considerable contextual variation, suggesting that the PSTs’
views of mathematics are sensitive to contextual and instructional factors. This
indicates that teacher education has a meaningful opportunity to provide more positive
experiences and, in this way, strengthen the PSTs’ views of mathematics with which
they then enter the teaching profession (Bekdemir, 2010; Guillaume & Kirtman, 2010;
Kim et al., 2023).

The factors PSTs associated with positive and negative changes align closely with prior
research (see Bekdemir, 2010; Guillaume & Kirtman, 2010; Hannula et al., 2005;
Roesken et al., 2011). Positive changes were connected with motivation, interest,
experiences of success and competence, suitable level of challenge, supportive
teachers, and meaningful teaching-related experiences. Negative changes were linked
to low motivation, weak self-confidence, perceived incompetence, increasing
difficulty of mathematical content, insufficient effort or lack of time, and poor or even
harmful teachers and teaching practices. The finding that some PSTs had improved
their relationship with mathematics by switching from the advanced to the basic
syllabus in high school raises an important point. Teachers do not have the option to
“lower the level” of mathematics in their work. This highlights the need in teacher
education to find other ways to strengthen the PSTs views of mathematics. As the PSTs
associated meaningful teaching-related experiences with positive shifts in their views
of mathematics, strengthening connections between theory and practice and providing
supportive guidance and feedback during teaching practicums can strengthen PSTs’
views of mathematics and in this way, support their development as effective
mathematics teachers.

Limitations and future research

This study has several limitations. First, retrospective graphs are subjective
representations of PSTs’ relationships with mathematics (Satyam et al., 2022).
Therefore, the findings are limited to the experiences the PSTs prioritised and
remembered. Also, PSTs may refer for example to “good” teachers differently
(Guillaume & Kirtman, 2010; Lo, 2021). Second, because the axes are not
standardised, the graphs are not suitable for between-subject comparisons regarding
the absolute level of positive or negative experiences. They do, however, support
meaningful within-subject interpretations such as relative increases, decreases, or
turning points

The present study is a part of a larger research project in which the PSTs continued to
draw graphs throughout the mathematics didactics course. Future research will
combine these data to examine how previous experiences are linked to experiences
during teacher education programmes. Also, triangulation for example via mini-
interviews could prove helpful in understanding the developmental process of PSTs’
views of mathematics in greater detail (see Satyam et al., 2021).
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PROMOTING ARGUMENTATION AS ASOCIALLY SITUATED
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The paper presents a retrospective analysis of La Tombola Infernale, a project situated
within Informal Mathematics Education and grounded in the Design-Based Research
methodological framework. The project engages students in designing and playing a
Dante-inspired tombola game, through which they explore both mathematical concepts
and the Inferno canticle of the Divine Comedy. Drawing on Ferrari and Saccoletto’s
(2023) theoretical perspective on argumentation as a socially situated practice, the
study investigates how this specific informal learning context supports the development
of students’ argumentative processes. The analysis focuses on one design cycle—
implemented across different age groups and settings—highlighting the role of peer
interaction, linguistic resources, and material artefacts in fostering collective
meaning-making and the progressive formalisation of modular arithmetic.

INTRODUCTION

The Covid-19 pandemic emergency severely strained school systems worldwide and
widened disparities in inclusion, participation, and meaningful learning among
students from various socio-economic backgrounds (Bakker, Cai & Zenger, 2021).
During this period, distance learning, characterized by screen-mediated relationships,
exacerbated issues such as limited internet and digital device access. In Italy, the time
dedicated to distance education was uneven, with regions like Campania experiencing
over a year of online instruction. These growing inequalities prompted new educational
experiments still referenced today to improve relationships within and outside schools.
One such initiative is La Tombola Infernale Project (TIP), a Design-Based Research
(DBR) study (Bakker, 2018; Cobb et al., 2003) within Informal Mathematics
Education (IME) (Nemirovsky, Kelton, and Civil, 2017). Aligning with IME
principles, it adopts an interdisciplinary approach merging Dantean literature and
mathematics to bridge formal and informal teaching through mutualism, fostering
participatory research to enhance math education (Eshach, 2007). This paper offers a
retrospective review of a DBR cycle where students from primary to high school of
unprivileged contexts explore modular arithmetic (mod , a key component of the
project. The analysis underscores the role of linguistic resources in argumentative
processes, as discussed by Ferrari and Saccoletto (2023).

METHODOLOGICAL FRAMEWORK

The TIP is developed within the DBR framework. This methodology involves studying
long-term interventions that foster ongoing, cyclical processes of action and reflection
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involving researchers and teachers. These research cycles alternate between designing,
implementing, and analysing activities (Bakker, 2018). A key goal of the present
research project is to bridge the gap between teaching practices and theoretical research
in mathematics education, especially by aligning formal instruction with research on
informal learning contexts (Eshach, 2007). Although the project has undergone several
developments since its inception, the present contribution provides a study of the initial
experimental phase. This phase, according to DBR approach, follows a single cycle
comprising three stages: design, implementation, and analysis. The study
retrospectively examines an introductory experimental activity aimed at integrating
two theories of mathematics teaching and learning: IME (Nemirovsky et al., 2017),
which serves as the orienting framework, and argumentation as a socially situated
practice (Ferrari & Saccoletto, 2023) as the domain-specific framework. This leads to
the main research question: How does an informal mathematics education project, like
TIP, affect students’ explanations and argumentative activities when exploring new
mathematical concepts?

The orienting framework: Informal Mathematics Education

IME promotes mathematical learning in non-traditional, interest-driven contexts and
supports knowledge construction through problem-solving, collaboration, and
discussion, while reducing the emotional load of formal schooling. Its key features
include the absence of traditional assessment, fluid disciplinary boundaries, and the
use of alternative learning spaces, fostering engagement, communication, and
argumentation (Nemirovsky et al., 2017). The TIP is situated within this framework
and draws on the concept of Boundary Objects (Star & Griesemer, 1989), using
Dante’s Inferno as a cultural artifact to bridge mathematics and literature and to
promote inclusive and meaningful learning. The Divine Comedy, rich in scientific and
mathematical references, was chosen as a starting point to enable students to explore
mathematical concepts and content from other disciplines through the material
construction and reinterpretation of a popular game such as tombola.

The domain-specific framework: argumentation as a socially situated practice

Ferrari and Saccoletto (2023) propose a theoretical perspective that conceptualises
argumentation as a linguistic and social process rather than as an isolated product. The
authors adapt the argumentative theory of Mercier and Sperber (2017), originally
developed within cognitive and evolutionary psychology, to mathematics education
and situate their work within a social constructionist view of knowledge. In this
perspective, argumentation emerges through interactions among students and between
students and the teacher and includes not only the initial production of arguments but
also reactions, objections, requests for clarification, and reformulations, all of which
are inseparable from the participants and the context. Language is not merely a vehicle
for argumentation but constitutes its very structure, as arguments are conceived as oral
or written texts whose quality and effectiveness are deeply shaped by students’
linguistic resources. They identify three main functions of argumentation in the
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mathematics classroom—certifying, convincing, and explaining—placing particular
emphasis on convincing, understood in relational terms, and explaining, conceived as
the construction of intelligibility for others. By introducing the notion of epistemic
vigilance (Mercier & Sperber, 2017), the authors highlight the fundamentally social
function of argumentation: the teacher’s role is reconceptualised not as an immediate
arbiter of correctness, but as a facilitator of epistemic vigilance who supports students
in critically evaluating, questioning, and negotiating claims, rather than passively
accepting them. Applied to classroom settings, this perspective underscores the need
to design learning environments in which peers are the primary audience for
argumentation and in which questioning and critical engagement are legitimised.

DESIGN-BASED RESEARCH OF THE LA TOMBOLA INFERNALE PROJECT

TIP is an interdisciplinary educational pathway conceived by a third-sector association
in collaboration with the Department of Mathematics and Applications “R.
Caccioppoli” and the Department of Human Sciences of the University of Naples
Federico Il. The aim is to engage students in creating a thematic tombola game based
on Dante’s Inferno, conceived as the product to be developed during the DBR study
(Bakker, 2018; Cobb et al., 2003). The activity was targeted at two student groups and
implemented at two different times. Firstly, it involved 15 students spanning from
third-year lower secondary to the first two years of upper secondary. It will constitute
Group 1. Secondly, two fifth-grade classes participated, constituting Group 2. Some
elements were defined at the outset of the pathway by the researchers and the
association’s mathematics teachers. The main steps common to both groups were:
1) Designing the equipment: constructing the main board and designing the tombola
cards, through which students engaged in combinatorial reasoning; designing a
container for the numbers in the shape of an upside-down truncated cone, mirroring
Dante’s Inferno (Fig. 1); and devising the rules of the game for this Dante-themed
version of tombola; 2) Designing the interdisciplinary structure of the game: choosing
a criterion for associating the 90 tombola numbers with an equal number of characters
from the Inferno; selecting 90 infernal characters, and creating a special card for each
of them, with a description of the character on one side and, on the other, a students’
drawing of the character, a tercet from the Inferno about the character, and some
arithmetic curiosities related to the associated number (Fig. 2).

Fig. 1: The containers shaped like a Fig. 2: An example of a character card,
truncated cone with the circles of Hell. relating to Filippo Argenti
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In agreement with the IME, these activities were carried out in various sites of
naturalistic and cultural interest across the city. As noted at the outset, the project took
place during the pandemic, when most schools in Naples were closed. Despite these
constraints, all activities were conducted in person, in compliance with safety
regulations, using parks, streets, gardens, and public squares as learning environments,
thereby recognizing the city as an open-air learning space.

Concerning the mathematical content, within the DBR domain-specific framework of
argumentation as a socially situated practice (Ferrari & Saccoletto, 2023), an initial
experimental activity was implemented. This activity aimed to enable students to
investigate the mathematical criterion used by the teacher-researcher designers to link
the 90 tombola numbers with 90 characters from Dante’s Inferno. The criterion relies
on modular arithmetic modulo 34, as Inferno has 33 cantos plus an introductory one.
The 90 characters were selected in the following way: three characters for each canto
from | to XXII, and two characters for each canto from XXIII to XXXIV. Each
character was assigned a number between 1 and 90, chosen so that the number is
congruent modulo 34 to the canto number where the character appears. For instance,
Medusa was linked to the number 77 because it is congruent to 9 modulo 34, and
Medusa appears in Canto 1X. For Group 2, many features changed compared to the
Group 1: the sessions were no longer extracurricular, the work was carried out with the
entire class rather than a heterogeneous group of students differing in age, grade, and
school track, the students were younger, the lessons took place in the school
classrooms, and the project was planned together with the teachers of the two involved
classes. Within this context the project was replicated, but during co-design with the
classroom teachers, it was decided to add a new fundamental element: three
overlapping and concentric circular rotating cardboard discs, each divided into 34
circular sectors of equally size (Fig. 3). It works as a semiotic artefact (Bartolini Bussi
& Mariotti, 2008) to support the understanding of the modular arithmetic-based
criterion, for associating numbers with characters and, above all, for deducing the
information that can be derived from this association. The artefact was built in this
way: the outer red disc features numbers 1-34 along its perimeter, the middle blue disc
35-68, and the inner green disc 69-90, with the corresponding character names written
radially. By aligning numbers 1, 35, and 69, each character matches the number of the
Dantean canto in which they first appear, indicated on the outer circle.

Fig. 3: The artefact designed by the teachers for the Group 2.
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Implementation

The implementation was organized into three phases for Group 1. In contrast, Group 2
only completed the first two phases, where the semiotic artefact played a central role,
as will be discussed in the analysis section.

In Phase 1, students were prompted to imagine a criterion for linking the 90 tombola
numbers with chosen characters from the Inferno, aiming for some inferential insight.
Working in small groups, they devised different association criteria. Each group
presented its idea, which was then collectively summarised and written on the board.
The teacher, as a facilitator of epistemic vigilance, moderated a whole-class discussion
to assess the validity of these criteria. In Phase 2, they were given a sheet showing the
90 characters already matched with the 90 numbers according to the modular
arithmetic criterion, of which they were unaware, and were asked to study: i) the
information provided by the number with respect to the character, ii) the criterion
underlying the association. In Phase 3, the students were asked to present to an external
audience the activities that led to the construction of the game—including the one
described in this section—at two institutional events, held at the end of the project at
the University of Naples Federico Il. This phase fostered argumentation, as preparing
presentations required explicit articulation, triggering deeper explaining processes
(Ferrari & Saccoletto, 2023).

For Group 2, the artefact was crucial in revealing the core mathematics behind the TIP.
It was first given to the children in a disassembled state, with the circles separated, a
sample fastener for assembly, and no instructions. Through intuitive exploration,
paired work, and class discussions guided by the teachers, students independently
reassembled the artefact, learned how to operate it, and identified what information
they could derive from the number and character links.

Analysis

In Phase 1, the students of the Group 1 first engaged in small-group and then in a
whole-class mathematical discussion, proposed different possible criterions for
associating the 90 tombola numbers with the selected Inferno characters. In particular,
they proposed five possible criteria, which were written on the board by one student:
(1) number of occurrences of the name of the characters, (2) number of sins, (3)
physical characteristics, (4) number associated to the historical period of the characters,
(5) number of the circle in which the characters appear.

The teacher and the students commented on all the proposed criterion, and during the
discussion, activating a collective epistemic vigilance, decided which must be rejected
marked them with a no on the board: (1) the idea of using the number of occurrences
of each character as the associated humber was rejected because multiple characters
could share the same number of occurrences, (2) the same argument was used to reject
the number of sins as a possible criterion, (3) the proposal to use the number of relevant
physical characteristics was discarded because it was difficult to apply and risked
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lacking objectivity, (4) the criterion based on the historical period was also rejected, as
it did not provide a clear, unambiguous ordering for all characters. In contrast, (5) The
number of the circle was also rejected as a criterion, since, in this case as well, multiple
characters within the same circle would share the same number. During this
mathematical discussion, the activation of epistemic vigilance (Ferrari & Saccoletto,
2023) within the informal setting facilitates a more genuine debate than in typical
classroom contexts. In the latter, numerous researchers (see e.g. Plamm & Pins, 2024)
highlight how students tend to rely on the teacher’s statements or textbook content, and
how the teacher’s authority often overshadows critical debate.

In Phase 2, Group 1 using a sheet that showed 90 characters already matched with 90
numbers according to a modular arithmetic criterion (unknown to them), first worked
in small groups, then took part in a teacher-led whole-class discussion to compare their
preliminary ideas about (i) the information given by the number relative to the
character and (ii) the criterion underlying the association. As in Phase 1, the collective
understanding that emerged was sketched on the board by a student. Comparing their
reasoning with peers appears to promote shared validation of conjectures developed
independently by each group. Students identified both the criterion and the information
provided by the number—specifically, the character’s canto—using arguments
effective for convincing and explaining (Ferrari & Saccoletto, 2023). They first
observed and wrote on the board: “Each character from 1 to 34 is associated with the
canto to which it belongs.” They then added: “Upon reaching the 34th character, to
begin the second column of characters, we add 34 to the obtained number and For the
third column, we add 34 to the number obtained in the second column (e.g., 34 + 35 =
69).” Their explanations of congruence modulo 34 reveal a cyclical vision of the
relationships through 34-column patterns.

In Phase 3, in the Group 1, students’ institutional presentations show a shift toward
more rigorous language. For instance, student A. explained the criterion to the audience
through the example of Saladin (no. 72):

A [...] If we divide 72 by 34 [...], we obtain 2 with a remainder of 4. And it
is precisely in the fourth canto that we encounter Saladin.

Unlike the expressions in which a cyclical view via 34-row columns emerged at the
end of Phase 2, student A. properly used the word “remainder” for the number 4,
catching another vision of the congruence modulo 34 in terms of the remainder of the
division of 34. This transition illustrates a move toward greater formalization of
language, aimed at making the mathematical content more accessible to the audience.
Moreover, student A. chose to use an example in order to be even more explicit and
persuasive, in which it is possible to recognize the explanatory function (Ferrari &
Saccoletto, 2023).
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Fig. 4: The disc with the inscription “Canto Reader” added by the students.

e

The analysis of the activity in Group 2 focuses on the processes of mediation of the
semiotic artefact (Bartolini Bussi & Mariotti, 2008) and on how that element activated
functions of argumentation. The active discovery approach led the children to develop
various ways of using the artefact and to name it accordingly as the “Canto Reader”
(Fig. 4). However, it is worth noting that the initial version of the proposed artefact did
not include the white disc. During the activities, two students suggested adding it in
order to cut out a circular sector, so that the empty space could be used to indicate a
specific number and to show how the three numbers on the three discs, congruent
modulo 34, are associated with three characters appearing in the same canto — namely,
“in the number Inferno canto signed on the red disc,” as one of the students stated
while manipulating the artifact. The proposal to add the white disc to the artefact can
therefore be interpreted as serving the students’ need to enact the explaining and
convincing functions theorized by Ferrari and Saccoletto (2023).

CONCLUSIVE REMARKS

The contribution explores the potential of TIP and illustrates how an Informal
Mathematics Education setting, grounded in a Design-Based Research approach, can
foster rich argumentative practices around a novel mathematical concept for students,
such as modular arithmetic. By mobilising a culturally resonant context such as Dante’s
Inferno and introducing boundary objects such as the thematic tombola and the rotating
discs, the project created conditions in which students’ explanations and arguments
emerged as socially situated, linguistically mediated activities. Across both Groups,
the emphasis on epistemic vigilance and peer-oriented discussion supported the
transition from intuitive, non-formal strategies to more rigorous mathematical
language, as exemplified by Group 1 students’ evolving ways of expressing
congruence modulo 34. Moreover, Group 2 students’ active refinement of the
artefact—such as the proposal to add the white disc—highlights their need to perform
explanatory and persuasive functions in line with Ferrari and Saccoletto’s (2023)
framework and shows how design choices can be shaped by learners’ argumentative
purposes. These findings suggest that integrating IME principles with a focus on
argumentation as a socially situated practice can contribute to more inclusive,
participatory, and conceptually meaningful mathematics learning experiences,
particularly in contexts marked by educational inequalities. Future research may extend
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this work by exploring how subsequent DBR cycles can consolidate and generalise
these results across different mathematical domains and school settings. Finally, we
want to stress how the pandemic deeply affected many lives, particularly those of
adolescents, exposing widespread vulnerabilities and highlighting the fragility of the
education system. This experience underscores the need for meaningful educational
innovation also for reimagining education beyond the traditional classroom,
recognizing the cities as an open-air learning space capable of sustaining in-person
learning even in times of crisis.
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THE ROLE OF THE FACILITATOR IN MATHEMATICS
TEACHER LEARNING: RECOGNITION, DEBT, GRIEVANCE
AND REFUSAL IN SOCIO-ECOLOGICAL RELATIONS

Kate le Roux', Armando Solares-Rojas?, Alf Coles®
tUniversity of Cape Town, 2CINVESTAV, University of Bristol

In this conceptual report, we develop ideas relating to a socio-ecological approach to
mathematics teacher professional learning, asking, what is the role of the facilitator?
We focus on the related concepts of recognition, debt, grievance, and refusal, in socio-
ecological relations. We conceptualise by thinking from place, a process of reading
diffractively through scholarship and narrative interviews with teaching facilitators
from two geopolitical South contexts. We theorise the facilitator role as creating and
holding relational, communal spaces involving multiple ways of knowing, being and
teaching. These spaces function as grievances: for recognising inequities and our
needing one another as qualitative debt; and for confronting inequities in refusal. We
offer our theorising to others for diffractive reading in their thinking from place.

INTRODUCTION

Socio-ecology is emerging as a meeting point for work in mathematics education that
addresses questions of environmental sustainability, socio-ecological justice, and
futures. While scholars enter and contribute to this work in multiple ways, a guiding,
overarching question is: What might be the role of mathematics (education) in relation
to socio-ecological challenges, and what might these challenges mean for mathematics
(education)? Our primary aim in this conceptual report is to offer ideas on the role of
the teaching facilitator (commonly ‘mathematics teacher educator’) in mathematics
teacher professional learning, preservice and practising. Prediger et al. (2019) identify
this as a growing area of interest within mathematics education broadly. Yet, as
discussed below, we have found few studies developing ideas on this role when
facilitating socio-ecologically framed concerns. Specifically, we pursue the potential
of four related concepts: recognition, debt, grievance, and refusal.

Our secondary aim is to offer our process of theorising, the verb signalling our view of
theory as ‘ongoingness’, rather than fixed closings (Haraway, 2016). In our
collaboration, we have come to appreciate the inter-action of place and conceptual
ideas, that is, the need to learn from and create from situated stories and histories
(Haraway, 2015). The preposition ‘from’ emphasises our seeing the need to also
engage complex, planetary-scale relations constituting our world (Coles et al., 2024),
while not making claims to generalisability and universality. In this paper we think
from place by reading diffractively (Barad, 2007) through stories of two forms:
scholarship, primarily decolonial, ecofeminist, new materialist, and land-based
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education thought; and narrative interviews (Petitmengen, 2006) with teaching
facilitators working with teachers in two geopolitical South contexts.

LITERATURE REVIEW AND THEORETICAL IDEAS
A socio-ecological approach to mathematics (teacher) education

We begin by summarising our current thinking around the use of nouns and
connectives in the idea ‘socio-ecology and mathematics education’ (e.g. Coles et al.,
2024; Makramalla et al., 2025). Ontologically, we consider the world and subjects
therein — such as a teacher, mathematics, a learning activity, a river — as entangled
social and ecological relations, and hence needing one another (Haraway, 2016;
Velasco, 2017). They are constituted in relational processes that are biophysical,
historical, cultural, discursive, symbolic, material, temporal, spatial, economic,
political, and spiritual. Epistemologically, then, we view as agents of knowing all
humans (living and ancestral, individuals and collectives) and the more-than-human
(living and inanimate). A plurality of knowers, in relation, entails multiple ways of
knowing, and knowing in relation, a notion we develop below. This view contrasts with
thinking that gives mathematics (education) pride of place in knowledge hierarchies,
on account of mathematics’ ‘completeness’ and internal consistency, and ability to
abstract from relations with the world. Yet, it is these inequitable social-ecological
relations that have resulted in our precarious presents and futures (Escobar, 2006).

Within our socio-ecological thinking, our concern in this report is theorising the role
of teaching facilitators acting in a world constituted in socio-ecological relations
between multiple knowers and knowledges. We have identified empirical mathematics
education work that describes this role as: raising teachers’ awareness of the socio-
ecological dimensions of mathematics education; supporting teachers’ design of
classroom tasks; and bring multiple knowers into relation. Methodologically, this work
may involve facilitators analysing their own practice, or research on others’ practice
using as lenses: ideas from Critical Mathematics Education (e.g. Coles & Helliwell,
2023; Helliwell & Ng, 2022); principles of Education for Sustainable Development
and reflective learning (e.g. Alsina & Muld, 2019); or notions of community and power
from socio-cultural and socio-political thought (e.g. Steffensen, 2025).

Recognition, debt, grievance, and refusal in mathematics (teacher) education

The words recognition, debt, grievance and refusal are not common in mathematics
education, and if used, take on specific meanings within the unequal socio-ecological
relations we seek to challenge. An example of a meaning we challenge is the idea that
we ‘recognise’ a subject by using mathematics as a (neutral) tool to ‘gaze’ upon or
model a phenomenon, bringing it into existence. This includes using mathematics to
quantify ‘debt’ and ‘wealth’ in terms of things and people (Mbembe, 2018). Examples
are calculating carbon offsetting and climate adaptation finance as debt. Here,
mathematics’ role is recognising “you are here” (Mbembe, 2021, p. 228) in neocolonial
arenas founded in separation, boundaries, extraction, and inequitable socio-ecological
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relations. The role of the teaching facilitator would be supporting teachers to design
activities around such calculations.

In our socio-ecological thinking, we follow Mbembe (2018, 2021, 2023) in viewing
our becoming-with in relation, as a form of debt. This debt is founded in qualitative
wealth as relations with people and with the more-than-human, in our common past,
present and future, and in our needing one another. Recognition, involves knowing in
relation: knowing that recognises the debt of our constituting relations. This is a new
form of “planetary consciousness” as recognising in unequal socio-ecological relations
“that something has been broken and striving to put it back together” (Mbembe, 2023,
p. 8). Thus, viewing our becoming-with in relation as debt includes “inheriting hard
histories, for everybody, but not equally and in the same ways” (Haraway, 2016, p.
89), and “grieving with” to recognise what has changed (p. 38). The recognition comes
with particular obligations, including for mathematics education, towards “justice and
care” (Mbembe, 2023, p. 8) and the responsibility to develop new relations.

The word grieving echoes with Velasco’s (2017) notion of grievance. Based on her
studies in the Atoyac River Basin in Mexico, a place we think from in this report, she
sees a grievance as a collective process — involving multiple knowers and knowledges
— of recognising and confronting the relations that constitute a progressive loss of the
now highly-polluted river, and the biophysical, economic, material, social, and
symbolic relations that communities have with it. It is a complex process. While
science may recognise socio-ecological devastations, the responses of individuals
living the inequitable relations may seem contradictory — sometimes actively
organising to defend their territory, but at other times denying the problem as a means
of economic survival. This process may involve refusal, not simply as an act of
disengagement, which in mathematics education would likely be seen as individual
deficit and deviance (Valero, 2007). But it is a motivated, strategic and generative act,
with possibilities of new relations (McGranahan, 2016).

METHODOLOGY FOR THEORISING FROM PLACE

Our thinking from place involves a diffractive reading (Barad, 2007) of our concepts
and place-based narratives through one another. We do not fix or elevate either
scholarship or practice, for example, using concepts as a fixed ‘lens’ on narratives that
‘reflect’ practice. Rather, both ideas and practice matter in the sense that they
‘interfere’ as they entangle in the reading. They give meaning to one another in ongoing
in-betweenness, in potentially illuminating ways. We generate stories of practice using
narrative interviewing (Petitmengen, 2006). This method is particularly appropriate for
exploring rich, nuanced situations in depth, towards a new awarenesses for both
interviewee and interviewer. For this report, Alf took the interviewing role, drawing
on extensive experience with this methodology. He asked Kate and Armando, as
interviewees, to prepare by choosing a context of their facilitation with mathematics
teachers that had potential for thinking with the concepts, and to remind themselves of
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the details. Each individual interview involved exploring the detail of the context,
without explicitly asking about or focusing on the concepts.

The interview protocols were taken from Brown and Coles (2019, pp. 177-178), with
the interviewer: (1) “Stabilising attention” by reformulating what the interviewee says,
thus checking accuracy; (2) Guiding the attention from ‘what’ to “‘how’, and not ‘why’;
and (3) Moving from the general to the specific, and staying with detail of an
experience “that allows access to the implicit.” A comment by Armando during the
interview illustrates the potential of the method to prompt new awareness: “That’s now
that you are asking me these questions, | am making these connections.” In another
example, Alf reflected back to Kate what he had heard, which she refuted (“I don’t
think it’s been sort of inevitable™), offering a new articulation.

THINKING FROM AN EDUCATION PROJECT IN THE ATOYAC REGION

The context of this narrative is ‘The Memorial Museum of the Atoyac River’, an
education project in a rural community of the Atoyac region of Mexico, the Atoyac
river being a highly-polluted river (see Solares-Rojas et al., 2022). The project, led by
Armando, was co-constructive by design, a recognition of the need for multiple, varied
relations. It involved community members, scientists, local primary school teachers,
(mathematics) education scholars, all with specific interests; education and community
activities; the arts; mathematics; time; and space. A collective vision of a Memorial
Museum school project (MM) represented an opportunity to, in relation, recognise
(using multiple knowledges) and confront (in a school setting) the socio-ecological
problem of a highly polluted river lived by the community. The Museum would have
three halls, focusing on river-community relations in the past, present and future.

Armando said that when the team began designing activities for the halls, the teachers
recognised particular relations between members, saying, “you are the experts, you are
the scientists, and we are the teachers. So you have to tell us, if you have a clear idea
of the activity, you have to tell us what to do.” Inclined to refuse this approach, on
account of the project aims, Armando consulted, including with the primary school
principal. This led him to create an opportunity for the team to see and discuss activities
designed by the researchers. For example, Armando’s “‘present’ hall activity involved
reading environmental risk maps of the Atoyac River region, the industrial zones
located there, and the current levels of water pollution. Armando remembers, “teachers
did not like that.” They refused the activities as being too far from, unrelated to, the
official school curriculum. However, by critically discussing the details of the MM
proposal the teachers recognised knowledges — from their teaching experience and
their experience as inhabitants of the Atoyac region — that related to the activities
discussed. They brought into relation tasks they had previously used in their classrooms
and those confronting socio-ecological inequities, as envisaged for the Museum halls.
Armando recalled teachers’ recognising the relations within the team as needed for this
integration, but also recognising new relations beyond the team, at their schools.
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Armando highlighted significant recognition by the scientists and education scholars
of the debt, the relations needed, in the communal grievance process, and their
responsibility in the arena of inequitable relations. The researchers came to recognise
the teachers’ needs, knowledges, and lives, despite some of these initially being in
tension with their image of how a co-designed project might develop, such as teachers
initially seeking a predefined educational design. The researchers came to recognise
teachers as living inequitable socio-ecological relations in two roles:

We knew that some teachers lived in the area. They are all not just teachers, but they are
members of the communities. But we hadn’t connected that they [...] have the two roles
as a person. | [Armando] hadn’t connected that as one of the team members.

Armando’s talk points to the MM functioning as a communal grievance process:

...on one hand, through recovering the historical memory of the river and the community
by sharing personal stories and discussing these matters with their grandparents and other
children from their communities. On the other hand, it involves studying the current causes
and effects of pollution on both people's health and the environment. Ultimately, it
provides children with opportunities to envision potential futures for their relationship with
the river.

The MM activities were a space to recognise, in relation, the progressive loss of the
river and the complex, varied forms of connections that communities have with it.

THINKING FROM A SOUTH AFRICAN UNIVERSITY

Kate’s work with lecturers and tutors (elsewhere ‘teaching assistants’) takes place in
an ongoing undergraduate mathematics curriculum reform project at a South African
university. This functions in the context of poor and inequitable student results, a
legacy of the country’s colonial and apartheid past. The reform involves creating
opportunities for science-degree students to learn and use ‘mathematics practices’ seen
as important for their roles as future scientists. Examples are curiosity, sitting with
uncertainty, exploring new directions, and collaborating (Haraway, 2016). Kate’s talk
identified multiple, varied relations in the project, between: peoples; ways of learning,
knowing, and teaching; project activities; time; and learning spaces.

Answering Alf’s question on what the teachers “see themselves as trying to work on”,
Kate suggested recognition of “inequities”, that they “know” from the statistics, but
which are “very felt” and “lived” in the past and present. Lectures are “under pressure”
about results, and new lecturers “have been through the process”. Tutors
(undergraduate and postgraduate students), have “lived that experience of particular
struggle [...] with others,” and “are in communities of students where the struggles
with maths and physics are constantly there.” These inequities are not deemed
“inevitable”: Kate highlighted the “incredibly rich experience” of lecturers and tutors
who had “been trying to do things in their space[s].” But these alone are “not going to
solve the bigger problem”. The project is a space of communal recognising and
confronting inequities, as grievance: “I asked them to write why they were interested
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in being in this community, and a lot was about their wanting to make a difference in
maths performance and that this was a space where they could explore it.”

Here the teachers recognise their needing one another in relation, their debt. Kate’s
responsibility, then, has become developing new relations for the collective grievance
process, for example: designing activities involving tutors and lecturers together; and
drawing on strengths she recognises, such as tutors redesigning tutorials, and lecturers
crafting innovative worksheets. Trust is key to building relations:

Tutors who have got good relationships with the lecturers based on their own studies and
who trusted by the lecturers [...] So there was enough trust that we could work with the
students in that way. Yeah, that’s about building relationships.

Project activities offer opportunities to recognise and confront inequities. She recalled
discussing a book on equity in the reading group and a co-presenting a workshop on
teacher noticing, and then hearing “talk around noticing where some students are
participating more than others and who is participating and who isn’t participating,”
and reflection “on their own experiences of what it felt like in that space.” Kate’s role
is asking, “Does it have to be this way?”, and prompting “thinking out of the box”
towards refusal of the status quo. For example, recognising teachers’ task design
strengths, she prompted, “if you have that worksheet, our traditional method of a
tutorial is not going to work. So how might you run that tutorial differently?” The
teachers do experience challenges constructing a grievance: they feel “constrained” by
the university timetable, and have varied styles for teaching mathematics practices.
Kate’s role is to prompt, “bring the voices all together”, while allowing for difference.

DISCUSSION AND CONCLUSION

We conclude by discussing the two aims of this conceptual report: (1) theorising the
role of the facilitator in teacher learning, offering the concepts of recognition, debt,
grievance, and refusal, in socio-ecological relations; and (2) sharing our theorising
process of reading diffractively with ideas not common in mathematics education, and
narrative interviews around facilitator practice. Our key concepts emerged in our prior
collaborations (e.g. Coles et al., 2024; Makramalla et al., 2025). Yet, rather than using
these as a fixed, ‘power-ful’ lens on empirical practice, as commonly done, we seek in
our thinking from place to be open to how both concepts and practice matter for
illuminating insights when they entangle (Barad, 2007). Indeed, we began by arguing
that thinking about socio-ecology and mathematics education requires new relations.
Reading with the interviews from the two contexts, we have come to appreciate the
potential of education projects as communal grievance processes, involving multiple
knowers and knowledges. These are grievances in the sense of recognising inequities
and the need for relations with one another, that is our debt, and confronting, possibly
in refusal, (mathematics) education practices towards more just futures. The role of the
teacher facilitator, then, involves creating and holding these relational communal
spaces, while harnessing the necessary, multiple ways of knowing, being and teaching.
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While each of the projects was originally designed around community of some form,
the nuances and complexity of the relations in community are given meaning in our
thinking in place. In the MM project, the environment (the river) is a presence in past,
present and future relations, whereas, in the university curriculum project, the
environment figures implicitly in its relation to mathematics practices in the present
and in students’ futures as scientists. Reading through Armando’s interview, what
emerges as important is recognising the needs of the community of teachers, and
recognising teachers as members of the local community of their schools. In Kate’s
interview, it is the deliberate crafting of a community of teachers with lived
experiences of education inequities and energy to challenge these. In both cases there
is an element of contingency on the part of the facilitator. For Armando, this involves
being open to re-thinking the very basis of his research plan. For Kate, designing and
adapting activities to harness strengths and prompt the new, while learning herself, has
emerged through an iterative process and could not have been known in advance. In
the MM project, refusal involves the teachers negotiating their relations with the
researchers into a space where they recognise their potential contribution. This requires
recognition and humility on the part of the facilitator: accepting the teachers’ request
for activities, and then accepting their refusal of these. In reading Kate’s interview, a
refusal to be bound by past teaching practices emerges in the project activities, but also
in other teaching spaces via relations of trust between tutors and lecturers.

We emphasise our theorising as an ongoingness and thinking from place, rather than
offering fixed ideas that can be generalized. Thus offer this report, our theorising, to
others for diffractive reading in their thinking from place.

Additional information

The ‘Memorial Museum of the Atoyac River’ was supported by the Engineering and
Physical Sciences Research Council (EPSRC) — United Kingdom Research and
Innovation (UKRI), under grant EP/T003545/1. The work in South Africa is funded by
the Department of Higher Education and Training, and the National Research
Foundation under grant RA23010377650.
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ARITHMETIC SEQUENCES AND DEPRECIATION
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This study develops design principles and an instructional model for vocational
context-based mathematics instruction to enhance foundational vocational
competencies in vocational high schools. Utilizing Design-Based Research, we derived
12 design principles and a six-phase model grounded in curriculum integration and
situated learning theories. Validation through expert review and field enactment
confirmed significant improvements in students' perception of mathematical utility and
practical application skills. This study contributes by demonstrating the function of
mathematics as a practical tool within vocational contexts and providing a concrete
instructional design framework.

INTRODUCTION

Modern industrial society, characterized by rapid technological shifts and complex job
structures, demands practically competent individuals equipped with the ability to
understand mathematical information, solve problems, and make quantitative
judgments and decisions (Geiger et al., 2015; OECD, 2013). These demands emphasize
numeracy not merely as computational proficiency but as the capacity to use
mathematics meaningfully across vocational and real-life contexts (O’Sullivan et al.,
2019). Accordingly, traditional concept-delivery-centered mathematics education is
increasingly considered insufficient for developing the practical competencies required
for workplace performance, calling for practice-centered approaches grounded in
vocational contexts (Wedege, 2010).

This issue is particularly salient in vocational education. In South Korea, vocational
high schools(officially referred to as 'Specialized High Schools' in the South Korean
education system) aim to foster students’ vocational competencies and job skills
(Ministry of Education, 2022). However, mathematics instruction is still largely based
on the same national curriculum used in general high schools (Kang & Tak, 2018). As
an alternative, Kim and Oh (2012) highlighted the need for curriculum integration
between mathematics and vocational subjects (i.e., specialized subjects) to enhance the
practicality and career relevance of mathematics learning. Indeed, various studies have
addressed curriculum integration with vocational subjects to ensure effective
mathematics education in vocational high schools (Dalby & Noyes, 2016; Watters &
Christensen, 2014; Xiao, 2023).
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Nevertheless, mathematics teachers continue to face difficulties in reconstructing
vocationally meaningful problems and designing instruction that foregrounds the
practical applicability of mathematics (Anderson, 2025; Roehrig et al., 2021).
Moreover, theoretical foundations and actionable design principles and models to
support such practices remain insufficient. Drawing on curriculum integration theory
and situated learning theory, this study proposes a set of design principles and an
instructional model for vocational context-based curriculum-integrated mathematics
instruction and examines its enactment in a vocational high school case. This study
addresses two research questions: (1) How are the design principles and an
instructional model of vocational context-based curriculum-integrated mathematics
instruction developed and structured? and (2) How do teachers and students respond
to the proposed curriculum-integrated mathematics instruction in vocational contexts?

LITERATURE REVIEW

Based on knowledge organization through authentic inquiry (Beane, 1997) and
perspectives on curriculum integration (Adler et al., 2000), mathematics instruction
must be designed to position mathematics not as a mere subsidiary tool but as an equal
partner in problem-solving. To achieve this, mathematical concepts must maintain a
central status within integrated themes (Collins, 2022) and preserve their unique logical
hierarchy (Drake & Burns, 2004). Furthermore, mathematical competencies should be
organically linked to cross-curricular tasks, functioning as practical tools for decision-
making (Burke & Lehane, 2023). To translate this integrated structure into authentic
learner experiences, the application of situated learning theory is essential. As
emphasized by Boaler (2000), instruction must be designed to enable learners to
actively construct mathematical concepts while participating in real-world problem-
solving. This process should utilize tools as mediators of thought (Greeno, 1998) and
encourage learners to co-construct knowledge and identity through collaborative
communities of practice (Lave & Wenger, 1998).

Vocational context-based curriculum-integrated mathematics instruction aims to
bridge academic and practical knowledge to simultaneously foster mathematical
thinking and vocational competencies (Dalby & Noyes, 2016). Research by Parr et al.
(2009) has identified authentic problems, tool utilization, and collaborative structures
as key mechanisms for realizing these objectives. Accordingly, instruction should be
designed to help learners recognize the necessity of mathematics within vocational
situations and strategically apply and transfer concepts mediated by tools and
collaboration (Watters & Christensen, 2014).

RESEARCH METHODOLOGY

This study employed Design-Based Research (DBR) methodology, aiming to solve
practical educational problems while simultaneously generating context-sensitive
design principles and theoretical insights. According to McKenney and Reeves(2012),
DBR is implemented through an iterative process of analysis and exploration, design
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and construction, evaluation and reflection, and implementation and spread, which
seeks to bridge the gap between practice and theory. The DBR process in this study
consisted of three phases: First, initial design principles and an instructional model
were developed through a literature review covering curriculum integration theory,
situated learning theory, and existing cases of vocational context-based curriculum-
integrated mathematics instruction. Second, internal validation was conducted using
open-ended questionnaires with a panel of five experts in pedagogy, mathematics
education, and vocational subjects, focusing on the theoretical soundness, clarity,
contextual relevance, and feasibility of the proposed design to derive the first revision.
Third, external validation was performed through the collaborative design and
enactment of the instruction in a vocational high school involving one mathematics
teacher and one vocational teacher. During this stage, the applicability and potential
for improvement of the design principles and model were analyzed based on diverse
data sources, including teacher open-ended questionnaires, interviews, instructional
design meeting records, and classroom artifacts such as lesson plans, activity sheets,
and student work. Additionally, semi-structured interviews were conducted with
volunteering students among the six participating students to explore their learning
experiences and perception shifts. All interviews and meetings were audio- and video-
recorded and subsequently transcribed for analysis. The collected qualitative data were
subjected to thematic analysis through semantic unit coding and categorization to
identify recurring patterns and derive key themes supporting the finalization of the
proposed design.

FINDINGS
Design Principles for Curriculum-Integrated Mathematics

Synthesizing theories of curriculum integration and situated learning with prior
research on vocational context-based instruction, we derived 12 initial design
principles categorized under four key elements to balance vocational authenticity with
mathematical centrality. Specifically, the framework was grounded in Cross-Curricular
Connection Structure, Problem-Centered Learning, Tool Utilization, and Collaborative
Structure. Incorporating expert validation, the first revision focused on enhancing
learner agency by addressing career interests and proficiency gaps, and ensuring
terminological consistency. Furthermore, to realize legitimate peripheral participation,
the collaborative structure was refined to emphasize role-based responsibility and
mutual feedback beyond simple division of labor. External validation with field
practitioners confirmed the ecological validity and scalability of the revised principles.
However, responding to field demands for greater practical clarity, we further
articulated abstract terminology to ensure ease of implementation. The final design
principles, refined through this iterative process, are presented in Figure 1.
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Figure 1: Final Design Principles for Curriculum-Integrated Mathematics instruction
in Vocational Context.

1. Cross-Curricular Connection 2. Problem-Centered Learning
- Core Component: Structuring math as the core for vocational - Authenticity: Presenting problems reflecting learners' careers
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Curriculum-Integrated

Mathematics instruction
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3. Tool Utilization 4. Collaborative Structure

Integration: Integrating vocational tools with mathematical

'
'
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learning tools. roles,

Representation: Using diverse tools for conceptual Joint Decision: Making decisions through math
understanding. communication and feedback.

- Transfer: Facilitating transfer to new contexts via tool usage. -~ Community: Fostering a practical community of practice.

Instructional Model for Curriculum-Integrated Mathematics

Based on literature reviews including Parr et al. (2009) and Dalby and Noyes (2016),
we developed an initial instructional model structured as 'Recognizing Mathematical
Concepts (Introduction < Exploration) <«  Applying to Vocational Contexts
(Application) < Expanding (Transfer — Consolidation — Feedback).' This structure
emphasizes recognizing and applying mathematical concepts within vocational tasks
and extending them to new contexts. Furthermore, utilizing the BSCS 5E model
(Boddy et al., 2003; Bybee et al., 2006) as a theoretical framework, the detailed
procedures were organized to foster students' active exploration and reflection within
vocational contexts. Through expert validation, the first revised model introduced a
non-linear cyclic structure to overcome the limitations of linear steps and reflect the
actual nature of problem-solving. Additionally, the revision strengthened learner-
centered context design by emphasizing vocational contexts linked to students' careers
and interests in the Introduction phase, and by clarifying multi-layered extensions
based on task similarity and complexity in the Transfer phase. The Consolidation and
Feedback phases were also supplemented to include students' subjective reflection and
mutual feedback on vocational competencies, while terminology was refined for
consistency and clarity to enhance teachers' ease of implementation.

Teachers participating in the field application positively evaluated the first revised
model, noting that its structured phases facilitated lesson preparation and enactment
while appropriately reflecting the characteristics of vocational high school students and
vocational mathematics education. However, post-implementation surveys and in-
depth interviews revealed the need for specific improvements to further enhance the
model’s suitability for learner contexts and its feasibility. Incorporating this field
feedback, particularly regarding the need to address gaps in students' prior knowledge,
this study established the final instructional model as shown in Figure 2.
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Figure 2: Final Instructional Model for Curriculum-Integrated Mathematics
instruction in Vocational Context.
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Mathematical Problem Vocational Contexts Concepts and Their Vocational
Situation ‘Workplace Connections Competence

Design and Enactment: The Case of Arithmetic Sequences and Depreciation

At J High School, a commercial vocational high school, a Mathematics Teacher and
Commercial Teacher collaboratively designed the vocational context-based
curriculum-integrated instruction for second-year Marketing students through five
offline consultation meetings. Through curriculum analysis, the teachers selected
Arithmetic Sequences from Mathematics | and Depreciation(Straight-line Method)
from Accounting Principles as the integrated topic and developed a lesson plan by
connecting the achievement standards of both subjects(see Table 1). Throughout this
process, the teachers exchanged feedback focusing on the authenticity of the vocational
context and the connectivity of mathematical concepts, thereby refining the detailed
design, including instructional tools and collaborative structures.

Table 1: Overview of Instructional case at J High School.

Topic Management of Depreciation Using Arithmetic Sequences
Subjects Mathematics | / Sequences Grade 2nd
/ Units Accounting Principles / Accounting for year
Assets
Achievement [12Mathl03-02] Understand the meaning of an arithmetic
Standard sequence and find the general term and the sum

of the first n terms.

[AcctPrin02-02-03] Perform accounting treatments for
transactions involving tangible assets.

Lesson Flow Understanding problems in accounting for assets related to
arithmetic sequences — Understanding the concept of
arithmetic sequences through accumulated depreciation and
book value — Calculating depreciation using the general term
of an arithmetic sequence — Solving various vocational
problems using the general term of an arithmetic sequence
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The instruction was implemented following the six-phase model. In the Introduction
phase, a problem situation was presented to explore changes in the asset value and
accumulated depreciation of cargo trucks at a logistics company. In the Exploration
phase, students investigated these changes using spreadsheets or statements of financial
position on worksheets, deriving the concept of arithmetic sequences from the
sequence of accumulated depreciation. In the Application phase, students efficiently
solved accounting tasks utilizing the general term of arithmetic sequences.
Subsequently, the Transfer phase addressed both analogous problems, such as
calculating the book value of printing machines at a publishing company, and complex
vocational tasks, including determining the useful life of assets. In the Consolidation
phase, students discussed the relevance of their learning to vocational performance,
including tangible asset value management and bookkeeping. Finally, in the Feedback
phase, students calculated the negative terms of the sequence, interpreted their meaning
within the vocational context, and made realistic judgments based on mathematical
reasoning.

Teachers evaluated the model as highly practical, effectively reflecting the vocational
education context. They noted that the structured phases facilitated lesson preparation
and observed significant improvements in students' problem-solving skills and
vocational basic competencies. While acknowledging the model's scalability to other
subjects, they suggested supplementary activities in the introductory phase to address
gaps in students' prior knowledge. Students also perceived a shift from rote calculation
to practical utility. For instance, student M stated, “I realized mathematics is a useful
tool for decision-making and analysis in accounting, ...” expressing a strong intent to
apply mathematical concepts to future vocational tasks. This indicates that the
instruction successfully fostered students' recognition of the instrumental value of
mathematics, leading to positive changes in both cognitive understanding and affective
engagement.

CONCLUSION

Through the case of designing and applying vocational context-based curriculum-
integrated mathematics instruction, this study explored design implications and
practical possibilities for mathematics education to contribute to fostering vocational
competencies. First, this study contributed to establishing a theoretical foundation for
vocational context-based mathematics instruction by connecting curriculum
integration theory and situated learning theory. Based on curriculum integration theory,
this study sought to restructure the curriculum centering on tasks of real problem-
solving within students’ careers and vocational contexts, rather than treating
mathematics and vocational subjects in isolation. Furthermore, by applying situated
learning theory to mathematics education, this study emphasized the students’ learning
experience through peripheral participation within a community of practice. Second,
this study presented practical guidance for designing and implementing curriculum-
integrated mathematics instruction linking mathematics and vocational subjects.
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Specifically, this study holds practical significance by providing a case-based
framework that supports teachers in designing vocational context-based instruction in
a structured and consistent manner. However, given that this study reports on the
results of instructional design and enactment based on a case, the refinement of design
principles and models through repeated application across diverse vocational tracks
and educational contexts is required in future research.
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The decline in global mathematics attitudes and performance raises significant
concerns for educational outcomes and career choices. While evidence suggests that
students' attitudes significantly influence their performance, some studies report no
substantial relationship. This study examines the relationship between fourth graders'
(n = 639) mathematics attitudes and performance at both the student and classroom
levels. Utilizing multilevel modeling, we found that students’ positive mathematics
attitudes strongly predict better performance, a relationship that remains consistent
across classrooms. These findings underscore the need for effective strategies to
enhance student confidence and engagement in mathematics, ultimately supporting
their long-term success in STEM fields.

INTRODUCTION

With the increasing demand for a STEM workforce (European Commission, 2021),
mathematics plays a crucial role in fostering innovation and economic growth, serving
as the foundation for fields such as engineering, technology, and science. Despite the
growing need for STEM professionals, there has been a concerning decline in
mathematics attitudes and performance in various countries, including Lithuania
(Berger et al., 2020; OECD, 2023; Cibulskait¢ & Augustinovi¢, 2020). Research
indicates that students' attitudes toward mathematics significantly influence their
performance and shape their academic and career choices (Wang et al., 2015).
Therefore, understanding the relationship between mathematics attitudes and
performance is essential for developing effective interventions that enhance student
engagement with mathematics and ultimately support their success in STEM fields.

Much research highlights the positive impact of favorable mathematics attitudes on
achievement, while negative attitudes correlate with lower performance (Johnson et
al., 2024; Wen & Dubé, 2022). Expectancy-value theory explains this phenomenon,
emphasizing that a student's attitudes (e.g., their expectations for success and the value
they attach to the subject) significantly influence their motivation and engagement
(e.g., Eccles & Wigfield, 2002). Students who believe they can succeed in mathematics
tend to approach the subject with a positive attitude, which leads to improved
performance (Wen & Dubé, 2022). Likewise, when students recognize the relevance
of mathematics to their personal and professional lives, they invest more in their
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learning and are more likely to pursue advanced mathematics courses and careers
(Levine & Pantoja, 2021).

The Fennema-Sherman Mathematics Attitudes Scales (FSMAS; Fennema & Sherman,
1976) have been widely utilized in studies, including international assessments such as
PISA and TIMSS (Metsdmuuronen, 2012). According to FSMAS, mathematics
attitudes are multidimensional and encompass several constructs, including self-
concept, intrinsic value, and utility value. A strong self-concept, or students'
confidence in their mathematical abilities, fosters greater motivation and perseverance
(e.g., Aladil, 2024; Niemivirta et al., 2023) while reducing anxiety (e.g., Wang, 2023),
contributing to improved performance. Intrinsic value, defined as a liking for and
enjoyment of mathematics, enhances student engagement and their willingness to
invest time and effort in learning, ultimately boosting performance and encouraging
further study (e.g., Aladil, 2024; Berger et al., 2020). Utility value refers to the
perceived usefulness of mathematics; when students recognize its value, they are more
motivated to engage, leading to better performance (e.g., Aladil, 2024; Wen & Dubé,
2022) and aspirations for mathematics-related careers (Berger et al., 2020).

The recent TIMSS 2023 results (von Davier et al., 2024) reveal a strong positive
relationship between fourth graders' attitudes toward mathematics and their
performance. Students who enjoyed learning mathematics (intrinsic value) scored an
average of 32 points higher than their less enthusiastic peers, and those with higher
confidence in their mathematical abilities (self-concept) scored an average of 87 points
higher. However, while these results provide valuable insights, they focus solely on
intrinsic value and self-concept, leaving the utility value of mathematics unexamined
for fourth graders. Additionally, the relationship between these attitudes and
performance in specific mathematical subdomains, such as multi-step word problems
and early algebraic reasoning that require higher cognitive skills, remains inadequately
studied.

Despite evidence suggesting that students' attitudes toward mathematics influence their
performance, some studies report no significant relationship between the two (Hwang
& Son, 2021). According to Hwang and Son, mixed findings may arise from limitations
in previous research, including: (1) examinations of individual attitude dimensions
without considering their interrelated nature, (2) failure to control for student
background influences, and (3) reliance on small, non-representative samples. These
discrepancies underscore the need for further investigation into the complex
relationship between attitudes and performance in mathematics.

To address the identified research gaps, this study aims to answer the following
questions: RQ1. What is the relationship between students' attitudes toward
mathematics and their performance? RQ2. To what extent are students’ mathematics
attitudes, gender, socioeconomic status, and town population size related to their
performance? RQ3. Does the relationship between mathematics attitude and
performance vary across classrooms?

PME 49 - 2026 924



Lehtonen, Satomaa, Van Hoof, Parviainen, Laakso, Metsamuuronen, Dagiené

THE PRESENT STUDY
Setting and participants

This study was conducted in 64 fourth-grade classrooms across 23 schools of varying
sizes and types in 13 municipalities throughout Lithuania in Spring 2025. Initially,
1,107 students participated; after excluding those who did not complete the attitude
questionnaire and all mathematics tests, or had missing covariate information, 639
students aged 10.97 (SD = 0.39; 51.5% boys) from 21 schools and 48 classrooms were
included, representing a diverse group with varied backgrounds. Ethical considerations
were addressed, including approval from the ethical review board, informed consent
from guardians, and compliance with GDPR.

Instruments

A computer-based mathematics test comprising four sections was administered on the
VIiLLE platform (Laakso et al., 2018) within 45 minutes, followed by an attitude
questionnaire.

Section 1: Arithmetic fluency. Arithmetic fluency is essential for early and advanced
mathematics learning, as it supports higher-order thinking skills such as reasoning and
problem solving, by freeing cognitive resources for grasping concepts (Psyridou et al.,
2023). Students were asked to complete as many basic arithmetic calculations as
possible in three minutes. The test consisted of 160 open-answer items based on the
Woodcock-Johnson IV tests (ri; = .95; Schrank et al., 2014), including 50 addition and
subtraction items and 110 multiplication and division items.

Section 2: Algebraic thinking. Algebraic thinking is crucial for developing problem-
solving and reasoning skills essential in academic, professional, and daily contexts
(Kieran, 2004). The algebraic thinking test consisted of 14 items (including 35
subitems; open-answer and multiple-choice; a = .91, deflation corrected) taken from
the COMATH test (https://www.fsf.vu.lt/ct-math-able#assessment-instruments),
assessing students’ understanding of the equal sign, as well as their skills in equation
solving, functional thinking, and the application of algebraic concepts.

Section 3: Word problem solving. Mastering word problems is vital for success in
various contexts, as they require the integration of numerical skills, mathematical
concepts, reading comprehension, and problem-solving (Fuchs et al., 2006). The word
problem solving test consisted of 13 items (open-answer and multiple-choice; a = .83,
deflation corrected) to measure students’ multi-step arithmetic problem-solving skills.

Section 4: Curriculum-based mathematics. The final section comprised nine items
(open-answer and multiple-choice) developed to assess curriculum-based
mathematics, including seven items from previous Lithuanian national assessments
and two items created for this study (o = .81, deflation corrected). The content areas
include fractions, decimals, measurement, geometry, and data, ensuring no overlap
with other test sections and aligning with the Lithuanian fourth-grade curriculum.
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Mathematics attitude. The adapted version of the FSAS, used by the Finnish Education
Evaluation Centre for over 20 years (Metsémuuronen, 2012), was employed in this
study. This 4-point Likert-scale questionnaire included 15 items (a = .85), with 5 items
for each attitude dimension: self-concept (o =.70), intrinsic value (0. = .85), and utility
value (a = .64), indicating opportunities to enhance the reliability of this dimension.

Data Analysis

To address RQ1 regarding the relationship between students’ attitudes and
performance, a correlation analysis was performed. Multilevel linear analysis further
explored this relationship at the student (n = 639) and classroom levels (n = 48), since
students from different classrooms may exhibit varying levels of mathematics attitudes
and performance. The predicted variable was the total score of all mathematics tests,
with fixed predictors including the attitude questionnaire score and covariates: student
gender, socioeconomic status, and town population size. First, we ran an unconditional
(null) model (Model 1), predicting mathematics performance solely from the classroom
random effect and a fixed intercept. The intraclass correlation (ICC) assessed variance
attributed to classroom differences; if ICC was at least 0.05, a multilevel model was
used next. Next, we ran the first conditional model (Model 2), adding the fixed
predictors to Model 1. To address RQ2, we examined the regression coefficients of the
attitude variable and covariates for statistical significance. Finally, we ran the second
conditional model (Model 3), allowing the effect of the attitude predictor to vary across
classrooms (adding a random slope). To address RQ3, we performed a likelihood ratio
test to evaluate whether allowing variations across classrooms improved model fit,
along with comparing the Akaike Information Criterion (AIC) and Bayesian
Information Criterion (BIC) between Models 2 and 3; lower AIC and BIC values
indicate a better fit.

RESULTS

Regarding RQ1, correlations between attitude variables and performance were positive
and statistically significant in all cases, except for the utility value and arithmetic
fluency (r = .053, p = .184). The strength of the relationships varied across different
mathematics attitude dimensions and performance, with the highest correlations
observed between self-concept and performance in word problem solving (r = .413, p
< .001) and the lowest between utility value and curriculum-based mathematics
performance (r =.093, p <.05).

Table 1 displays the results of the fitted multilevel models. The unconditional model
(Model 1) revealed that classrooms explain 16.7% of the variance in total mathematics
test scores among students, with an overall mean performance of 79.84 (p <.001). The
ICC of 0.167 (> 0.05) indicates a meaningful variance between classrooms, justifying
the use of multilevel modeling in subsequent analyses.

Regarding RQ2, Model 2 indicates that attitudes are the only significant predictor of
mathematics performance. Each 1-unit increase in attitude score corresponds to an
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average increase of 0.73 points in total mathematics score, holding other predictors
constant (p <.001). Other covariates did not significantly predict the total mathematics
score. The ICC changed minimally compared to Model 1, with differences between
classrooms explaining 16.9% of the total variance in mathematics performance.

Table 1: Multilevel Models Predicting Students’ Mathematics Performance
and Their ICC and Fit Measures

Model 1 (Null) Model 2 Model 3

Variable Estimate (SE) Estimate (SE) Estimate (SE)
Fixed effects
Intercept 79.84*** (1.48) 70.16%** (5.43) 70.06*** (5.44)
Attitudes 0.73*** (0.11) 0.73*** (0.13)
Gender (Boy) 2.80 (1.53) 2.74 (1.53)
Gender (Other) 5.73 (6.15) 6.53 (6.22)
Socioeconomic status 0.56 (0.65) 0.46 (0.66)
Town population? 4.72 (4.97) 5.27 (5.00)
Town population® 5.72 (3.81) 6.59 (3.82)
Random effects
Student level variance 358.35 330.62 324.85
(Residual) (320.48, 402.43)° (293.77, 369.00)° (288.01, 365.09)°
Classroom level variance 72.08 67.09 67.53
(Intercept) (38.63, 124.68)° (32.67, 110.00)° (32.90, 111.01)°
Random slope variance 0.13
Intercept—slope correlation -0.26
ICC and Fit Measures
ICC Student 0.833 0.831 0.828
ICC Classroom 0.167 0.169 0.172
AIC 5572.81 5575.45
BIC 5612.95 5624.51

Note. *** p < ,001; #10,000-50,000;  >50,000; ¢ (95% Profile likelihood ClI).

Regarding RQ3, Model 3, which included a random slope, was fitted to the data. The
fixed predictor estimates remained largely unchanged from Model 2. Attitudes
continued to be the only fixed predictor positively and significantly associated with
mathematics performance, with differences between classrooms explaining 17.2% of
the variance. However, our analysis revealed that the inclusion of random slopes for
classroom variations in Model 3 did not significantly enhance model fit compared to
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Model 2. The AIC and BIC for Model 2 were lower than those for Model 3, and the
likelihood ratio test yielded a p-value of .51. Therefore, these results suggest that the
association between mathematics attitudes and performance remains consistent across
classrooms. Additionally, the classroom ICC showed minimal change compared to
Models 1 and 2.

DISCUSSION AND CONCLUSION

This study investigates the relationship between fourth graders' mathematics attitudes
and their performance at both the individual and classroom levels. Our findings align
with previous research (Johnson et al., 2024; von Davier et al., 2024; Wen & Dubé,
2022), demonstrating a strong positive correlation between students' attitudes and
performance. Consistent with the TIMSS 2023 results (von Davier et al., 2024), we
found that fourth graders with higher confidence in their mathematical abilities (self-
concept) or a greater enjoyment of learning mathematics (intrinsic value) tend to
perform better, especially in word problem solving—a result not reported in TIMSS.
However, despite evidence linking the perceived usefulness of mathematics (utility
value) to improved performance (Aladil, 2024; von Davier et al., 2024; Wen & Dubg,
2022), our study revealed a weak relationship between these factors across all
mathematics tests, particularly in arithmetic fluency.

Multilevel modeling confirms that positive mathematics attitudes are strong predictors
of better performance while accounting for differences across classrooms and other
covariates. However, we found no significant relationship between other covariates
(students’ gender, socioeconomic status, and town population size) and their
mathematics performance. This contrasts with previous research (e.g., Wang & Degol,
2017), which identified a statistically significant gender gap in mathematics
performance, and the TIMSS 2023 results (von Davier et al., 2024), which reported a
strong relationship between the socioeconomic status of fourth-grade students and their
mathematics achievement. Additionally, while previous studies (e.g., Ajai &
Ogungbile, 2023) suggest that classroom environments, such as teaching
methodologies and teacher engagement, significantly impact students’ mathematics
attitudes and subsequent performance, our findings show that the positive association
between attitudes and performance remains consistent across classrooms.

These findings underscore the importance of developing effective strategies to foster
positive attitudes, particularly confidence and engagement in mathematics, thereby
enhancing performance, narrowing the performance gap, and promoting long-term
success in STEM fields. Since attitudes already develop during the early years,
fostering positive mathematical dispositions is essential from the outset.

While this study addressed limitations in previous research by considering the
interrelated nature of attitude dimensions, controlling for student background
influences, and using larger, more representative samples, it still has limitations. Data
were collected only from fourth-grade classrooms in Lithuania, limiting the
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applicability of the results; future studies should include diverse populations.
Additionally, the attitudes and socioeconomic status data relied on self-reports, which
can introduce bias; future research should incorporate observational measures to
complement these. Furthermore, our multilevel analysis focused on overall
mathematics attitudes and performance, which may account for the lack of significant
relationships with other covariates; future studies could explore how specific attitude
dimensions relate to performance in various subdomains.
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FLEXIBILITY (BEYOND PROCEDURAL) IN PROBLEM
SOLVING

Yew Hoong Leong?, Xin Li?
INanyang Technological University, 2Suzhou University of Technology

In solving mathematics problems of the type that are non-routine and where the solver
encounters blockages to overcome, the problem solving process is likely to require
flexibility that is beyond merely alternative ways of tackling routine tasks. We thus
make a distinction between procedural flexibility and heuristical flexibility in the
context of problem solving. By analysing a case of a student teacher solving the “nice
number problem”, we found that the insights from his procedural flexibilities can
potentially be reasonably translated as heuristical flexibility in a productive way. That
he did not do so led to reflections that can open up new areas of research in
mathematics problem solving.

INTRODUCTION

For research in mathematics education, flexibility is defined as knowledge of multiple
strategies and the ability to use these strategies in innovative ways in different
mathematical problem solving situations (Baroody & Dowker, 2003; Rittle-Johnson &
Star, 2007; Schneider et al., 2011). There are more fine-grained categorisations of
flexibility in this field: potential flexibility (defined as knowledge of multiple strategies
for a given mathematical task), practical flexibility (defined as the ability to select the
most appropriate strategy for a given mathematical task). The term procedural
flexibility encapsulates both the features of potential flexibility and practical flexibility.
Although procedural flexibility as defined this way broadly includes flexibility-use in
“problem solving contexts”, work by the researchers in this field tend to focus on tasks
that can be completed by well-known standard procedures, such as solving linear
equations (Star et al., 2022; Wang et al., 2019; Xu et al., 2017). This is perhaps
unsurprising as “procedural” in procedural flexibility points to research directed at
studying contexts where solutions to task can be compared in terms of specific
“procedures”, and hence the choice of tasks as such. For this reason, and for the
purposes of our study as reported in this paper, we take the liberty to narrow the use of
procedural flexibility to knowledge of multiple procedures and the ability to select a
suitable procedure to complete a specific familiar mathematical task.

BEYOND PROCEDURAL FLEXIBILITY
But our interest in this study includes flexibility as used within the broader context of
mathematics problem solving. [By “problem”, we mean it in the sense as Schoenfeld

(1985) defined it: Not routine exercises that evoke application of standard procedures,
but tasks that create mental roadblocks for one who engages in it and where exploration
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of strategies is involved to tackle the roadblocks]. Our premise is that for problem
solving, the kinds of flexibility required is beyond procedural flexibility as we defined

it above. To illustrate this point, take this problem: An integer is removed from a set of

positive integers {1, 2, ..., n}. The average of the remaining set of numbers is %.

What is the removed number? There is certainly scope in the process of solving the
problem for procedural flexibility. For instance, a student may want to understand the
problem by substituting n = 10 to find out the effect of one-number-removal on the
average. Suppose the student wants to find the average after “1” is removed. There is
thus a specific task in which he needs to enact a procedure: Find the average of 2, 3,
..., 10. To do so, he may apply procedural flexibility in that more than one standard
procedure can be used to complete this specific task. But to make progress in this
problem, more is needed. Beyond the heuristic of substituting random values for n and
k (the integer to be removed from the set), at some point, there is a need to be flexible
also in heuristic use — that is, a shift, say, to another heuristic of fixing n at around 80
(since the removal of an integer will not vary the average by much) and then solving
for k using an equation. This latter form of flexibility we provisionally label as
“heuristical flexibility” and we define it as flexible ways of advancing towards a goal
within the context of problem solving, and the advancement is novel in the sense that
the solver has not confronted the same goal-within-problem context previously.

The purpose of making the distinction between procedural flexibility and heuristical
flexibility is so that we can study their interactions within the context of problem
solving. The assumption is that though they can be distinguished, they can affect each
other significantly in problem solving. And in the study reported here, we focus on
how procedural flexibility can potentially lead to heuristical flexibility. In particular,
we report a case study of how a student exhibited procedural flexibility that can
potentially be translated into helpful heuristical flexibility. That the connection did not
actually materialise in the actual problem solving process of the student leads to
reflections about the possible productive interactions between the two types of
flexibility.

To be clear, we are aware that the existing literature accounts for the broadness of
flexibility in the use of the term “strategic/strategy flexibility” (e.g., Bolat & Arslan,
2024; Verschaffel, 2024). But currently, this term is not sufficiently well-defined in
that it can refer to both our constructs of procedural flexibility and heuristical
flexibility. For our purpose — as we want to distinguish them to see their interactions —
we retain our terminology.

METHOD

The first step was the selection of a suitable problem for the purpose of the study. We
think these are necessary characteristics of the problem: (a) As we were looking for
sustained problem solving so that there would be opportunities to trace pockets of
procedural and heuristical flexibilities, and their interactions, the problem needed to be
one whose solution is not so obvious; it should be of sufficient depth for students to
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maintain sustained deepening of probes and hence motivation to be flexible; (b) and
yet it should not be so challenging as to discourage the need for flexibility altogether.
It should allow one to access the problem without the need of specialised techniques
which only select people may possess; (c) the components of the solutions to the
problem ought to be more obviously connected so that the solver would be naturally
drawn to see potential of how procedural flexibility in one small part of the problem
can be extended for heuristical flexibility across a larger part of the problem.

We decided on the “Nice Number Problem™: A “nice’ number is a number that can be
expressed as the sum of a string of two or more consecutive positive integers.
Determine which of the numbers from 50 to 70 inclusive are nice.

The Nice Number Problem was given to three student teachers in China to attempt.
They were asked to devote up to 30 minutes to attempt the solution on their own. While
solving the problem, they were to articulate as much as they can their own thinking
processes. This was similar to the “think aloud protocol” used in Schoenfeld’s (1985)
research. In addition, each of them video-recorded their concurrent writings and
articulated thoughts throughout the problem solving process. The video was directed
at their writings on paper as they solved the problem. For the purpose of this study, we
identified Zhi Wei (pseudonym) for in-depth analysis for the case as his procedural
flexibility moments were most relevant to the purpose of our study.

We borrowed heavily from Schoenfeld (2000) goal-based methodology for the parsing
of the problem solving process. In particular, the accounting of how lower-tier goals
can be nested within higher-tier goals in that methodology parallels well our
differentiation of procedural flexibility (which can be viewed as ways of fulfilling a
lower-tier goal) in support of heuristical flexibility (to fulfill a higher-tier goal that
leads directly to solving a part of the problem).

For analysis, we first parsed the data using as fine-grained a lens as we can to capture
all the details related to his goals and actions with respect to his problem solving
process. The goals were differentiated into 3 nested levels: L1 refers to the overarching
goal; L2 refers to the heuristical goal — including the use of different heuristics, if any
— in support of the L1 Goal, and L3 are the execution goals — including the use of
different techniques flexibly in support of the L2 Goal. As illustration, the relationship
between these goal levels in relation to the actual work of problem solving by Zhi Wei
is then put together as shown in Figure 1 for the first part when he worked on odd nice
numbers.

As shown in Figure 1, the case for odd nice numbers was straightforward for Zhi Wei
and hence there was likely no motivation for flexibility — whether procedural or
heuristical. The flexible moments occurred predominantly in the next section of his
problem solving effort when he turned in search of nice numbers among the even
numbers in the 50-70 range.
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Figure 1: An example of a L1 goal frame-size that relates the goals at different levels

L1: Conjecture and prove all odd numbers (3 or more) are nice

L2: Confirm conjecture with more L2: re-conjecture

cases to 2-consecutive L2: prove using algebra
L3: re-check L3: Break down an odd number L3: check addends
L3:Try 7 definition into two consecutive integers are integers
Verified: Write “confirmed” Insight drawn from writes “n = "= 4 1¥lw “Yes, it works”
“7=3+4" previous cases 2 2
1.57 2.05 2.24 228 2.50

ZHI WEI'S PROBLEM SOLVING: LACK OF TRANSFERENCE FROM
PROCEDURAL FLEXIBILITY TO HEURISTICAL FLEXIBILITY

In our analysis, we identified two distinct occurrences of procedural flexibility
moments in Zhi Wei’s problem solving work. They were both located in the broader
L1 goal context of “Find all even nice numbers in the 50-70 range”. To support this
goal, Zhi Wei set a L2-level heuristical goal of “Use the AP S, formula by
incrementally changing r in “r + ...” strings, starting from r = 1”. Task A as listed in
Table 1 shows the execution of the “1 + ...” string in support of the L1- and L2-goals.
Task A involved finding the sum 1 + ... + 11. Zhi Wei demonstrated the knowledge
and ability to use two different procedures: Procedure Al and Procedure A2 as shown
in Table 1. The ability to apply the alternative Procedure A2 — which we call simply as
“add term” — is further verified when he directly wrote the sums,, = 7s. This is an
evidence of procedural flexibility.

Table 1: Procedural flexibility in finding thesum 1 + ... + 11
Task A: Find thesumof 1 + ... +11

7.37 He wrote “S;, = Procedure Al Procedure A2
(1+11)>11 __ . - .
—, =66 Directly using AP Based on the former
L mm formula to find nice conclusion to find
Said “66 is nice numbers
. . S11 =S +11 =
Said “55 + 11 is more 1 10
- 1+11)x11 =
officient” 5., = % 55+ 11 = 66
=66
7.50 Directly wrote Clearly not using the
« — g AP formula anymore
S, = 78 . !
12 but just adds 12 to 66
to obtain 78
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Similarly, procedural flexibility was again demonstrated in the context of computing
“2 + ...” strings with Task B: He used both Procedure B1 and Procedure B2 to find the
sum 2 + ... + 10, as shown in Table 2. For simplicity, we label Procedure B2 as
“subtract terms”.

Table 2: Procedural flexibility in finding the sum 2 + ... + 10
Task B: Find the sumof2 + ... + 10
12.22 He wrote, Procedure B1 Procedure B2

w(@H10)%9 _ o, .
— — =54" Using AP sum formula  Based on the former

id “54 is al with t_he fir.st term 2 to co_nclusion of S0 with
n?(?édnu?nbfrali)%lis find nice numbers the first term 1 to check
. (2+10)><9_54 (2+10)x9

like no problem in =5,-1
my calculation, 1 to 2 2 ~
10is 55 and 2 to 10 =55-1=54

is 54”

Surprisingly, the insights displayed in Procedure A2 (add term) and Procedure B2
(subtract term) were not subsequently employed by Zhi Wei heuristically. In fact, for
the rest of his problem solving endeavour to fulfill the L1 goal of “find all even nice
numbers in the 50-70 range”, he stuck to the same heuristic of “use AP S, formula for
“r+...” strings all the way to r = 11" before he gave up altogether. There are evidences
from the data that he gradually felt that the heuristic did not work sufficiently
efficiently for him and he thus gave up after persevering up to the “11 + ...” case.
Hypothetically, the flexible insights obtained from Procedure A2 and Procedure B2
can potentially be translated into a heuristical alternative that could potentially fulfill
the L1 goals more efficiently. When the “add term” and “subtract term” heuristic is
combined with the “application of AP S, formula” heuristic, the way to find (and
maintain parity of) even nice numbers in the range may proceed as shown in Figure 2.

Figure 2: Hypothetical use of heuristical flexibility in listing all even nice numbers

55=1+2+3+4+5+6+7+8+9+10 [Apply AP formula]
54= 2+3+4+5+6+7+8+9+10 [Subtract term]

52= 3+4+5+6+7+8+9+10 [Subtract term]

60 = 4+5+6+7+8+9+10+ 11 [Subtract term, Add term]
66=1+2+3+4+5+6+7+8+9+10+ 11 [Add terms, or Apply AP Formula]

56 = 5+6+7+8+9+10+ 11 [Subtract terms]

68 = 5+46+7+8+9+10+11+ 12 [Add terms]

50= 8+9+10+ 11+ 12 [Subtract terms]

60 = 10 + 11+ 12 + 13 + 14 [Subtract terms, Add terms]
50= 11+ 12 + 13 + 14 [Subtract term]

54= 12 + 13 + 14 + 15 [Subtract term, Add term]
70= 12 + 13+ 14 + 15 + 16 [Add term]

58= 13 + 14 + 15 + 16 [Subtract term]

62= 14 + 15 + 16 + 17 [Subtract term, Add term]
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This combination of heuristic choices — hence heuristical flexibility derived from the
insights of procedural flexibilities — is more directly oriented towards the L1 goal and
thus more efficient compared to the strict AP Formula-application heuristic used by
Zhi Wei. It is consequential in terms of problem solving experiences for students as an
appropriate use of such heuristical flexibility — which was overlooked by Zhi Wei -
could have potentially changed one’s experience of problem solving from a sense of
unproductiveness to one of success.

DISCUSSION AND CONCLUSION

We presented a case of how insights obtained from procedural flexibilities can be
reasonably translated to heuristical flexibility to more efficiently solve the same
problem, but yet was unemployed by the student. He used these insights at the
procedural level (at the L3-goal level), but was unable to take a step (back) to apply it
at the heuristical level (at the L2-goal level) to fulfil the same L1 goal.

First, that procedural flexibilities can be ‘elevated’ quite obviously to a heuristical level
is a potential domain of interesting research in mathematics problem solving that is
erstwhile yet unexplored. This is different framing from the more traditional stages
approach (such as Polya’s model) or process approach (such as focusing on learning
the actual heuristics as ‘new’ processes) of teaching about problem solving. It is a shift
towards using what students already displayed at the procedural flexibility level for
heuristical purposes, and hence a shift from students’ acquiring altogether ‘new’
heuristics to one of building upon their own working procedures towards productive
heuristics. In so doing, there is a likelihood of greater acceptance and ownership of
these heuristics for themselves.

Humbly, we also think that this is a useful extension to Schoenfeld’s (1985) work on
mathematics problem solving. In his work, cognitive resources (which procedural
flexibility is a part of) and heuristics (which heuristical flexibility is a part of) were
presented as essential components of problem solving but their interactions were not
explicated at this level of detail. In this study, we specify aspects of these components
that are closely related and which teachers can practically make links in actual
instruction about problem solving, such as, “this add-subtract term technique can
become another way of generating other even nice humbers?” Of course, this requires
knowledge and readiness of teachers in taking advantage of such procedural
flexibilities in students’ work as insights for productive heuristical adjustments. We
think that such sensitivities in students’ personal awareness of how their procedural
flexibilities can be translated into heuristical flexibility as a habit can be an area of
more intentional future research in problem solving. Examples of such research
direction may include: Is this type of transference applicable to other mathematics
problems? Would a re-framing of problem solving instruction into such a transference
really helpful for teachers and students?

Second, it is worthwhile to reflect more deeply into why Zhi Wei did not make the
‘heuristical leap’ even when he was already able to apply the add-subtract technique
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for certain specific tasks. In the case of Zhi Wei, his heuristical inflexibility can also
be interpreted as the flip side of his persistence to stick to the “apply AP formula”
heuristic — as seen from he persevered all the way to the “11 + ...” case. In other words,
being heuristical flexibility was pushed back from the foreground of his problem
solving concentration because what was central to his pursuit was to gain increasing
fluency with the heuristic that he had chosen — and provided him with successes (in
terms of find even nice numbers) initially. This tension between flexibility and fluency
at the heuristical level reminded us of our earlier work which discussed the need to
hold both procedural fluency and procedural flexibility among Chinese students (Li &
Leong, 2026). From the findings of this study, it seems there is a case for the construct
of “heuristical fluency” which is held in tension against heuristical flexibility too.
Reinterpreted into Zhi Wei’s case, his procedural flexibility at specific tasks with the
potential of rendering it into efficient heuristical flexibility was jettisoned not due to
procedural fluency, but more of the drive towards attaining heuristical fluency — to
become more and more proficient with the use of the same “apply AP” heuristic.

Just like the juxtaposition of procedural fluency and procedural flexibility, the
argument is not for one over the other, but the appropriate use of one (or both) in
relation to the task at hand. Similarly, there is much to be said about the need to
persevere for heuristical fluency in problem solving; but at the same time, there is a
need to develop the ability to draw insights from one’s own problem solving process
for alternative efficient heuristics (that is, heuristical flexibility) to complement
heuristical fluency. This area of developing in students the right “division of labour’
between heuristical fluency and heuristical flexibility in problem solving is yet another
direction of research worth exploring in future.
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LEARNING BY PROMPTING AS AN EXTENSION OF LEARNING
BY MAKING IN TURTLE GEOMETRY PROGRAMMING

Mario Lepore?, Roberto Capone?, Eleonora Faggiano?
tUniversity of Salerno, 2University of Bari Aldo Moro

Generative Al is increasingly entering mathematics classrooms, yet it may shift
students’ work toward uncritical acceptance of generated outputs. To counter this risk,
we analyse how learning by prompting can extend constructionist learning by making,
supporting mathematical thinking within programming activities. We report a
classroom-based qualitative case study in an Italian scientific high school where small
groups worked on a Python Turtle geometry task with a customised GenAl assistant.
We trace how prompts evolved from vague requests to explicit mathematical
specifications across prompt—debug-refine cycles. Results show that mismatches
between intended and produced outputs triggered revisions that made constraints more
explicit and supported decomposition of the geometric structure.

INTRODUCTION AND RATIONALE

Generative Artificial Intelligence (GenAl), and in particular Large Language Models,
is rapidly entering mathematics classrooms. In mathematics education, these tools are
discussed as sources of explanations and examples, as conversational partners, and as
supports for students” work (Pepin et al., 2025). Alongside potential benefits, recent
work highlights recurring risks: students may accept generated outputs without
checking them, mathematical errors may pass unnoticed, and classroom activity may
shift from making sense to “getting something that works” (Walkington, 2025). For
this reason, a key research need is not only to ask whether GenAl is useful, but to
understand how it can support students’ mathematical thinking through observable
practices such as specifying constraints, testing outputs, and revising solutions during
classroom activity. In this paper we focus on a specific possibility: using GenAl to
strengthen, rather than replace, students’ role in expressing, checking, and validating
mathematical ideas while they work in a programming environment. Our starting point
is constructionism. In Papert’s view, learning is supported when students build
shareable objects and improve them through cycles of trying, noticing what does not
fit, and revising (Papert, 1980). With GenAl, this cycle can take a new form: students
may work not only by editing code, but also by revising the written specifications they
give to the system. In particular, learning by prompting can be seen as an extension of
learning by making, where students gradually turn a vague intention into a more precise
description that a system can execute and that a group can inspect, test, and correct. In
this sense, prompts can function as evolving specifications: they make constraints
explicit (e.g., symmetry, angles, repetition rules, segment lengths, headings, pen
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control), and they allow students to compare intention and output in a concrete way.
Within this perspective, Turtle geometry (drawing by programming a cursor that
moves and turns) is especially suitable because it provides immediate visual feedback
and invites students to express geometric ideas through parameters, turns, and repeated
patterns (Abelson, H., & diSessa, 1986). Our interest is therefore in how students’
prompts change over time while they work, and in what this reveals about
mathematical thinking in programming contexts supported by GenAl. Accordingly, we
address the following research questions: RQ) How do students’ prompts evolve into
explicit mathematical specifications across prompt—debug-refine cycles when working
with a customised GenAl assistant in a Turtle-geometry programming task? SubRQ:
What does this reveal about their mathematical reasoning?

To explore these questions, we report a classroom-based qualitative case study
conducted in an Italian scientific high school. Students worked in small groups on a
Python Turtle task and interacted with a customised GenAl assistant while developing
their solutions. The dataset includes interaction logs, students’ worksheets, and the
produced code and outputs. The study does not aim at generalisation, but at providing
a detailed account of the mechanisms through which learning by prompting can keep
mathematical reasoning at the centre of programming activity.

THEORETICAL FRAMEWORK

In this paper we read students’ work with GenAl through a constructionist perspective.
Our starting point is that, in a Turtle-based geometry task, GenAl can be used not only
to produce code, but to support learning by prompting, as students translate an initial
idea into progressively clearer mathematical specifications. To make this reading
concrete, we connect constructionism to two related lenses: Problem-Based Learning
(PBL) (Hmelo-Silver & Barrows, 2006), to characterise the didactical conditions of the
activity, and Computational Thinking (CT) (Wing, 2006), to describe the practices that
become visible during prompt—debug-refine cycles. We draw on constructionism
(Papert, 1980), where learning is supported when students build shareable objects that
can be inspected, discussed, and revised, turning the object into an “object to think
with”. In such settings, debugging plays a central role: mismatches between intention
and outcome invite analysis, hypothesis-building, and revision. In our context, this
mechanism applies not only to the Turtle program and its output, but also to the prompt,
which functions as an evolving specification that students refine to make constraints
explicit (e.g., symmetry, angles, repetition rules, segment lengths, headings, pen
control). We use PBL as a descriptive lens for the task design and operationalise it
through five features: (i) a meaningful goal that requires interpretation and choices; (ii)
students’ responsibility for exploring and revising attempts; (iii) collaborative
negotiation; (iv) iterative testing and improvement; and (v) reflection on product and
process. This helps us read prompting as part of an inquiry cycle rather than a shortcut
to a ready-made output. We then adopt CT as a lens for describing practices that
support mathematical work in this setting, operationalised through decomposition,
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abstraction/parameterisation, algorithmic specification, and debugging. These
categories allow us to trace how students move from broad requests to more precise
mathematical descriptions, and how prompt refinement supports mathematical
reasoning while programming. The following case study illustrates how this
framework can be used to analyse students’ work on a Python Turtle geometry task.

METHODS

To address our research questions, we designed and implemented a classroom-based
activity in which students worked on a Turtle geometry programming task supported
by a customised GenAl assistant, within an artifact-centred iterative design setting
informed by constructionism. The activity was carried out with 17 students (9 male, 8
female) from a 13th-grade class at the Italian scientific high school “P. S. Mancini” in
Avellino (Italy). Students worked in four small groups (three groups of four and one
group of five). The session was introduced and facilitated by the authors, who
presented the aims of the activity and the role of the tools and provided procedural
support during the work. Students were provided with a booklet containing the task
instructions and a worksheet to document their work.

Description of the designed activity

The activity was designed as a group-based design task in which students built a
geometric artefact using Python Turtle and used a customised ChatGPT tutor as
conversational support during the design and debugging process. The customised tutor
was configured to interact as a “Logo/Turtle assistant”: it encouraged students to state
their geometric intention (e.g., shape, symmetries, angles, repetitions) before
proposing code, to proceed in small steps, and to revise the solution through questions
and incremental modifications rather than delivering a finished product immediately.
We made this choice because GenAl systems are flexible: through a carefully designed
system prompt, they can be adapted to act as a pedagogical support aligned with a
specific classroom context (Bernardi et al., 2025). In addition, following Kynigos
(2007), the tutor was configured to occasionally introduce intentional mismatches (e.g.,
slightly incorrect parameters, incomplete constraints, or plausible-but-not-fully-correct
steps) so that students would have to test, notice inconsistencies, and debug rather than
simply accept an output. This design choice was meant to make debugging episodes
more likely and to keep mathematical control and validation with students. After an
initial introduction by the authors on goals, workflow, and tools, each group received
a booklet containing the task description, practical guidelines for working with the tutor
(e.g., ask for small changes, specify constraints, request explanations of geometric
choices), and a worksheet to document planning, intermediate attempts, and
reflections. Students then began by discussing within the group and sketching an idea
for a geometric logo. The task required two deliverables: a static design and a dynamic
version obtained by introducing controlled changes over time. The work unfolded in
two main phases. In Phase 1 (static logo), groups translated their sketch into a Turtle
drawing by identifying the geometric elements involved (basic primitives, polygons,
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repeated patterns, rotations/symmetries) and by making choices about parameters (step
length, angles, number of repetitions, starting position). Students interacted with the
customised ChatGPT tutor to generate initial code fragments, clarify Turtle commands,
and adjust geometric constraints. They executed each attempt in a Python development
environment that allowed them to run the script and immediately visualise the drawing,
making it easy to compare intended and obtained outputs. In Phase 2 (animation),
groups extended the static figure into a simple animation by introducing iteration and
parameter variation (e.g., progressive rotations, incremental translations, repeated
redraws, or stepwise changes to key parameters). This phase increased the need for
explicit specifications because small changes in parameters could produce large visual
effects. Groups typically worked through repeated cycles: formulate a prompt, obtain
or modify a code fragment, run it, inspect the output, identify mismatches, and refine
either the prompt (by adding constraints or clarifying the goal) or the code (by adjusting
parameters and structure). Throughout both phases, students filled in the worksheet by
recording design decisions, notable breakdowns, and the reasons behind revisions,
providing a trace of their prompt—debug-refine process alongside the final digital
artefact.

Data collection and analysis

Given the qualitative nature of the study, we adopted a multi-modal data collection
strategy to capture both students’ interaction with the GenAl tutor and the evolution of
their artefacts. Data sources for each group included: i) digital interaction logs, namely
the full prompt-response history with the customised ChatGPT tutor; ii) student
worksheets, used to document initial planning, intermediate decisions, encountered
breakdowns, and short reflections; and iii) digital artefacts, including the Python Turtle
scripts, intermediate outputs/screenshots, and the final static and animated products.
Analysis followed a qualitative interpretative approach and was conducted through
triangulation across data sources: interaction logs were examined to map prompt—
debug-refine cycles, with particular attention to how students noticed and handled
mismatches (including those intentionally introduced by the tutor) and how their
prompts evolved as specifications; worksheets were analysed to connect students’
stated intentions and reflections with the observed interaction trajectories; the artefacts
were inspected to corroborate the reconstructed process and link revisions to concrete
changes in the produced geometry and animation. Episodes were then interpreted
through the analytical categories defined in the theoretical framework to characterise
how students’ mathematical engagement was sustained during GenAl-mediated work.

RESULTS

The excerpts were selected to make visible how students’ work evolved across prompt—
run—inspect—revise cycles, focusing on: a) the prompts as written specifications of
geometric intent, b) the group discussions triggered by mismatches between the
intended and the rendered artifact, and c) the subsequent refinement of prompts after
negotiating constraints (e.g., angles, repetition rules, positioning) within the group. In
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line with the worksheet structure, we report short excerpts from the prompts (translated
from lItalian and lightly edited for readability) together with short reconstructed
excerpts of in-group talk captured in field notes, and we connect them to the
intermediate and final artifacts produced in the Turtle environment. According to the
task design, groups first sketched an idea and articulated key constraints, then asked
the GenAl tutor for Python Turtle code, executed it, and iterated whenever the output
did not match the initial plan, documenting changes and motivations in the worksheet.
For instance, Groupl aimed to design a logo based on a central pentagon combined
with a fivefold symmetric star-like structure. Their initial request to the tutor was
formulated in global visual terms and included only partial constraints: “We want a
logo with a pentagon in the center and five colored triangles around it, like a star. Add
letters at the outer tips. Please give Python Turtle code™.

After running the code, the group compared the rendered image to the sketch and
identified mismatches related to rotational spacing and component alignment. This
triggered a local debugging discussion, where students moved from an aesthetic
judgement (“it looks wrong”) to explicit geometric constraints:

G1S1: The triangles overlap! This can’t be five equal parts.

G1S2: If it’s five, the turn must be 360/5. That’s 72°.

G1S3: And the triangle should start from each side of the pentagon, not from a
random point.

G1S2: Also, the letters must be at the triangle tips, not near the center.

Following this exchange, the group reformulated the request by turning the intended
structure into checkable constraints (rotation angle, repetition, attachment rule to
polygon sides, and label placement):

Please generate Python Turtle code for a logo with fivefold rotational symmetry. Draw a
regular pentagon centered at (0,0). For each side of the pentagon, draw an external
isosceles triangle attached to that side; repeat this for all 5 sides using a loop with rotation
72°. Fill each triangle with a different color. Place the letters A—E slightly beyond the outer
vertex of each triangle. Keep the code parametric (radius/side length as a parameter) so
we can adjust it.
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Figure 1. Star—pentagon logo design through GenAl and Turtle
a. b

Fig. 1a reports the refined prompt sent to the customised tutor. Fig. 1b shows the
corresponding implementation in the Python Sandbox editor, where the constraints are
operationalised through modular functions (e.g., computing pentagon vertices from R
and filling polygons) and a five-step loop. The resulting rendered artefact is shown in
Fig. 1c, displaying the central pentagon, the five coloured external triangles, and the
A-E labels positioned near the outer vertices.

A second case illustrates a different pathway: Group2 designed a representational logo
(a wolf profile) and treated the figure as a sequence of directed segments. Here, the
mismatch-driven refinement focused on decomposition into parts and on controlling
the pen state (drawing vs repositioning). The initial request already contained an
implicit decomposition (“outline + eye™), but lacked an operational description of how
to connect parts without unwanted traces: “We want to draw a wolf head profile with
Turtle. Make a simple outline with straight segments, and add an eye. Use a scale
parameter so we can adjust sizes.”

After running the code, students noted two recurring issues: (i) some segments did not
produce the expected “sharpness” and (ii) repositioning for the eye created unwanted
lines. Their discussion turned these observations into procedural constraints:

G254: The ear is too round—our angles are not sharp enough.

G2S5: We should decide the headings: one segment, then turn, then another
segment.

G2S4: Let’s ask for a list of segments with setheading/forward, and

penup/pendown for details.

The refined request translated the sketch into an executable “segment plan”, explicitly
asking the tutor to map geometric decisions into code primitives:

Write Python Turtle code to draw a wolf profile outline as a polyline. Use a scale
parameter in cm and implement the outline as a sequence of steps using setheading(angle)
+ forward(length*cm). Keep the line color green and make the outline continuous. Then
add a small filled circle for the eye: use penup() to move to the eye position without
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drawing, then pendown() and begin_fill()/end_fill() for the circle. Comment the code by
naming key segments (snout, ear, neck).

Figure 2: Wolf logo students’ design cycle

s ) ) e U

Fig. 2a documents the group’s initial decomposition of the wolf profile into a sequence
of straight segments, annotated in a sketch with estimated lengths and turning angles.
Fig. 2b captures the group discussion in which students compared the sketch with the
on-screen output and negotiated which parameters to modify (e.g., local angles for the
ear and snout, segment lengths, and the need to separate drawing from repositioning).
Fig. 2c shows the final implementation in the Python Sandbox environment: the editor
snapshot makes visible how the agreed constraints were translated into code through
explicit headings and scaled lengths, together with pen control to add non-outline
details such as the eye without producing unwanted lines.

DISCUSSION AND CONCLUSIONS

The results address our research question by showing how learning by prompting can
support students’ mathematical thinking during a Turtle-geometry programming task.
In both episodes, students’ work developed through recurring prompt-run—inspect—
revise cycles: groups compared the on-screen output with their intended design,
identified a mismatch, and then negotiated which geometric constraints needed to be
stated more clearly. In the star-pentagon logo, this meant making explicit fivefold
symmetry (e.g., a 72° rotation step), attachment rules, and positioning constraints; in
the wolf logo, it meant translating a sketch into a segment-by-segment plan with
explicit headings, scaled lengths, and pen control for repositioning. Across these cases,
the key shift was from asking for “a figure that looks like...” to producing prompts that
functioned as mathematical specifications that could be tested and revised. This
supports the paper’s main claim: learning by prompting can be read as an extension of
constructionist learning by making. The “making” remains visible in the executable
code and the produced drawing, but prompting becomes part of the constructive work
because students progressively transform an initial idea into constraints that are
checkable on screen. In this sense, prompts do not replace making; they become a
medium through which students articulate, refine, and test mathematical structure
while programming. The findings also clarify what computational thinking looked like
in this setting, without reducing it to generic “coding skills”. In the star—pentagon case,
students’ revisions showed decomposition into components and parameter choices tied
to symmetry and repetition; in the wolf case, students decomposed the outline into
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controllable steps and used explicit commands to separate drawing from movement.
Across both episodes, debugging primarily involved locating the mathematical source
of a mismatch (angles, repetition rules, proportions, positioning) and revising the
prompt accordingly. Furthermore, from a PBL perspective, the task sustained the
prompt-debug-refine process because it combined (i) a shared and meaningful goal
(designing a static logo and a simple animation), (ii) students’ responsibility for
choosing strategies and revising attempts, and (iii) collaboration as a condition for
negotiating constraints and next steps. The immediate visual feedback of the Turtle
environment made iteration inevitable and productive, while the worksheet served as
a trace tool, capturing plans, intermediate attempts, and reasons for revisions: it
required groups to externalise their initial plan, record successive changes, and justify
revisions in relation to geometric properties (e.g., symmetry, angles, repetition rules,
proportions, headings and pen control). In the end, this classroom-based qualitative
case study suggests that, when a GenAl assistant is used to support iterative
specification and checking, students’ interaction can shift from accepting generated
outputs to refining constraints and procedures. The contribution is not that GenAl
“helps” in general, but that learning by prompting can keep mathematical reasoning
central in programming activity by making constraints explicit, testable, and revisable.
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MATHEMATICAL THINKING EXPERIENCE AS A KEY
PREDICTOR OF STUDENTS” MATHEMATICAL CREATIVITY

Jingyi Li'?, Yufeng Guo*
!Beijing Normal University, 2Foshan University

Mathematical creativity is a key goal of 21st-century mathematics education and is
shaped by students’ prior experience. Previous research has mainly examined group
differences in creativity among students with different levels of mathematical thinking
experience, but its predictive role remains unclear. This study involved 70 high school
students and assessed their mathematical thinking experience and mathematical
creativity. Results showed a significant positive correlation between the two
constructs. Regression analyses further indicated that mathematical thinking
experience significantly predicted overall creativity and its three dimensions, with
slightly stronger effects on fluency and flexibility. These findings suggest that
mathematical thinking experience may contribute to the development of mathematical
creativity.

INTRODUCTION

Mathematical creativity is increasingly recognized as a key 21st-century competency
and has become a central focus of international educational research (Leikin &
Sriraman, 2022). Numerous studies and professional organizations have emphasized
that mathematical creativity and cognitive flexibility are essential skills for students to
meet future challenges (OECD, 2021), leading many countries to include creativity as
a core objective in their mathematics curricula. In school mathematics, creativity is
typically considered as relative creativity, reflected in students’ fluency, flexibility, and
originality (Leikin, 2009; Torrance, 1974). Relative creativity emphasizes its
malleability and dynamic nature. Previous research suggests that students’ prior
learning experiences may play an important role in fostering creativity, which provides
a rationale for investigating the relationship between mathematical thinking experience
and students’ mathematical creativity.

The development of mathematical creativity is widely recognized as a dynamic process
that builds on learners’ accumulated experiences rather than emerging spontaneously.
Hadamard (1945/1954) described mathematical creativity as unfolding through
preparation, incubation, illumination, and verification, with prior experience being
particularly important during the preparation stage. Similarly, Krutetskii (1968/1983)
suggested that inspiration often reflects the unconscious influence of previous
experience, arising from prolonged prior thinking and the reprocessing of acquired
knowledge. Ervynck (1991) also emphasized that original, non-algorithmic, insight-
driven solutions depend on a cognitive context shaped by prior mathematical activity.
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Together, these studies indicate that students’ prior experiences play a crucial role in
supporting creative problem-solving in mathematics.

Consistent with this perspective, Guo & Shi (2012a, 2012b) proposed the concept of
mathematical thinking experience, defined as the student’s way of mathematics
thinking accumulated from experiencing and understanding the processes of
mathematics inductive reasoning and deductive reasoning. They further suggested that
such accumulated experience can meaningfully contribute to the development of
mathematical creativity. Building on this framework, our previous study (Li et al., 2025)
empirically identified four dimensions of mathematical thinking experience: inductive
reasoning, analogical reasoning, mathematical expression, and mathematical proof. It
also showed that students with higher levels of experience outperformed their peers in
overall creativity, fluency, flexibility, and originality, whereas significant differences
between medium- and low-experience students were observed only in fluency and
flexibility.

Although these studies highlight meaningful links between mathematical thinking
experience and mathematical creativity, prior research has focused primarily on group-
level differences. Evidence on whether mathematical thinking experience predicts
individual creativity remains limited. Against this backdrop, the present study
examines the relationship between mathematical thinking experience and students’
mathematical creativity. In line with prior conceptual and empirical work, the study
proposes the following hypotheses:

H1. Mathematical thinking experience is significantly and positively associated
with students’ mathematical creativity, including fluency, flexibility, and
originality.

H2. Mathematical thinking experience significantly predicts students’
mathematical creativity, including fluency, flexibility, and originality.

METHODOLOGY
Participants

A total of 70 second-year students (54 males, 16 females; ages 16 - 17) from a top-tier

class in a key high school in Guangzhou participated in the study. All students
completed both the mathematical thinking experience and creativity assessments.

Tasks and Data Collection

The tasks were adapted from our previous study (Li et al., 2025), retaining the original
dimensions and scoring framework. Both assessments were administered separately in
a classroom setting under standardized instructions. The mathematical thinking
experience test consisted of four core components (inductive reasoning, analogical
reasoning, mathematical expression, and mathematical proof), with a total score of 60
and a 90-minute duration. The mathematical creativity assessment comprised two
probability-related open-ended problems, completed within a total of 40 minutes.
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Students were encouraged to use both conventional and insight-allowing strategies.
Creativity was evaluated using the Multiple Solution Tasks (MST) framework (Leikin,
2009), which evaluates fluency, flexibility, and originality. All responses were scored
independently by two raters to ensure inter-rater reliability.

Data Analysis

Descriptive statistics were computed for mathematical thinking experience and its four
components, as well as for the total score and three dimensions of creativity (fluency,
flexibility, and originality). Experience scores were converted to percentages to
facilitate interpretation. Pearson correlations were computed between the Z-scores of
mathematical thinking experience (total and component scores) and creativity (total
and dimension scores). Finally, the total score of mathematical thinking experience
was used as a predictor in regression analyses to examine its effects on overall
creativity and its three dimensions.

RESULTS
Students’ mathematical thinking experience and creativity performance

Table 1 summarizes students’ performance on the mathematical thinking experience
and creativity tasks. In the mathematicalvthinking experience assessment, students
performed relatively well in inductive reasoning and analogical reasoning, but faced
greater challenges in mathematical expression and proof, suggesting some difficulties
in logical expression and proof. For creativity, students’ performance showed
variability across the three dimensions. Fluency, indicating the number of solution
strategies generated across both tasks, showed that most students proposed one to two
strategies per task. Flexibility, capturing variation among solutions, suggested that
students struggled to produce distinctly different strategies. Originality, reflecting the
ability to generate uncommon solutions, indicated that most students relied on
conventional approaches, with relatively few demonstrating novel ideas.

Table 1: Descriptive statistics for mathematical thinking experience and creativity.

Mean SD
Mathematical thinking experience 48.95 12.70
Inductive reasoning 49.51 15.46
Analogical reasoning 60.45 14.15
Mathematical expression 43.75 18.77
Mathematical proof 36.98 26.12
Mathematical creativity 34.16 45.44
Fluency 2.53 1.40

Flexibility 20.03 9.66
Originality 3.69 4.68
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Correlations between mathematical thinking experience and creativity

Table 2 presents the Pearson correlations among the total and component scores of
mathematical thinking experience and creativity. As shown in the table, mathematical
thinking experience was significantly and positively correlated with overall
mathematical creativity (r = .37, p <.01) and its three dimensions: fluency (r = .45, p
<.01), flexibility (r = .47, p < .01), and originality (r = .38, p < .01). These results
indicate that higher levels of mathematical thinking experience are associated with
stronger creativity.

Among the four components of mathematical thinking experience, inductive reasoning
and analogical reasoning exhibited relatively stronger correlations with fluency (r = .41
and .46, both p <.01) and flexibility (r =.39 and .48, both p <.01), while mathematical
expression showed a comparatively higher correlation with originality (r = .34, p <.01).
In contrast, mathematical proof was weakly correlated with overall creativity and its
three subdimensions and did not reach statistical significance.

Additionally, the three dimensions of mathematical creativity showed significant
intercorrelations (r = .48 to .99), with the strongest association between fluency and
flexibility, and the highest correlation observed between originality and overall
creativity, consistent with previous studies (Leikin, 2009; Leikin & Zazkis, 2013). The
four components of mathematical thinking experience also displayed significant
intercorrelations (r = .25 to .86), suggesting that these components collectively form
an integrated construct. Based on these relationships, subsequent regression analyses
used the total score of mathematical thinking experience as a predictor to examine its
explanatory contribution to mathematical creativity and its subdimensions.

Table 2: Pearson correlations among total and component scores of mathematical
thinking experience and creativity.

1 2 3 4 5 6 7 8

Mathematic_al thinking 1
experience

2 Inductive reasoning  .86™

3 Analogical reasoning .72" 42"

4 Mathematical expression .59™ .39 .37

5  Mathematical proof .70 42" 42" 25"

6 Mathematical creativity .37 27" 29" .35 .22

7 Fluency A5 417 46 23 17 48T

8 Flexibility A7 397 487 33" 17 627 .85

9 Originality 38" 29" 317 .34 23 .99 .53 .63"

PME 49 - 2026 950



Li, Guo

Predictive role of mathematical thinking experience on creativity

Regression analyses (Table 3) indicated that mathematical thinking experience
significantly and positively predicted overall mathematical creativity as well as its
three dimensions. Specifically, it predicted overall mathematical creativity (5 = 0.368,
t = 3.263, p = .002), explaining 13.5% of the variance (R? = 0.135). Regarding the
dimensions, the predictive effect was stronger for fluency (f = 0.451, t = 4.167, p
< .001) and flexibility (5 = 0.469, t = 4.378, p < .001), which explained 20.3% and
22.0% of the variance, respectively, while the effect on originality was also significant
(B =0.382, t = 3.409, p = .001), accounting for 14.6% of the variance (R? = 0.146).
These results suggest that mathematical thinking experience contributes not only to
overall mathematical creativity but may have a slightly stronger influence on fluency
and flexibility than on originality, suggesting its key role in supporting creative
performance in mathematics.

Table 3: Regression models predicting mathematical creativity from experience.

B B t p R?
Mathematical creativity 16.717 0.368 3.263 .002 0.135
Fluency 0.632 0.451 4.167 <.001 0.203
Flexibility 4.530 0.469 4.378 <.001 0.220
Originality 1.788 0.382 3.409 .001 0.146

Figure 1: Scatterplots of mathematical creativity and its dimensions against
experience.
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The scatterplots in Figure 1 further illustrate these relationships. Each plot shows a
positive association between mathematical thinking experience and overall creativity
as well as its three dimensions. These visual patterns support the regression findings,
suggesting that students with higher levels of mathematical thinking experience tend
to demonstrate higher creativity, particularly in fluency and flexibility.

Case illustration: differences in creativity by mathematical thinking experience

In Task 2, low-experience students typically followed a single approach, such as
exhaustively listing all combinations, demonstrating limited fluency, flexibility, and
originality. In contrast, high-experience students observed the numerical distributions
and patterns across the columns, drew analogies with prior combinatorial problems,
and generated multiple solution strategies (fluency). They flexibly switched among
exhaustive, structural analysis, and analogy-based strategies (flexibility), and further
identified incremental values to propose non-obvious selection strategies, indicating
overall higher creativity (originality).This example shows that mathematical thinking
experience, through processes of observation, analogy and expression, supports higher
levels of fluency, flexibility, and originality in creative problem solving.

Figure 2: Task 2 - Multiple solutions generated by students

Task-2 (2024 China National College Entrance Examination, Paper I, Q14) 112131 |40
12|22 |33 |42

In a 4x4 grid table as shown in the figure, each cell contains a unique number. You need to select 4 grids, ensuring that

B . e 312233 |43
exactly one grid is chosen from each row and each column. How many different ways are there to make such a selection? 132 b

What is the maximum possible sum of the four selected numbers among all valid selections?

Solution 1:Enumeration method

List all 24 possible cases and compute the sum for each. The maximum sum is 15 + 21 +33 +43 = 112.

Solution 2:Insight solution-D i method Solution 3:Insight solution-Arith
By performing row and column transformations on the | If each column of the table follows an arithmetic sequence with a common difference,
numbers in the 4 X 4 grid, the maximum achievable then all valid selections yield the same sum. Observing the grid, we see that each

sumis 15+21+33 +43=112. column has one term adjusted by =+ 1, determining the four selected numbers.

12t (3tf40 |11 |1]|0|lofo|o 4 11|21 31 |40 11 @ 31 ‘41»1
12(22(33 (42| |2 2|3 |2||lofo|1]0 2l2(n|e| 2|2 @ 42
13(22(33 (43|32 (3|3||o|alo]o 13 (2233 (43 13231 33 (43
15(24 (34 44| |5 |4 |44 ||1|l0|0]0 15 24 |34 |44 @ 24 | 34 | 44

DISCUSSION

This study aimed to investigate the relationship between high school students’
mathematical thinking experience and their mathematical creativity, as well as the
predictive role of such experience. Consistent with our hypotheses, the results
confirmed that mathematical thinking experience was significantly associated with
creativity (H1) and significantly predicted students’ mathematical creativity, including
fluency, flexibility, and originality (H2). Stronger predictive effects were observed for
fluency and flexibility than for originality, indicating that students with richer
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mathematical thinking experience are more capable of generating multiple solution
strategies and switching flexibly among them. These results support the perspectives
of Hadamard (1945/1954), Krutetskii (1968/1983), and Ervynck (1991), who
emphasized that creativity depends on accumulated knowledge and experience,
particularly insights gained from sustained engagement in mathematical activity.

Analysis of the four components of mathematical thinking experience revealed
differential associations with creativity. Inductive and analogical reasoning
significantly predicted students” fluency and flexibility. Specifically, inductive
reasoning may help students extract patterns, generate conjectures, and explore novel
solutions. Analogical reasoning may facilitate knowledge transfer across contexts,
allowing students to connect seemingly unrelated concepts and generate diverse
problem-solving strategies. This observation is consistent with previous research
showing that inductive reasoning supports the discovery of new mathematical patterns
and innovative ideas (Assmus & Fritzlar, 2022; Eraky et al., 2022), while analogy
facilitates cross-domain connections and creative problem solving (Lee & Sriraman,
2011; Singer & Voica, 2022). Mathematical expression was more strongly associated
with originality and creativity, suggesting that expressing mathematical ideas allows
students not only to externalize existing thoughts but also to develop new structured
understandings and innovative insights (Eraky et al., 2022). In contrast, mathematical
proof was not significantly associated with creativity or its dimensions. This may be
because high school instruction often emphasizes formulaic or imitative proofs,
focusing on the validity of conclusions rather than exploration, which limits
opportunities for conceptual reconstruction, strategy discovery, and innovation.

In this study, the predictive effects of mathematical thinking experience on fluency and
flexibility were stronger than those on originality, reflecting differences in students’
performance across the three creativity dimensions. Specifically, prior work (Li et al.,
2025) showed that high-experience students outperformed their peers across all
creativity dimensions, whereas medium- and low-experience students differed
significantly only in fluency and flexibility, with no notable difference in originality.
These results align with prior findings (Leikin, 2009; Leikin & Lev, 2013), indicating
that fluency and flexibility are dynamically interconnected, while originality, as a
relatively distinct aspect of creativity, is less affected by moderate variations in
experience. Overall, these observations support the view that components of
mathematical thinking experience, especially inductive and analogical reasoning, have
a stronger impact on fluency and flexibility, whereas developing originality may
require a higher threshold of accumulated experience.

In summary, this study demonstrates that mathematical thinking experience plays a key
role in students’ mathematical creativity, particularly in enhancing fluency and
flexibility. Based on these findings, teachers can provide students opportunities to
develop fluency, flexibility, and originality through open-ended problems, non-routine
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tasks, inductive and analogical reasoning exercises, as well as structured mathematical
expression and exploratory proof activities, offering practical classroom guidance.
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“MATHS JUST WASN’T MY THING”: STUDENTS’
RETROSPECTIVE NARRATIVES OF MATHEMATICS AS A
GATEKEEPER

Giulia Lisarelli
Universita di Pisa

Mathematics has been widely described as a gatekeeper discipline shaping students’
educational opportunities, yet less attention has been paid to how this role is
experienced and narrated by students themselves. Drawing on interviews with 40 final-
year upper secondary students, this study adopts a situational and narrative approach
to explore how mathematics emerges as a gatekeeping mechanism in students’
retrospective narratives of upper secondary school choice within the Italian
educational system, characterized by differentiated pathways. Findings illustrate how
mathematics becomes meaningful in students’ accounts through interactions with
significant others, as its gatekeeping function emerges within situated processes of
meaning-making rather than being assumed in advance.

INTRODUCTION AND THEORETICAL BACKGROUND

Mathematics has long been described as a gatekeeper discipline, that is a subject that
regulates access to educational pathways and, consequently, to social and economic
opportunities (Stinson, 2004). Success or failure in school mathematics often functions
as a decisive criterion for advancement in education and entry into prestigious and
well-remunerated professions. As Wagner (2021) notes, while some gatekeeping
mechanisms are explicit, such as the requirement to excel in mathematics to pursue
careers like medicine, the more pervasive and powerful effects lie in the countless, less
visible ways in which mathematics mediates nearly everyone’s educational experience.
Through assessment practices centred on easily measurable skills, such as algorithmic
performance and memorization, a particular form of mathematics acquires social
power, shaping who is recognized as capable and who is not.

The gatekeeping role of mathematics is neither accidental nor recent. Its roots can be
traced back to classical philosophy, notably Plato’s distinction between mathematics
as a practical tool for everyday transactions and a higher form of mathematical study
reserved for those deemed “naturally skilled in calculation” (Nolan & Graham, 2015).
This distinction marked the emergence of mathematics as a privileged discipling,
capable of elevating some learners while excluding others. Stinson (2004) argues that
mathematics has functioned as an exclusive instrument for stratification, effectively
nullifying the promise of equal opportunity. Importantly, this perspective does not seek
to debate whether mathematics should act as a gatekeeper, but rather to make visible
its existence as such within contemporary educational structures. Central to this
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critique is the recognition that not all students are provided with a “key to the gate”.
Despite widespread reforms and pedagogical innovations, mathematics remains the
primary gatekeeper to future educational and occupational opportunities, often in ways
that appear neutral while reproducing social inequalities (Noyes, 2009).

From a situated perspective on learning, the gatekeeping function of mathematics
cannot be understood solely because of individual ability or cognitive competence.
Learning is instead conceived as changing participation in communities of practice,
where knowledge and mathematical self-identity are co-constituted through interaction
with others and with the institutional and cultural contexts in which learning takes place
(Boaler, 2000). From this viewpoint, mathematics is not a context-free discipline;
rather, how it is taught, assessed, and talked about profoundly shapes how students
come to understand and use it. Even pedagogical approaches that encourage students’
agency and exploration may retain subtle gatekeeping mechanisms, as teachers
ultimately hold the authority to legitimate or reject students’ mathematical productions
as “proper” mathematics (Nolan & Graham, 2015).

While the gatekeeping role of mathematics has been extensively discussed in
mathematics education research, less attention has been paid to how this role is
experienced, reconstructed and narrated by students. Lykkegaard and Ulriksen (2016),
using a mixed-methods approach to examine upper-secondary students’ motivations
for pursuing STEM pathways, found that quantitative and qualitative data revealed
different, and at times contradictory, results thereby underscoring the need to
encourage the development of qualitative and students-centred research.

This study is part of a broader research project on students’ experiences of
mathematics, which involved students in the final year of upper secondary education
to capture reflective accounts of their school trajectories. In this paper we focus on
students’ narratives about their choice of upper secondary school, within the Italian
educational system that is characterized by early tracking and strong differentiation of
educational pathways. Investigating these narratives is crucial for moving beyond
abstract critiques and for informing educational practices and policies that aspire to
make mathematics a resource for participation rather than a barrier to opportunity.
Adopting a situational perspective (Nolen et al., 2012) — which conceptualizes
students’ experience as a dynamic and socially negotiated process of meaning-making
— this study examines the following research question:

In what ways do students’ narratives reveal mathematics as a gatekeeping mechanism
embedded in social and institutional relations?

METHOD AND RATIONALE
The Italian educational context

In Italy, compulsory schooling comprises two school cycles: an initial undifferentiated
cycle from grade 1 to grade 8 followed by upper secondary education (grades 9-13),
which represents the first point at which students enter differentiated educational
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pathways. Mathematics is included as a compulsory subject in the first cycle and also
in the first two years of upper secondary education but with a weekly timetable ranging
from three to five hours, depending on the type of school. At the end of grade 8,
students are required to choose among high school (Liceo), technical institute, and
vocational school (reported in descending order of mathematics teaching hours per
week). This decision is informed but formally not constrained by prior academic
achievement. Previous research in sociology has shown that the choice of the type of
school at the end of grade 8 in the Italian context is strongly associated with patterns
of social class and gender (Panichella & Triventi, 2014) and carries significant long-
term consequences for individuals’ educational and occupational opportunities (Flabbi,
2001).

Upon completion of upper secondary education students are formally eligible to pursue
tertiary studies regardless of the type of school attended. Nevertheless, according to
the most recent data by the Italian Ministry of Education, access to higher education
varies considerably: approximately 12% of graduates from vocational schools enrol in
university programs, compared with about 31% of graduates from technical institutes
and over 80% of graduates from academically oriented high schools.

Sample and data collection

This study draws on individual interviews conducted with 40 students (23 female, 17
male) attending the final year of upper secondary education in Italy. Participants were
enrolled in four different types of schools: a humanistic high school with an economic
focus (HHS), a technical institute in the biological-health field (TIB), a technical
institute in the graphics—communication field (TIG), and a vocational school in the
socio—health field (VSS). The selection of school types is guided by the intention to
include educational pathways in which mathematics is not positioned as a central
disciplinary focus. These contexts are considered analytically relevant for investigating
how mathematics may become consequential for students’ educational choices, even
when it is not the defining discipline of the chosen pathway.

Participation in the study was voluntary and based on written informed consent; all
procedures complied with institutional ethical guidelines. Individual participants were
informed of the non-evaluative and confidential nature of the interviews. Individual
interviews were chosen to support the elicitation of personal and reflective narratives
of educational choice. Interviews were conducted during regular school hours and
varied in length and depth. On average, interviews lasted 22 minutes, with the longest
extending to 46 minutes. Possible variations are consistent with the study’s theoretical
framework, which conceptualizes the participants’ construction of self-focused
narratives as a central element of the interview process.

The interview protocol was structured around four main sections. The present study
focuses specifically on the first section, which addressed students’ choice of upper
secondary school. The guiding questions for this section included: How did you choose
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to attend this school? What initially motivated you to make that choice? Are you
satisfied with your choice? This section was designed to explore students’ motivations
for their school choice and their retrospective reconstructions of contextual influences,
including the role of significant others and relationships with specific school subjects.
Only in the final part, if it had not already emerged, students were asked whether and
to what extent mathematics had influenced their choice of school.

The analysis of data

Interview transcripts were initially generated using an automated transcription tool and
subsequently reviewed and revised manually to ensure accuracy. Particular attention
was paid to preserving colloquial expressions, slang, and dialectal features, as these
elements were considered meaningful for an interpretive and student-centred analysis.
The excerpts from transcripts — translated by the author — are identified by an
alphanumeric code: the first three letters indicate the type of school (see the section
Sample and data collection), the number indicates the progressive numbering of the
transcription within the school considered, and the final letter indicates gender.

Drawing on Lieblich et al. (1998), autobiographical narratives may be examined in
multiple ways, depending on the dimensions emphasized in the analysis. One such
dimension concerns the unit of analysis, which can be either holistic (considering the
narrative as an integrated whole) or categorical (focusing on specific segments of the
narrative). A second dimension relates to the analytical focus, which may attend to the
content of the narrative or to its form. The combination of these two dimensions yields
four distinct approaches to narrative analysis.

In a first analytical step, narratives were organized according to the presence or absence
of an explicit reference to: i) mathematics as a crucial factor in school choice, ii)
significant others (such as parents, peers, or teachers) mentioned as influencing that
choice. In particular, the gatekeeping role of mathematics was not assumed in advance
but analytically traced through recurring narrative patterns. Subsequently, a holistic
content analysis was conducted to identify the central themes characterizing each
participant’s narrative. This was followed by a categorical content analysis aimed at
identifying possible recurring themes across the dataset. In this latter phase, the unit of
analysis corresponded to participants’ responses to individual interview questions.

RESULTS AND DISCUSSION

As stated from the outset, the focus of this study is not quantitative but qualitative;
however, there is a numerical data worth reporting: slightly more than 61% of the
respondents to the question on the role of mathematics state that mathematics played a
more or less significant role in their choice of upper secondary school. In the following,
the recurring and meaningful categories identified in students’ reconstructions of their
choice of upper secondary school are described, before they respond to the final
specific question on mathematics. This approach makes it possible to understand to
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what extent the role of mathematics in the choice is reconstructed by the students
themselves.

The avoidance of mathematics as the primary reason for the choice. In the accounts of
students from all the schools involved, we find some narrative reconstructions that
identifies the limited presence of mathematics — both in terms of weekly hours and the
perceived complexity of the topics — as the main reason for choosing a particular upper
secondary school:

TIB5M: The first thing, | mean, the first intention was... that | was mainly bad at maths.
So, I was looking for a school where there was as little maths as possible.

VSS2F: One reason why | chose this school is that you stop doing maths in the second or
third year, | don’t remember.

HHS9F: Oh, maths had a great impact, very much, very much, because I chose this school
because they told me there was little maths.

It is worthy of attention that, in the narratives collected, no other subject — except in
one case (TIB3F) where the choice is described as driven by the desire to minimise the
hours of both mathematics and the foreign language — is mentioned as a reason for
avoidance. This highlights a worrying specificity of mathematics within the landscape
of subjects taught in the Italian context: for some students, the attempt to minimise
contact with mathematics becomes the primary criterion for choosing an upper
secondary school, rather than vocational motivations. This is an element that
underscores the relevance of studying this phenomenon within the field of mathematics
education.

Self-perception in mathematics. Some narratives show how school choice is often
linked to the perception of oneself as a student constructed during the first cycle of
education. In a sense, for many of these students it is school failure and their own
identity as student that determine the choice, rather than their passions and aspirations:

TIG1IM: | wasn’t good in middle school, so | chose this school.

This issue has two particularly interesting aspects. First, the confirmation of students’
“situational” reconstructions: student identity emerges as clearly mediated by
comparison with reference adults, namely teachers and parents:

VSS10F: So, mainly because | wasn’t really suited to doing different kinds of schools:
when in middle school they tell you you’re suited for this and not for that.

Second, the perception of school failure is either global, as in the case of TIG1M, or
specific to mathematics and this aspect is of great interest for our field of research.
Here again, a worrying specificity of mathematics compared to other school subjects
emerges: the gatekeeping role of mathematics, which was not assumed a priori in this
study, appears as a recurring and specific element in the students’ reconstruction. In
the excerpt from TIB5M reported above, it was also evident that the motivation for a
choice aimed at avoiding mathematics as much as possible is linked to a perception of
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failure in mathematics. This perception, constructed during the first cycle of education,
is recurrent and, in the collected narratives, has a significant impact on determining
school choice by exclusion rather than by interests for a specific discipline or for the
future work:

HHSS5F: When it comes to more science-oriented subjects, I’m not really cut out for them,
to be honest; so 1’d already ruled out a scientific track.

VSS4F: When | had to choose my school, I already knew that maths just wasn’t my thing.

The role of significant others. The influence of others has already emerged in relation
to students’ perceptions of themselves as learners, and particularly in how they come
to see themselves in relation to mathematics. Across the collected narratives, students’
reconstructions of their school choice reveal the central role of significant others in the
construction and stabilization of mathematical self-images, as well as in the perception
of certain educational pathways as “suitable” or “unsuitable.” From a situated
perspective, these accounts suggest that the gatekeeping role of mathematics operates
through relational and institutional processes rather than through isolated experiences
of failure.

Beyond these forms of guidance that frame some options as realistic and others as
unattainable, students’ narratives also make explicit the direct involvement of others
in their school choice. In particular, several accounts express a retrospective awareness
of how consequential this decision is, and of how difficult it may be to make such a
choice independently at a young age:

TIB5M: You’re a 13-year-old kid, | mean, you’re very influenced, so the first voice you
hear, you’re immediately convinced and steered toward that choice.

HHS5F: They put you... when you’re quite young, in front of a choice that, you know,
also scares you a bit for the future. My mom helped me choose this track.

Here, two further aspects become salient. First, in some narratives, particularly those
referring to family members, the influence of others is experienced as coercive:

VSS5: | shouldn’t have been at this school, | would have chosen the ‘language high
school’, but for reasons my family said that... I’m not someone who studies
a lot; so they said it wouldn’t be right. In my opinion, in middle school
you’re not ready to choose what school to attend.

Other accounts reveal forms of retrospective awareness of some dynamics within the
family that were not fully articulated at the time the choice was made:

VSS10F: We could say that my parents seemed quite neutral at the time, but on the other
hand, it looks like they also had a bit of a hand in the choice.

Second, particularly with regard to the humanistic high school included in the study,
gendered patterns emerge in the influence exerted by significant others. For example,
some narratives point to families discouraging girls from choosing technical or
vocational pathways:

PME 49 - 2026 960



Lisarelli

HHS12F: Well, why the high school? The high school... | don’t know, maybe partly
because my parents wanted me to attend a high school rather than a
technical or vocational school, and so | just went along with what they
wanted.

At the same time, students also recall forms of guidance from middle school teachers
that oriented girls toward humanistic rather than scientific tracks, suggesting the
presence of potential gender bias in orientation practices:

HHSS5F: They recommended humanities to all the girls finishing middle school.

Together, all these narratives show how the gatekeeping role of mathematics is
reinforced through socially negotiated processes in which family expectations, teacher
guidance, and gendered norms intersect with students’ mathematical self-images.

CONCLUSIONS

Adopting a situational perspective and drawing on students’ retrospective narratives,
this study illustrates how mathematics emerges as a consequential reference point in
shaping the educational trajectories of many students. Across the students’ accounts,
prompted by a question about their choice of upper secondary school, mathematics
frequently appears to operate as a powerful criterion of exclusion, deeply orienting
educational choices away from certain options. The analysis highlights processes of
self-selection grounded in earlier experiences of success/failure, and this perception
may be either global or specific to mathematics. The retrospective nature of the
narratives further highlights how meanings attributed to school choices may differ from
those available at the time decisions were made, making visible dimensions that were
implicit or taken for granted at the moment of choice.

The findings indicate that the gatekeeping function of mathematics is sustained not
only through curricular and assessment practices, but also through socially mediated
processes involving teachers’ judgments, family expectations, and gendered norms. At
least two specific and often interconnected forms of gatekeeping narratives emerged
from our interviews: anticipatory gatekeeping, understood as a process of self-
exclusion based on negative self-perception in mathematics, and relational
gatekeeping, operating through relationships with significant others, especially
teachers and family members. These findings draw attention to possible broader
consequences of mathematics acting as a gatekeeper within educational systems. When
students’ encounters with mathematics contribute to narrowing perceived possibilities
or closing off pathways, passions and aspirations, the effects may extend beyond
schooling and may shape individuals’ life trajectories. Viewing mathematics as a
narratively mediated gatekeeping mechanism suggests that interventions aimed solely
at changing curriculum or assessment practices may be insufficient, unless they also
address the discursive and relational processes through which students come to see
themselves as ‘not mathematical’. From an ethical perspective, making these processes
visible is a necessary step toward moving beyond narratives such as “maths just wasn’t
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my thing” and toward rethinking mathematics education as a domain that supports
participation, agency, and access to future opportunities.

The study also points to directions for further research. From a situated perspective,
comparative studies across different educational systems could help clarify how
cultural and institutional elements shape the gatekeeping role of mathematics.
Moreover, the apparent specificity of mathematics in students’ narratives calls for
further investigation into the role of other school subjects in constraining or enabling
educational choices, as well as into why mathematics appears to function as a
particularly powerful marker of capability. These directions could be pursued while
acknowledging the limits of this study, focused on a single national context.
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PITS AND PILES, DIRECTIONS, AND DEBT: PRE-SERVICE
TEACHERS’ CONCEPTIONS OF NEGATIVE NUMBERS

Emily Macmillan, Jenni Ingram
University of Oxford

Children naturally use fingers or objects to count whole numbers, but there is no
similarly intuitive way of representing negative numbers. Using scripting as a proxy
for practice, we investigated the conceptions pre-service teachers drew on through the
representations they used and the structures they highlighted when explaining how to
calculate with negative numbers. We categorised the conceptions into quantity (debt,
counterbalance, and relativity), movement (translation and rotation), position (order
and symmetry), and symbolic (removed from context). The pre-service teachers used
multiple conceptions and representations between and within explanations, rarely
overtly drawing attention to mathematical structures.

INTRODUCTION

Research into students’ understanding of negative numbers is in its infancy
(Bofferding, 2019). Most research in this field reports on children’s conceptions of
integers, showing they use unconventional methods in an effort to make sense of
negative numbers, whilst drawing on a range of representations (Wessman-Enzinger,
2019). Little research has been conducted into teachers’ conceptions of negative
numbers. Literature reports on teachers’ and researchers’ recommendations for which
representations to use in the classroom to help students to “gradually refine and modify
their understandings toward ... those the mathematics community at large accepts as
correct and useful in solving mathematical and scientific problems” (Harel, 2019, p.
338). However, there is not one “correct” conception of negative numbers, but a range
of conceptions and representations that foreground different underlying structures
(Tsang et al., 2015). The aim of this study is to identify the conceptions of negative
numbers pre-service teachers (PSTs) draw on through the representations they use and
the structures they emphasise. Using scripting as an approximation for practice (Zazkis
& Herbst, 2018) we investigated PSTs’ explanations in three whole-class scenarios
involving negative arithmetic. We asked the research questions: 1) What conceptions
of negative numbers do student teachers draw on? 2) What representations do they use
to convey these conceptions? 3) What connections do they make between these
representations and mathematical structures? By answering these questions, we present
a classification of conceptions of negative numbers, linking these conceptions to
representations and descriptions of underlying mathematical structures they can
highlight. The results of this study will inform the development of instructional
practices for supporting the development of PSTs engaged in Initial Teacher Education
(ITE) and form the basis for further research into the teaching of negative numbers.
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LITERATURE REVIEW

Whilst whole numbers can be represented by physical objects, negative numbers are
less perceptually obvious (Alibali & Norton, 2019). Negative numbers can be traced
back to 250 BCE in the context of debt (Varma et al., 2019). Debt is one of many
conceptions of negative numbers which have been written about extensively and
without consensus. Bofferding (2019) presents the “multiple meanings” of negative
numbers in four categories: bookkeeping (gaining and losing money or points),
counterbalance (cancelling positive with negative values, for example net worth or
“floats and anchors™), relativity (number represented as an action rather than a
quantity), and translation (changes in elevation, temperature, or movement). Varma et
al. (2019) add to this list with a focus on symmetry by conceptualising the number line
folding at zero (Tsang et al., 2015; Varma et al., 2019). Wessman-Enzinger (2019)
considers debt/credit and net worth as “instructional models” rather than conceptions,
and promotes conceptualising integers as directed quantities. Sarma et al. (2024), in
their “historical and scholarly context”, categorise conceptualisation of negative
numbers in a different way again, as spatial, temporal and possessional. These attempts
to connect negative numbers to observable contexts all break down at some point
(Wessman-Enzinger, 2019), because negative numbers do not “exist as tangible
entities in the same way that positive number do” (Bofferding, 2019, p. 252).

Negative numbers can be represented in a variety of ways including words, symbols,
images, and physical objects (Jitendra et al., 2016). Common representations of
negative numbers include: number lines; double-sided counters; symbolic notation
such as —1 + —4; and analogies such as pits and piles (Macmillan, Forthcoming).
Different representations lend themselves to different conceptions of negative numbers
(Bofferding, 2019). For example, the term “negative numbers’ is used throughout this
report instead of the term “directed numbers’ which suggests a ‘“movement’ conception.
Mathematicians need to be able to move fluently between representations (Otte, 2006)
and between conceptions of negative numbers (Harel, 2019), acting “on the thing itself
rather than merely upon the description of it” (Otte, 2006, p. 17).

Different conceptions and representations of negative numbers can foreground
different mathematical structures. The term structure is used variably across the
literature to describe properties, relationships, and generalisations (Venkat et al., 2019).
Within the literature, authors similarly use a range of meanings for structure. For
example, Tsang et al. (2015) use structure to refer to properties of order and magnitude
(p. 159) and the additive inverse law: x + —x = 0 (p. 155). It is used here to describe
mathematical generalities that underpin negative number arithmetic including
properties such as commutativity of addition, and laws such as the additive inverse.

METHODS

Twenty PSTs learning to teach mathematics to 11-18-year-olds were asked to script
three imaginary whole class conversations in pairs, two about negative number
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addition and subtraction and the third about multiplication. Scripting, the act of
creating a dialogue between a teacher and their students (Zazkis & Herbst, 2018), is an
approximation of practice (Campbell & Baldinger, 2022) and can be used to “bridge
pedagogies of investigation and enactments and to support teacher learning in ways
that are more sustaining and generative” (Crespo, 2018, p.255). Pedagogies such as
approximations of practice are commonly used in ITE to support PSTs to tackle the
theory/practice divide (Grossman et al., 2009). When scripting, the scripter is asked to
plan what they might say as the teacher, anticipate how students might react, and how
they might respond, writing an explanation for their choices (Crespo, 2018). Scripting
tasks pay attention to the complex and situational nature of teaching as a social activity,
whilst reducing its complexity (Campbell & Baldinger, 2022), allowing PSTs to focus
on a particular element of practice identified by the instructor (Grossman et al., 2009).
Analysis of scripts created by PSTs provides insight into their mathematical
conceptions and their pedagogical choices (Zazkis & Herbst, 2018).

Scripting Task 1 (ST1) (Figure 1) was designed to investigate the PSTs’ existing
conceptions of negative numbers (RQ1), their choice of representations (including
language) (RQ2) and the structures they highlighted (RQ3). Scripting Task 2 (ST2)
(Figure 2) encouraged the PSTs to focus on two specific representations (double-sided
counters and number lines), to investigate the connections they made between the
representations and mathematical structures (RQ3). Scripting Task 3 (ST3) (Figure 3)
was intentionally less structured, requiring PSTs to select their own conceptions and
representations (RQ1, 2 and 3). ST1 was used before, and ST2 and ST3 after, a
university session titled ‘Building a Sense of Structure’ during which different
conceptions and representations for negative numbers were investigated and the
structures they can reveal were discussed.

RESULTS

What conceptions of negative numbers do PSTs draw on?

PSTs described negative numbers in four broad categories as: quantities, movements,
positions, or symbols. The descriptions used by the PSTs within these categories were
varied and attended to different features which allowed further classification (Table 1).

Some PSTs used a particular conception consistently, whereas others used multiple
conceptions within the same explanations. For example, in ST1, one PST wrote:

Teacher: Then, if | subtract the negative number, I’m undoing the negative direction and
adding instead
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Figure 1: Scripting Task 1

Imagine you give the following task to a Year 7 mixed prior attainment group.

1. =5+3
2. =5+-3
3. =5--3
4. —=5-3

As you walk around the classroom you notice that the first two students, Alpha and Beta, have given
an answer of -8 to question 3. You decide to stop the class and start a whole-class discussion. What
can you imagine saying and doing next? What do you imagine the students will say and do in return?

Continue the imaginary conversation below.

Class exchanges

Explanation

Teacher: Hands-up if you think the answer to
question 3 is negative eight.

(nearly half the students raise their hands)

Teacher: What answer did you get to question 2?
Alpha?

Alpha: Minus eight

Teacher: Negative eight for question 2 as well.

question 3. Do you think the answers to question
2 and question 3 can be the same?

To check to see whether this is a mistake that
more than 2 students have made.

To draw students’ attention to the answer to Q2
being -8

To correct language use (minus — negative). To
draw attention to the similarities and differences
between the questions.

Figure 2: Scripting Task 2

Two students give different explanations for question 2.

Continue the conversation.

Class exchanges

Explanation

Student 1: | started with five reds and added
three more.

Student 2: | did it a different way. | went down
five and then down another three.

Teacher...

Figure 3: Scripting Task 3

The following lesson the students are considering this question:

-3x-2
Class exchanges Explanation
Student: Why does a minus times a minus equal
aplus?
Teacher...
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The use of the term ‘undoing’ could be categorised as a relativity conception, treating
the ‘negative number’ as an action. However, the reference to ‘negative direction’
suggests a translation conception, where the number is conceived as a movement. The
representations PSTs used and the explanations they gave in their scripts helped to
clarify their conceptions, but it was often not possible to assign one category,
demonstrating the complexity of the topic and the challenges of teaching it.

Table 1: Classification of negative number conceptions

Conception Example
Quantity: Debt Gaining and losing money/points on a game
Counterbalance Net worth, pits and piles

Relativity Doing/undoing — number as an action

Movement: Translation Vectors on a number line, magnitude and
direction
Rotation Movement on a number line, rotating 180°
when minus symbol is seen

Position: Order Relative position on the number line

Symmetry Folding or “flipping’ the number line at zero
Symbolic: Abstract Referring to ‘rules’ without context

What representations do PSTs use to convey these conceptions?

Seven types of representations were revealed in the scripts: written (using symbols),
verbal, analogies, double-sided counters, points on a number line, arrows on a number
line, and reflecting or “flipping’ on a number line. All scripts used some written and
verbal representations, but despite ST1 prompting PSTs to consider language use, some
PSTs did not convert or connect written representations (e.g. 2 + —3) to verbal ones
(e.g. “two subtract negative three”). There are many ways of reading ‘-’ including
negative, minus, subtract, take away, and difference between. The specific choice of
language can emphasise different conceptions and underlying structure (Bofferding,
2019; Macmillan & Ingram, Forthcoming). For example, Bofferding and Hoffman
noted a correlation between students’” performance on questions asking them which of
a pair of integers was ‘higher’ and ‘more’, suggesting that students interpreted ‘higher’
in terms of magnitude (Bofferding, 2019). This was reflected in the research reported
here, where PSTs regularly paired a movement to the left on a horizontal number line
with the phrase “‘gets lower’.

PSTs who explained using a quantity conception used double sided counters or
analogies of debt or pits and piles. Counters were used differently in ST3 where they
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were used in an abstract procedural way which introduced the rule of “flipping’,
drawing on a symbolic conception. This change aligns with two proposed different
conceptions of the minus sign, as a difference, or a multiplication by negative one
(Bofferding, 2019). Those who approached their explanations from a movement
conception used number lines, but number lines were not on their own an indicator of
a movement conception. PSTs used multiple conceptions with the same representation,
particularly with number lines. For example, when representing —5 + —3 in ST1, in
three scripts —5 was represented as a point on a line (position, order conception), and
—3 as an arrow (movement, translation conception). In one of these scripts this was
combined with a north/south analogy describing ‘starting at —5” (position, order
conception) and rotating (movement, rotation conception). Similarly, in one script in
ST3, the analogy of pits and piles (quantity, counterbalance conception) was used
alongside a number line (movement, translation conception). In ST3, multiplication by
—1 was represented by “flipping” or reflecting the number line about zero (position,
symmetry conception), where the number was represented by arrows (movement,
translation conception) or a point (position, order conception). In all three scripting
tasks, when using number lines or counters, PSTs used representations which were
visual (drawn), physical (describing students walking forwards and backwards, or
instructions to use counters on a visualiser) and imagined (talking about ‘going up’ and
‘down’ an imaginary number line, or imagining counters).

What connections do PSTs make between these representations and
mathematical structures?

Representations present opportunities to foreground mathematical structures. For
example, using ‘zero pairs’ with double-sided counters presents an opportunity to
emphasise the additive inverse property (a+ —a =0) which is “key in the
conceptualization of negative numbers” (Harel, 2019, p. 335), whereas representing a
number as an arrow on a number line highlights structures of magnitude and direction.
In three scripts in ST1, PSTs focused on the structure of negative arithmetic, attempting
to generalise to ‘subtracting a negative number is the same as adding a positive
number’. In two of these scripts, PSTs attempted to connect this structure to a number
line representation which drew on position and movement conceptions, whilst the third
presented it as a rule (symbolic conception). In two other scripts in ST1, PSTs focused
on addressing the conception that holds for whole number but not integers, that
‘addition makes larger’, using number lines to demonstrate this. One of these
representations used a symmetry conception, with numbers represented as arrows
(movement conception) symmetrically about —5. In contrast, in ST3, where the task
was focused on a generality, “Why does a minus times a minus equal a plus?”, five of
the nine scripts explicitly addressed the additive inverse (—1 < a = —a) using a range
of representations including counters, number lines, algebra and analogies.
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CONCLUSIONS

We identified and categorised pre-service teachers’ conceptions of negative numbers
as: quantity (debt, counterbalance, and relativity), movement (translation and rotation),
position (order and symmetry), and symbolic (removed from context). The
representations they used to convey these conceptions were: written, verbal, analogies,
double-sided counters, position on a number line, arrows on a number line, and
reflecting the number line. Number lines were more likely to be used with movement
conceptions and counters with quantity conceptions, but representations were more
likely to draw on a range of conceptions simultaneously. The multiplicity of
conceptions being drawn on within a single explanation demonstrates the complexity
of teaching and learning about negative numbers and may contribute to the PSTs
making few explicit connections between representations and structures in their scripts.

Whilst the results of this study reflect and build on prior research into students’
negative number conceptions, the small scale and the pool of respondents being from
the same ITE institution may have limited the variety in the responses we received.
Furthermore, whilst scripting provided insight into the scripter’s thinking, we cannot
conclude that PSTs would choose to draw on the same conceptions or representations
in a real lesson. This research should be built on by collecting responses from PSTs in
a variety of ITE situations (for example School Centred Initial Teacher Training) and
by extending the data collection techniques to classroom observations.
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TENSIONS AND TASK DESIGN: A CASE IN MATHEMATICS
TEACHER EDUCATION

Ami Mamolo?, Rina Zazkis?
!Ontario Tech University, 2Simon Fraser University

We present a case of an early-career mathematics teacher educator, Nadia, who brings
real world contexts to her work with prospective teachers, focusing on issues of
societal importance. Building on research concerning teachers’ tensions, we describe
tensions that the teacher educator experienced, navigating between her intention to
support teachers’ mathematical knowledge and students’ attention being pulled away
from mathematics. We illustrate Nadia’s attempts to navigate tensions by amending
her task design in order to support her mathematic-related learning goals.

INTRODUCTION

As part of multiple case-studies project, this report focuses on a mathematics teacher
educator (MTE), Nadia (pseudonym), and her experiences of tension when introducing
prospective teachers to issues of societal importance revolving around mathematics.
The experiences and expertise of MTEs have been of interest to the the International
Group for the Psychology of Mathematics Education Conference, as evident, for
example, in the working session at on “Mathematics teacher educators’ knowledge”
(Beswick et al., 2014), as well as in research reporting (Barbosa, 2025; Zazkis &
Mamolo, 2016). Despite this focus, we found limited research attending to MTEs
experience of tension. Tension related to teaching has been described as “a challenging
situation with no clear-cut solution, a situation in which competing influences or forces
suggest different, often opposing courses of action” (Barwell, et al., 2016, p. 175).
Tensions emerge in situations where an unanticipated event leads to uncertainty over
what course of action to take next, and provide important context for understanding
teachers’ actions and decisions (Liljedal et al., 2015). Liljedahl et al. (2023) described
cases of teachers living with tensions, trying to resolve tensions, or avoiding tensions.

While most of the research on tension focuses on the teacher, we extend the
conversation by focusing on a MTE, Nadia. In particular, we interpret Nadia’s attempts
to avoid, resolve, and then eventually live-with tensions that emerged with the
realization that her learners’ attention had shifted away from the intended mathematical
ideas of the task. Our research is motivated by studies that have highlighted the
relevance of mathematical knowledge for influencing pedagogical actions and
decisions (e.g., Zazkis & Marmur, 2018), as well as by research that has highlighted
the complexities of keeping prospective teachers’ attention focused on mathematics
when addressing interdisciplinary contexts related to issues of societal importance
(e.g., Mamolo, 2018; Mamolo, et al., 2022). Specifically, this study addresses the
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following research questions: What tensions are experienced by a MTE while trying to
enhance the mathematical knowledge of teachers in relation to issues of societal
relevance? How does the MTE navigate these tensions?

CONTEXT AND BACKGROUND

Liljedahl et al. (2023) suggest tensions related to teaching can be internal (related to
personal experiences, beliefs) or external (related to imposed curriculum, assessment
norms). They can ebb and flow over time (Berry, 2007), are complex (Sparrow & Frid,
2001), unavoidable (Mason, 1988), interconnected and recurring (Cuban, 1992).
Research has studied tensions experienced by teachers during mathematics-focused
professional development (Widder et al., 2025), and during the implementation of a
novel task in their lessons (Herbst, 2003). Tensions related to teachers’ mathematical
knowledge have emerged in situations where the mathematical content was found
challenging (Nipper et al., 2011) or where the societal context of the task was deemed
inappropriate for mathematics class (Mamolo & Pinto, 2015). Research with teachers
who incorporate societal issues into mathematics has highlighted tensions related to
balancing attention paid toward the mathematical ideas to be learnt and the societal
context to be explored (Bartell, 2013). Research has also shown that prospective
teachers can struggle to identify relevant mathematical ideas when contextualized in
societal issues (Mamolo, 2018) and that attention can be pulled away from mathematics
when trying to navigate interdisciplinary learning spaces (Mamolo et al., 2022).

In the context of teacher education, researchers have examined experiences of tension
from the lenses of preparing prospective teachers to work with diverse student
populations (Ben-Peretz & Flores, 2017), in current contexts and the unknowable
future (Goodwin et al., 2023), and with respect to balancing authority and credibility
with building relationships and care (Phillips & Park Rogers, 2020). Within
mathematics teacher education specifically, Berry (2007) identified six binary pairs of
tensions pulling teachers in opposite directions. The pair of “safety and challenge”, for
example, is described as a tension between a supportive learning experience and a
potentially uncomfortable learning experience. Another pair, “confidence and
uncertainty”, describes the tension between the desires of MTEs to build teachers’
confidence while also preparing them for the contingencies of teaching. While the
tensions identified here related to experiences that might face teacher educators in
general, we are particularly interested in tensions related to fostering mathematical
knowledge in teacher education. According to Watson and Ohtani (2015), task design
is at the heart of effective mathematics teaching and learning. We suggest that task
design is also at the heart of effective mathematics teacher preparation, and as such,
we examine tensions related to task design in mathematics teacher preparation.

THEORETICAL FRAMEWORK

Liljedahl, et al. (2007) introduced a usage-goal framework to help MTEs “think more
explicitly about how and why we are using mathematical tasks with our students”
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(p.248). The framework disaggregates mathematics from pedagogy so as to allow the
examination of tasks from different perspectives; presented as a 2x2 array where the
content of each cell can be read as “The use of x to promote understanding of Y”’
(p.240), where x, Y € {mathematics, pedagogy}. Mamolo (2018) extended this
framework to include context; that is, the use of x to promote understanding of Y, where
X, Y € {mathematics, pedagogy, context}, as depicted in Figure 1.

Figure 1: Usage-goal framework extended

GOALS
Mathematics (M) Pedagogy (P) Context (C)
mathematics (m) mM mP mC
m
< | pedagogy (p) pM pP pC
o)
context (c) cM cP cC

While the framework was introduced in the context of task design, we extend its
applicability by using it to analyse the tensions that can emerge between the design
intentions and implementation of a task. That is, we apply the framework as a lens
through which to interpret what teachers are attending to while exploring a task that
was intended to foster mathematical understanding. According to Mason (2003),
“learning consists of shifts in the structure of attention: in what is attended to and how”
(p. 9), and “attention is crucial to what can be noticed, and what can be learned” (p.
14). Thus, by applying the framework to teachers’ focus of attention, we frame the
tensions experienced by Nadia during her implementation, reflection, and modification
of a task that intended to use a societal context to foster understanding of mathematics.

METHODOLOGY

In this section, we first introduce Nadia and her orientation toward mathematics teacher
education. We then describe data sources and data analysis.

Nadia holds a PhD in Mathematics Education with several years’ experience teaching
middle and secondary school. Nadia described herself as a social constructivist who
believes that learners feel the most engaged when they can see a concrete purpose for
their learning. She wants the prospective teachers in her classes to gain experiences
that are project-based, collaborative, and reflective as she believes that teacher
educators need to model the practices for which they advocate. Nadia described herself
as a strong believer in bringing real world problems into the mathematics classroom.
She believes in exposing prospective teachers to a variety of real world contexts, for
which mathematics is relevant, and emphasized the importance of helping teachers see
that mathematics is relevant to more than the fields of engineering, technology, science,
and finance. She described an important goal of hers in teacher education as helping
teachers connect mathematics to issues of fairness and justice.
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Our data included Nadia’s collected written reflective accounts, teaching-artefacts she
developed and shared with us, and series of semi-structured interviews. We focus our
findings and analysis on one example of Nadia teaching: a semester-long project called
Math for Society. Prospective teachers in Nadia’s class were required to work in small
groups to explore a societal issue of their choice for which incomplete or inaccurate
mathematical knowledge could lead to inappropriate and socially detrimental
conclusions. The objective of the project was for teachers to create a digital learning
tool that uses mathematics to educate the public about their chosen societal issue. Data
related to this project were analysed according to the extended usage-goal framework.

FINDINGS & ANALYSIS

With respect to the extended usage-goal framework, the findings reported here focus
on Nadia’s usage of mathematics, pedagogy, or context for the goal of enhancing
prospective teachers’ knowledge of mathematics (Figure 1, left column).

The use of pedagogy to support understanding of Mathematics (pM)

During Nadia’s interview, she reflected on her experiences introducing societal issues
to her mathematics classes.

Nadia: Sometimes, when | start this topic in class, | can see some teachers. Their
shoulders drop, they look away, | think they stop listening. It feels like,
sometimes, the air is let out of the room. But that is only some teachers.
Other teachers, they sit up straighter, it’s like they wake up finally.

Part of Nadia’s strategy for (re)directing attention toward mathematics was through her
deliberate usage of pedagogical approaches to counter the resistance she described
experiencing in class. One such strategy was her use of “touchpoints”, where teachers
shared their progress and ideas for feedback and discussion.

Interviewer: Can you tell us more about the Math in Society project and why you felt the
need to include what you called "touchpoints"?

Nadia: Oh, yes, sure. Touchpoints are like, for me, points in the semester where
we touch on the mathematics. | would meet with each group, and they
would tell me about their work so far. The first touchpoint, they talked
about what was the issue they chose and what math is connected -- usually,
percentages, ratios, maybe some statistics. Then the second touchpoint, |
ask them about examples of "mathematical misunderstandings". Like, what
is the math idea that can get misunderstood by people, and what are the
implications to getting the math wrong. The third touchpoint, is to talk
about who is the audience, and how will they understand the mathematics.

Nadia described feeling unsatisfied with the touchpoint meetings. She found students
more concerned with posing questions about project requirements and deadlines, and
she struggled to maintain attention on the intended mathematics. Nadia felt it would be
unfair to ignore students’ questions, so the touchpoint meetings changed into Q&A
sessions. In response to this, Nadia decided to use the projects as springboards for
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further classroom learning, and began incorporating aspects of the projects into her
other class activities, often pulling directly from the societal contexts introduced by
students. We interpret this approach as yet another pedagogical strategy that Nadia
employed to redirect her students’ attention toward the intended mathematics.

The use of context to promote understanding of Mathematics (cM)

As mentioned, Nadia tried to leverage the project topics selected by her students as
contexts for mathematical discussion in class. Nadia described the projects as “very
interesting... because, you know, | didn’t expect these connections”.

Nadia: For instance, the cancer project was very interesting. They focused on
percentages. Like, they said the risk of colorectal cancer increases by 18%
for each 50-gram portion of processed meat.... The teachers thought “18%
increase” could be misleading for students — maybe they see it as 18% risk
instead. But then, the example they used to show this is not correct... They
never addressed the idea of 18% risk, not even to do a calculation.

The topic of percentage increase came up as a source of challenge in multiple projects.
Nadia lamented that "most groups didn't do any calculations, even when showing this
would explain what is going on - which was the point of the project!" In response,
Nadia decided to address the topic in class discussion, which she began by sharing the
information on colorectal cancer and asking the question "What does an 18% increase
mean in this context?" We asked Nadia to reflect on the class discussion that ensued.

Nadia: Well, [laughs] first thing they said is "oh, | had this-and-this for lunch... oh
no". And then, if you can believe, they start talking about how much meat
is in their sandwich — maybe is less than 50g and one person says then the
statistic is not relevant because no one puts that much in their sandwich.
And then, but what about two sandwiches? And is turkey sandwich better
than ham sandwich? And what about pork chop? Is it red meat or not red
meat? Like, all these things they are wondering about the food, but they are
not wondering what it means to have 18% increase.

The use of mathematics to promote understanding of Mathematics (mM)

The digression of the discussion away from mathematics prompted Nadia to again
adapt her strategy, this time by using her knowledge of mathematics to help redirect
attention toward the mathematical content.

Nadia: I told them, forget about meat. | asked them, first, what do we need to know
to understand what it means to have 18% increase? | thought the answer
would be obvious, but it took a bit of time you know. Then someone says
"you need a starting number". OK, so | say, "let's say we start with 10%".
Easy number, easy to see what will happen.

Nadia's described her attempt to anchor the mathematical discussion with an "easy
number” as receiving a mixed reception. While some students began explore the
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figures and calculations, other students began a debate on whether or not 10% "was
really a number", with students arguing for and against.

Nadia: They [the students] decided that it was not appropriate to call 10% a
"starting number", although they acknowledged that 10% is the same as 0.1
and that 0.1 is a number, but in this context, 10% was a rate and should be
called as such or it will confuse students.

For other students, the idea of a 10% cancer rate was so alarming that it derailed the
conversation completely. These students spent class time researching cancer data to
find accurate rates to share with the class. Nadia used the opportunity to steer the
discussion toward making appropriate choices when picking numerical examples,
where considerations should include how manageable the calculations are as well as
how realistic the figure is for the context (“so as not to spread misinformation”).

Interviewer: Did you ever get back to the topic of percentage increase?

Nadia: No. | wanted to though. I tried to come up with a different example - like,
salad dressing with low fat, 50% less fat than regular. So, | went to
supermarket and took pictures of nutrition labels... Regular dressing was
one with 23% fat and 8% trans-fat, and label for 50% less fat dressing says
13% fat and 5% trans-fat. So how is it 50% less? It is not social justice, but
it is interesting mathematically. But, | don't know. | didn’t like it as much...
Anyway, what if they just start talking about ranch vs vinaigrette [laughs]?
There are so many other topics to discuss...

DISCUSSION

Our case study explored two related questions: What tensions are experienced by a
MTE while trying to enhance the mathematical knowledge of teachers in relation to
issues of societal relevance? How does the MTE navigate these tensions? We applied
the goal-usage framework in a novel way to analyse tensions that surfaced as a MTE
navigated competing influences and then responded to the implications of her choices.

In response to the first question, we note that tensions emerged for Nadia as she made
choices related to the use of pedagogy, context, and mathematics to promote
understanding of mathematics. In response to our second question, we note a partial
answer in task design. For instance, tension emerged when the deliberately designed
touchpoint meetings turned into general Q&A sessions and Nadia navigated this
tension by setting aside her intended learning goals for the touchpoint sessions and
designing a follow up task for class discussion. When the class discussion still resulted
in minimal mathematical engagement, Nadia attempted to prompt a computational
exploration by providing an “easy number” to start with. This tweak led to further
tensions, as the connection between 0.1 and 10% was not obvious to some students.
The tension between choosing an "easy" number and an accurate number was also felt
by Nadia, who navigated it by again tweaking the task, this time through a change in
context. This change surfaced a further tension for Nadia, who felt that while the new
context of nutrition was important, it was not as impactful as the original discussion.
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The experience of tensions begetting further tensions resonates with research on
tensions incorporating societal contexts into K-12 mathematics teaching (LeSage &
Mamolo, 2023). Nadia’s experiences are also in line with research by Liljedahl et al.
(2023) who describe an interplay between external and internal tensions. In Nadia’s
situation, external tensions related to student expectations led to internal tensions
regarding Nadia’s intended mathematics learning goals and her personal beliefs about
the inclusion of meaningful societal contexts.

CONCLUDING REMARKS

In her efforts to navigate tensions, Nadia drew respectively on the uses of pedagogy,
context, and mathematics. Her story highlights the complexities and interconnection of
tensions that are elicited and experienced in mathematics teacher education as MTEs
feel themselves torn between advancing their mathematics-related learning goals and
adapting to their students’ divergent attention. This case study adds new understanding
about the interplay of tensions impacting MTEs and the use of task design in
anticipating, mitigating, and navigating tensions.
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WHAT COUNTS AS A“GOOD DATA-BASED ARGUMENT™?
STUDENTS’ EVALUATIVE CRITERIA IN A CLASS DISCUSSION

Carlotta Vielmo?, Mirko Maracci?
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This paper investigates how 10th-grade students conceptualise criteria for evaluating
data-based arguments in decision-making contexts. Drawing on Habermas’ construct
of rational behaviour, we analyse how evaluative criteria are articulated and
negotiated in students’ talk in a whole-class discussion aimed at co-constructing
validity and quality criteria. Findings show diverse students’ conceptualisations of
prototypical criteria such as correctness, completeness, and clarity, and the emergence
of terms as orientation, reasonableness, and significance, whose meanings cut across
epistemic, teleological, and communicative dimensions.

INTRODUCTION

Citizens increasingly encounter decisions in several domains, justified through
statistical evidence. As a result, engaging in data-based argumentation, i.e., making
claims and justifications grounded in data while accounting for uncertainty and
variability, is increasingly framed as a key component of statistical literacy (Bolstad,
2025). Although research extensively investigates students’ reasoning with data, the
construct of data-based argumentation has received comparatively less explicit
conceptual development (e.g., Krummenauer et al., 2023). Beyond producing data-
based arguments, students also need opportunities to evaluate their quality, especially
in decision-making contexts where multiple analytical options and interpretations are
available. In this regard, moments of collective evaluation can foreground what the
classroom community comes to treat as legitimate evidence, acceptable inferential
moves, and appropriate ways of communicating data-based claims. However, how
evaluative criteria for “good” data-based arguments are made explicit, discussed, and
negotiated in class interactions remains under-explored. This study is part of a broader
ongoing project (Vielmo, 2025) investigating how statistical rationality takes shape in
mathematics classrooms. Statistical rationality is conceived as a specific form of
rational behaviour (Habermas, 2003) that may develop when working with data and
justifying and evaluating data-based claims under uncertainty and variability. Within
this perspective, this contribution analyses a class discussion situated within a designed
teaching sequence and explicitly oriented toward evaluating data-based arguments.
The aim is to characterise the forms of statistical rationality enacted as students
collectively negotiate criteria for argument quality.

CONCEPTUAL FRAMEWORK

This study draws on Habermas’ characterisation of rationality by three intertwined
dimensions: an epistemic dimension, involving the validation of claims according to
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shared premises and legitimate modes of argument; a teleological dimension,
concerning the adequate selection and use of tools and strategies to achieve the
activity’s goals; and a communicative dimension, including adherence to rules
ensuring both the ability to communicate the steps of argumentation and the conformity
of the outcome to the standard or target reference (Habermas, 2003). More specifically,
we conceptualise statistical rationality as a domain-specific form of rational behaviour
that may develop when working with data and become visible in communicative
interaction, when reasons are made public, open to critique, and oriented toward
intersubjective validation.

In this view, data-based argumentation is seen as a discursive practice co-constructed
within the classroom community, where data works as central support for claims and
decisions, requiring engagement with uncertainty and variability (Blscher, 2024).
While data-based argumentation is often linked to inferential reasoning (e.g., Gmez-
Blancarte & Tobias-Lara, 2018), this study focuses on foundational data-level choices
(e.g., selecting variables, grouping cases, or choosing representations) that already
entail justification and demand to coordinate statistical knowledge (SK) and context
knowledge (CK) (Wild & Pfannkuch, 1999). As SK and CK may draw on distinct
rationalities, their coordination may also open tensions around what counts as a
reasonable interpretation and a warranted conclusion in stochastic settings.

Since argumentation is framed as rational behaviour emerging in interaction, the
construction and negotiation of criteria for argument quality become constitutive of the
development of rationality and analytically relevant for investigating how rationality
is enacted (Boscolo et al., 2025). Research on formative assessment takes correctness,
completeness, and clarity as core evaluative criteria to support teachers’ and students’
meta-talk about what counts as a good mathematical argument (Cusi et al., 2017) and
as discursive mediators that support the articulation and negotiation of rational
dimensions in classroom interaction (Boscolo et al., 2025). The dimensions of
rationality are interpreted through how evaluative criteria are articulated, justified, and
negotiated in classroom discourse.

We draw on this research while acknowledging an important specificity of data-based
argumentation. Working with uncertainty and variability implies that argument
legitimacy is often tied less to a single necessary deductive chain than to the
transparency and coherence of analytical choices. As multiple analytical moves are
available, the argumentative product must account not only for the final claim and the
supporting evidence but also for the entire inquiry process. In this sense, the
teleological dimension, while enacted at the process level, may also surface within the
product itself. Within this framework, we interpret the epistemic dimension of
statistical rationality as manifesting primarily in how students mobilise correctness and
completeness. References to correctness may concern reading and elaborating data
without errors, the consistency of data interpretations with activated CK, the reliability
of selected data sources, and the warranting of conclusions by the statistics used,
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accounting for uncertainty. Completeness, from an epistemic perspective, concerns the
relevance of the statistical and contextual resources selection to meaningfully represent
the phenomenon and the coherence of the argumentative chain across the SK and CK
domains. The teleological dimension is interpreted as manifesting in the goal-
orientedness of strategies and the completeness of the argumentative product with
respect to the task. It becomes visible when students evaluate the adequacy of selected
data, representations, or statistical tools in supporting a given claim, and when
completeness is invoked to consider alternative analyses, data sources, or
representations before drawing a conclusion. The communicative dimension is
interpreted as manifesting in how students mobilise clarity and completeness. Clarity
concerns the intelligibility and transparency of the argumentative product for the target
community, while completeness refers to providing sufficient textual or visual
information for others to understand, assess, and potentially challenge the argument.

DESIGN CONTEXT AND FOCUS OF THE STUDY

The study is situated in a teaching sequence designed to foster data-based decision
making and meta-level evaluation of arguments, while creating conditions under which
such processes can be observed. Within this sequence, particular attention is given to
whole-class discussions explicitly oriented toward evaluating data-based arguments
and negotiating what counts as a valid or convincing justification in a stochastic
context. The present study focuses on one whole-class discussion in which students
collectively examine and assess data-based arguments related to the same decision-
making task. Against this background, the study addresses the following research
question: Which criteria emerge from the classroom discussion? In particular, which
criteria align with the conceptualization of the a-priori criteria and, if additional ones
emerge, which dimensions of rationality do they appear to reflect?

While the study builds on an a priori framework of evaluative criteria, the analysis
remains open to identifying additional criteria emerging from classroom discussion.

METHOD

The study was conducted in a 10th-grade class of an Italian science-oriented high
school, involving 21 students. The class participated in a 10-hour teaching sequence
designed to foster data-based argumentation and the evaluation of argument quality.
Students are here anonymised and referred to as S1-S21 throughout the paper.

The empirical focus of the study is a whole-class discussion centred on a statistical
decision-making task on school mobility. Students had to decide whether to support
the installation of bicycle maintenance stations (pit-stops) in the school district and to
justify their position using a dataset on students’ commuting habits, explored through
a web-based data analysis tool (for the full task, see: https://tinyurl.com/taskPME49).
Prior to the discussion, students produced written responses to the task and examined
six pre-constructed exemplars (Grion et al., 2017) representing various levels of
argument quality. These activities served as a shared reference for the subsequent
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discussion. The whole-class discussion, conducted by the first author, unfolded across
two consecutive sessions, was video-recorded, and transcribed verbatim.

Analytical perspective and analysis protocol

The analysis adopts a qualitative, discourse-oriented perspective and follows a hybrid
approach. The unit of analysis consists of evaluative contributions, defined as
utterances (or clauses within an utterance) in which participants assess the quality of a
data-based argument, request clarification or justification, propose revisions, or
negotiate what counts as an appropriate evaluative criterion. The a priori criteria
outlined in the conceptual framework were used as initial interpretive lenses to
examine evaluative contributions in relation to correctness, completeness, and clarity.
When contributions could not be adequately captured by such criteria, additional ones
were identified inductively through iterative comparison. For each contribution, the
analysis considered (a) the aspect of the data-based argument addressed (e.g., data
reading, data interpretation, or use of representations), and (b) the role of the
contribution within the ongoing discussion (e.g., challenge, agreement, clarification
request, or negotiated reformulation), to interpret how evaluative criteria were enacted
and negotiated in interaction rather than merely named. In a subsequent step, evaluative
contributions and the criteria they mobilised were interpreted in relation to the
epistemic, teleological, and communicative dimensions of rationality. Coding and
interpretation were iterative and refined across episodes through repeated comparison.

FINDINGS

The discussion reveals correctness in ways that align, to varying degrees, with the a
priori conceptualization, manifesting both epistemic and teleological dimensions.
Correctness is first framed in general terms by S1, saying that the first exemplar “has
no weaknesses, because it says something concise and correct”. S1 then articulates
correctness more precisely as warranting the claim by the statistics used: “the important
thing is to use the data correctly” and an incorrect conclusion is one that “contradicts
itself with the data”. Within this framing, S1 also notes that data can only support an
“expectation”, not a certain conclusion, indicating some awareness of the epistemic
status of inferential claims, even though qualifiers are not explicitly voiced. A second
framing of correctness regards the sensibility of contextual interpretations. For
instance, S2 and S3 call a conclusion “wrong”, saying “because almost 9 out of 100 is
too small”, referring to the 8.8% biking rate as insufficient to conclude installing bike
pit-stops. Here, correctness refers to the plausibility of the interpretation and its fit in
the argument, rather than misuses of statistical outputs. A third focus concerns
correctness understood as reading and elaborating data without errors. This aspect
becomes salient when the researcher prompts students to consider the appropriateness
of computing the mean of the “class” variable, thereby foregrounding correctness in
relation to data handling at the statistical level. However, this attempt does not lead to
a stable shared understanding. At a later point in the discussion, S4 argues that one
“cannot talk about correctness in reading data, because that is personal interpretation,”
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thus collapsing reading into interpretation within the domain of CK. While initially
apparently accepted by students, the distinction between reading (in SK terms) and
interpreting does not hold across the discussion. When students are asked to judge the
correctness of a mean computation, the class does not converge, indicating that the
very possibility of assessing correctness at this level remains contested. This is well
illustrated by two contrasting contributions: S3 states that the mean “is correct, but
wrong to use it,” while S5 justifies by referring to the suitability of quantitative data
for computing a mean. Another epistemic aspect related to correctness - namely, the
reliability of data sources- is never raised, even though one exemplar relies on a
newspaper article, which could have invited such reflection.

The discussion foregrounds completeness at various times. Students often use the term
complete to evaluate whether the evidence or elaboration is sufficient and relevant to
represent the phenomenon. For instance, an exemplar justifies installing pit-stops by
checking biking rates within a limited distance, and S3 and S6 criticise it, as the
argument “is not complete, because it considers just the range under 4km”. This
narrowing of the dataset is seen as undermining the argument’s legitimacy, as the
conclusion should draw on the whole dataset. Similarly, S7 and S8 note that the same
argument “does not take into account how bikers are distributed across schools” and
one should “check how many people attend each school”, pointing to overlooked
sources of variation that may weaken the argument’s epistemic validity. Across both
sessions, students propose diverse ways to tackle incompleteness: considering other
variables (e.g., S2 mentions commute time), gaining more contextual information (e.g.,
S4 suggests considering possible pit-stops locations) or collecting new data from a
survey (e.g., S9 suggests investigating willingness to change mobility habits). When
S7 and S8 suggest completing the exemplar by including more data, S10 states that “it
is also important to understand what the purpose is” and contrast two installation aims
(supporting an existing ecological behaviour or targeting the majority), arguing that
what counts as relevant evidence (only the rate of current bikers or also non-bikers)
shifts accordingly. S10 highlights the importance of the intended goal within CK and
opens space for intending completeness as accounting for the evidence’s epistemic
legitimacy or as ensuring that, once the goal is fixed, all relevant data and elaborations
have been considered, enacting the teleological dimension. The role of the goal and the
related adequacy of strategies is made explicit by S1, noting the inquiry process
requires to first formulate a thesis to reach a conclusion, otherwise one “looks at the
data in vain”. Moreover, S4 says that the author of one exemplar “could have written
that, in their view, installing them [pit-stops] could potentially increase the percentage
[of bikers]; otherwise, it does not make sense”, linking goal-stating to argument’s
quality. To some extent, S4’s comment may also point to completeness related to the
communicative dimension, focusing on what must be communicated for the argument
to be understood.

Clarity is not explicitly addressed in the first session, thus the researcher directly
questions the clarity of an exemplar in the second one, eliciting multiple views. Some
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students treat it as comprehensibility (e.g., S5 says “[the argument is] written in a
simple way, without beating around the bush”; S11 claims that “data are explained
well”). Others link it to structural aspects: for S1, a clear exemplar combines “a text
that explains the reasoning and the considered data (...) and a graph that shows the
reasoning”. S1 later argues that “two or three lines that only make the data explicit”
are not enough, and S11 counters that a text “can be clear, even if short”, revealing a
tension between brevity and sufficient explication. An analogous tension surfaces in
talking about graphs. Some students (e.g., S7, S9, S10) consider the graph needed
because it allows for explanation “beyond words”; S3 replies that it “must be a support
instead of the whole answer”, calling for an accompanying text. When prompted to
compare graphs with different stylistic features, students treat clarity as readability
(e.g., “one is less intuitive”; “I find it difficult, because it is not easy to read”). S10
adds that “if the graph includes too much information, it can also be confusing; here
information is smaller and, let’s say, disorganized”, whereas S1 values information-
rich graphs because they “show the data clearly”, attributing to graphs a role in making
data accessible to the reader. The importance of accounting for the target community
to evaluate communicative quality remains implicit in students' talk and is made visible
only by the researcher.

A new criterion emerging early in the discussion is that of orientation, used in at least
two distinct ways. First, as goal-alignment: some students stress that the argument
should provide data supporting the argument’s aim. This can be seen when S10 states
that “data must be oriented toward the goal,” echoed by the researcher’s call for data
collection to be “oriented and complete.” Second, in epistemic terms, as the provision
of meaningful and valid data: S1 explains that “oriented means selecting data that we
know are meaningful and cannot be disproved,” implying that a not-oriented argument
lacks legitimacy. S3 adds that orientation should not be confused with correctness.
Later, S5 refers to an “oriented and significant elaboration”, possibly invoking both
purpose and evidential strength.

Reasonableness is often invoked as a criterion assessing whether an interpretation of
statistical evidence is acceptable. S10 triggers its meaning negotiation, noting that
evidence may be reasonable for some and not for others. S4 and S1 react by framing
reasonable evidence as “proved by data”, emphasising a data-driven perspective. In
contrast, S9 argues that personal interpretation is still needed, otherwise data may
legitimise unrealistic claims (e.g., “if the maximum distance that people were travelling
was 30 km, (...) people should be willing to walk 30 km”). Reasonableness thus
becomes a site of tension between data-based and context-based conceptions,
sometimes blending both (e.g., S10 closes with “2 km is reasonable, because it is quite
objective”), swinging between epistemic legitimacy (proved by data) and teleological
concern, judging plausibility in light of action implications.

The term significant appears in two exemplars and was reprised and used by students
in different moments. For instance, S1 argues that the exemplar “likely referred to 2.11
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km as a significant datum because (...) if we looked at the distance travelled, say, across
Italy, we might see that 2.11 km is significant”, and adds that “if | bring a datum into
my argument, | bring it because, statistically, it’s a datum that holds up; it should be
shown that it is a significant datum”, then noting which data properties make a mean a
“significant index”. The term also occasionally appears to be used interchangeably
with, or closely connected to, other terms such as “oriented”, leaving open whether the
term may refer to statistical legitimacy or goal-oriented adequacy. S5’s call for an
“oriented and significant” elaboration exemplifies this ambiguity.

DISCUSSION AND CONCLUSION

The study investigates which criteria emerge from the class discussion and which
dimensions of rationality they appear to reflect. The analysis shows that students do
not rely on a single, stable set of criteria, but rather on a constellation of evaluative
criteria whose meanings are continuously re-shaped in interaction.

With respect to the a priori criteria, correctness, completeness, and clarity all emerge
as salient evaluative resources. However, they are mobilised in multiple ways and
negotiated, with shifts that blur the boundaries between epistemic, teleological, and
communicative concerns. Correctness is associated with warranting the claim by the
statistics used and with concerns about reading and elaborating data. While contextual
interpretation is mainly discussed in terms of plausibility and decision relevance, the
risk of misreading statistical outputs within CK remains largely implicit, as does data-
source reliability. Completeness becomes a central site of negotiation, alternately
referring to evidential sufficiency, goal-oriented adequacy and explanatory sufficiency.
Clarity is elaborated in relation to comprehensibility and structural organisation,
revealing tensions between brevity and explication and between simplicity and
informational richness.

Alongside these criteria, new ones emerge. Terms such as orientation, significance,
and reasonableness appear to serve to more precisely convey concerns about purpose,
evidential strength, and actionability. These findings suggest that traditional criteria
may work as only partially adequate mediators of students’ meta-talk on argument
quality in stochastic contexts. Students’ introduction of new terms can be interpreted
as an empirical response to the limits of existing criteria in capturing the complexity of
data-based inquiry and decision making. Notably, these new criteria lack stable
definitions and their relation to epistemic and teleological dimensions remains fluid.

This fluidity should not be read as a deficit, but as evidence of students’ engagement
with the inherent complexity of statistical decision making. Moreover, the observed
instability in the use of evaluative criteria might point to a broader tension between
acting with criteria and reflecting on criteria as objects of discourse. The design choice
to centre the discussion on the evaluation of exemplars can be seen as an attempt to
prevent and mitigate this tension, by grounding evaluative talk in concrete
argumentative products rather than abstract definitions. As a result, although the
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meaning of evaluative criteria remains partially unstable, throughout the discussion,
students frequently positioned themselves with respect to the analysed exemplars.

The study focuses on a single classroom discussion, and not all potential evaluative
criteria are explored in depth, partly due to time constraints and the specific features of
the exemplars discussed (e.g., none contain errors in data reading or elaboration).
Moreover, the researcher’s role in steering the discussion is not analysed here, even
though it likely contributed to which criteria were foregrounded. Future research could
examine how sustained, structured work on evaluative criteria, across multiple tasks
and discussions, fosters the development of statistical rationality and students’ ability
to engage in explicit meta-talk about argument quality.
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EMBODIED INSTRUCTIONAL INTERVENTIONS FOR THE
EMERGENCE OF FORMAL GEOMETRY REASONING

Nadav Marco'?, Alik Palatnik*
The Hebrew University of Jerusalem, ?David Yellin Academic College of Education

This design-based research (DBR) tests the self-friend—skeptic framework as
embodied moves for the teacher to shift spatial-geometry reasoning from measurement
to proof. In five teaching experiments (TE) with 16 non-STEM education
undergraduates, an instructor-guided body-sized-cube activity was iteratively refined.
Naming a “skeptic’ often failed, whereas justifying to an absent friend without a cube
reliably prompted general, non-demonstrative warrants. Progressively constraining
affordances recruited an inner skeptic and semiotic resources. We propose a
classroom-ready principle: escalate audiences-of-conviction framing while
withholding manipulatives.

INTRODUCTION

Over the past two decades, mathematics education has increasingly foregrounded
embodiment, showing that gesture, movement, and material engagement are
constitutive of mathematical thinking and learning (e.g., de Freitas & Sinclair, 2013).
In line with the PME49 theme, Sensing and Making Sense of Mathematics, the present
study views mathematical sense-making as emerging through bodily experience and
interaction with the material world. We focus on the role of the teacher in embodied
learning environments—a dimension that, despite growing attention (e.g., Abrahamson
et al., 2022; Boonstra et al., 2025; Way & Ginns, 2024), remains underexplored. In
particular, advanced forms of high-school reasoning and proving, especially in
geometry, have only recently begun to be investigated from embodied perspectives
(Marco & Shvarts, 2025). Addressing this gap, the present design-based research
(DBR) study articulates empirically grounded design principles for teacher
interventions that scaffold students’ transition from ‘naive’ measurement-based
reasoning to formal proving in spatial geometry.

THEORETICAL BACKGROUND
Embodied design and the teacher’s role

A recent PME Research Forum synthesized intertwined principles of embodied design
for mathematics: involve students’ bodies in activity; enable immediate sensorimotor
coupling with artifacts so that their affordances—perceived possibilities for action—
can be discovered and support learning; design with semiotic sensitivity; orchestrate
multiple semiotic registers to foster multimodal engagement and “languaging”
(Palatnik et al., 2023). Recent studies highlight the teacher’s embodied role: how
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instructors shape learners’ perceptual fields, direct attention to relevant cues, and
revoice gestures to support conceptual reorganization (Abrahamson et al., 2022;
Boonstra et al., 2025; Way & Ginns, 2024). Yet, the field still lacks empirically
grounded design principles for teacher facilitation in embodied contexts that involve
advanced reasoning and proof (Marco & Shvarts, 2025; Palatnik & Marco, 2026).

Mathematical conviction and proving

Proving serves multiple functions in mathematics education. Stylianides et al. (2017)
identified three complementary perspectives: proving as problem solving, as
convincing, and as a socially embedded activity. This study focuses on the convincing
perspective, viewing proof as a process through which learners establish and
communicate mathematical conviction in relation to disciplinary norms. To
conceptualize this process, we adopt Mason et al.’s (2010) self—friend-skeptic
framework, which distinguishes between convincing different audiences. According to
Mason et al., convincing oneself involves intuitive reasoning that builds personal
confidence; convincing a friend requires articulating reasoning so others can follow;
and convincing a skeptic demands more rigorous justification. These researchers also
emphasize the role of an internal skeptic, an inner voice that subjects one’s own
reasoning to critical scrutiny, while stressing proof as an iterative process between
personal insight and social validation via culturally accepted mathematical
argumentation.

From embodied argumentation to the current study

This study builds on our PME48 work (Marco & Palatnik, 2025), which introduced
embodied argumentation—the use of bodily movement and interaction with physical
3D models to construct and communicate convincing proofs in spatial geometry. That
study demonstrated how embodied arguments served to convince different audiences:
oneself through perceptual engagement, a friend through shared visualization, and a
skeptic through verbalized descriptions of actions. Accordingly, this DBR investigates
how to implement the self-friend—skeptic framework to support a shift from
measurement-based reasoning to formal proving in spatial geometry. Our RQ: In
spatial geometry, how can the self—friend—skeptic framework be enacted to foster
formal proof?

METHOD

This study employed a design-based research (DBR) methodology (Bakker, 2018) to
develop and refine principles that support students’ proving in spatial geometry. Each
iteration was guided by a hypothesis about how learning might unfold within the
designed environment. Following Bell et al. (2004), design principles were treated as
intermediate constructs—inductively derived from successful cases and revised when
they proved unproductive.
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Research settings

Across six teaching experiments (TEs), we iteratively refined an instructor-guided
spatial-geometry activity using a body-sized cube (Figure 1). TE1 was a preliminary
try-out with Edi, an advanced mathematics bachelor who rejected measurement and
therefore remains outside the current analytic scope. From TE2 onward, we adjusted
task affordances, instructional interventions (prompts), specifically the audiences-of-
conviction framing, to examine how self-friend—skeptic interventions may shift
reasoning to formal argumentation.

Figure 1: The Midsegments in a Cube Task and research settings.

ABCDA'B'C'D' is a cube

1) E is the midpoint of AB. 2) Fis the midpoint of DD". 3) K is the midpoint of BC.
G is the midpoint of C'D". Which of the following is true? Which of the following is true?
Which of the following is true? (i) EF>AB; (il)EF=AB; (il EF<AB (i) KF>KG; (ii)KF=KG; (iii)KF<KG

(i) EG>AB; (i))EG=AB; (ii)EG<AB

Sessions were conducted in a lab with a tangible cube and materials for auxiliary
constructions, and a computer-based task. After IRB approval and consent, we
recruited 16 education undergraduates with non-STEM specializations to work in pairs
(TE1 was a single participant). Sessions lasted 23-54 min and were video-recorded
(side camera; eye-tracking glasses). Eye-tracking was essential in this 3D, multi-
artifact setting, as it revealed each participant’s exact viewpoint and captured moment-
to-moment shifts between artifacts, thereby reducing inferential ambiguity about what
drew attention. We operationalized the self-friend—skeptic framework by asking, for
each item, what would convince oneself, a friend, and a skeptic; participants entered
skeptic-facing arguments in the digital form. Table 1 summarizes the TEs and
instructor’s interventions.

Data collection and analysis

Video data were annotated in ELAN 6.4. We marked all instructional interventions and
the immediate participant reactions that followed them, including verbal responses and
embodied actions. Each intervention-reaction episode was treated as a unit of
instructional interaction. All interventions were then submitted to qualitative content
analysis (Mayring, 2021), yielding five categories of instructional interventions: (1)
Prompting Student Action on the Environment, (2) Clarifying and Elaborating
Reasoning; (3) Instructor Action in the Environment; (4) Eliciting Prior Mathematical
Knowledge; (5) Framing Audiences of Conviction. The present paper focuses on
episodes triggered by Framing Audiences of Conviction and immediate participants’
responses. Although later developments may occur, we delimit claims to short-term
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effects because subsequent reasoning often reflects additional interventions and
contextual factors, reducing the confidence of causal inference.

Table 1: Overview of relevant DBR cycles, participants, and interventions.

TE#  Participants High school Session # instructional # instructional

(HS) duration interventions interventions
Math level (total time) on audience
framing
TE2 Li&Nina Intermediate 23:22 9 (1:27) 1
TE3 Mika & Intermediate  48:24 35 (6:08) 7
Alia
TE41 Su&Ali  High 49:23  31(4:07) 6
TE4.2 Sivan & Intermediate  51:55 47 (9:49) 8
Yael
TE5.1 Or&Din High 40:42 34 (6:12) 1
TE5.2 Rim& High 1:03:42 49 (6:18) 11
Suha
TE6.1 Ina& Lara Intermediate  53:51 51 (6:51) 5
TE6.2 Sara & Hila Intermediate  40:56 51 (6:05) 12
Total: 6:19:15 307 (46:57) 51
FINDINGS

We report how Mason et al.’s (2010) self—friend—skeptic framework evolved across
five teaching experiments (TE2, 3, 4.1, 4.2, 6.1). Rather than treating the framework
as a fixed scaffold, each iteration probed its pedagogical potential: when does invoking
the skeptic advance students’ reasoning, and when does it fail to do so. The throughline
of the findings is a shift from naming a social foreign persona (“the skeptic™) to shaping
communicative conditions (“a friend who is absent and lacks the cube”). We call this
design move distancing the friend. Preserving Mason’s progression in audiences-of-
conviction orientation but operationalizing it as a constraint on available affordances
and modalities—pushing students from visual demonstrations toward verbal
arguments that go beyond concrete physical interactions with the environment.

TEZ2: Baseline: measurement persists, formalization is fragile

TE2 intentionally omitted the self—friend—skeptic interventions to observe participants’
native trajectory. Across items, the participants, Li and Nina, used measurement
systematically (Figure 2). Yet they inconsistently treated them as sufficient: went
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beyond measurement in the second item but relied solely on it in the third. Two
observations followed. First, measurements are attractive and easy to stage with the
cube model; second, in the absence of explicit audience constraints, formalization that
emerges is not always sustained. This led us to speculate that making audience
expectations more explicit with Mason et al.’s framework might stabilize more
rigorous justification across items.

Figure 2: A measurement for showing that EF>AD. (c) and (d) occurred. Yellow
arrows indicate hand movements.

TE3: A “social’ skeptic fails, yet an inner skeptic emerges

In TE3, we introduced the self-friend—skeptic progression, but its uptake was
surprising. Mika and Alia did not differentiate between a “friend” and a ‘skeptic.” For
example, when asked whether a particular argument would convince themselves, a
friend, or a skeptic, Mika responded (9:00), “People. If | show that this is the
measurement...” When pressed to imagine “a tough skeptic... a math teacher or
lecturer,” Mika replied she would use: “Measurements. Same same.” Naming a
socially authoritative skeptic did not nudge away from measurement.

Even so, later in the session, we observed several indications of their effort to construct
more mathematically rigorous arguments and to refrain from relying on measurements.
In Item 3, for instance, they abandoned measurement altogether, even as Mika asked
Alia ironically, “(26:41) Should we compare threads again like Neanderthals?” This
self-aware humor reflected an emerging sensitivity to mathematical standards of
justification, a nascent inner skeptic whose origin was unclear but evidently not an
immediate reaction to the introduced figure of the skeptic. Thus, while Mason’s
framework remained conceptually relevant, the social specification of the skeptic (“a
tough teacher or lecturer”) did not reconfigure their reasoning.

TEA4.1: Absent friend elicits formal reasoning

In TE4.1, we again introduced the skeptic as a demanding mathematics teacher. Su and
Ali (High HS level) began with a quick measurement in Item 1. When the instructor
asked if it was convincing for them:

Su: “Basically yes, in a visual manner...”
Ali: “If we show it to him, yes. But can we show it to the friend? Or do we need
to explain?”
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Instructor:  “Say, if you needed to say something to them or write...”

This one clarification, that the friend cannot be shown, only told, was enough to pivot
them from empirical measurements to constructing a proof: they built a right triangle
with EG as hypotenuse, established that it equals a face diagonal, and used the
Pythagorean theorem to conclude it was longer than the cube’s side. Notably, the
‘skeptic’ was not reintroduced. The modal constraint, ‘cannot be shown,” did what the
social persona had failed to do in TE3. This was the seed of distancing the friend: keep
the audience socially close, but remove access to embodied demonstration and require
verbal warranting modalities. However, at this stage, we could not determine if an
absent friend sufficed because Su and Ali had a strong inner skeptic from their high
HS background.

TEA4.2: Skeptic induces defense; cube removal elicits abstraction

TE4.2 involved two participants (intermediate HS level) who first established EG
longer than a cube edge by measuring. We then posed the Mason triad explicitly
(“...what convinced you, what would convince a friend who is not here, and how you
would convince a tough skeptic...”):

Sivan: “l would show it to a person physically. In the physical model, it’s easier.”

Instructor(s): “Suppose he [the skeptic] says: yes, for this cube it works... it’s not exactly
straight... not exactly the midpoint...”

Sivan: “I would tell him to bring his own cube... do it in several ways until you
understand you are wrong.”

Instructor:  “Suppose we did not have a cube...”

Yael: “To be completely honest? I would not make the effort [laughs].”
Instructor: ~ “If you had only the diagram...”
Yael: “Maybe using numbers?... in a cube all the edges are equal, EG is exactly

the midpoint... maybe triangles... | don’t remember the math...”

Two contrasts are striking. First, naming a “tough skeptic” elicited affective resistance
and an adversarial tone (“bring your own cube,” “until you understand you are
wrong”). The skeptic became a social rival rather than an epistemic prompt. Second,
removing the cube—a deprivation of affordances—quickly steered Yael toward
abstraction: recalling givens, proposing numerical scaffolds, and cautiously
mentioning imaginary triangle structure.

Similar patterns appeared in earlier TEs: in TE1, Edi called the skeptic “the devil,” and
in TE4.1, proof-oriented reasoning emerged only after clarifying the absent friend. The
design lesson was that embodied distancing—removing the cube and requiring verbal
or written explanations—better supports formalization than invoking a socially distant
skeptic. Drawing on TE4.2 and prior TEs, we therefore dropped the skeptic persona
and institutionalized distancing the friend: students first state what convinces them,
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then convince a friend, and, if still using measurements, an absent friend without a
cube.

TES®6: Distancing the friend reliably shifts measurements to general reasons

Under the revised protocol, TE5 and TE6 showed that distancing the friend was highly
productive in stirring reasoning to more mathematically formal argumentation—the
emergence of an inner skeptic. For instance, one example from TE6.1, Item 1. After
participants applied relative measuring to EG, the Instructor asked if an argument could
convince an absent friend:

Ina: “If he believes me, then yes.”

Lara: “l would tell him that | measured the diagonal and it came out longer than
the edge.”

Instructor:  “But what if he doesn’t have a cube or a 3D pen?”

Ina: “Then | do need to explain that it’s always like that.”

Lara: “You’d need some mathematical background, | assume there’s some
rule...”

The absent-friend constraint triggered two shifts: a generality talk (“always like that™)
and a normative warrant search (“some rule”). No adversarial framing was required;
the communicative condition was sufficient to recruit an inner skeptic.

DISCUSSION

Across five TEs, our progressively refined interventions embodied Mason et al.'s
(2010) self-friend—skeptic framework: convincing was materially orchestrated by,
first, permitting manipulation, then restricting physical interaction, so sensorimotor
traces were verbalized as generalized warrants. In particular, the imaginary absent-
friend condition (without a cube) propelled students to reorganize reasoning to be
communicable without demonstration. This resonates with Boonstra et al. (2025), who
show how teachers transform an initially non-mathematized action space into a
geometrical one through reflection and verbalization (‘embodied abstraction’). Yet
their eight categories of teacher interventions do not address conviction or audiences;
our audience-framed communicative constraint (self-friend—absent friend—skeptic)
expands their account by curtailing measurement-laden affordances and steering
learners toward shareable, general, culturally acceptable arguments.

Abrahamson et al. (2022, p. 169) suggest that to “transition students from movement
to mathematics,” one should “introduce symbolic artifacts into the activity space such
as a grid of lines, numerals, or rhythmic structures.” Our distancing-the-friend move
complements this approach: we restrict the affordances of physical artifacts, prompting
students to introduce semiotic artifacts on their own (e.g., Yael: “maybe using
numbers?... maybe triangles™).

To conclude, distancing the friend contributes a design principle for high-school
geometry while progressively withholding manipulatives. This constraint may recruit
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an inner skeptic, shift reasoning from measurement to general properties, and elicit
student-generated semiotic resources (e.g., mathematical concepts), advancing
abstraction and deductive reasoning in geometry.
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MATHEMATICAL DEBATE ASASITE OF COLLECTIVE
EMBODIMENT

Amedeo Matteucci, llaria VVeronesi, Francesco Saverio Tortoriello

University of Salerno

In this theoretical study, starting from the observation that Al systems can
successfully solve mathematical problems without understanding them, we argue that
this contrast forces a re-examination of the specificity of human mathematical sense
making. We review influential accounts of embodied cognition, starting with Lakoff
and Nufiez’s proposal, and we contrast this perspective with Radford’s Theory of
Objectification. Building on the latter, we focus on mathematical debate as a
paradigmatic form of collective embodiment. We articulate four intertwined
dimensions—aobjectification, subjectification, cultural-historical reenactment, and
dialectical tension—showing how sense making becomes ethically and politically
charged.

INTRODUCTION

Speaking of sensing and making sense of mathematics, one might say that
mathematics has an unfair reputation for always making sense. In classrooms,
however, it is often sensed as doing the opposite: confusing, resisting interpretation,
and provoking the uncomfortable feeling that something important is happening just
beyond reach. A year ago, while working in a classroom on a former project of our
research group (Matteucci et al., 2024a), we happened to hear a student jokingly tell
the teacher that he did not understand mathematics very well, but that this was not a
big problem, since there was someone who understood it for him. He was referring to
the elephant in the room: artificial intelligence. Since current Al Large Language
Models (LLMs) are able to tackle and solve mathematical problems far better than
the vast majority of human beings, including International Mathematical Olympiad
winners (Castelvecchi, 2025), we may rightly ask whether they are capable of making
sense of mathematics. The obvious answer is no, because this presupposes
participation in biologically grounded, autopoietic processes of enlanguaged and
embodied cognition and norm-governed coordination (Gahrn-Andersen, 2025), and,
as allopoietic non-living systems without a sensing body, LLMs lack this grounding.
And yet, precisely because we know that Al is not capable of making sense of
mathematics, it becomes all the more important to understand what that means for us
humans, for the very reason that we can no longer hide behind the fig leaf of answers
that would equally apply to Al. Should embodiment be foregrounded in this
explanation, and if so, how? Moreover, as educators, it is crucial to understand the
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specificity of human action and understanding in contrast to machines, because it is
there that the future of education, whatever it may be, will be decided.

LITERATURE REVIEW ON EMBODIMENT

Before explaining our theoretical stance, illustrating some of the theoretical
constructs used in our past research to address issues relevant to this paper, and
formulating specific claims that directly address the issues described in the
introduction, we review, in this section, one of the main references in the literature on
embodied cognition, focusing on what sensing and making sense of mathematics
mean within that perspective. We then review some aspects of Radford’s Theory of
Objectification, again focusing on the meaning of sensing mathematics and making
sense of it through this particular lens.

Embodied Cognition
In the Encyclopedia of Mathematics Education we can find the following definition:

Embodied cognition is a subdomain of cognitive psychology that focuses on the
interaction between an individual and the environment (social, environmental,
instructional). It moves beyond the traditional distinctions between mind and body in the
sense that actions or interactions embody projections of the mind and vice versa.
(Sriraman & Wu, 2020, p. 266)

A paradigmatic example of embodied cognition applied to mathematics education,
illustrated later in the same encyclopedic entry, is the one by Lakoff and Nufez, as
exemplified in their book Where Mathematics comes from: How the Embodied Mind
brings Mathematics into being (Lakoff & Nufiez, 2000). According to these authors,
one can claim the embodied character of mathematics because it is a human cognitive
product rooted in brain, body, and everyday interaction with the physical world, not a
set of mind-independent Platonic truths. Mathematical meaning resides in human
ideas rather than in symbols, and much of this meaning operates at the level of the
cognitive unconscious. Humans possess minimal innate numerical capacities, which
are extended into advanced mathematics through general cognitive mechanisms such
as conceptual metaphors and blends. Mathematical concepts are grounded in
everyday experience via grounding metaphors (e.g., object collection, measuring,
motion) and interconnected across domains through linking metaphors (e.g., numbers
as points on a line). Therefore, for Lakoff and Nufiez, making sense of mathematics
involves a shift from rote symbolic manipulation to conceptual understanding,
grounded in human cognition rather than in symbols themselves. Mathematical
meaning is located in the aforementioned embodied cognitive structures, often
operating at an unconscious level, which connect abstract concepts to sensorimotor
experience through metaphorical extensions. Understanding therefore requires
moving beyond formalism toward analysis of mathematical ideas, clarifying what
theorems mean and why they hold. This perspective emphasizes that calculation and
formal proof do not guarantee understanding unless the underlying conceptual
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relationships are grasped. Finally, demystifying mathematics as a human cognitive
construction, rather than a transcendent and disembodied entity, renders it more
accessible and intellectually meaningful for students.

If mathematics depends on the biological physicality of human beings, which has
remained largely unchanged for millennia, the question arises of how its historical
development can be explained. Lakoff and NUfiez argue that mathematics evolves not
because of changes in the brain, but because stable embodied cognitive resources are
repeatedly reconfigured, extended, and stabilized through metaphor, symbolism, and
social practice. From this perspective, and contra Thomas Kuhn (2012),
mathematical change is not understood as a paradigm shift between incommensurable
worlds, but rather as a constrained reorganization of enduring embodied resources.

While Lakoff and Nufiez explain how historical change is cognitively possible, they
do not fully explain how it becomes socially binding. They claim that change occurs
when culturally specific ideas from outside mathematics are applied to mathematical
domains as special cases (Lakoff & Nufiez, 2000, p. 356), but they do not explain
how and why these ideas are collectively stabilized, institutionally ratified, and
eventually enforced as normative constraints within mathematical practice. In their
view, mathematics becomes stable once it is firmly established within a community
of mathematicians who draw out the consequences of shared metaphorical models.
However, they primarily view this through the lens of individual cognitive
mechanisms like inference-preserving conceptual metaphors.

The Theory of Objectification

Radford’s Theory of Objectification, hereinafter referred to as TO, is “a teaching and
learning theory inspired by dialectical materialism, Freire’s concept of education, and
Vygotsky’s school of thought” (Radford, 2021a, p. 35), characterized as an “attempt
to understand teaching and learning not as the result of the individuals’ own deeds [...]
but as cultural-historical situated processes of knowing and becoming” (Radford,
2021a, p. 34). TO shares, with Lakoff and Nifiez’s embodied cognition approach, a
non-Platonic, non-formalistic stance on mathematical objects: mathematics is not a
collection of abstract truths or symbols found in a textbook; instead, mathematics is a
sensuous entity that comes into existence only through human activity. Consequently,
in TO sense making is not an individual mental construction but a collective process
through which mathematical objects and ways of reasoning become progressively
objectified in collective activity while simultaneously those who participate in this
objectification in turn become subjects shaped by the norms, values, and modes of
reasoning of mathematical culture.

Here TO departs radically from Lakoff and Nufiez’s stance: while the latter’s
theory—as stated above—do not fully explains how mathematics becomes socially
binding, according to Radford mathematics is binding because it is embedded in
Semiotic Systems of Cultural Signification (SSCS) that are “dynamic systems that
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originate in the practical and sensuous activity of the individuals” (Radford, 2021a, p.
186), which have a normative function and convey specific political and ethical
views on how one should establish truth. SSCS offer to human beings, qua subjects
constituted in joint labour, a spectrum of socially recognized positions allowing them
to position themselves (to position their “selves”, so to speak) and be positioned by
others. “But the most important point is perhaps not to see the self [...] already given
[...]- The self and its space are built and rebuilt constantly out of the ideas conveyed
by the SSCS (ideas that are themselves constructed and reconstructed all the time
too).” (Radford, 2021a, p. 188). These selves are not only consubstantial with their
own bodies, they are consubstantial with their own culture: the embodiment of the
self extends to the material and ideational tools, signs and systems provided by the
society. According to TO, embodiment is not just neural activation or a private bodily
or mental experience, embodiment is the material presence of historically constituted
forms of human activity. Ultimately, society is the extended body of the self, and the
individual body is the local instantiation of society. Thus, embodiment is not limited
to one’s biological body: the self is embodied in the historically objectified forms of
social practice which function as a distributed, material, and normative social body.

THEORETICAL FRAMEWORK AND CLAIMS

Our research group has consistently operated within the framework of Cultural-
Historical Activity Theory (CHAT) since its inception. Although CHAT is widely
established in academic research, it lacks a fully consolidated theoretical identity and
functions largely as an umbrella term (Levant et al., 2024). Within this landscape, our
primary theoretical orientation is Radford’s (2021a) Theory of Objectification, while
the key contributions of Yrjo Engestrém and Andy Blunden have been instrumental
in enabling a rigorous treatment of the concept of contradiction and in articulating the
core principles of CHAT in relation to its historical lineage along the Hegel-Marx—
Vygotsky axis. Against this theoretical background, our research group has
investigated dialogical classroom practices as a privileged means for foregrounding
and problematizing the use of Al in mathematics education (Matteucci et al., 2024b)
focusing in particular on forms of mathematical discussion (Bartolini Bussi, 1996)
and mathematical debate (Matteucci & Tortoriello, 2023) as pedagogical devices
capable of eliciting students’ reflective engagement with mathematical knowledge
and its mediating tools (Matteucci et al, 2025a).

Debate differs from mathematical discussion in two fundamental ways. First, it is a
regulated dialogical interaction in which speakers do not act individually but as part
of one of two teams, one for, one against an assigned motion. Second, the perspective
advanced by debaters is not determined by their personal worldview but is assigned
by a third party (Freeley & Steinberg, 2013). Although this feature may initially
appear overly restrictive, it in fact enables the interaction to be raised from a personal
level to one that is more properly dialectical. It is important to note that, while what
we just described is applicable as well to the so-called competitive debate, that is the
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form of debate as typically (but not exclusively) practiced in schools, the
mathematical debate our group researched and devised, differs from it in important
ways. Competitive debate is typically framed as a tool for developing soft skills and it
is not aimed at increasing competence in a specific subject, with teachers acting
primarily as referees and judges, while in mathematical debate not only there are
explicit disciplinary goals, but teachers act also as mediators. Here, mediation is
about theoretical constructs that are used in mathematics at the meta-level, using
debate itself as a tool. The focus is not only on the metatheory, but also on the
communitarian ethic typical of TO since students, through debating the historical and
social emergence of mathematical objects, can indirectly engage with the science-
technology contradiction. Although not a primary contradiction like that between
labour and capital, this tension represents one of the few leverageable contradictions
in the mathematics classroom capable of fostering social awareness as a prerequisite
for social change (Matteucci et al., 2025b).

Within this theoretical framework, as made explicit in the comparison presented in
the previous section, sense making is grounded in embodiment understood as
objectification in the meaning of TO, rather than as processes occurring exclusively
in the mind and body of the individual. In this perspective, we claim that
mathematical debate, as a disciplinary pedagogical device, constitutes a paradigmatic
example of this type of embodiment. Moreover, returning to the question about sense
making in the Al era and its relation to embodiment, we maintain that this kind of
sense making is important also because it is a kind of sense making that is not
reproducible by the Al itself.

DEBATE AS COLLECTIVE EMBODIMENT

Here, we will show that mathematical debate constitutes an example of embodiment
in the meaning of TO on four counts: sense making as objectification, sense making
as subjectification, sense making as cultural history, sense making as dialectics.

1. In TO sense making is objectification, not interpretation. It is not constructing
meaning in the mind of an individual, but a process through which mathematical
objects and ways of reasoning become objectivated in joint labour. Likewise, in
mathematical debate sense making is ontological before epistemological: it concerns
what comes to exist for the learner in collective activity, not what the learner
individually thinks about something already given.

2. In TO sense making is subjectification, this is why objectification is never neutral
and has also ethical implications. Likewise, in mathematical debate the
objectification of disciplinary knowledge entails that students, insofar as they are
required to adopt a position, are ipso facto engaged in a process of becoming a certain
kind of subject through which they assume epistemological responsibility.

3. In TO sense making is cultural and historical. Likewise, in mathematical debate
sense making is historical because it reenacts trajectories of cultural mathematical
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praxis, with this reenacting more to be intended as an open-ended confrontation than
a stage play with a foregone conclusion.

4. In TO sense making is a dialectical movement, not linear acquisition. Likewise, in
mathematical debate sense making unfolds through tensions and the consequent
reconfigurations of meaning. And this confrontation of incompatible positions, whose
resolution does not eliminate contradiction but reorganizes it at a higher level of
coherence, is the essence of dialectics.

In subsuming embodied cognition a la Lakoff and Nufiez under TO, we deliberately
shifted the focus from the individual body to the social body. However, how can we
be certain that, in doing so, we are not once again adopting an overly abstract stance
where there is no space for embodiment? Could it not simply be objected that all of
this amounts to nothing more than the claim that the self is social? According to
Eval’d II’enkov, one of the key philosophers informing the theoretical foundations of
CHAT, the “ideal” exists materially not just as matter but in matter as the form of
human activity (Levant & Oittinen, 2013), a paradigmatic example of this
embodiment of the ideal, used and discussed by II’enkov himself, is the commodity
value, as analysed in Das Kapital (Marx, 1987). So the answer is: no, this is still
embodiment, not abstraction, because society itself is not abstract, it is materially
embodied.

The reference to II’enkov’s concept of the ideal is useful to us not only to
characterize the sense making of TO as embodiment rather than as mental
abstraction, but also to address the question of the specificity of sense making
through debate as compared to what can be offered by Al. As Bakhurst wrote:

So, on llyenkov’s view, what Wilfrid Sellars pointedly called ‘the logical space of
reasons’ is not situated in a purely mental domain; for the environment we inhabit as
human agents is properly conceived as such a space. Our very ‘external’ environment, as
a domain of meaning, offers us reasons for belief and action. It is cognitively and
motivationally animating. (2020, p. 138)

This domain of meaning is linked to Radford’s SSCS and it is the very same cultural-
historical environment students do reenact through debate. In doing this, they are
navigating the space of reasons positioning themselves, and being positioned in this
space: this is not a formal logic exercise, but it is taking a stance while objectifying
reasons. The Al cannot do this precisely because, given its nature as a statistical
parrot, its output at best mimics “a pattern-based conformity to discursive practice,
which nonetheless falls short of genuine participation in the norm-governed space of
reasons” (Sambrotta, 2025).

CONCLUSIONS

The availability of Al systems that can generate mathematically correct solutions
without participating in mathematical meaning forces a conceptual re-sorting of what
sense making is. The first most obvious difference between LLMs and humans lies in

PME 49 - 2026 1000



Matteucci, Veronesi, Tortoriello

the fact that the latter are biological living beings capable of perceiving and
interacting with the external world, whereas the former, besides not being living
entities, have no capacity to interact with anything other than language or, more
precisely, its formalisation. A recent paper (Floridi, 2025) argues, using Category
Theory, that hallucinations in LLMs are not an evitable nuisance, but are the direct
consequence of their lack of any experiential access to the real world, possessing only
mediated access to information about the world through representations authored by
humans. To use a sharp metaphor found in the aforementioned article, LLMs are like
the chained prisoners in Plato’s myth of the cave: they are condemned to see only
shadows, not real things. But this difference is not merely biological: the comparison
between the different conceptions of embodiment in Lakoff & Nufiez and in Radford
highlights that human mathematical sense making is also irreducibly normative,
historical, and ethical: it unfolds in a space where reasons are owned, contested,
attributed, and sanctioned, where “getting it right” is inseparable from what counts as
getting it right and from who becomes the kind of subject who can answer for it.

Mathematical debate, in this framework, is not a technique for improving soft skills
or winning an argument for the sake of it. We have shown that it is an activity where
collective embodiment becomes visible because it organizes joint labour around
claims, warrants, counterclaims, and shared criteria of acceptability. Moreover, the
kind of sense making this collective embodiment can realize, not only is completely
beyond the reach of the Al, but it is also unattainable for humans if they focus on
individual interaction with Al itself. In a paper about Davydov, Luis Radford stated
that within the creative historical movement of effective reality, objects come into
being, and each emergence simultaneously discloses both a conceptual and a
nonconceptual dimension and that “it is in the nature of the nonconceptual to resist
translation into the symbolic. [...] It resists encapsulation” (Radford, 2021b, p. 340),
so this is the very thing that cannot be sensed, and cannot be made sense of, by the
Al. The key risk in educational Al use is not just passive repetition, but the potential
for the “Al persona” to manipulate users, unless met by a collaborative human group
with strong cultural and argumentative skills. We think that debate is one of the
activities that can help us resist encapsulation, and be collectively aware of it.
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PATTERNS OF LEARNING STRATEGIES AND THEIR ROLE IN
MOTIVATION AND ACADEMIC SUCCESS IN
UNDERGRADUATE MATHEMATICS
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Learning strategies are central for self-regulated learning and linked to achievement
and motivation in learning mathematics. Since learners typically use multiple
strategies simultaneously, this study used a person-centered approach, identifying four
distinct combinations of learning strategies used by incoming STEM students during
their first semester. The resulting profiles ranged from a maladaptive profile to highly
adaptive profiles. Although exam performance did not differ significantly between
profiles, the descriptive differences suggested lower achievement in the least favorable
profile. Self-efficacy was higher in the adaptive profiles. These findings offer first
evidence that learning-strategy profiles may help explain variations in motivation and
performance and may act as a starting point for further person-centered research.

INTRODUCTION

University students face a range of challenges during the transition from secondary
school to tertiary education. This transition typically requires substantial changes in
one’s lifestyle and learning approaches to meet the demands of university. Heublein et
al. (2017) have identified problems with performance, lack of study motivation, and
vocational orientation as the main reasons for many students to withdraw from their
degree programs in the fields of science, technology, engineering, and mathematics
(STEM) early on. Interestingly, mathematics achievement in school does not predict
achievement in the first semester of mathematics degrees at university, which can be
attributed to differences in the nature of mathematics as taught in schools and as taught
at university (Rach & Heinze, 2017). This requires students to adopt different learning
strategies as they transition to university.

In this work, we shed light on which learning strategies might lead to higher
mathematics achievement at university. Concretely, the research question in this work
is the following:

Which learning strategies and combinations thereof lead to higher achievement and
self-efficacy among first-semester university mathematics students?

THEORETICAL BACKGROUND

Liebenddrfer et al. (2021) define learning strategies as behaviors and thoughts
employed by learners to influence their acquisition of knowledge (p. 26). Although
there are different operationalizations, their structure is largely consistent. The
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dimensions typically include cognitive, metacognitive, and resource-related strategies
(e.g., Wild & Schiefele, 1994). For the specific context of learning mathematics at the
university level, Liebenddrfer et al. (2021) developed a measurement instrument that
focuses on cognitive learning strategies and resource management strategies.
Cognitive learning strategies are strategies that are employed to acquire, process, and
store information. They are further divided into elaboration strategies, organization
strategies, and rehearsal strategies. Resource management strategies comprise
internal and external strategies. In the school context, the Programme for International
Student Assessment (PISA) obtained inconclusive results regarding the influence of
rehearsal strategies on mathematics performance, while they identified a largely
positive association between organization strategies (PISA: “control strategies™) and
mathematics achievement, as well as between elaboration strategies and mathematics
achievement (Organisation for Economic Co-operation and Development, 2010). Also,
for studying mathematics at university, elaboration strategies and organization
strategies are considered crucial (Liebenddrfer et al., 2021; Rach & Heinze, 2011).
Learning strategies focusing on deep learning, e.g., elaboration and organization
strategies, are related to higher motivation in terms of self-efficacy or self-concept
(Liebendorfer et al., 2021; Ning & Downing, 2015; Vettori et al., 2020). Interestingly,
in the setting of online university mathematics courses, cognitive learning strategies
did not predict achievement, while management resource strategies were positively
linked to academic performance (Broadbent & Poon, 2015).

Together with motivational aspects, learning strategies are key components of
successful learning, which mutually reinforce each other. Motivational beliefs prompt
forethought processes which mark the beginning of the cycle of using self-regulation
strategies (Zimmerman, 2000). In turn, self-regulatory processes have been found to
foster motivation (Zimmerman & Schunk, 2008).

The relation between particular learning strategies with motivational aspects and
academic achievement has been investigated extensively in prior research. However,
since students usually employ not one but several strategies varying by the degree, the
current literature lacks studies that consider the interplay of learning strategies.
Therefore, in this study, we aim to identify the prevalent configurations of learning
strategies and their relation to mathematics achievement and self-efficacy among
university freshmen in STEM fields.

We hypothesize that there is (H1) a configuration of learning strategies with more
pronounced elaboration and organization strategies and less pronounced rehearsal
strategies. Conversely, we hypothesize that there is (H2) a configuration of learning
strategies with more pronounced rehearsal strategies and less pronounced elaboration
and organization strategies. We also hypothesize that there is (H3) a balanced
configuration of learning strategies with comparable levels of elaboration,
organization, and rehearsal strategies. Finally, we hypothesize that profiles with more
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favorable learning strategies show higher mathematics achievement (H4) and higher
self-efficacy (H5).

METHODS

We conducted a repeated-measures questionnaire study to capture the learning
strategies of first-year students in STEM fields at TU Wien, Austria, in September
2022, before the start of their degree program as part of a bridging course offered by
the university. The second measurement point was conducted about two months into
the first semester.

We surveyed the constructs used by Liebendorfer et al. (2021) capturing the three
dimensions of cognitive learning strategies (elaboration, organization, rehearsal) and
the two dimensions of resource management strategies (internal, external), using the
same questionnaire developed and validated by these authors. All items were rated on
a six-point Likert scale ranging from 1 (lowest agreement) to 6 (highest agreement).
Additionally, we retrieved the results of a mathematics exam that the students took at
the end of their preparatory course.

To be able to relate a configuration of several learning strategies to mathematics
achievement, we employed a latent profile analysis using five indicator variables, each
representing a different dimension of learning strategies. We chose use of examples
(number of items: k = 3; sample item: “I searched for practical examples to apply the
formulas.”; McDonald’s o =.65) as the scale representing elaboration strategies,
simplification (k = 3; “To help myself memorize the material, | reduced it to essential
aspects.”; o =.76) as the scale representing organization strategies, rote learning
(k = 4; “I tried to memorize the material by repeating it several times.”; o = .73) as the
scale representing rehearsal strategies, effort when solving problems (k = 4; “I kept
thinking about the tasks, even when I got stuck.”; ® = .68) as the scale representing
internal resource management strategies, and studying with peers (k = 3; “I met other
students to work together on finding solutions.”; » = .85) as the scale representing
external resource management strategies.

The questionnaire study yielded answers from 487 participants. After excluding cases
with values missing in all indicator variables, 479 observations remained for the data
analysis. Missing values in the resulting dataset were imputed using multiple
imputation with five imputation cycles following Rubin (1987). The latent profile
analysis was carried out using Mplus 8.8 following the recommendations of Yanagida
(2024) to test six specified variance-covariance structures of the indicator variables to
identify a model with good fit of the data. For each of these six structures (A to F),
model solutions with 1 to 6 profiles were numerically computed. From the 36 models
tested, those that met the necessary criteria—replication of the optimal loglikelihood
value, entropy of at least 0.7 (indicating good profile separation; 0 = strong overlap, 1
= clear separation), and profile sizes of at least 5% of the sample—were considered as
candidates for the final model (see Table 1). Among these candidates, the model that
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showed the best fit values, i.e., lowest values in AIC, CAIC, BIC, and SABIC, was
accepted as the final solution. When the optimal values in these indicators are
ambiguous, preference is given to the BIC value.

Table 1: Fit indices of the models tested during latent profile analysis

#Profiles AlIC CAIC BIC SABIC Entropy
Structure A: profile invariant variances, covariances fixed to 0

2 6486.8 6569.6 6553.6 6502.8 0.733

4 6329.7 6474.5 6446.5 6357.6 0.770
Structure B: profile varying variances, covariances fixed to 0

3 6351.9 6517.4 6485.4 6383.8 0.766

4 6297.9 6520.3 6477.3 6340.8 0.706
Structure C: profile invariant variances and covariances

2 6271.5 6406.0 6380.0 6297.5 0.882

3 6246.3 6411.8 6379.8 6278.3 0.855

4 6219.3 6415.8 6377.8 6257.2 0.844

5 6317.6 6545.2 6501.2 6361.5 0.795
Structure D: profile invariant variances, profile varying covariances

2 6270.5 6456.7 6420.7 6306.4 0.864
Structure E: profile varying variances, profile invariant covariances

5 6145.2 6476.2 6412.2 6209.1 0.741
Structure F: profile varying variances, profile varying covariances

3 6180.9 6501.6 6439.6 6242.8 0.707

Note. #Profiles = Number of profiles, AIC = Akaike information criterion,
CAIC = consistent AIC, BIC = Bayesian information criterion, SABIC = sample size-
adjusted BIC; only profile solutions meeting the necessary criteria are listed; model in
bold is the final model.

The final model was a four-profile solution with profile invariant variances and
covariances and an average latent class probability of at least 0.795 in each profile,
which corresponds to high probability of reliably assigning cases to their respective
profiles.

To identify how strongly each profile correlates with academic achievement and self-
efficacy, we computed equality tests of means for pairwise comparison of profiles
following the BCH method of Bolck et al. (2004) to relate profiles to outcomes.
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RESULTS

Using latent profile analysis, we identified four distinct combinations of learning
strategies employed by first-semester university students. Descriptive statistics of the
manifestation of the indicator variables are presented in Table 2.

Table 2: Mean values (and variances) of the indicator variables in the final profiles

Profile  Elaboration Organization Rehearsal Internal External
Management Management

1 3.65(0.83) 3.55(0.84) 3.00(0.59) 3.24(0.58) 2.50 (0.61)

2 450(0.83) 4.17(0.84) 4.31(0.59) 4.84(0.58) 2.15(0.61)

3 482(0.83) 4.84(0.84) 2.76(0.59) 4.68(0.58) 4.94(0.61)

4 430(0.83) 4.29(0.84) 4.16(0.59) 4.54(0.58) 4.89 (0.61)
The profiles are shaped as follows (see Figure 1):

Profile 1 — Moderately regulated learners: Profile 1 has medium values in all indicator
variables, with none of the variables standing out in either direction. It comprises 8.6 %
of the sample.

Profile 2 — Independent strategic learners: Profile 2 has medium to high values in all
indicator variables, except for low external management strategies. It describes
students who have well-established learning strategies who hardly consider the help of
others as beneficial to them. The profile comprises 14.3 % of the sample.

Profile 3 — Deep-processing learners: Profile 3 has medium to high values in all
indicator variables, except for rehearsal strategies. It describes students who do not rely
on rote learning but apply more elaborate, deep learning approaches. The profile
comprises 8.1 % of the sample.

Profile 4 — Comprehensively self-regulated learners: Profile 4 has medium to high
values in all indicator variables. Students with this profile consider every kind of
learning strategy as relevant for them. The profile comprises 69.0 % of the sample.

Figure 1: Mean values and 95% confidence intervals of variables in the identified profiles
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We also tested the relationship between the four profiles with the exam results of the
students using equality tests of means across profiles using the BCH procedure. Even
though the exam results do not differ statistically significantly between the profiles, a
tendency that aligns with the shape of the profiles can be identified. The results of the
equality tests are summarized in Table 3.

Table 3: Equality tests of means of exam results (0-1) and self-efficacy (1-6)
across profiles using the BCH procedure

Profile Examresult  Self-efficacy Profile Exam result Self-efficacy
M (SE) M (SE) comparison x? x?

0.512 (0.081) 2.760 (0.209)
0.596 (0.042) 4.360 (0.179)

2vs. 1 0.73 29.54***
3 0.601 (0.064) 3.515(0.280)

3vs. 1 0.72 4.63*

3vs. 2 <0.01 6.40*
4 0.614 (0.016) 3.564 (0.074)

4vs. 1 1.47 12.61***

4vs. 2 0.16 16.51***

4vs. 3 0.04 0.03

Note. M = Mean, SE = Standard error, y? = Chi-square test statistic; *** p <.001,
**p<.01,*p<.05

DISCUSSION AND CONCLUSIONS

Learning strategies play an important role in both academic success and learning
motivation in mathematics at school and university; in particular, elaboration and
organization strategies have repeatedly been highlighted as influential (e.g.,
Organisation for Economic Co-operation and Development, 2010; Liebenddrfer et al.,
2021; Rach & Heinze, 2011). Since learners typically do not rely on any one strategy
exclusively, this work aimed to identify which combinations of learning strategies are
applied by learners. Such an approach has so far been applied only rarely in scientific
investigations of this context (Liu et al., 2014; Ning & Downing, 2015).

The latent profile analysis resulted in four distinct profiles of learning strategies.
Among them, Profile 1 displayed the most maladaptive pattern. The three remaining
profiles were clearly more adaptive than Profile 1 and differed qualitatively from each
other, although their characteristics do not justify a hierarchical ranking of these
profiles. As hypothesized (H1), one profile showed high elaboration and organization
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strategies and low rehearsal strategies (Profile 3). Other than expected (H2), there was
no profile with a shape complementary to Profile 3. This suggests that the predominant
use of deep learning strategies (elaboration, organization) does not exclude the use of
surface learning strategies (rehearsal).

Two profiles exhibited the hypothesized balanced manifestation (H3) of the three
cognitive learning strategies (Profiles 2 and 4), which differ primarily in very high
versus very low use of external resource management strategies. This pattern implies
that external strategies may act independently from other strategies.

Exam performance did not differ statistically significantly across profiles (H4). Yet,
the mean score for Profile 1 was descriptively lower than for the other profiles. It hints
that the favorable profiles had higher achievement than the least favorable profile. A
possible explanation for the absence of stronger differences may be the nature of the
exam, which was taken at the end of the bridging course and shortly before the start of
the first semester. It can therefore only be viewed as a proxy for academic achievement.
Further research should examine whether clearer differences emerge when using exam
results collected later in students’ academic career.

In line with our hypothesis (H5), the least favorable profile also showed the lowest
self-efficacy. Higher self-efficacy was seen in Profiles 3 and 4, while Profile 2
outperformed all the other profiles in self-efficacy. Since Profile 2 is the profile with
the lowest external strategies, it may indicate that the high level of self-efficacy does
not require these students to get external confirmation or support and could be an
expression of an effective and self-guided working style preferred by these students.

Our work introduces a virtually new approach to examining the relationship between
learning strategies, motivation, and academic achievement. Even though this study
could not give clear and robust results in all examined aspects, the observed tendencies
are consistent with theoretical expectations and the approach presented here could be
used as a model for larger-scale investigations on the mechanisms of learning strategies
in educational contexts.
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HIGH SCHOOLERS' SPONTANEOUS USE OF CROSS-
NOTATION KNOWLEDGE OF RATIONAL NUMBERS

Jake McMullen'?, Jon Star®
Turku Research Institute of Learning Analytics, University of Turku?
Department of Teacher Education, University of Turku?
Harvard Graduate School of Education, Harvard University®

Many students face difficulties in acquiring the skills needed for such adaptive
expertise with rational numbers, a key aim of education systems worldwide. This study
investigates the possibility that cross-notation knowledge, understanding the
relationships between different notations of rational numbers, should be considered a
feature of adaptive expertise with rational numbers. 447 high school students
completed measures of adaptive expertise, including the Arithmetic Sentence
Production Task. Results indicate that students who employed cross-notation solutions
on this task performed well on other measures of adaptive expertise. These findings
underscore the importance of cross-notation knowledge for adaptive expertise with
rational numbers.

INTRODUCTION

Rational number knowledge is crucial for both future STEM achievement and success
outside formal learning contexts (D’Erchie et al., 2025; Siegler et al., 2012). However,
many students struggle to apply their rational number knowledge in unfamiliar settings
(Schiller et al., 2024). One specific feature of rational number knowledge that students
struggle with is cross-notation knowledge, or knowledge of how the different notations
of rational numbers are related to each other (Braithwaite et al., 2022). Despite the
importance of cross-notation knowledge, prior examinations of this type of knowledge
have focused on student performance only on a narrow range of tasks (Braithwaite et
al., 2022). Less is known about how students use cross-notation knowledge in novel
tasks, nor how this knowledge relates to other features of adaptive expertise with
school mathematics. The present study aims to examine this gap to better understand
the holistic nature of adaptive expertise with rational numbers in high school students.

Adaptive expertise requires malleable, fluid knowledge and skills that are readily
applicable in novel situations, such as in future learning or everyday life (Baroody,
2003; VVan Dooren, 2023). This contrasts with routine expertise, which is typified by
static, inflexible knowledge that is only easily applicable in well-practiced situations.
The differences between routine and adaptive expertise can be described as qualitative
in nature. For instance, a student with routine expertise may be able to accurately solve
standard fraction and decimal arithmetic problems but may not be able to use fractions

1011
2026. In H. Krzywacki, M. Hahkitniemi, E. Haataja, M.S. Hannula & P. Hast6 (Eds.). Proceedings of the 49t
Conference of the International Group for the Psychology of Mathematics Education: Research Reports,
pp. 1011-1018. PME.



McMullen, Star

and decimals interchangeably in solving an unfamiliar algebraic equation involving
rational numbers. In contrast, a student with adaptive expertise would more readily
recognize connections between the fraction and decimal properties, allowing them to
flexibly apply their rational number knowledge in a way to solve the algebraic task
effectively.

Adaptive expertise is defined by well-connected knowledge networks that allow for
reasoning, as well as actions, that use multiple bits of knowledge and skills both
between and within different topics (Van Dooren, 2023). Well-connected knowledge
may help support transfer by providing more contextual diversity where specific
knowledge can be relevant and thus may be critical for use in situations that are not
well-rehearsed (Schwartz et al., 2005). However, the structure of mathematics
instruction may exacerbate the disconnected view that fractions and decimals are
distinct numbers and not interchangeable notations of the same magnitudes.

Substantial individual differences in cross-notational knowledge, that is the knowledge
about the relation between fractions and decimals, appear even among students with
many years of experience with both notation types (Schiller & Siegler, 2023).
Individual differences in cross-notation knowledge appear important for mathematical
development, even beyond within-notation knowledge (Braithwaite et al., 2022;
Schiller & Siegler, 2023). Cross-notation knowledge also appears to be supportive of
higher performance on the arithmetic sentence production task, which measures a
behavioral manifestation of adaptive expertise, adaptive rational number knowledge
(McMullen et al., 2020). In this task, participants are asked to produce as many
arithmetic sentences as possible that equal a target number (e.g., 1) using a set of given
numbers (e.g., ¥%; 0.5; 0.25; %4; 4) within a limited period of time. In the present study
we examine if a crucial feature of having high levels of adaptive rational number
knowledge is the level of cross-notational knowledge, as an indicator of the level of
knowledge integration about different rational number concepts.

In order to investigate more closely the role of the use of cross-notation knowledge in
adaptive expertise, we examine a group of high school students’ performance across a
number of tasks aimed at measuring adaptive expertise with school mathematics. We
therefore ask:

1. How do high school students use cross-notation knowledge on the arithmetic
sentence production task?

2. How does cross-notation use relate to other measures of adaptive expertise with
whole and rational number arithmetic?

METHODS
Setting and participants

A total of 447 students from a single suburban high school in the southeastern United
States participated in this study. The sample comprised 45.2% female, 52.8% male,
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and 0.2% non-binary individuals. Participants were enrolled in grades 9 through 12,
with the large majority (78%) of participants in either grade 9 or grade 10. The study
received ethical approval from the ethical review board of the University of Turku,
along with approval from the local school board, principal, and teachers; guardians
were informed of the study with the opportunity to opt out of participating. Students
were also informed about the purposes of the study and allowed to not participate
without negative repercussions before and during testing.

Instruments

Arithmetic Sentence Production Task (McMullen et al., 2020): This task included four
items that required students to produce as many different arithmetic sentences as they
could that equaled a target solution, using a set of given numbers, in 90 seconds per
item (e.g., using the numbers .25, 1/4, .5, 1/2, and 4 to arrive at a total of 1). Two of
the items included only whole numbers in the set of given numbers (and prompted
students to produce arithmetic sentences that totaled to an integer), whereas the other
two items included non-integer rational numbers (that prompted students to produce
arithmetic sequences that totaled to a rational number; 1/2 or 3). The number of correct
arithmetic sentences generated by each student for each of the four items was coded as
the total number of correct solutions. For items with rational numbers, the number of
times a participant used both a fraction and decimal in a single solution (e.g., 1/2+.5=1)
was coded as the total number of cross-notational solutions.

After completing all items, students were asked to evaluate sample responses for the
arithmetic sentence production task from two hypothetical students five-point Likert
scales (e.g., How much would your teacher like Stephan’s way? (“Not much”<->"A
lot™).

Fill-in-the-Blank Task: This task included two pages, each with eight items. Each item
displayed an arithmetic sentence with missing number(s) and/or operation(s) (e.g., 2 *
[blank] + 2 [blank] 9 = 38; 1/4 + (3/4 [blank] 1/4) = 1/2), where the aim was to complete
the sentence so that it was true. One page included items with only whole numbers,
while the other page included items with non-integer rational numbers. Participants
had three minutes to complete each page. The outcome measure was the total number
of arithmetic sentences that were true on each page.

Rapid Verification Task: Based on the number sets task used in previous studies (e.g.,
Mazzocco & Hanich, 2010), this task presented participants with a target value (e.g.,
59 or 1/2) and a set of arithmetic expressions. Participants were asked to circle all
expressions equal to the target solution as quickly as possible within a time limit of one
minute per item. Two items involved solely whole numbers and two items included
rational numbers. The outcome measure was the total number of correctly circled
responses on each page.

Strategic Flexibility: Participants completed a three-part assessment of their strategic
flexibility with arithmetic and algebra problems (Coppersmith Garcia & Star, 2022).
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Only the first two parts are used in the present study. In Part 1, students were asked to
complete five problems, each of which had multiple potential solution strategies. In
Part 2, students were asked to complete the same problems from Part 1 using a different
solution strategy than the one they used before, without looking back at Part 1. Two
independent coders classified all solutions by strategy type (standard, better-than-
standard, or below standard) and subsequently resolved all disagreements. Students
were given a score for being flexible in their use of problem-solving strategies if they
correctly used a different strategy to solve a task in both parts of the test. Thus, the
maximum possible score for the strategic flexibility measure was 5.

RESULTS

Figure 1 displays the distribution of cross-notation solutions provided by participants.
As can be seen, a large proportion (46%) of participants did not provide a single correct
cross-notation solution. Despite this somewhat non-normal distribution (Skewness =
1.60, SE = 0.12; Kurtosis = 3.47, SE = 0.24), cross-notation solutions were still
strongly associated with overall performance on the rational number items of the
arithmetic sentence production task (r = .61, p < .001).

Figure 1: Histogram of the number of correct cross-notation solutions
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In order to avoid confounding overall performance and cross-notation use and to take
into account the long-tailed distribution of cross-notation solutions, we split students
in four groups based on whether they were above or below the median values for
overall performance (6 correct answers) and cross-notation use (0 cross-notation
solutions) on the arithmetic sentence production task, rational number items. The four
groups were: (1) Low performance, no cross-notation (Low, No Cross-Note; n=126),
(2) Low performance, at least one cross-notation (Low, Cross-Note; n=53), (3) High
performance, no cross-notation (High, No Cross-Note; n=66), and (4) High
performance, at least one cross-notation (High, Cross-Note; n=169).

One-way ANOVAs with group membership as the fixed factor and Likert scale
responses to the two prompts as dependent variables revealed no statistically
significant group differences for the interpretation scales, F (3, 396) = 0.33, p = .81, 52
=.002, and fourth items, F (3, 396) = 0.80, p = .49, #2 = .006. We interpret this finding
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to mean that students’ use of cross-notation solutions was not impacted by differing
interpretations of the task.

Next, we compare the groups’ performance on the fill-in-the-blank and rapid
verification tasks separated by whole and rational humber items, in order to explore
whether cross-notation use was related to performance on these tasks. One-way
ANOVAs with group membership as the fixed factor and performance as dependent
measures revealed statistically significant group differences for all tasks (Table 1).

As shown in Table 1, all ANOVAs revealed differences in performance between the
groups. As expected, Bonferroni corrected post-hoc comparisons revealed significant
differences between the low and high performance groups for all measures. There were
significant differences between the Low, no Cross-Note and the Low, Cross-Note
groups on Fill-in-the-blank Whole number (mean difference = 0.78, SE = 0.25,
Cohen’s d = 0.52, ppont = .011) and Rapid Verification Rational (mean difference =
0.97, SE =0.35, Cohen’s d = 0.46, puont = .033), but not on Fill-in-the-blank Rational
number (mean difference = 0.60, SE = 0.26, Cohen’s d = 0.37, ppont = .15) or Rapid
Verification Whole (mean difference=0.52, SE=0.35, Cohen’s d=0.24, pponi=-85) tasks.

Table 1: Performance on fill-in-the-blank and rapid verification tasks by arithmetic
sentence production task groupings.

Fill-in-the- Fill-in-the- Rapid Rapid
Blank Whole Blank Verification  Verification
Rational Whole Rational
F(3,410)= F(3,410)= F(3,410)= F(3,410)=
41.77, 47.26, 39.05, 60.41,
p<.001, p<.001, p<.001, p<.001,
n?=23 n?=.26 n?=.22 n?=31

Low, No Cross- 4.65(0.16)2 1.86(0.13)a 17.97(0.21)2 9.84(0.21)2
Note

Low, Cross- 5.43(0.22)> 245(0.19)2 1849(0.31)2 10.81(0.27)"
Note

High, No Cross- 6.21(0.17)c 3.54(0.23)® 19.86(0.24)b 12.18(0.26)°
Note

High, Cross- 6.59(0.10)¢ 4.01(0.13)» 20.57(0.16) 13.09(0.16)¢
Note

Note: Cells with different letters differ significantly based on Bonferroni post-hoc
comparisons (within columns)

There were significant differences between the High, No Cross-Note and the High,
Cross-Note groups only on the Rapid Verification Rational (mean difference = 0.91,
SE =0.31, Cohen’s d = 0.43, puont = .021), but not on Fill-in-the-blank Whole number
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(mean difference = 0.37, SE = 0.22, Cohen’s d = 0.25, ppont = .54), Fill-in-the-blank
Rational number (mean difference = 0.47, SE = 0.24, Cohen’s d = 0.29, ppons = .28) or
Rapid Verification Whole (mean difference = 0.71, SE = 0.32, Cohen’s d = 0.33, Puont
= .15) tasks. These results suggest overall performance on the arithmetic sentence
production task and the use of cross-notation solutions are both positively related to
performance on the fill-in-the-blank and rapid verification tasks, beyond overall
performance on the rational number arithmetic sentence production task.

Due to the low number of students who displayed strategic flexibility across the whole
measure, arithmetic sentence production task groups were cross-tabulated with the
dichotomous variable of strategic flexibility (defined above as the use of multiple
strategies to solve a single task at least once). Table 2 presents the cross-tabulations,
which had a significant chi-squared value »? (3) = 29.70, p < .001, indicating a relation
between arithmetic sentence production groupings and strategic flexibility.
Standardized residual values per cell indicated that there were fewer students than
expected in the Low, No Cross-Note group who had at least one item in which they
received a flexibility score, and more students than expected in the High, Cross-Note
group who had at least one flexibility score.

Table 2: Cross-tabulations of arithmetic sentence production task groupings and
strategic flexibility groups.

Flexibility Grouping

None At least one Total

Low, No Cross-Note Count 97 29 126
St. res. 4.75 -4.75

Low, Cross-Note Count 36 17 53
St. res. 1.31 -1.31

High, No Cross-Note Count 34 32 66
St. res. -1.47 1.47

High, Cross-Note Count 80 89 169
St res. -4.24 4.24

Total Count 247 167

DISCUSSION

These results provide novel insights into the role of cross-notation knowledge in
relation to adaptive expertise in school mathematics. Overall, we find the use of cross-
notation solutions to be fairly rare and unevenly distributed in our sample of high
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school students. Our results show that those students who used cross-notational
solutions on the arithmetic sentence production task had higher performance on other
measures of adaptive expertise. This suggests that those with high cross-notational
knowledge may have an overall higher level of knowledge integration across topics in
school mathematics. Importantly, those students who did not use cross-notation
solutions had lower levels of adaptive expertise irrespective of their overall
performance on the arithmetic sentence production task. Importantly, we find that these
differences did not appear to be explained by differences in students’ interpretation of
the task requirements.

The results of the study expand upon recent research emphasizing the importance of
cross-notational knowledge and expanding the conceptualization of the role of
knowledge integration in mathematics development. Our results highlight that it is not
only declarative knowledge of the relation between fraction and decimal notations that
may be relevant for mathematical development (cf. Braithwaite et al., 2022), but it is
also the spontaneous use of this knowledge in novel contexts. This may be important
for future learning, for instance, being able to recognize when a particular notation is
more suitable for a calculation process in equation solving.

This result also furthers understanding about the role of knowledge integration in
mathematical development itself. Prior studies on adaptive number knowledge, both
with whole and rational number arithmetic, have proposed that high performance on
the arithmetic sentence production task requires well-integrated knowledge of
numerical characteristics and arithmetic relations (McMullen et al., 2020). The present
study is the first to examine how that might manifest with a particular aspect of
numerical knowledge, in this case, cross-notational knowledge. The distinct
contribution of cross-notational knowledge to differentiating performers on other
measures of adaptive expertise, beyond overall performance on the arithmetic sentence
production task, suggests that at least in the case of notations with fractions and
decimals, knowledge integration may be a relevant feature of adaptive expertise.

Several limitations limit the potential for interpreting our findings more broadly. First,
using the total number of cross-notation solutions as the main measure fails to consider
the quality of the produced sentences beyond their correctness. As well, the causal
mechanism that would explain the relation between cross-notation knowledge and
other features of adaptive expertise, or a common cause, is unexamined in the present
study. Nonetheless, this study provides greater clarity on how cross-notation
knowledge involving rational numbers may fit into educators' and researchers'
understanding of what adaptive expertise with rational numbers entails. The ability to
recognize opportunities to apply their cross-notational knowledge in novel contexts is
also a valuable trait for students when engaging with algebra or other mathematical
problem-solving activities, both in and out of the classroom.
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UNPACKING META-DIDACTIC PRAXEOLOGIES IN TEACHER
PREPARATION

Faroug Sessah Mensah
Department of Teaching and Learning, Stockholm University

This study examines how meta-didactic praxeologies are structured in mathematics
teacher education to prepare pre-service teachers for teaching with instructional
technology. Using the Anthropological Theory of the Didactic, a qualitative case study
was conducted with two mathematics teacher educators at a Ghanaian university,
drawing on course plans and interviews. The analysis focused on the types of tasks,
techniques, technologies, and theories at the meta-didactic level. The findings reveal
contrasting praxeologies oriented toward design-based conceptual exploration and
remedial-diagnostic stabilisation. Representation and decomposition dominated as
the meta-didactic technique, while approximation was limited, and justificatory
discourse remained largely tacit.

INTRODUCTION

Instructional technology has become a central feature of contemporary mathematics
classrooms, with digital tools such as dynamic geometry environments, virtual
manipulatives, coding platforms, and video-based assessment technologies
increasingly used to support conceptual understanding and student engagement
(Quarder et al., 2025; Yildiz and Arpaci, 2024). | will refer to instructional technology
as ‘IT” hereof. In response, mathematics teacher education programmes have expanded
their focus on technology integration through dedicated courses, blended learning
designs, and resource-oriented pedagogical approaches to strengthen pre-service
teachers’ (PSTs) technological and pedagogical capacities (Greene et al., 2023).
Simultaneously, practice-based teacher education (PBTE) has gained prominence as a
framework for preparing PSTs through direct engagement with teaching practice.
PBTE seeks to support the development of adaptive and context-sensitive teaching
expertise by foregrounding activities such as observing, decomposing, rehearsing, and
reflecting on instruction (Grossman et al., 2009; Lampert et al., 2013; Kavanagh et al.,
2020). Within mathematics education, PBTE has been widely positioned as a
promising approach for supporting PSTs’ learning to integrate IT in pedagogically
meaningful ways.

Despite these developments, research consistently shows that PSTs’ preparation for IT
integration remains uneven and fragile. Numerous studies have reported persistent gaps
between program-level aspirations and classroom enactment, with PSTs often
encountering digital tools without developing the capacity to use them coherently
within student-centred, conceptually oriented mathematics instruction (Eshetu et al.,
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2022; Mensah et al., 2024). These recurring difficulties suggest that the challenge is
not merely one of access to tools or technical competence but also of pedagogy. A
critical yet underexplored dimension of this problem is the teaching practices of
mathematics teacher educators (MTEs). While PBTE highlights the importance of
carefully designed learning experiences, existing research has paid limited empirical
attention to how MTEs organise, justify, and enact IT integration in their teaching.
Consequently, IT risks being treated as an add-on or procedural requirement rather than
an integral component of pedagogically principled practice (Kavanagh et al., 2020;
Wilson & Yonas, 2024). This limitation is especially pronounced in resource-
constrained contexts, where infrastructural limitations, institutional norms, and policy
demands strongly condition the forms of technology integration that are feasible and
legitimate (Nyaaba et al., 2024). However, empirical studies examining how MTEs
navigate these conditions in their teaching practices remain scarce.

This study addresses this gap by examining how MTEs design and enact teaching
practices that prepare PSTs to teach mathematics using IT. Focusing on MTEs’
instructional decisions and pedagogical reasoning, this study investigates how learning
experiences related to IT are organised, justified, and negotiated within specific
institutional and material conditions. By foregrounding MTES’ teaching practice, this
study aims to contribute empirically grounded insights into how IT integration is
pedagogically constructed within mathematics teacher education.

THEORETICAL CONSIDERATIONS AND RESEARCH QUESTION

This study is situated within the Anthropological Theory of the Didactic (ATD)
(Chevallard, 1992) and draws on the constructs of meta-didactic praxeologies (see
Arzarello et al., 2014). Meta-didactic praxeology refers to the structured ways in which
teacher educators, institutions, or programmes organise, justify, and theorise practices
for teaching future teachers how to teach (Arzarello et al., 2014). | will refer to meta-
didactic praxeology as ‘MDP’ hereof. Within the ATD, teaching is understood as a
praxeological activity organised by institutional norms, epistemic commitments, and
legitimising discourses. When teaching becomes the object of teaching, as in
mathematics teacher education, these praxeological structures operate at a meta-
didactic level. Meta-didactic transposition foregrounds how MTEs interpret, adapt, and
institutionalise external didactic inputs, such as instructional technologies, within
teacher education. Rather than assuming direct implementation, this perspective
emphasises the negotiated reconfiguration of pedagogical purposes, practices, and
values as IT is integrated into institutional settings.

MDP provides an analytical lens for examining how MTEs organise and legitimise
their pedagogical work. In the ATD, praxeologies consist of types of tasks (t),
techniques (t) for solving the type of task, technologies () that rationalise those
techniques, and theories (®) that confer epistemological legitimacy. Applied at the
meta-didactic level, this structure enables an analysis of how learning experiences for
teaching with IT are designed, justified, and constrained. This lens is particularly suited
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to examining IT integration in resource-constrained contexts, where institutional
conditions delimit the feasible and legitimate forms of pedagogy. To operationalise the
analysis, the study draws on pedagogies of practice—representation, decomposition,
and approximation (Grossman et al., 2009) as meta-didactic techniques embedded
within broader praxeological configurations. Representation involves showing
teaching practice so that PSTs can see what professional practice looks like;
decomposition involves breaking complex teaching practice into smaller, learnable
components; and approximation provides opportunities for novices to enact teaching
practice in settings that are close to, but safer than, real classrooms (Grossman et al.,
2009). Guided by the ATD, the study addresses the following research question: How
are the meta-didactic praxeologies of mathematics teacher educators structured in
preparing pre-service teachers to teach mathematics using instructional technology?

METHODS

This study employed a qualitative case study design to examine how MTESs structure
their MDP for IT integration. The research was conducted at a public Ghanaian
university offering a Bachelor of Education in Mathematics, where policy-driven
digital reform expectations intersect with infrastructural limitations and rigid
curriculum structures. IT-focused mathematics education courses, in which MTEs
exercised curricular discretion, served as primary analytical sites. Two MTEs,
Benjamin and Abo (pseudonyms), participated in this study. Each taught a distinct, 1T
oriented course (EMA 335 and EMA 325), held a doctoral degree in mathematics
education, and had over 8 years of experience in teacher education. Data were drawn
from two sources: course plans and semi-structured interviews with the teachers.
Course plans were analysed as institutional texts articulating pedagogical intentions
and positioning IT within formal teacher preparation, while interviews provided
insights into pedagogical reasoning, perceived constraints, and justificatory discourses.
Data analysis was guided by the MDP framework of the ATD, focusing on the types
of tasks (t), techniques (t), technologies (8), and theories (®). Pedagogies of practice—
representation, decomposition, and approximation were used as analytical indicators.
Coding was both deductive and interpretive, and was refined iteratively through
analytic memo writing. The interview data were treated as situated accounts, with
attention to emphasis and omission. Trustworthiness was ensured through
triangulation, member checking, and reflexive engagement. The researcher’s
positionality was treated as an interpretive resource and was supported by reflexive
memo-writing.

RESULTS
Types of Tasks (t)

Across both courses, IT was integrated into t, which was directly tied to mathematical
work. The nature of these t differed in terms of how technology was positioned in
relation to teaching and learning. In EMA 335, Benjamin designed t that required PSTs
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to construct technology-mediated instruction. Rather than adopting existing digital
resources, PSTs were expected to design instructional uses of technology that enhance
mathematical clarity. As Benjamin explained, “I want them [PSTs] to think about how
technology can make the concept clearer, not just how to use the software.”” This t
orientation foregrounded pedagogical purpose over technical proficiency, positioning
IT as a means of shaping mathematical meaning. These t were explicitly collaborative.
PSTs were expected to negotiate instructional decisions collectively by pooling and
refining ideas through discussion. Benjamin noted, “They bring their [PSTs] ideas
together, and then as a group they decide what will work best for the lesson.” The t
completion, therefore, depended on shared pedagogical reasoning rather than
individual tool use, situating IT within collective instructional design.

In contrast, the t in EMA 325 was structured around Abo’s assessment of PSTs’ limited
readiness for technology-mediated instruction. The t design prioritises foundational
mathematical understanding before pedagogical application. Abo stated, “Before we
can talk about teaching with technology, they [PSTs] must first understand the
mathematics properly.” 1T primarily functions as a support for disciplinary
consolidation rather than as a design medium. Abo further described how t used digital
tools to surface and correct misconceptions through structured activity: “When they
[PSTs] work with the spreadsheet, the mistakes show clearly, and then we can correct
them step by step.” Here, IT was embedded in t, emphasising error visibility,
sequencing, and correction, framing it as a stabilising resource for mathematical
reasoning.

Techniques (t)

Across both courses, representation and decomposition of practice dominated as the
meta-didactic techniques for making IT teachable. The approximation of practice
appeared only in limited and indirect forms. In EMA 335, Benjamin relied on
representation by modelling complete instructional sequences in which digital tools
were embedded within the lesson flow. These demonstrations positioned PSTs as
learners observing enacted practices rather than as teachers enacting instructional
moves. Benjamin explained, ““I demonstrate the lesson first, so they [PSTs] can see
how the technology fits into the teaching.” Thus, representation functioned as a
primary t for making instructional decisions visible while maintaining control over
enactment. Benjamin also employed an explicit decomposition of instructional
practice, analytically separating lesson components. He described this as, ““We look at
the lesson in parts... the digital material, what students do with it, and how they [PSTs]
use it.” Decomposed practice supported PSTs’ analytical understanding of
instructional structure but did not extend to rehearsed enactment.

In EMA 325, Abo similarly relied on representation, although with a stronger
procedural emphasis. Teaching with IT was modelled through step-by-step
demonstrations that focused on correct execution. As Abo stated, “I show them[PSTs]
the steps first, then they try the same thing on their own.” Decomposition occurred
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primarily through task sequencing: “I move from one operation to the next, so they
[PSTs] understand each part before going on.” This supports functional fluency
without unpacking teaching decisions.

The approximation of practice appeared only in partial forms. In EMA 335, PSTs
discussed and refined instructional designs collectively: “They [PSTs] explain their
design to the class, and we talk about what could be improved.” In EMA 325, PSTs
demonstrated digital procedures individually: “Each student has to explain what they
are doing when they [PSTs] present their work.” These activities involved reasoning
about teaching but did not require PSTs to rehearse the instructional interaction.
Overall, representation and decomposition were foregrounded, whereas approximation
remained structurally constrained.

Technologies (0)

Across both courses, IT was justified through pedagogical rationales linked to
mathematical meaning-making, rather than efficiency or novelty. In EMA 335,
Benjamin justified the use of IT as an epistemic resource for conceptual exploration.
Dynamic mathematics software was described in the literature as a medium for
visualising and interrogating mathematical relationships. He explained, “With the
animation, students can see how the relationship changes instead of just hearing the
explanation.” Technology gained pedagogical value only when coherently embedded:
““If the technology is not connected to the task and the discussion, then it doesn’t really
help.”

In EMA 325, Abo articulated a technological rationale shaped by concerns regarding
accuracy and learner readiness. IT was justified as a means of stabilising mathematical
understanding and revealing errors: ““When they [PSTs] use Excel, the answers don’t
lie.” Abo also emphasised accessibility: “These are tools they [PSTs] already have
access to, so we can focus on the mathematics.” Technology was legitimised through
feasibility and diagnostic clarity rather than exploratory affordances.

Theories (O)

MTE does not explicitly reference formal learning theories. Instead, their pedagogical
reasoning reflects tacit epistemological orientations. In EMA 335, Benjamin’s
reasoning reflected an implicit view of learning as emerging from exploration and
collective sense-making. He stated, ““I want them [PSTs] to observe what is happening
and then draw their own conclusions.” Dialogue and reflection were central: “After
they share what they have seen, we discuss it as a class.” IT was legitimised as a
catalyst for noticing and conjecturing.

In contrast, Abo’s reasoning reflected a tacit orientation toward learning as a gradual
acquisition of accuracy and procedural reliability. He explained, “If the foundation is
not correct, everything else will collapse later.” Teaching was framed as guided
correction: “My role is to guide them step by step until they get it right.” IT was
legitimised as a support for controlled progression and error correction.
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DISCUSSION

In addressing how MDP are structured in PSTs to teach mathematics with IT, this study
shows that such praxeologies are locally configured through the interaction of
pedagogical intentions, epistemic commitments, and contextual constraints. Rather
than reflecting the direct implementation of policy ideals or generic technology
frameworks, the practices examined reveal negotiated configurations of tasks,
techniques, justificatory discourse, and tacit theories.

At the task level, IT was embedded within mathematically purposeful activity but
oriented toward different pedagogical ends. Benjamin’s design-oriented tasks position
technology as an epistemic resource for conceptual exploration and instructional
coherence. By integrating digital artefacts with worksheets and lesson planning, his
approach aligns with didactic engineering traditions that emphasise technology’s role
in structuring enquiry and mathematical meaning-making (Trouche et al., 2019). In
contrast, Abo framed remedial-diagnostic tasks as a stabilising tool for addressing
misconceptions and ensuring procedural accuracy. This pragmatic orientation reflects
adjustments to PSTs’ limited readiness, consistent with research showing that
technology integration in teacher education is often reshaped by learner constraints
rather than by curricular aspirations (Caniglia & Meadows, 2018; Eshetu et al., 2022).

The techniques used to enact these tasks further clarified the structure of the MDP.
Both MTEs relied primarily on representation and decomposition of practice,
consistent with practice-based teacher education approaches that emphasise making
teaching visible and analysable (Grossman et al. 2009). However, the approximation
of practice remained limited and indirect. While PSTs engaged in reasoning about
instructional design or in explaining digital procedures, opportunities to rehearse
technology-mediated teaching moves or to respond to student thinking were scarce.
This result suggests a structurally thinned enactment of approximation, shaped by
concerns about feasibility and readiness—tensions also identified in PBTE research
(Kavanagh et al., 2020).

At the level of justificatory discourse and tacit theories, IT was legitimised through
distinct epistemic orientations. Benjamin framed digital tools as epistemic mediators
for exploration and collective meaning-making, aligning with the view of technology
as a cognitive and representational resource in mathematics education (Hoyles &
Lagrange, 2010). In contrast, Abo justified technology on the grounds of diagnostic
precision and accessibility, privileging correctness and control (Drijvers, 2015). These
differences support the claim that technology integration is shaped more by beliefs
about teaching and learning than by technical competence (Ertmer & Ottenbreit-
Leftwich, 2010). Notably, these epistemic commitments have remained largely tacit.
As Chevallard (2006) cautions, the absence of explicit logos in teacher education may
limit reflective alignment between practice and theory when teaching becomes the
object of instruction.
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Overall, the findings suggest that MDP for IT integration are structured through
adaptive and context-sensitive configurations rather than uniform best-practice
models. While these configurations demonstrate pedagogical agency under constraints,
they also point to the need for structured spaces in mathematics teacher education
where justificatory discourses and epistemic assumptions about IT are made explicit
and grounded in theory.
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SENSING AND MAKING SENSE OF DEFORMATIONS:
EMBODIED PATHWAYS TO ADVANCED MATHEMATICAL
THINKING AND EARLY TEACHER IDENTITY

Annamaria Miranda

University of Salerno, Department of Mathematics

This study examines how undergraduate mathematics students developed advanced
mathematical thinking and early teacher identity through embodied exploration of
topological deformations. Students progressed through pre-rigorous, rigorous, and
post-rigorous phases while designing teaching resources. Analysis through noticing
and agency frameworks reveals how pedagogical awareness emerges when abstract
mathematics is approached through embodied, multi-modal pathways. Findings show
that mathematical noticing becomes pedagogical noticing when students exercise
design agency, offering new perspectives on addressing Klein's second discontinuity
through epistemological rather than content-based connections.

Klein’s (2016) “second discontinuity” describes how prospective teachers struggle to
connect abstract university mathematics to secondary school teaching. Despite decades
of concern, empirical studies reveal teachers perceive minimal value in their university
mathematics courses for classroom practice (Wasserman et al., 2023). This study
explores an alternative approach grounded in embodied cognition (Palatnik et al., 2023;
Palatnik & Cooper, 2025) by deliberately engaging students’ sensory-motor experience
with topological concepts to create pathways toward both abstract understanding and
pedagogical awareness (Miranda, 2023). We investigate how third-year mathematics
students developed understanding of deformations, conceived simultaneously as
embodied transformations and formal homotopic equivalences, while recognising
teaching potentials within this advanced topic. Three questions guide our investigation:
How do students make sense of abstract topological concepts through embodied
activity? What teaching potentials do they notice when advanced mathematics is
approached through multi-modal pathways? How does exercising agency in designing
teaching resources shape their emerging identities as mathematics educators?

THEORETICAL GROUNDING
Embodiment and Advanced Mathematical Thinking

Embodied cognition positions mathematical thinking as emerging through bodily
interaction with our environment rather than purely abstract mental manipulation
(Palatnik & Cooper, 2025). Mathematical activity is rooted in sensory-motor
experience, even when dealing with abstract concepts. This perspective challenges
traditional mind-body dualism, suggesting that perception itself is “perceptually guided
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action” (Varela et al., 1991). On this strand, Advanced Mathematical Thinking (AMT)
involves moving from intuitive, experience-based reasoning toward formal, definition-
based mathematical work (Tall, 1991). In this regard, Tao’s (2007) framework refines
the path into three stages: pre-rigorous (informal, intuitive), rigorous (precise, formal),
and post-rigorous (returning to intuition supported by rigorous foundations). This view
accommaodates embodied perspectives: the pre-rigorous stage involves sensory-motor
exploration, while the post-rigorous stage requires integrating formal understanding
back into embodied intuition. We trace them by using noticing and agency concepts.

Teacher noticing as an embodied, multi-layered practice

Teacher noticing, identifying mathematically significant moments and pedagogical
opportunities, has become central to understanding teaching expertise (Sherin et al.,
2011). Recent reconceptualisation emphasises noticing as embodied, layered, mutual,
and meta (Coles & Helliwell, 2025), challenging traditional cognitive models of
attending-interpreting-deciding. From an enactivist perspective, noticing emerges
through engagement, carries affective colouring, and occurs at multiple levels
simultaneously (Mason, 2002). Mason (2025) distinguishes a detailed layer (specific
observations), a middle layer (recognising patterns), and an abstract layer (value
judgements and purposes). For prospective teachers, noticing operates in dual registers:
mathematical noticing (recognising structures, relationships, and reasoning patterns)
and pedagogical noticing (identifying teaching potentials, anticipating difficulties, and
recognising opportunities for accessibility). While Coles and Helliwell (2025) examine
noticing in practising teachers during instruction, we extend their framework to
prospective teachers learning advanced mathematics. We investigate whether and how
pedagogical noticing emerges during content learning itself, particularly when that
learning is structured through embodied, multi-modal pathways.

Agency in learning and teaching mathematics

Agency, the capacity to act independently and make meaningful choices, emerges
through social interaction rather than as an individual possession (Pickering, 1995).
Andersson and Norén (2011) identify multiple dimensions: students exercise
mathematical agency through choices about which ideas to pursue and how to
represent concepts, while pedagogical agency extends to decisions about sequencing
activities and creating learning opportunities. Agency proves particularly significant
for teacher education because it connects to identity formation (Holland et al., 2001):
when students make consequential choices rather than implementing prescribed
procedures, they develop identities as mathematical thinkers and educators. We
conceptualise agency as operating across three interconnected dimensions in our
context: mathematical agency, pedagogical agency, and epistemic agency.

RESEARCH DESIGN

This study emerged from a year-long algebraic topology course (2024/2025) for 30
third-year undergraduate mathematics students at an Italian university. It is part of a
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research conducted over the last three years investigating the opportunities to recognise
teaching potentials within advanced contents while learning. This course deliberately
foregrounded connections between embodied intuition and formal reasoning.

Three-task learning sequence. We focus on the homotopic equivalences subject.
Students engaged with deformations, working in groups through interconnected tasks:

Task 1 (ATEW—AIlgebraic Topology Embodied Working) guided students through
three phases: pre-rigorous (imagining and describing what happens when “squashing”
geometric objects: cylinders, cones, spheres); rigorous (translating intuitions into
formal mathematics: parametric representations, retraction maps, continuity proofs);
and post-rigorous (determining whether various objects could be obtained as
deformation retracts, validating intuitions against formal definitions).

Task 2 (Resource Development) asked student groups to create resources on the
topology topics for peers or second-year students, with complete designing freedom.

Task 3 (Implementation and Reflection) required groups to organise a lesson
implementing their interactive resources and then, in a written individual interview,
reflect on what they learnt mathematically and pedagogically.

Participants and data collection

Students worked organised in small groups. This paper focuses on one group (Ben,
Mia, and Leo) selected through purposive sampling: (1) their resource most directly
built on the deformations concept from Task 1, allowing us to trace development from
learner to designer; (2) they created a comprehensive multi-modal resource integrating
embodied argumentations, GeoGebra explorations, video explanations, formal
mathematical development, and interactive Kahoot/Genially verification; and (3) their
reflective responses showed the richest articulation of both mathematical and
pedagogical insights. Data sources included Task 1 written responses showing sense-
making through the three-phase progression; the group’s GeoGebra Book and
accompanying lesson notes revealing pedagogical choices; video recording of their
one-hour lesson implementation; and individual written interview responses regarding
mathematical learning, pedagogical insights, challenges faced, and identity shifts.

Analysis approach

We conducted qualitative content analysis using noticing and agency as analytical
lenses. Our coding scheme distinguished six dimensions. Noticing dimensions:
mathematical noticing (mN): recognising mathematical structures, patterns,
relationships, and reasoning strategies; pedagogical noticing (pN): identifying teaching
potentials, anticipating learner difficulties, recognising opportunities for accessibility;
meta-noticing (metaN): awareness of one’s own learning processes, recognising how

understanding develops. Agency dimensions: mathematical agency (mA): choices
about which mathematical ideas to emphasise, which theorems to prove versus
illustrate, and which examples to develop; pedagogical agency (pA): decisions about
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sequencing activities, choosing representational tools, and balancing abstraction, and
concreteness; epistemic agency (eA): questioning assumptions, making conceptual
distinctions visible, challenging common conflations. Analysis proceeded iteratively.
All data were coded for evidence of each dimension, and their interactions examined.

FINDINGS AND ANALYSIS
Making sense through sensation: the pre-rigorous phase.

Students’ initial responses revealed rich embodied reasoning. Mia wrote: “Deforming
a cylinder by moving in the direction of its axis without tears (squashing it), we obtain
acircle, while deforming a filled ball moving radially, we obtain a point.” The language
“squashing”, and “moving” directly invokes bodily action, thinking through imagined
physical manipulation (embodied mN). Ben made this explicit: “In this phase, we base
ourselves on perceptual-motor intuitions. Physically manipulating models (clay, paper)
helps visualise changes. Body movement and gestures become a bridge between visual
intuition and topological understanding”. This reveals both embodied reasoning (mN)
and meta-awareness of it (metaN), recognising bodily engagement’s epistemological
function. Students’ sense-making also captured essential topological ideas informally
(mN): noting that transformations preserved connectedness (“not creating disjoint
pieces”) and maintained certain structures while eliminating others (“reducing
thickness, making volume collapse”). When Mia hesitated about deforming a cone: “I
obtain a disc ... it depends on direction and continuity”. This revealed genuine
mathematical thinking (mN), anticipating distinctions that would become formally
significant. Importantly, students already exercised mathematical agency (mA) in this
phase by choosing which features to emphasise in their descriptions. Leo focused on
dimensional reduction (“3D objects become 2D or 1D”), while Mia emphasised
preservation properties (“the boundary remains connected”). Students also
demonstrated nascent pedagogical noticing (pN) even as learners. “The physical
manipulation really helps seeing how this would work with students who struggle with
abstraction” (Ben).

Formalising embodied intuition: the rigorous phase.

Translating embodied intuitions into mathematics, students moved from “squashing
vertically” to defining specific retraction maps. Leo worked through carefully: “When
‘squashing the cylinder vertically’ (Figure 1), we apply a function compressing the z-
coordinate. The retraction could be (cos2xt, sin2zt, t’) — (cos2xt, sin2zt, 0). This takes
each cylinder point and projects it on the xy-plane, fixing z at 0”. The formal
mathematics preserved geometric intuition: students didn’t abandon embodied
understanding but found mathematical structures capturing it (mN). Even verifying
formal requirements, they maintained geometric language: “The cylinder image is a
circle in plane z=0... Pre-images of open arcs are ‘open strips’ on the cylinder.
Therefore, the map is continuous” (mN). This phase surfaced important distinctions
requiring epistemic agency (eA). Ben noted “Even being continuous, they do not

PME 49 - 2026 1030



Miranda

always preserve properties! In the cylinder, yes. But...Md&bius”. This reveals epistemic
agency (eA): questioning whether deformations guarantee formal properties
(orientability). Students made this distinction visible rather than conflating
deformations with homeomorphisms. Students also exercised pedagogical agency (pA)
in how they would sequence their designing process. They choose to present geometric
intuition first, then formal definitions, then verification, just the sequence they were
experiencing, a pedagogical decision in ordering for understanding. Mia demonstrated
meta-noticing (metaN) about the formalisation process: “Writing the formal proof
forced me to articulate exactly what I was imagining. | realised my intuition was
sometimes vague; the formalism made it precise”. This awareness that formalisation
clarifies intuition represents a significant epistemological understanding (metaN).

Figure 1: Exploring the cylinder deformations from the plasticine to GeoGebra.
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Post-rigorous validation: returning to intuition.

Armed with formal definitions, students assessed initial intuitions. About the Mdbius
strip: “Yes, intuitively it can retract into the circle” (Mia). But ‘intuitively’ now meant
something different than in the pre-rigorous phase. Ben clarified (metaN): “Now
‘intuitive’ means | can envision the formal construction, not just that it looks right. My
intuition has been educated by the rigorous work”. This distinction between ‘naive’
and ‘educated’ intuition represents powerful meta-noticing (metaN), the awareness of
how one’s own thinking has been transformed by formal work. Leo refined his thinking
beyond the original task, generating new examples (mN, mA). He noted about the filled
torus: “It can retract to its central circle by collapsing each circular cross-section
radially”. This shows how the formal framework enabled generating new examples,
enacting post-rigorous thinking where intuition and formalism work in concert.
Students exercised mathematical agency (mA) in deciding which validation examples
to pursue in depth. The group chose to focus on distinguishing subtle cases (Mobius
strip vs. cylinder) rather than obvious ones, reflecting judgement about mathematical
interest and difficulty. Ben confirms his epistemic agency (eA) by recalling the
importance of questioning assumptions: “I thought any continuous deformation would
preserve topological properties, but a retraction does not preserve orientability”. This
distinction matters mathematically. Making subtle distinctions visible rather than
accepting surface-level understanding reflects epistemic agency (eA).
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Noticing teaching potentials: from learner to designer.

When designing teaching resources, students shifted from noticing only mathematical
structures to seeing teaching potentials in them. The group’s deformations resource
reveals pN through design choices: beginning with embodied, manipulable examples
(recognising physical engagement creates accessible entry); including multiple
representations (physical, digital, formal, interactive); and balancing abstraction with
concreteness. Ben reflected, “I wanted to balance abstraction and concreteness. For
instance, how much formalism to include in a visualisation, or intuition in a proof? |
solved these through iterative creation, feedback, and revision”. This represents strong
pN, recognising different learners need different pathways. Mia articulated emerging
metaN: “The process of selecting content, asking questions, and constructing structured
explanations strengthened my understanding and improved my ability to communicate
mathematical concepts. When you explain to others, you realise if a concept has been
internalised”. Mia noticed that teaching reveals understanding, a meta-pedagogical
insight (metaN). Leo remarked on multiple representations’ value: “Creating multiple
representations showed me different ‘faces’ of the same object. Written equations,
videos, and interactive GeoGebra offer complementary perspectives” (pN, metaN).
Ben also noticed potential difficulties (pN): “Translating formal rigour into intuitive
visualisation was challenging! Visually showing without losing mathematical accuracy
proved difficult”, an awareness that accessibility and rigour can be in tension (pN).

Exercising agency: mathematical and pedagogical choice-making.

The open-ended task created space for genuine agency. The deformations group
exercised mathematical agency (mA) in selecting which theorems to prove versus
illustrate. They proved the cylinder retraction rigorously but used visualisation for the
torus retraction, reflecting judgements about pedagogical payoff versus mathematical
depth. More significantly, they chose to emphasise the distinction between
homeomorphism and deformation retraction, a subtle conceptual difference. Leo
explained, “These are independent concepts but often confused. We wanted to make
this distinction explicit because it’s mathematically important but pedagogically
tricky”. This reflects both mA and eA. The choice was consequential; it shaped the
entire resource structure. The group also exercised pA in choosing representational
tools. Their decision to use GeoGebra for dynamic visualisation, Genially for
interactive comparisons, and Kahoot for formative assessment reflected deliberate
thinking about tool affordances. Ben explained (pA): “We created a GeoGebra book
for formal aspects and exploration. We used Genially to explain through everyday
comparisons, showing mathematical concepts are part of life, making them feel
accessible. And we added quizzes to verify understanding while keeping engagement
high”. These choices reveal awareness that learning involves multiple processes
(understanding, connecting, practising, assessing) and different tools support different
processes (pA). This represents significant pA: not just choosing tools but
understanding why particular tools serve pedagogical purposes.
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Identity Transformation

Students experienced identity shifts. Mia: “This strengthened my interest in teaching
as a career. | was satisfied with my work and enjoyed it!”. Leo: “My mathematical
confidence grew enormously through solving visualisation problems and receiving
feedback”. Ben: “Taking on the teacher role, | balanced theoretical with practical
activities. Seeing the audience understand my explanations was extremely gratifying”.
They recognised teaching deepened mathematical understanding: “When you explain
to others, you really realise if a concept has been internalised” (Mia). “Translating
formal rigour into intuitive visualisation forced me to think deeply about what these
concepts really mean” (Leo). The recognition that teaching deepens learning represents
epistemological awareness. The connection between agency and identity emerged
clearly. Students who made choices experienced themselves differently than students
who followed procedures. Ben articulated, “This wasn’t like assignments where we
follow steps. We decided everything: what to teach, how to teach it, and what tools to
use. Those decisions made it feel real, like actual teaching”. This agentic experience,
making decisions that shaped others’ learning, proved identity-shaping. Students
became people who make pedagogical choices, not just execute predetermined plans.

DISCUSSION AND CONCLUSION

Our findings reveal how embodied approaches to advanced mathematics create
pathways toward pedagogical awareness. When students engage topological concepts
through physical manipulation, digital exploration, and formal reasoning in concert,
they don’t simply learn topology; they learn about learning topology. This meta-level
learning differs fundamentally from traditional approaches where mathematics and
pedagogy occupy separate courses. Our findings extend Palatnik et al.’s (2023) work
by showing that students who experience embodied approaches as learners develop
awareness of embodiment’s pedagogical value, making visible aspects of mathematical
learning that remain invisible in purely formal instruction. Tao’s (2007) three-phase
progression serves double duty: creating robust mathematical understanding while
providing first-hand experience of learning progressions applicable at all educational
levels. Students don’t merely hear about building on intuition before formalising; they
live it, experiencing how physical engagement enables rather than opposes abstraction.
Our analysis reveals specific dynamics: mathematical noticing (mN) in embodied
contexts becomes pedagogical noticing (pN) when students exercise pedagogical
agency (pA) in design tasks, mediated by meta-noticing (metaN). Agency serves as the
activating condition for transforming implicit pedagogical insights into explicit
pedagogical reasoning. Coles and Helliwell’s (2025) framework helps explain how
students’ noticing evolved from embodied to layered (moving between details,
patterns, and purposes) to mutual (shaped by audience responses). Having genuine
choices, students experienced themselves as designers making consequential
pedagogical decisions rather than following procedures. Students learnt that
approaching abstract mathematics through embodied reasoning represents a powerful
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pedagogical approach. This honours advanced mathematics while connecting it to
teaching through how one approaches mathematical learning and supports others’
learning, addressing Wasserman et al.’s (2023) ideas. When students sense and make
sense of mathematical concepts through multi-modal pathways, they develop dual
awareness: becoming both mathematicians who understand abstract structures and
educators who understand how those structures might be made accessible to diverse
learners. This dual development represents a promising direction for teacher training.
Among the limitations, generalisability and transferability issues (case, context,
subject) warrant acknowledgement. Future research must address the gaps.
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PROSPECTIVE SECONDARY TEACHERS’ PERSONAL
RELATIONSHIP WITH COMBINATORICS: IMPLICATIONS FOR
THEIR DIDACTICAL AND MATHEMATICAL TRAINING

Jonathan Morcos, Alejandro S. Gonzalez-Martin
Université de Montréal

This paper explores prospective secondary mathematics teachers’ personal
relationship with combinatorics (PRc). Existing research on the teaching and learning
of combinatorics calls for an expanded role of combinatorics in secondary
mathematics curricula; however, there is limited understanding of how teachers are
trained in this domain and their views of combinatorics content. This study’s findings
reveal a diverse range of PRc, some of which may prevent prospective teachers from
exploiting the recognised educational potential of combinatorics. Participants
demonstrated difficulties applying techniques appropriate for secondary classrooms
and justifying techniques learned at university. Results point to several promising
avenues for strengthening mathematics teacher training related to combinatorics.

INTRODUCTION

The teaching and learning of combinatorics is a growing area of research in
mathematics education. Although numerous studies have documented students’
difficulties with combinatorics (e.g., Batanero et al., 1997), recent work has highlighted
its potential for promoting mathematical reasoning and supporting the development of
mathematical ideas such as generalisation and equivalence (Lockwood & Reed, 2020).
Combinatorics also has important applications in domains such as graph theory,
coding, game theory and cryptography. On this basis, researchers such as Lockwood
et al. (2020) and Sandefur et al. (2022) have argued for a greater presence of
combinatorics in curricula, including at the secondary level.

As a result, researchers have increasingly turned their attention to teachers, who play a
vital role in the teaching and learning of combinatorics and whose involvement is
essential for a more meaningful inclusion of combinatorics content in secondary
mathematics: “research needs to include studies that provide information on teacher
learning in this domain [and] studies on how teachers come to see this domain as
connected to the curricula that they teach” (Lockwood et al., 2020, p. 9). The first
author’s master’s study (Morcos, 2025) addresses this issue by comparing secondary
and university combinatorics content to better understand current practices at these two
levels of education, and by investigating how prospective teachers are affected by
consistencies and inconsistencies between combinatorics content in secondary and
university curricula. This paper specifically seeks to analyse: 1) prospective secondary
mathematics teachers’ views and perceptions of combinatorics content, and 2) possible
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links between these perceptions and prospective teachers’ experience with
combinatorics-related practices as secondary and university students. We believe that
this type of research can contribute to ongoing discussions about the inclusion of
combinatorics in secondary mathematics, with a view to adapting teacher training so
as to make this inclusion more effective.

THEORETICAL FRAMEWORK

This paper’s aim is twofold: 1) to analyse prospective teachers’ perceptions of
combinatorics, and 2) to explore possible links between these perceptions and current
practices in secondary mathematics and in university mathematics courses in teacher
training programmes. Our study employs tools from the Anthropological Theory of the
Didactic (ATD—Chevallard, 1999). ATD posits that the teaching and learning of
mathematics are human practices shaped by the institutions in which they occur. In
ATD, an institution is a social system that defines, regulates, and legitimises specific
practices with respect to a given body of knowledge. Within institutions, individuals
occupy specific positions or roles that, in turn, orient their practices. Chevallard (2003)
defines two theoretical constructs related to practices and positions. First, the
institutional relationship (IR) with content refers to the way content is defined,
organised and used within a given institution. In this paper, we focus on the IR with
combinatorics content in two specific institutions: secondary mathematics (IRsm.c) and
university mathematics courses in teacher training programmes (IRum-c). Second, an
individual’s personal relationship (PR) with a given content refers to the system of
interactions between the individual and that content: the way the individual uses,
manipulates, talks about, describes and perceives the content. An individual’s PR
evolves over time and through experience, influenced by the multiple institutions in
which they participate and by their practices related to specific content.

In ATD, relationships with content can be investigated using the analytical tool of the
praxeology. Praxeologies comprise a practical block, which includes tasks and the
techniques used to solve them, and a theoretical block, which consists of the rationales
(technological discourses) that support, explain or justify the use of specific techniques,
together with the theory that validates these rationales. Praxeologies related to specific
content within an institution provide insight into the IR with that content, while
praxeologies deployed by an individual shed light on that individual’s PR with the
content. This theoretical approach was used by Gonzélez-Martin & Hernandes-Gomes
(2020) to study engineering teachers’ personal relationships with mathematics and to
investigate how these teachers’ backgrounds influence their PR and, consequently,
their practices. In this paper, we use these constructs to address the following research
question: What are the characteristics of prospective teachers” personal relationship
with combinatorics (PRc) and how does their PRc relate to IRsy.c and IRym-c? We
have previously published our results of the analysis of IRsu.c and IRum-c (Morcos,
2025; Morcos & Gonzélez-Martin, 2025a, 2025b, 2025c). In this paper, we summarise
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the main findings concerning IRsu.c and IRym-c, then we present our results to the
research question.

METHODOLOGY

This research is based at the Université de Montréal (UdeM), in Canada, and draws on
two data sources: textbook analysis (references are provided here) and interviews with
prospective teachers. The textbook analysis illuminates institutional praxeologies and
thus provides a model of IRsu.c and IRum-c. We analysed the praxeologies related to
combinatorics identified in all three secondary mathematics textbooks (ST1, ST2, ST3)
approved by the Québec Ministry of Education, and in the two university textbooks
(UT1, UT2) used in the UdeM teacher training programme for its Probability and
Discrete Mathematics courses. These courses are taken by a wide range of students and
are the only two courses that address combinatorics in UdeM’s training programme for
prospective secondary teachers.

For this study, we conducted individual semi-structured interviews with four
prospective teachers (T1, T2, T3, and T4) enrolled in the UdeM programme. All
participants had successfully completed the two mathematics courses that address
combinatorics. Participants were first asked to solve six combinatorics tasks from the
analysed textbooks (four from the STs and two from the UTSs), justifying their solutions
and explaining their rationales. This revealed certain aspects of their personal
relationship with combinatorics (PRc). In the second part of the interviews, the
participants answered questions about their views on combinatorics, allowing for a
more detailed characterisation of their PRc. The interview data were also used to
triangulate the findings from the textbook analysis. The interviews were transcribed
for analysis, with excerpts translated from French into English. The analysis was open
coded (Saldafa, 2013), based on participants’ responses concerning their views on
combinatorics and the connections we established with their training and secondary
mathematics. The initial data analysis was conducted by the first author and verified
by the second author, with minor disagreements resolved when necessary.

RESULTS AND DISCUSSION
The institutional relationships with combinatorics (IRsm-c and IRum-c)

As indicated above, we summarise here results published in Morcos (2025) and in
Morcos & Gonzalez-Martin (2025a, 2025b, 2025c) concerning IRsm.c and IRym-c, in
order to then make connections between the participants’ PRc and the institutions in
which they have studied this content.

Our textbook analysis reveals important differences between IRsy.c and IRum-c. In the
three secondary textbooks analysed, combinatorics content is not explicitly identified;
rather, it is introduced in the probability chapter, which strongly influences the
praxeologies related to combinatorics. Tasks involving combinatorics are framed as
probability problems that require students to count favourable and possible outcomes
of a random experiment. Various techniques are proposed to carry out these counts,
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including systematic enumeration, tree diagrams, grids and tables, Venn diagrams, and
combinatorial rules such as the multiplication principle!. This could, in principle,
support connections within and across contents, and thus foster rich mathematical
reasoning; however, these techniques, while grounded in combinatorics, are presented
in all three textbooks as tools for probability tasks. The technological discourses that
accompany the techniques are anchored in probability theory, and omit rationales
related to combinatorial practices and reasoning. For example, ST1 uses tree diagrams
to list outcomes and to determine the probability of an event, as illustrated in Figure 1,
while masking important combinatorial notions such as equivalence and structured
enumeration and providing no clear rationale to support the development of
mathematical reasoning. Similarly, the multiplication principle, fundamental in
combinatorics, is introduced specifically to solve probability tasks (for more details
and for possible impacts on prospective teachers, see Morcos & Gonzélez-Martin,
2025a). This suggests that, in secondary mathematics, the raison d’étre of
combinatorics is reduced to the counting of favourable and possible outcomes of
probability experiments. Consequently, IRsm.c appears limited to the application of
combinatorics content in probability, both practically (in terms of tasks and techniques)
and theoretically (in terms of explanations and justifications). This limits the potential
role and nature of combinatorics in secondary mathematics.

Figure 1: Example of a task solved with a tree diagram in ST1 (p. 347)

1% coin 2" coin 3" coin Outcome  Probability

Alexia simultaneously tosses three coins and observes T S e :
the sides showing after the coins land. Since the sample < i @50 :
space of the possible outcomes of this random : 4 Ny D ;
experiment is {(H, H, H), (H, H, T), (T, T, H), (T, T, T)}, < P=w o anw ;
she claims that the probability of obtaining the outcome : = el e ,}
(H,H, H) is %. Is she correct? Explain your answer. N\ < ; - I: z:::. i:: :

O ~H (H.H,H) H

In each of the university textbooks analysed, combinatorics is addressed in a chapter
devoted to combinatorial analysis. Thus, combinatorics is studied independently of
probability, which positions it as a specific branch of mathematics. It is then used to
solve various tasks for applications in fields such as programming (in addition to
probability). This approach to organising content is a key characteristic of IRym.c and
differs qualitatively from IRsu.c. Moreover, in the UTs, praxeologies are organised
around specific counting formulae associated with corresponding sets of tasks (for
instance, “permutations” or “combinations”). Solving techniques largely rely on ready-
to-use formulae that are absent from the STs. In the UTs, techniques are

1“The total number of possible outcomes in a random multi-stage experiment is equal to the product of the number of
possible results at each stage” (ST3, p. 371).
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institutionalised as theorems, with only a few technological discourses provided to
explain or justify the techniques and their use. Tasks are grouped according to the
counting formula suggested for their solution, resulting in the compartmentalisation of
some equivalent tasks (see, for example, Morcos & Gonzalez-Martin, 2025¢).

Prospective teachers’ personal relationship with combinatorics (PRc)

We observe a variety of PRc among the four participants. First, T2’s PRc incorporates
elements present in both IRsu.c and IRum-c. T2 defines combinatorics as “the branch
of mathematics concerned with counting things” but also recognises its role in
probability. When asked to comment on the statement, “In secondary mathematics,
combinatorics content is clearly identified”, they respond as follows:

False. [...] | had never heard the word “combinatorics” before my Discrete Mathematics
course. The idea that it is a branch of mathematics in itself, ultimately, was completely
new to me. So, | would say that, in my head, it was just a way to find the answer in
probability, because that’s how we saw it in secondary school. [At university], now we talk
about it as a branch of mathematics. It’s, like, we dedicate a chapter to it, not necessarily
in the context of probability, but really in the context of counting, pure counting.

T2’s views have been shaped by their experience both at secondary school (IRsu.c) and
at university (IRum-c), revealing an evolution in their PRc. This suggests that university
combinatorics courses in teacher training programmes (IRum.c) can contribute to the
development of teachers’ PRc. When asked whether combinatorics can help foster deep
mathematical thinking, T2 responds: “I think so. [...] Because there are different ways
to get to the same answer. Appealing contexts. And sometimes there are twists that, |
don’t know, that show mathematical thinking and mathematical richness, for example
when considering the complementary [set or event]”. This view echoes that of
Lockwood et al. (2020) and Sandefur et al. (2022), who highlight the potential of
combinatorics in secondary mathematics and advocate for its expanded presence in
secondary curricula. However, this broader view does not necessarily enable teachers
to mobilise praxeologies from both institutions and deepen their teaching practices. T2
correctly solves only half of the six interview tasks, drawing mostly on factorials and
formulae learned at university. T2 also notes that techniques used in their secondary
school classes, such as systematic enumeration and tree diagrams, were rarely seen in
their university courses. This may give the perception that secondary school techniques
are informal: “[Enumerating outcomes] is the equivalent of trial and error in my
opinion, meaning, it’s like a brute force method, really. [...] It’s not forbidden [at
university], 1 think, but I think that it was never formally shown, that’s for sure”.

In T4’s interview, IRym-c Seems to provide advantages and constraints. While T4 views
combinatorics as “the art of counting” and as “one of the most useful things” in
mathematics (with applications in game theory) they also raise concerns about the
algorithmic approach to combinatorics in IRym.c, which led them to learn the university
content by heart rather than develop praxeologies useful for secondary teaching. For
example, when solving a task requiring the selection without order of three elements
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from a set of six, T4 states: “That’s how it was defined in the Discrete Mathematics
course, [like a combination]. Because otherwise, to me, it didn’t mean anything, the
(g) it doesn’t mean anything to me”. T4 is unable to produce an alternative technique
for the same task without using the formula (which is absent from IRsm-c), solving only
one of the interview tasks correctly. This suggests that, although the two university
courses have helped broaden T4’s view on combinatorics, the IRum.c praxeologies
have constrained their PRc by failing to provide techniques that align with IRsm.c or
strategies that would enable them to develop more intuitive techniques on their own.

The PRc of T1 and T3 display elements that appear more closely aligned with IRswm.c,
as both participants view combinatorics as a tool for probability. T1 suggests that
combinatorics may be “the ability to express the probability of an event within a [set
of possibilities]”. When solving the interview tasks—four of the six correctly—T1
mobilises various techniques from secondary and university mathematics (systematic
enumeration, tree diagrams, factorials and formulae, etc.) but struggles to justify these
practices and explain their reasoning, which would be useful for teaching. These
difficulties lead T1 to identify a gap in IRumc concerning rationales: “If only
[university] teachers were able to not just be theoretical, but also to explain the why
and the ins and outs, well, of course that would help. But I never had a teacher who
taught like this, it was always theoretical, and, like, the formula”. This formula-based
approach, characteristic of IRum-c, seems to hinder T1’s ability to perceive and exploit
the full potential of combinatorics.

Like T1, T3 defines combinatorics as “the introduction to probability”, although they
give several examples of other fields that make use of combinatorics, such as computer
science, whereas T1 mentions applications in probability only. T3 successfully solves
three of the six tasks, using praxeologies observed in IRsy.c and IRum-c (similarly to
T1). However, T3 notes that their university training in combinatorics did not include
discussions about “how to teach” combinatorics or about common student errors and
difficulties. In fact, all four participants spontaneously indicate at the end of their
interview that they appreciated our questions related to the teaching of combinatorics
in secondary school and found them relevant to their future role as teachers. This
suggests a possible avenue of research on teacher training in combinatorics; namely
whether stronger links between university didactics courses and mathematics courses
addressing combinatorics could foster a PRc that bridges the gap between IRsm.c and
IRum-c and unlock the potential of combinatorics for secondary mathematics.

We also observe differing views among the participants regarding the potential of
combinatorics to help secondary students develop deep mathematical thinking. While
T3 recognises this potential, T1’s view appears more limited:

Yes. Yes, there is a mathematical richness behind combinatorics that is maybe more limited
than the richness in calculus. Because in calculus [...] you can calculate again and again,
you could go very far. But in combinatorics, it’s like a closed box that goes a little less
towards infinity. We always go back to the same things. [...] Is it really an infinite subject?
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Maybe, but like, from what I’ve learned, | feel like it is more a small box that contains a
few ways to do things, and there are tools in that box that we work with. So, there isn’t that
expansion that we could find in other mathematical branches.

It appears that the combinatorics training received at university does not lead to a
uniform PRc among participants. While some participants see the many applications
of combinatorics and its potential for secondary students, others view it merely as a
toolbox for probability. We also observe varied repertoires of techniques in the
participants’ PRc, with some unable to mobilise techniques aligned with IRsy.c, relying
instead on ready-to-use formulae from IRum.c. All participants struggled to justify the
combinatorics techniques they employed.

FINAL REMARKS

The results point to diverse PRc among the participants, influenced by the IR with
combinatorics in secondary mathematics (IRsm-c) and university mathematics courses
in the teacher training programme (IRum-c). In IRsm-c, combinatorics is primarily a tool
for probability tasks, and both T1 and T3 share this limited view. Although secondary
mathematics introduces various techniques, their uses and justifications remain
confined to probability theory; moreover, these techniques are not revisited at
university, and the participants who draw on these techniques struggle to justify them.
In contrast, IRum-c, presents combinatorics as a specific branch of mathematics, which
seems to have allowed T2 and T4 to develop a broader view of combinatorics,
suggesting that their university training had a positive influence. However, IRym-c
tends to use ready-made formulae and lacks rationales to support mathematical
reasoning, which limits its potential to be exploited by prospective teachers.

By identifying links between prospective teachers’ PRc and IRswy-c or IRum-c, this study
identifies areas for improvement in combinatorics education. In particular, if the place
and role of combinatorics in secondary mathematics are to be expanded (as
recommended by researchers), university courses could be enhanced to support the
development of meaningful practices among prospective teachers. This could be
achieved by making more explicit connections with secondary practices and by
incorporating a didactic dimension in the combinatorics training of prospective
teachers. Overall, our results indicate that prospective teachers’ PRc may not currently
support the optimal teaching and learning of combinatorics in secondary mathematics,
which could hinder efforts to increase its presence in curricula. Further research is
needed on the teaching and learning of combinatorics, particularly on ways to
strengthen both the mathematical and didactical training of teachers.
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Kaja Madamdrk?, Juri Kurvits?
1School of Natural Sciences and Health, Tallinn University
2School of Digital Technologies, Tallinn University

Perceived teachers’ emotional support can have a significant role in students' learning
motivation and achievement. The aim of the current study is to better understand the
interplay between mathematics teachers’ emotional support and students’ motivation
and how both emotional support and motivation relate to achievement. The sample
includes 4192 Estonian students (15-year-olds, 50% female) who filled in a
questionnaire regarding perceived emotional support and mathematics motivation,
and a few weeks later took the national mathematics exam. The results indicated that
perceived emotional support did not predict mathematics exam results directly;
however, it did predict the exam results indirectly through self-efficacy, task
persistence, fixed mindset, and anxiety.

INTRODUCTION

A positive affective teacher-student relationship plays an important role in students'
motivation and achievement (Roorda et al., 2017; Sakiz et al., 2011). Moreover, two
of the most prominent theories of achievement motivation — the Self-Determination
Theory (SDT, Ryan & Deci, 2020) and Situated Expectancy Value Theory (SEVT,
Eccles & Wigfield, 2020) — emphasize the importance of students’ perceptions of the
learning context and their affective experiences with specific subjects. Both theories
are complementary to each other; while SDT specifies the fulfillment of basic
psychological needs in learning situations, SEVT gives detailed connections between
social and personal characteristics that lead to successful learning outcomes.
Accordingly, the current study is based on both the SDT and SEVT to better understand
how perceived mathematics teachers’ emotional support relates to students’
motivation, emotions, and mathematics exam results. More specifically, we aim to find
out whether students’ motivational characteristics, mindset, and anxiety mediate the
effect of mathematics teachers’ perceived emotional support on mathematics
achievement. The results provide further insight into the role of teachers’ emotional
support in students' motivation and achievement.

Perceived Emotional Support

Self-Determination Theory (Ryan & Deci, 2020) posits that people are inherently
prone toward learning, mastery, and connection with others; however, to successfully
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achieve learning goals, people need to feel competent, autonomous, and related to
others, i.e., their psychological basic needs need to be fulfilled. In the current study,
we concentrate on the need for relatedness (sense of belonging and connection) that
can be partially fulfilled by students' perceived emotional support from their
mathematics teachers. Roorda and colleagues (2011) indicate that a positive teacher-
student relationship can lead directly to higher achievement but the relationship can
also be more nuanced. More specifically, it has been shown that academic self-efficacy
and mathematics behavioural engagement mediate the relationship between teachers'
emotional support and mathematics performance (Roorda et al., 2017; Yang et al.,
2021). Thus, perceived teachers’ emotional support might not directly relate to
students’ performance, but it can enhance their motivation to learn, which in turn
supports their skill development.

Learning Motivation

The Situated Expectancy Value Theory (SEVT, Eccles & Wigfield, 2020) proposes a
comprehensive model of motivated achievement-related choices, persistence, and
performance. The model includes a wider cultural context (such as social roles, gender)
and also students' beliefs, goals, affective reactions, expectations, and subjective task
values. In the current study, mathematics-related expectation of success (i.e., self-
efficacy), interest, persistence, fixed mindset, and mathematics anxiety are investigated
as possible direct predictors of mathematics achievement. Mathematics-related interest
can be defined as the enjoyment of mathematics that is accompanied by positive
emotions, attention, and task-persistent learning behavior (Eccles and Wigfield, 2020).
Interest is especially important for acquiring high mathematics skills (Madamdirk et al.,
2018). High self-efficacy, as the belief in one’s ability to complete mathematics tasks
successfully (Bong & Skaalvik, 2003), has also shown a constant positive relation to
mathematics skills (Arens et al., 2020). Task persistence is an effortful behavior, even
when tasks become difficult (Zhang et al., 2011), it supports better academic
achievement and could be especially important while solving complicated mathematics
tasks (Kikas et al., 2020).

Ashcraft (2002) defines mathematics anxiety as a feeling of tension, apprehension, or
fear that interferes with mathematics performance. Students with higher anxiety
towards learning mathematics tend to have lower mathematics achievement (Barroso
et al., 2020). A fixed mindset about mathematical ability (often termed an "entity
theory") assumes competence is innate and cannot be significantly improved through
effort or learning (Dweck, 2006). This belief is especially impactful in mathematics,
where challenges and setbacks are common. Students with a fixed mindset are more
likely to interpret difficulties as signs of low inherent ability rather than as
opportunities for growth, leading to lower motivation and skill development
(Blackwell et al., 2007; Yeager & Dweck, 2012).

Perceived emotional support has been associated with a range of positive student
outcomes in mathematics, including increased motivation, reduced anxiety, and higher
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achievement. Evidence indicates that emotional support is positively related to
students’ self-efficacy and sense of belonging in mathematics classrooms (Sakiz et al.,
2012), and it is indirectly linked to mathematics performance through students’
behavioral engagement and academic self-efficacy (Yang et al., 2021). Additionally, a
comprehensive meta-analysis confirms that affective teacher—student relationships are
significantly associated with both student engagement and academic achievement
(Roorda et al., 2017).

Estonian Educational Context

In Estonia, all schools follow the requirements specified in the national curriculum
(Estonian Government, 2011/2022). Estonian children typically start elementary
school at age 7 and must pass nine grades to finish upper-middle school. In the present
study, we investigate Grade 9 students, that is, 15-year-old students who were
completing their mandatory education (from 2025, students must continue learning
until age 18).

Estonian students show strong mathematics knowledge and skills in international
comparisons, consistently ranking at the top of PISA results since 2006, when Estonia
first participated in the survey (e.g., OECD, 2007; OECD, 2023). Mathematics is
studied 4-5 lessons (45 min) per week, and at the end of Grade 9, all students must take
the national mathematics exam. As a result, many teachers specifically concentrate on
teaching content typically found in this exam. For students, passing the exam is
essential for finishing mandatory education and entering secondary school. If a student
fails the national exam, they must take and pass the school exam to finish Grade 9.
Although the exam result must be at least 50% to pass, and the exact result higher than
that is not essential for further educational path, the importance of passing the exam
well still poses stress for students.

Current Study

The current study aims to understand how perceived mathematics teachers’ emotional
support relates to students’ mathematics interest, self-efficacy, task persistence, fixed
mindset, anxiety, and mathematics exam results. The research questions are as
follows:

1) How is the students’ perceived emotional support related to their mathematics
interest, self-efficacy, task persistence, fixed mindset, anxiety, and mathematics exam
results?

2) How do students' perceived emotional support, mathematics interest, self-efficacy,
task persistence, fixed mindset, and anxiety predict their mathematics exam results?

3) Do mathematics interest, self-efficacy, task persistence, fixed mindset, and anxiety
mediate the effect of emotional support on mathematics exam results?

PME 49 - 2026 1045



Madamirk, Kurvits

METHOD
Participants and Procedure

The study uses secondary data collected by the Estonian Education and Youth Board.
The sample included 4192 Estonian students (15-year-olds, 50% female)

from 190 schools. Data was collected in 2021 as part of the national background survey
administered in spring a few weeks before the national mathematics exam. The survey
focuses on students’ thoughts, feelings, and behaviours related to learning
mathematics, and aims to gather information about the learning environment, students’
motivation, and their perceptions of teachers’ emotional support. Participating in the
survey was voluntary; a questionnaire was administered by school personnel during
regular school hours using an online platform (Estonian Exam Information System).
All participating schools received general feedback. The compulsory national
mathematics exam took place in June. For the current study, the questionnaire answers
and exam results were combined by the Estonian Education and Youth Board. The
researchers received completely anonymized data.

The questionnaire included statements regarding perceived mathematics teachers’
emotional support, mathematics-related interest, self-efficacy, task persistence, beliefs,
and anxiety. All statements were answered with a 5-point rating scale.

Perceived emotional support was assessed using four items describing the teacher’s
emotionally supportive behaviour (e.g., “My teacher truly understands how | feel”),
based on Kikas and Mégi (2016). Interest (three items, e.g., “I enjoy solving arithmetic
and mathematics-related tasks at school.”), and self-efficacy (three items, e.g., “I am
capable in mathematics.”) were assessed with a questionnaire based on the SEVT
(Eccles & Wigfield, 2020). Task persistence was assessed with five statements,
including both persistence and avoidance statements (e.g., “If something in
mathematics class is difficult, | leave it unfinished.”; Zhang et al., 2011). Fixed mindset
was assessed with four items (e.g., “Mathematical ability is something that cannot be
changed much.”; Yeager & Dweck, 2012). Mathematics anxiety was assessed with five
items (e.g., “I feel anxious when | have to complete a mathematics worksheet
independently.”; Ashcraft, 2002).

The national mathematics exam assesses students’ mastery of the mathematics
curriculum and is designed to cover all major content domains specified in the national
curriculum, including arithmetic, data, algebra, and geometry. In addition, tasks
represent three cognitive domains required by the curriculum: factual and procedural
knowledge, application of knowledge in routine and non-routine situations, and
reasoning. The exam consisted of five compulsory tasks (each 8 points) and one
optional task (10 points), from which students completed six tasks in total. The
maximum score was 50 points. The tasks required a range of mathematical
competencies, including symbolic manipulation, functional reasoning, geometric
problem-solving, modelling, and interpretation of real-world contexts.
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Results

Data was analyzed using the IBM SPSS Statistics version 24 and Mplus 8.2 (Muthén
& Muthén, 1998-2017). Descriptive statistics and internal reliabilities are presented in
Table 1. To answer the first research question, Spearman’s correlation was used (Table
1), to answer the second and third research questions, multiple linear regression was
used (Figure 1).

Table 1: Descriptive statistics, bivariate correlations, and internal reliabilities of the

measures
Measure 1. 2. 3. 4. 5. 6. 7.
1. Mathematics exam -
2. Perceived teachers’
: 24* -
emotional support
3. Self-efficacy .62*  31* -
4. Task persistence 48*  .36*  .61* -
5. Interest 46* 33 .64*  .62* -
6. Fixed mindset -27*  -18* -22*%  -29* -20* -
7. Mathematics anxiety —-.31* -15* -43* -32** .27* 22* -
Min-Max 0-50 1-5 1-5 1-5 1-5 1-5 1-5
Mean 29.71 354 319 345 310 218 277
SD 1342 086 113 084 104 082 110
Cronbach’s a - .86 .90 .80 .84 .83 .89

First, we analyzed how perceived emotional support is related to students’ interest,
self-efficacy, persistence, fixed mindset, anxiety, and mathematics exam results. The
results indicated that perceived emotional support was positively related to interest,
self-efficacy, task persistence, mathematics exam results, and negatively related to
anxiety and fixed mindset.

Second, we analyzed the direct predictors of mathematics exam results (Figure 1).
Mathematics exam results were directly predicted by self-efficacy (8 = .47, S.E. 0.02,
p < .001), task persistence (8 = .12, S.E. 0.02, p < .001), fixed mindset (8 = -.11,
S.E. 0.01, p <.001), and anxiety (8 = -.06, S.E. 0.02, p <.001). Thus, students with
higher self-efficacy, task persistence, and lower anxiety and fixed mindset tended to
have higher mathematics exam results.

Gender was a significant predictor of self-efficacy (8 = -.07, S.E. 0.02, p < .001),
anxiety (f=.24,S.E. 0.01, p <.001), and mathematics exam results (8 =.15, S.E. 0.01,
p <.001). Thus, girls tended to have higher mathematics exam results but also higher
anxiety and lower self-efficacy. Overall, 42% of the variability of mathematics exam
results was described.

Third, we analyzed whether mathematics interest, self-efficacy, task persistence, fixed
mindset, and anxiety mediate the effect of emotional support on mathematics exam
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results. Perceived emotional support did not predict mathematics exam results directly;
however, indirect effects were from emotional support through self-efficacy (5 = .15,
S.E. 0.01, p <.001), task persistence (8 =.04, S.E. 0.01, p <.001), fixed mindset (8 =
.02, S.E. 0.003, p <.001), and anxiety (8 =.01, S.E. 0.003, p <.001).

Figure 1: Direct effects of perceived emotional support, motivation, mindset, and
anxiety on mathematics exam results

Emotional support

Mathematics
exam
=42

Gender
M=1,F=2)

Note. All presented effects are statistically significant, p < .01

DISCUSSION

The purpose of this study was to better understand how perceived mathematics
teachers’ emotional support relates to students’ mathematics interest, self-efficacy,
task persistence, fixed mindset, anxiety, and mathematics exam results. Findings
indicated that perceived mathematics teachers’ emotional support was not a direct
predictor of mathematics exam results; however, it was a direct predictor of students’
interest, self-efficacy, task persistence, anxiety, and fixed mindset. Thus, perceived
emotional support can have a substantial effect on students’ motivation, mindset, and
anxiety, which in turn also relate to skills.

Students who perceived stronger emotional support tended to have higher interest in
mathematics, a stronger sense of self-efficacy, higher task-persistence, a less fixed
mindset, and lower anxiety. This relates to previous findings that perceived emotional
support can increase motivation, engagement, and decrease anxiety (Sakiz et al., 2012).
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Although positive teacher-student relationships can lead directly to higher achievement
(Roordacet al. ,2011), in the current study, perceived emotional support was not a direct
predictor of students' mathematics exam results. Indirect links between emotional
support and mathematics performance have been studied before, mostly through
students’ behavioral engagement and academic self-efficacy (Yang et al., 2021). With
this study, we contribute to the literature by addressing a more comprehensive model
uniting aspects of both the Self-Determination Theory (Ryan & Deci, 2020) and
Situated Expectancy Value Theory (Eccles & Wigfield, 2020). Accordingly, we found
that higher perceived emotional support enhances self-efficacy, task persistence, and
reduces fixed mindset and anxiety, which in turn support higher achievement. Notably,
this model described 42% of the variance of the national mathematics exam results,
indicating that essential motivational and emotional characteristics of learning
mathematics were captured.

These results point to students’ perceptions as a key mechanism through which
emotionally supportive teaching translates into motivational and achievement-related
outcomes. Instructional quality may therefore be understood not only as enacted
practice, but as a process shaped by learners’ subjective experience. Future studies
could include the same aspects of learning motivation and emotions to verify the results
with various samples and investigate age-related differences.
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THINKING CLASSROOMS: CHARACTERIZING THIN SLICING
Talli Nachlielit, Michal Tabach?
Levinsky-Wingate Academic College, 2Tel Aviv University

This study examines practices that promote explorative participation within a
secondary mathematics M.Ed. course, focusing on the Thinking Classrooms approach.
It investigates how mathematics student-teachers applied the principle of thin slicing
in lesson planning. Five lesson plans were analysed through two lenses: variation
theory and the type of participation the tasks afford. The findings show that all task
sequences aligned with principles of variation theory and exhibited strong bondedness.
Substantiation was necessary but implicit, and flexibility was limited. Across all
lessons, ritual-enabling tasks preceded exploration-requiring tasks, serving as a
foundation for exploration. The study offers a framework for characterizing thin slicing
and highlights instructional practices that promote explorative participation.

INTRODUCTION

The pedagogical approach known as Thinking Classrooms, developed by Peter
Liljedahl (2021), seeks to enhance student engagement and foster opportunities for
meaningful mathematical thinking and discovery. Within this framework, students
work on mathematical tasks while standing in front of vertical whiteboards, enabling
full visibility of their work to peers and the teacher. Lessons typically begin with a
concise teacher explanation, after which students proceed through a sequence of
pre-designed tasks.

The task sequence is constructed according to the principle of thin slicing, which is
grounded in variation theory (Frazee et al., 2023). The purpose of thin slicing is to
sustain a level of difficulty that is both challenging and attainable, aligned with
students’ zones of proximal development (Vygotzky, 1962), thereby supporting
continuous learning in which success on one task naturally leads to the next, typically
without requiring extensive teacher explanation. Liljedahl (2021) highlights two key
principles of variation theory: learners notice change in relation to what remains
constant, and only a single component should vary from one task to the next. This
design has the potential to foster exploratory engagement and active participation.

Teaching that fosters ritual participation emphasizes the execution of familiar
procedures and relies heavily on memaorization and imitation. This mode of instruction
remains the most prevalent in mathematics classrooms (Nachlieli & Tabach, 2019). In
contrast, teaching that supports explorative participation provides students with
opportunities to construct new narratives and procedures independently. Despite its
potential benefits, such instruction is relatively uncommon (Brown, 2003). Research
indicates that learning to teach in a way that provides students opportunities for
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explorative participation are complex, and require sustained time and support
(Nachlieli & Heyd-Metzuyanim, 2022).

The aim of this paper is to characterize the thin slicing of a task sequence through two
complementary lenses: variation theory and the opportunities to learn (OTLs) afforded
to students.

We use the term ritual-enabling OTLs to describe teachers’ actions that offer students
tasks that could be successfully solved through the rigid application of previously
learned procedures. In contrast, exploration-requiring OTLs refer to teachers’ actions
that present students with tasks that cannot be completed through ritual performance
alone; rather, a successful completion of the task necessitates explorative participation
(Nachlieli & Tabach, 2019).

The process by which learners proceed from ritual to explorative participation while
learning mathematics, is named de-ritualization (Lavie et al., 2019). Students’
participation along the continuum between ritual and exploration can be
conceptualized through several characteristics of de-ritualization include: (1)
bondedness, referring to the extent to which the input required for solving a task
depends on the output of the preceding task; (2) substantiation, which concerns
whether the task prompts students to justify their choices; and (3) flexibility, which
examines whether the task can be solved in multiple ways by the learners.

The Thinking Classrooms pedagogical approach was incorporated into a course on
teaching practices for secondary school mathematics teachers enrolled in an M.Ed.
program in mathematics education at a teacher-education college, with the aim of
supporting instructional practices that promote explorative participation.

Research questions (RQs):

1. What are the characteristics of the thin slicing evident in the task sequence
created by practicing teachers?

2. What opportunities to learn do these tasks afford students?
METHODOLOGY

Eight practicing teachers participated in the teaching practices course (they will be
referred to as student-teachers). As part of their learning, they were introduced to the
principles of the Thinking Classrooms pedagogy, engaged in mathematical activities
aligned with this framework, and designed mathematical tasks based on the principles
of thin slicing. Their final assignment required them to design a lesson structured
according to the Thinking Classrooms framework. In this assignment, the student-
teachers were asked to articulate the mathematical ideas and processes that learners
would engage with throughout the lesson and to provide a detailed rationale for the
sequencing and thin slicing of tasks. The assignment was completed in small groups,
resulting in five submissions. Each of the groups taught the lesson to the other student-
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teachers. To address the first research question concerning the characteristics of thin
slicing, we examined:

a. Whether the task sequences aligned with the principles of variation theory, with
particular attention to what remained invariant and what varied from one task to
the next.

b. Bondedness - the extent to which each task built on insights that emerged from
the preceding task.

c. Substantiation - whether the task required students to justify or explain their
reasoning.

d. Flexibility - the degree to which the task allowed for multiple solution paths or
procedures

To address the second research question concerning the type of participation afforded
by the tasks, we examined whether students were expected to develop an unfamiliar
narrative or procedure. In such case, the task was classified as an exploration-requiring
OTL. Otherwise, it was categorized as a ritual-enabling OTL.

FINDINGS

We illustrate the findings of this study through two lesson plans designed by two
student-teacher groups. The first lesson plan focuses on quadratic inequalities (see
Figure 1), and the second on perpendicular lines (see Figure 2). For each lesson, we
first address RQ1 by characterizing the thin slicing of the task sequence, examining the
variation across tasks as well as their bondedness, substantiation, and flexibility. We
then address RQ2 by analyzing the opportunities to learn (OTLS) that the tasks afford
students. Finally, we draw some general observations based on the five assignments
handed by all student-teachers.

Lessonl

The goal of the lesson was for students to develop a procedure for solving quadratic
inequalities. Lesson 1 begins with the student-teachers reminding students how to solve
linear inequalities. Students are then sent to work in groups on Tasks 1 — 6.

Variation. Throughout the sequence, the use of graphs as a mediator for solving
quadratic inequalities remains constant, while the specific quadratic function varies. In
this sense, the sequence aligns with the principles of variation theory.

Bondedness. Bondedness is high: each task relies on the solution or insights developed
in the preceding task.

Substantiation. Substantiation is partial. Tasks4 — 6 call for generalization, which
inherently requires justification, even if this is not explicitly requested.

Flexibility. Tasks 1 and 6 afford partial flexibility. Task 1 allows for drawing various
lines and Task 6 also allows for several solution strategies.
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In terms of opportunities to learn, Task 1 is ritual-enabling for students who have
previously learned how to solve quadratic inequalities, but exploration-requiring for
those who have not. Task 2 is ritual-enabling, serving primarily to verify the solution
obtained in Task 1 and to determine whether a new procedure is needed. Task 3 (for
students who were unsuccessful in Task 2) introduces a new mediating object, a graph,
into the discourse of solving algebraic inequalities. Task 4 is ritual-enabling with
potential for exploration: although it can be solved procedurally, it is designed to
encourage students to connect graphical and symbolic mediators, effectively aligning
the two discourses around key narratives such as “there is no solution” or “there is a
solution for any value of x.” Task 5 may require exploration, and Task 6 is clearly
exploration-requiring, as no previously learned procedure can be directly applied.

Figure 1: Plan of Lesson 1

Lesson 1: quadratic inequalities
Task 1:

Solve the inequality x2 > 4

Task 2:

a. Substitute the following values into the inequality given in taskl and check
whether the result is a true statement:

x=0;x=(-7);x=3
b. Do your answers in part (a) match the solution set you found in Task 1?

If yes, proceed to task 4
If not, proceed to task 3.

Task 3:

Draw the graph of the function f(x) = x2

Draw the graph of the function g(x) =4

Based on the graphs, find the interval for which f{x) > g(x).

Is this the solution to the inequality x2 > 4?

Task 4:

Given the function f(x) = x2 + 6x + 9. Use a drawing of a relevant graph to match each
inequality to its solution:

x2+6x+9>0 Every number is a solution

x2+6x+9<0 x=(-3)

x2+6x+920 x#(-3)

x2+6x+9<0 The inequality has no solution
Task 5:

Solve the following inequality: x2 —3x — 10 <-2 + 4x
a. Solve graphically by comparing two functions
b. Solve graphically by finding the intervals where a function is positive or
negative
Task 6:
Give an example of a quadratic inequality:
a. For which every value of x 1s a solution of the inequality

b. For which no value of x is a solution of the inequality
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Lesson 2

The goal of this lesson (see Figure 2) was for students to discover the conditions under
which two lines are perpendicular. That is, the goal is for students to develop a
mathematical narrative. The student-teachers who designed the lesson chose not to
include an introductory discussion to launch the activity.

Variation. The graphs of the two lines on the coordinate plane remain constant
throughout the sequence of tasks. In each task, the diagram develops further, including
the symbols used to represent mathematical objects. What changes is the specific
aspect students are asked to articulate. In this way, the task sequence aligns with the
principles of variation theory.

Bondedness. Bondedness is high: each task depends on the solution strategies or
insights generated in the previous one.

Substantiation. Substantiation is only partial. Although the tasks inherently require
justification, since expressing each segment across the tasks involves a process of
generalization, this requirement is not explicitly stated. We therefore conclude that
substantiation is necessary for completing the tasks, even though it is not directly
requested.

Flexibility. Tasks 1 and 6 offer partial flexibility. Task 1 can be approached in several
ways, and Task 6 similarly allows for multiple valid solutions.

In terms of opportunities to learn, Tasks 1 — 3 function as ritual-enabling activities:
students draw graphs based on given conditions and express lines using procedures
they have previously learned. These tasks lay the groundwork for Tasks 4 - 6, which
are exploration-requiring and for which no pre-taught procedure can simply be applied.

Itis important to note that the student-teachers did not articulate an explicit overarching
goal for the lesson. Had the student-teachers informed students at the outset that they
would be discovering a rule (or condition) for determining when two lines are
perpendicular, their engagement could be interpreted as exploration-requiring.

This distinction resembles the difference between a person carving stones without
knowing their purpose and a person carving stones as part of building a cathedral, the
same action, but with a fundamentally different orientation and investment.
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Figure 2: Plan of Lesson 2

Lesson 2: perpendicular lines

Task 1
e Draw a coordinate system and label the origin as O
e Draw an increasing linear function through the origin: y = mix
e Draw a decreasing linear function through the origin: y = m2x
Define point A on the line y = mjx

Express the segment OA in terms of m; and x.

Task 2

value of point A.

Express the segment OB in terms of m2andx.

Task 3
Connect a segment between points A and B
Express the segment AB in terms of m; and m>

Task 4

Express the condition for the existence of a right-angled triangle AOB (<AOB = 90°)
in terms of m; and m2

Task 5

Formulate a theorem for the perpendicularity of lines, based on the condition you found
in Task 4

Task 6

Give 4 examples of slopes that satisfy the condition m; -m2= (-1) which you found in
Task 4.

General findings of all five lesson plans

All lesson plans included a discovery-oriented goal, whether the aim was for students
to develop a procedure (as in Lesson 1) or to develop a narrative (as in Lesson 2). The
tasks within each lesson plan were strongly bonded. Although substantiation was not
explicitly requested, it was necessary for completing the tasks. In the geometry lesson
plans, the central mathematical activity involved proving or formulating a theorem,
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which inherently required substantiation. In the algebra lesson plans, the lessons
culminated in generalization, again making substantiation essential.

Flexibility was largely absent from the tasks. When flexibility did appear, it was limited
to choices such as selecting which graph to draw or providing examples, rather than
offering genuinely different solution paths. The tasks generally steered students toward
specific solutions. All lesson plans were consistent with the principles of variation
theory.

Regarding the forms of participation invited, all lessons began with ritual-enabling
tasks that served as a foundation for subsequent exploration-requiring opportunities.

DISCUSSION

This study examined how student-teachers design task sequences aligned with the
Thinking Classrooms approach, with particular attention to the practice of thin slicing
and the opportunities to learn afforded by these sequences. Our analysis focused on
two research questions: (1) What characterizes the thin slicing evident in the task
sequences created by student-teachers? and (2) What forms of participation do these
sequences invite?

To address RQ1, we suggested four characteristics, from two lenses. One is variation
theory (Frazee et al., 2023) and the other is de-ritualization (Lavie, et al., 2019). From
variation theory we relate to what changes and what remains constant from one task to
the next. From de-ritualization, we adopt three characteristics - bondedness,
substantiation, and flexibility. As can be seen in the Findings section, we applied this
conceptualization to characterize the thin slicing of lesson plans. One contribution of
this paper is this innovative theoretical-methodological approach.

To address RQ2, we examined the types of participation afforded by the tasks. We
found that in all the lesson plans, the tasks encouraged explorative participation. As for
the sequence of OTLs that was afforded by the sequence of tasks throughout the lesson
plan - all lessons began with ritual-enabling OTLs which served as a foundation for the
explorations afforded by the last tasks of the lesson plan. This finding is consistent with
findings from Nachlieli and Tabach (2019), where it was found that teachers provide
ritual-enabling OTLS for four different reasons, one of which is to serve as foundation
for exploration.

We also observed a similar pedagogical choice in all lesson plans, which aimed at
enabling shared communication among all groups of students. The first tasks in each
sequence included a requirement for drawing specific graphs or diagrams, as well as
determining specific naming or symbolizing parts of the graphs and diagrams. The
deliberate naming and symbolizing of the drawn objects were intended to support
whole-class discussion, ensuring that all students referred to similar diagrams using a
shared set of terms and symbols.

This study is limited in scope. The data consist of a small number of lesson plans
designed in the context of a single course, and the analysis focuses on intended rather
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than enacted instruction. Future research should examine how such task sequences
unfold in classroom interaction and how teachers’ in-the-moment decisions further
shape opportunities for explorative participation.

Teaching practices aimed at encouraging explorative participation is complex
(Nachlieli & Heyd-Metzuyanim, 2022). In light of this, the findings of the present
study, which constitutes an initial investigation into the potential of teaching the
Thinking Classrooms approach as an example of a set of practices designed to promote
explorative participation, are encouraging.
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This paper contributes to the ethical turn in mathematics education by illustrating the
mutual development of mathematics and ethics in early childhood. Using a design
research approach, we implemented an authentic mathematically involved activity in
which six young children distributed ten oranges for actual consumption. The findings
show that children’s ethics were enacted through embodied mathematical trial and
error and were inseparable from mathematical activity. The study also indicates that
questionable applications of mathematics already emerge in early childhood.
Developing generalisable hypotheses remains a task for future research.

INTRODUCTION

An ethical turn has gained attention in mathematics education research (Ernest, 2024).
As Skovsmose (2021) argues, the application of mathematics can itself constitute a
crisis (e.g., climate change). Developing ethical applications of mathematics has
become an important task in mathematics education research. Against this background,
Hedefalk and Sumpter (2025) demonstrated that ethics and mathematics are
intertwined in young children’s reasoning. They provided a valuable first step in a
largely underexplored field. However, the children in their study engaged only within
a fictional scenario, in which magnets were treated as biscuits.

The purpose of this paper is to illustrate the complexity of how young children enact
ethics. Specifically, drawing on data from a larger project, this paper selectively reports
on one group of children who enacted ethics through a complex process during a
sharing activity. In this sense, the paper does not aim to confirm general claims but
instead constitutes an exploratory study of a particular case (Foster, 2023).

THEORETICAL FRAMEWORK

This section outlines the respective frameworks used to identify ethics and
mathematics in young children’s activity. Throughout this paper, labels in square
brackets (e.g., [Others]) denote ethics or mathematics identified within the frameworks.

A framework for identifying ethical dimensions and origins of harm

Hauge et al. (2024) propose a framework that integrates Boylan’s (2016) ethical
dimensions with Ernest’s (2019) discussion of the origins of harm in mathematics. It
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conceptualises ethics as a matter of attending to and balancing multiple, potentially
competing concerns. Although this framework was originally developed to analyse the
ethical jJudgements that secondary mathematics teachers make when considering topics
to address in their teaching, it may be useful for analysing children’s ethical reasoning.

This framework addresses four interrelated ethical dimensions (Boylan, 2016):
[Others] being with others, emphasising responsibility for and engagement with the
other through dialogical relationships; [Societal/Cultural] the societal and cultural
dimension, involving the responsibility towards social justice and democratic
engagement; [Ecology] the ecological dimension, which attends to the roles of
mathematics in current environmental crises; and [Self] the dimension related to the
self, focusing on nurturing self-appreciation and personal integrity.

This framework also introduce five origins of harm (Ernest, 2019): [Curriculum-gap]
situations in which mathematics that students need is not chosen as part of the
curriculum; [Math-harm] cases where mathematics has negative impacts on learners;
[Questionable-use] questionable applications of mathematics, including harmful
products or instances of math-washing; [Hidden-harm] hidden harmful applications of
mathematics that shape worldviews and actions in negative ways; and [Context-harm]
situations in which the issue itself has negative impacts, independent of the
mathematics involved.

A framework for identifying mathematics as the science of patterns

Devlin (1994) conceptualises mathematics as “the science of patterns.” According to
him, patterns in mathematics can be broadly classified into six categories: [Numbers]
the patterned activity of organising situations through the use of humbers, including
counting; [Thinking] the patterned processes in which individuals explain their own
thinking or try to understand others’ thinking; [Change] changes that occur over time
and through processes of trial and error; [Shape] commonalities and differences
observed in the shapes and arrangements of objects; [Regularity] structural features
observed in repetition and evenness; and [Position] patterned judgments aimed at
maintaining the coherence of activities by using spatial relations. From this perspective,
children’s behaviours are regarded as mathematical even if they do not intentionally
display mathematical behaviours.

METHODOLOGY

This study is situated within a design research framework (Bakker, 2018). The task
was collaboratively designed with preschool teachers. As an exploratory study, we do
not aim to test general hypotheses about how young children make ethical or
mathematical judgements. Instead, drawing on Hedefalk and Sumpter (2025) and
Nakawa (2024), the overall design of the study is guided by the working hypothesis
that a sharing activity is likely to elicit both ethical and mathematical judgements
among young children. This research design enables the present study to identify a
phenomenon worthy of further investigation. The research procedures are as follows.
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In December 2025, the activity was implemented with a cohort of 47 children aged 4
to 6 years enrolled in a certified centre for early childhood education and care (nintei
kodomoen) located in an urban area of Kumamoto City in the Kyushu region of Japan.
The focal analysis reported in this paper concerns one group of six 5- to 6-year-old
children engaged in a sharing task involving ten oranges. The activity lasted
approximately 30 minutes and was video recorded. Field notes were taken during and
after the activity. The teacher was interviewed about what she noticed during its
implementation.

Within the Japanese early childhood education system, holistic learning through play
is emphasised, and no formal mathematics curriculum is prescribed. Children are
expected to acquire mathematical ideas informally through their daily experiences.
Given this context, the participating centre places particular emphasis on dialogic
engagement in children’s everyday interactions. As a result, lively and sustained
discussions frequently emerge among the children.

After approval from the relevant ethics review committee, written consent for the
study’s implementation was obtained from both the institution and the children’s
guardians. Children’s participation was also guided by their willingness to take part.

The sharing task was designed to provide children with an open-ended situation in
which they could make collective decisions about distribution (Nakawa, 2024).
Children were encouraged to discuss, propose, and revise ideas through interaction
with peers and the teacher, as well as through reflection on the outcomes of distribution.

The task flow comprised four main steps. 1) The teacher asked the children to decide
how to share the oranges in a way they considered good for everyone, so that they
would eat them together. The children were then asked to show how they had shared
the oranges and to explain their reasons. 2) When some oranges remained, the teacher
encouraged the children to find a way to distribute all of them. 3) If the children
proposed giving the remaining oranges to the teacher, she stated that she was already
full and suggested that the oranges might otherwise be thrown away, then waited for
their reactions. 4) Once the children agreed that they had reached a good way of sharing,
they ate the oranges as distributed. Throughout the activity, the teacher refrained from
proposing solutions and created opportunities for collective negotiation.

This paper does not rely on operationalised analytic frameworks. The authors reviewed
the video data and collaboratively identified episodes that could be justified by the
analytic frameworks. To make effective use of Devlin’s framework, the analysis
included children’s actions and resulting outcomes in addition to their utterances.
Episodes for which their reasoning did not initially align were then discussed until a
shared interpretation was reached.

RESULT

This section reports on the sharing activity of one group of children and highlights a
complex relationship between ethical and mathematical reasoning. After an overview
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of the episode, the section presents three scenes of particular interest. For reasons of
space, brief acknowledgement utterances were omitted from the transcripts.

An overview of the episode

Six children (C1-C6) were asked to distribute ten oranges in a way they considered
good for everyone (Figure 1A). They first counted the oranges, confirmed there were
ten, and agreed that “equal” sharing meant each child taking one whole orange. They
then noticed that four oranges remained (Figure 1B). To address the remainder, the
children proposed peeling the four oranges and sharing the segments equally (see
Figure 1C). During this process, C6 withdrew from the activity, stating that she did not
like oranges, and the activity continued with five children. Although ten oranges would
have allowed two whole oranges per child after C6’s withdrawal, none of the children
proposed this option. Instead, the group continued to treat the task as a remainder
problem to be solved at the segment level.

While peeling the four remaining oranges, some children also began peeling the
oranges they had already secured. As a result, the plan shifted again. The children
decided to peel all ten oranges (Figure 1D), place the segments on the table, and
redistribute them one by one. However, coordinating many individual segments proved
difficult. They also recognised that the quick arrangement of segments was difficult.
At this point, C1 proposed reorganising the segments into dome-shaped half-orange
clusters and using these clusters as the unit of distribution (Figure 1E). The group

Figure 1: Overview of the episode
(A: start of the activity; B: four oranges remaining; C: peeling the oranges; D: all
oranges peeled E: dome- shaped half-orange clusters; F: C5 returnlng one segment)
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adopted this new unit and produced nineteen clusters, with some segments left over.
This resulted in three clusters per child and one extra cluster.

When the teacher suggested discarding the extra cluster, C5 immediately responded,
“Mottainai!” (“What a waste!” in Japanese). This response prompted the group to
rethink how to redistribute it. The extra cluster was split back into nine segments. C5
then removed one segment from his own dome-shaped half-orange cluster and returned
it (Figure 1F). This brought the total to ten segments. The children then took two
segments each and agreed that they had found a good way to share.

Excerpt A: Reorganising segments into dome-shaped clusters

Excerpt A depicts a moment when the children peeled all the oranges and struggled to
distribute the many segments. At this point, C1 proposed forming dome-shaped half-
orange clusters as the unit of distribution.

196 C5: 1, 2,3, ... (omitted) ..., 78, 79, 90, no, 80. 81. (Counting each segment

individually)
199 C1: Half each. Half each, about this much.
201 C1: If there’s any left, we’ll share it all.
202 T: In halves?

203 Cl: About this much (pointing to a half-dome orange)

In this scene, two ethical dimensions and four mathematical patterns can be identified.
First, the children showed consideration for others [Others] by treating equal
distribution as a good way of sharing for everyone. Although this short episode does
not allow a definitive conclusion, it may also reflect a broader cultural assumption that
sharing is typically equal [Societal/Cultural]. From the mathematical perspective, C5
demonstrated a pattern of counting [Numbers]. It extended to the relatively large
number of 81. In addition, C1 displayed a pattern of thinking related to grouping by
proposing the formation of dome-shaped half-orange clusters [Thinking], as well as a
pattern of reasoning that treated the absence of remainders as evidence of equal
distribution [Thinking]. As shown in Figure 1E, the children also improved the
distribution’s visibility by arranging the clusters sequentially [Position].

Excerpt B: “Throw it away” and “Mottainai!” (What a waste!)

Excerpt B depicts a moment when the children judged that they could not distribute
the remaining orange segments equally and attempted to resolve the situation by giving
the leftover segments to the teacher. As planned during the task design, the teacher told
the children that she was already full and that any oranges she received would be
thrown away. In response, C5 stated that this would be a waste, and C1 remarked that
the oranges might still be shareable. The children then returned to discussing how the
remaining segments could be redistributed.
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273 T: Right then, I’ve got it back now, but I’m full, so... This means I’ll have to
throw this away too, is that alright?

274 C5: Mottainai! (What a waste!)
277 T: What a waste! Right then, I’ll give it back. I’ll give it back.
278 ClL: I think we might be able to share it, so everyone gets one.

In this scene, three ethical dimensions and two mathematical patterns can be identified.
First, the children considered the teacher’s social position [Societal/Cultural], treating
it as acceptable for an authority figure to receive a different number of orange segments
than the children. This consideration was related to concern for others [Others], as it
was intended to maintain fairness among the children themselves. At the same time,
the value of not wasting food was also made salient [Ecology]. From the mathematical
perspective, the children recognised that the number of orange segments could not be
evenly divided among five children [Numbers]. C1 also expressed that the oranges
might still be shareable by distributing one segment to each child [Numbers].

Excerpt C: From nine to ten—eliminating the remainder

Excerpt C depicts a moment when C5 removed one segment from his own half-orange
cluster and returned it to the group to facilitate equal distribution (Figure 1F).

291 C4: There are nine segments: 2, 4, 6, 8, 9.

292 T: You have nine segments? Right, what shall we do with these nine
segments?

293 Ca3: Two each for everyone...
295 C4: Then someone might end up with a leftover.

297 CI: Eh, but this orange’s size is bigger than the others, you see. This is a big
segment.

298 C5: Well then, let me treat my cluster, then do it like this, and make it ten (He
takes one back from his own pile of oranges, which he surreptitiously had
grabbed. Then, 10 orange segments were there to share two for each child)

Two ethical dimensions are particularly salient in this scene. C1 sought to maintain
fairness by attending to differences in the sizes of the orange segments
[Societal/Cultural]. C5 returned a segment that he had previously taken amid the
confusion, thereby attempting to achieve personal integrity [Self]. It is also noteworthy
that when dome-shaped clusters were adopted as the unit of distribution, C5 initially
constructed his own cluster with one more segment than the others. This action
indicates one possible origin of harm [Questionable-use]. From the mathematical
perspective, a variety of patterns can be observed: For example, C4’s counting by twos
[Numbers], C3’s proposal to distribute the segments in pairs [Numbers], C1’s shift in
focus towards differences in segment size [Shape].\
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DISCUSSION AND CONCLUSION

Compared with the activity based on a fictional scenario (see Hedefalk and Sumpter,
2025), the activity in an authentic context shows both similarities and differences. In
both studies, ethics and mathematics were closely intertwined in young children’s
reasoning. However, a key difference lies in the activity’s purpose. In the present study,
the children were distributing oranges to eat. This practical goal appeared to prompt
frequent shifts between ethical and mathematical reasoning. When an attempted
distribution failed to achieve equality, the children changed their mathematical views
and their strategies (e.g., peeling the oranges, forming segment clusters, placing them
sequentially, and accounting for differences in size).

Some ethical concerns (e.g., fairness or reducing food waste) seemed to motivate
mathematical reasoning. By contrast, ineffective mathematical approaches prompted
children to revise their approaches while maintaining their ethical values. This dynamic
interplay highlights how ethical and mathematical reasoning were mutually responsive.

An interesting finding for understanding children’s ethics in mathematical activity is
that questionable applications of mathematics appear to emerge as early as preschool
[Questionable-use]. For example, C5 constructed his dome-shaped cluster with more
orange segments than the others. Similarly, even if unintentionally, the children
initially focused only on numerical aspects, and no attention was paid to differences in
size except for C1. Had volume been considered earlier, the children might have
completed the distribution more quickly without breaking all the oranges into
individual segments. This case may therefore be understood as an instance of
disadvantage arising from the selection of inappropriate mathematics [Math-harm]. It
may also reflect a tendency in Japanese early childhood informal activities to privilege
number, thereby constituting a curricular gap [Curriculum-gap].

These findings suggest the complex relationship between ethics and mathematics in
early childhood, though this paper only focused on a single group. The children’s
enactment of ethics emerged only through sustained trial and error. Thus, children’s
ethics were not abstractly defined prior to practice but were shaped by their perceptions
and impressions of embodied outcomes. This observation may embody the insight that
ethics should be purposively constructed (Dahnke, 2001). Mathematics played a
significant role in enabling this embodied enactment of their ethical orientations.

Notably, when the group size decreased to five, the children did not simply redistribute
the ten oranges evenly among themselves. Instead, they focused on how to handle the
remainder. This may reflect their developmental tendency to use mathematics in ad
hoc ways. However, in adulthood, such ad hoc approaches can no longer be regarded
as deliberative ethical judgements. These observations point to the importance of
educational activities that attend simultaneously to ethics and mathematics.

In conclusion, this paper has illustrated how young children’s ethics are enacted with
mathematics in an authentic sharing activity. Although this design study does not yield
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generalisable findings, it offers rich insights into the mutual development of
mathematics and ethics within the ethical turn in mathematics education. A key task
for future research is to develop generalisable hypotheses about the relationship
between ethics and mathematics in early childhood by accumulating further cases. Also,
given the scarcity of equity-related studies from Japan (Davis, 2025), attention to the
origins of harm may advance equity in mathematics education.
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HOW TO MAKE 4C/ID VISIBLE? AN ONLINE PROFESSIONAL
LEARNING ENVIRONMENT FOR MATHEMATICS TEACHERS
ON DIAGNOSING AND SUPPORTING PROBLEM SOLVING

Melanie Neck, Timo Leuders, Frank Reinhold
University of Education Freiburg

The Four-Component Instructional Design Model (4C/ID) is a well-established and
evidence-based framework for the design of professional development programs.
However, there is still limited research on how learners actually use the instructional
components offered by 4C/ID-based learning environments. To address this gap, we
implemented a digital learning environment for mathematics teachers based on the
4C/ID model. A total of 303 pre-service and in-service mathematics teachers
completed the intervention focusing on diagnosing students’ mathematical problem-
solving abilities and supporting them appropriately. We analysed learners ~
interactions with supportive information, their engagement with feedback, and their
use of part-task practice. The findings suggest that many learners did not fully exploit
the opportunities for self-regulated learning provided by the learning environment.

INTRODUCTION

The Four Component Instructional Design Model (4C/ID) provides a theory-informed
structure for designing learning environments. The core idea is that four components
of a learning environment— learning tasks, supportive information, procedural
information, and part-task practice — can be designed to align with each other and, thus,
ensure that learning can take place in and on authentic and complex situations (van
Merriénboer & Kirschner, 2017). This makes the model particularly suitable for
learning complex tasks that are usually presented fragmented and decontextualized —
such as teaching mathematics (Kreutz et a., 2020): Mathematics teachers face major
challenges in their everyday professional lives, as complex actions and skills are
required (Drijvers, 2022) — which calls for holistic learning opportunities that mimic
real-life challenges. To address this, a commonly agreed upon approach is to combine
theory and practice during the learning process (Lipovsky & Rzejak, 2015). 4C/ID
design principles may tackle the threat of cognitive overload in such learning
opportunities.

A recent synthesis describes the effectiveness of 4C/ID-based interventions in various
contexts such as education and teacher professional development (Neck et al. 2025).
However, effects vary between studies and are not perfectly coherent within studies,
which calls for empirical investigations regarding how learners utilize the learning
opportunities offered by the four components of a 4C/ID-based intervention.
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To address this gap, we implemented a digital learning environment for mathematics
teachers. The intervention provided automated formative feedback, allowed learners to
skip content they had already mastered, and enabled them to actively select additional
learning tasks based on their individual needs—developed using a 4C/ID approach
(van Merriénboer & Kirschner, 2017). The aim of the study is therefore to investigate
4C/ID-based learning through learners’ interactions with the learning environment
when learning about how to diagnose and support students’ mathematical problem-
solving abilities.

The Learning Environment

The starting point for the learning environment is to implement problem-solving
learning in secondary school mathematics lessons (Prediger et al., 2022; Rott, 2020).
Problem-solving is a complex real-life task for teachers, who must respond adaptively
to different student solutions. In the learning environment, teachers work through the
example task of ‘staircase numbers’ (German: “Treppenzahlen’). This serves as an
example for other problem-solving tasks. It is particularly well-suited to this purpose
because students can work on it at a level appropriate to them. It is based on the school
version of Sylvester’s theorem.

The learning tasks were based on the staircase numbers task. Teachers first
familiarized themselves with the task by solving it themselves in an app and received
information on problem solving in general and in mathematics in particular. They then
proceeded to the main phase of the learning environment, diagnosing student solutions
and providing appropriate support tailored to individual students’ strengths and
weaknesses. We therefore decided on four learning tasks (Tab. 1) and arranged the
individual tasks within the learning tasks from easy to difficult. Teachers were
repeatedly given vignettes with fictitious work statuses of the students.

At the beginning of each learning task, teachers receive supportive information in the
form of an informational text. This text provides basic background knowledge that is
necessary to complete the task. Its main function is to activate prior knowledge and
link it to the new learning content. In total, four supportive information texts are
provided, each tailored to one of the four learning tasks (Tab. 1). The supportive
information remains accessible throughout the task and can be accessed again at any
time. Learners decide for themselves whether, when, and for how long they want to
use this support.

Throughout the learning process, teachers repeatedly receive procedural information
in the form of supplementary information texts when new procedural knowledge is
required. An example of such content is Sylvester’s theorem. Access to this
information is optional and requires an active decision of the teachers. In addition,
teachers receive continuous feedback on their task performance. For multiple-choice
tasks, feedback is provided in a binary right/wrong format, while open-ended tasks are
accompanied by sample solutions or suggestions that illustrate the optimal answer. For
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multiple-choice tasks, the learning environment implements an iterative processing
cycle: teachers first select an answer, receive immediate feedback, and if the answer is
incorrect, are presented with the relevant supporting information again before being
asked to try the task again.

Table 1: The four learning tasks of the learning environment with the corresponding
supportive information

Learning What is done in the Supportive Information
Task learning task?
LT1 Getting to know the Why problem solving?

learning environment
and problem solving as a
task in mathematics

Describes why problem solving is an
important skill to learn and the need to
teach problem-solving skills in mathematics

lessons lessons
LT2 Developing expectations Expectations
Describes which solutions and discoveries
are possible based on the staircase numbers
and what work can be expected from the
learners.
LT3 Assessing learners' Diagnosis and support cycle:
prggress. Introduction of the diagnosis and support
(Diagnosis) cycle as a model for quickly assessing the
progress of learners. The processing steps
will differentiate between finding examples,
sorting examples, making assumptions, and
testing assumptions.
LT4 Providing specific Types of support:
guidance for Various options and ways of supporting
further learners during the problem-solving
work (Support)

process.

We distinguish between five types of
assistance: motivational assistance, feedback
assistance, general strategic assistance,
content-oriented strategic assistance, and
content-related assistance.

When a high degree of automation is required, recurring aspects of the learning content
are practiced as isolated subtasks; this process is called part-task practice in the 4C/ID
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model. In some cases, teachers are offered optional additional tasks that complement
the main task. This is particularly relevant for diagnosing students' learning progress.
Here, teachers can then work on additional vignettes with student solutions.

The present study

The aim of the study is to make 4C/ID-based learning visible through the interaction
of teachers with the learning environment.

First, based on the assumptions of the 4C/ID model, we assume that the correct
implementation and effective use of the learning environment will lead to a gradual
reduction in the consultation of supportive information. As learners work through the
tasks and acquire subject knowledge, they should increasingly rely on their own
knowledge and therefore refer to the information texts less frequently. This leads us to
our first research question (RQ1): Do teachers access supportive information less
frequently as they work through the learning task?

In order to make proper use of the learning environment, teachers must recognize and
utilize essential new information, such as procedural information. This leads to the
second research question (RQ2): Do teachers recognize procedural information as
necessary information and utilize it accordingly?

According to the 4C/ID model, we assume that learners who receive negative feedback
or are unable to solve the tasks are more likely to access supportive and procedural
information and to take advantage of opportunities for additional learning tasks (part-
task practice). The third research question therefore focuses on “low achievers” and
asks (RQ3): Do learners who answer tasks incorrectly make greater use of support
resources or engage more frequently in additional learning tasks afterwards?

An important skill when working in an online learning environment is the ability to
receive and implement feedback. The fourth research question therefore asks (RQ4):
How do learners engage with feedback after incorrect responses, and does the duration
of feedback viewing predict whether they subsequently correct their written
explanations?

METHOD
Sample

A total of N =303 individuals participated in the study. The sample included 299
mathematics teacher education students enrolled in elementary, secondary, and special
education programs at the University of Education Freiburg, as well as four practicing
teachers who also participated in the online learning environment.

Procedure

The data was collected between January and June 2025. Completing the online learning
environment takes approximately four hours. The study was conducted using the
“LimeSurvey” platform. This made it possible to track learners' interactions with the
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learning environment, such as how long help files were open for and when they were
clicked on.

The course began with a short introduction to familiarize participants with the learning
environment, followed by a pre-test assessing prior knowledge related to diagnostic
and pedagogical support and motivational dispositions. Participants then engaged in
the pedagogical intervention. After each learning task, interim assessments and self-
reports on motivation, perceived relevance, and perceived goal attainment were
collected. A post-test assessed diagnostic and support-related competencies,
motivation, and learning-related attitudes.

The present contribution does not report pre- and post-test competency outcomes or
motivational self-reports but focuses exclusively on process data derived from
participants’ interactions with the learning environment.

Material and Process Assessment

The main course material was developed as a series of vignettes regarding diagnosing
students’ mathematical problem-solving with a focus either on diagnosing students’
abilities or giving the appropriate support to aid students.

In vignettes on diagnosing students’ problem-solving abilities, teachers had to explain
in a free-text response how the student’s solution could be classified within a ‘diagnosis
and support’ cycle (here: identifying examples, organizing examples, formulating
hypotheses, or evaluating results). After submitting their response, learners received
an exemplary correct solution which they had to compare to their own given solution
in a self-regulated way. For each task, it was also recorded whether learners had
accessed available supportive information.

In vignettes regarding giving appropriate support to students during mathematical
problem solving, teachers were presented student solution strategies once again. In a
multiple-choice task, participants were asked to select the most appropriate form of
instructional support for each student or situation from five categories: motivational
support; feedback-oriented support; general strategic support; content-related strategic
support; and content-focused support. Here, after submitting their selection, learners
received immediate feedback. Correct responses were followed by confirmatory
feedback, while incorrect responses triggered explanatory feedback, which provided
supportive information about the error and the underlying mathematical or pedagogical
issue. Subsequently, learners were required to explain in a free-text response how such
support could be implemented in practice. These responses were coded as either
correct, if they meaningfully incorporated aspects of the preceding feedback, or
incorrect if they did not reflect the feedback content. The analysis examined whether
feedback was attended to, operationalised as the duration of feedback viewing, and
subsequently applied in learners’ responses.
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RESULTS
Decreasing use of assistance during tasks (RQ1)

In line with the first research question, the frequency of help-seeking behaviour
decreased throughout the learning tasks. In particular, the probability of learners
accessing previously provided information after the initial introduction decreased
significantly for all tasks examined. For the ‘Diagnosis and Support’ learning task in
particular, the odds of consulting this information were significantly lower as learners
progressed to later tasks within the learning environment.

Recognition of necessary novel information (RQ2)

In order to investigate whether learners identified and used the available learning aids
as intended, their help-seeking behavior was analyzed at several points within the
learning environment. An increase in requests for supporting information was
observed, corresponding to the transition from the ‘Diagnosis and Support' unit to the
'Supporting Students' unit within the 4C/ID learning sequence. This suggests that
learners strategically accessed support when faced with a new learning task, reflecting
adaptive behavior consistent with the 4C/ID principle of gradually reducing
instruction.

However, not all participants exhibited this tendency. In Task 5, 184 out of 303 learners
(approximately 60%) used the available support; in Task 10, this figure was 169
learners (approximately 56%). Importantly, Tasks 5 and 10 each followed a content-
area transition (from Task 4 to 5 and from Task 9 to 10), where consulting the newly
provided information may be particularly relevant. Notably, even in the initial learning
task where access to a mandatory support element was necessary to progress, only 154
out of 303 participants (approximately 51%) utilised the support.

Utilizing additional learning opportunities (RQ3)

This analysis was taken out with the vignettes on diagnosing students’ problem-solving
abilities. Within the learning environment, participants were repeatedly asked to
diagnose the students' solution strategies based on a series of vignettes. Here, learners
who answered incorrectly were expected to make greater use of the subsequent support
options, such as additional learning tasks or further instructions. Against this
background, the present analyses focus on whether learners actually responded to the
feedback and made use of further support options.

First, we examined whether learners who answered the first task incorrectly were more
likely to use the available support options when working on the next task. A Welch's
t-test for two samples revealed no significant difference in task accuracy between
learners who accessed support information (M = 0.24, SD = 0.43) and those who did
not (M = 0.30, SD = 0.46), t(286.1) = 1.25, p = .213.

Secondly, we investigated whether learners who did not perform well on both tasks,
and who were explicitly informed of their comparatively lower progress, were more
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likely to complete optional tasks offered as additional learning opportunities. The
results showed no significant difference in the total number of correct answers between
learners who completed the additional tasks (M = 0.37, SD = 0.48) and those who did
not (M = 0.42, SD = 0.49), t(287.93) = 0.83, p = 0.406.

Taken together, these results suggest that learners' use of formative assessment
opportunities within the 4C/ID-based learning environment was not consistent with
their performance levels.

Making use of feedback (RQ4)

This analysis was taken out with the vignettes regarding giving appropriate support to
students during mathematical problem solving. To investigate whether time spent
engaging with feedback after an initial incorrect response predicted subsequent
improvement, each task instance (four per learner) was treated as an independent
observation. A Welch’s t-test was conducted to compare feedback viewing times
between episodes in which learners later corrected their written explanations, and
episodes in which no correction occurred. Feedback viewing time was defined as the
interval between the presentation of the explanatory feedback and the learner clicking
to proceed to the next screen.

On average, feedback engagement was longer for episodes that resulted in a corrected
explanation (M =36.03s, SD =36.69) than for episodes without correction
(M=29.94s, SD=34.34). This difference was statistically significant,
t(554.63) = —2.27, p = .024, and corresponded to a small effect size, d = 0.17.

DISCUSSION

The results present an ambivalent picture regarding the use of the components
prescribed by the 4C/ID model. On the one hand, access to supportive information
decreases over the course of working on a learning task, which is fully consistent with
expectations for learning environments designed according to the 4C/ID model. At the
same time, however, supportive and procedural information were only partially used.
These results suggest that although a significant proportion of teachers exhibited
adaptive, 4C/ID-compliant help-seeking behavior, a considerable number did not take
advantage of the available support, even when it was essential. The opportunities for
self-regulation afforded by the model were therefore not fully utilized by learners.

From a mathematics education perspective, the findings highlight a central challenge
in professional learning for teaching problem-solving: supporting teachers not only in
acquiring diagnostic and instructional knowledge, but also in recognizing when and
why such knowledge needs to be activated. Diagnosing students’ problem-solving
processes and providing adaptive support constitute highly situated, content-specific
professional practices that require teachers to coordinate mathematical insight,
pedagogical judgment, and responsiveness to students’ thinking. While the 4C/ID-
based environment successfully offered authentic representations of these practices,
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the limited and performance-independent use of support resources suggests that many
learners did not fully engage in this coordination process.

Surprisingly, low-performing learners made only limited use of the additional learning
opportunities provided. Possible explanations include cognitive overload or inaccurate
self-perceptions of their own performance. Furthermore, only a weak effect was
observed in the use of feedback, which again fits the overall pattern of results indicating
that opportunities for self-regulated learning were only minimally exploited.

A limitation of the present study is its exclusive focus on process data, without relating
learners’ interaction patterns to pre—post changes in diagnostic and instructional
competencies. While this allows insights into how teachers engage with a 4C/ID-based
learning environment, it does not yet inform which learning behaviours are associated
with professional growth. Future research should therefore link process indicators—
such as the use of supportive and procedural information, feedback engagement, and
optional practice—to gains in diagnostic accuracy and quality of instructional support.
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This pilot study examined 6™ graders’ (n=29) understanding of and misconceptions
with fractions over a five-week teaching period. We examine the students’ knowledge
before and after their use of a curriculum-based fraction learning environment
conducted on a digital learning platform. Utilizing a pre-post-test research design, we
measured students’ basic fraction arithmetic and fraction comparison skills. Results
indicate a significant improvement in arithmetic and comparison skills, but there was
no decrease in fraction magnitude misconceptions. Thus, a curriculum-based digital
learning environment, which relies heavily on procedural practice, may not be enough
to refute misconceptions about fraction magnitude. Implications are discussed.

INTRODUCTION

Having a good understanding of the magnitude of fractions and fraction arithmetic is
an important foundation for learning more complex mathematical concepts (McMullen
& Van Hoof, 2020; Siegler & Pyke, 2013) and predicts later math achievement (Siegler
et al., 2011). Despite this, many learners have difficulty developing a strong
understanding of fractions (D’Erchie et al., 2025a; Gabriel et al. 2023). Previous
studies have identified multiple reasons why fractions are difficult to learn. One of
those reasons is the natural number bias (further abbreviated with NNB), where one
overapplies the properties of natural numbers to rational numbers (e.g. Gabriel et al.
2023; Gomez & Dartnell, 2015). Before learning about fractions, students typically
develop an understanding of numbers through experiences with natural numbers, as
curricula tends to start there. However, this previous natural number knowledge can
interfere with fraction learning and has been shown to lead to systematic errors and
misconceptions (e.g., Gabriel et al., 2023; G6mez & Dartnell, 2015). For example,
many children consider 5/11 to be larger than 2/3 as 5 is larger than 2 and 11 is larger
than 5. Given the importance of a good fraction understanding, students’ persistent
difficulties with fractions, and the limited knowledge on effective classroom
interventions; the present study examines students’ knowledge before and after their
use of a curriculum-based fraction learning environment in a digital learning platform.

Fraction magnitude misconceptions

Research has proposed three types of NNB: typical, reversed and gap thinking (e.g.
Goémez & Dartnell, 2019). In the typical NNB, students systematically state that the
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fraction with the largest natural number in its numerator/denominator is the one with
the largest value. For example, they incorrectly reason that 5/9 is larger than 3/4, since
5 is larger than 3 and 9 is larger than 4. In contrast, students with reverse NNB show
the opposite answering pattern, reasoning that the fraction with the smallest numerator
and/or denominator is the largest one. For example, they incorrectly reason that 7/8 is
smaller than 2/3, given that 2 and 3 are smaller than 7 and 8. Third, students with gap
thinking believe that a fraction is larger if the numerical difference (the gap) between
the numerator and denominator is smaller; reasoning that since the gap between
numerator and denominator is smaller the “countable steps required” to get into the
whole is smaller. For example, students with gap thinking consider 1/2 as larger than
7/9, because there is only one step needed from 1/2 to go the whole (2/2), while 7/9
requires two steps to reach the whole (9/9). Numerous studies have shown that these
magnitude misconceptions are common throughout basic schooling and can even be
found in adults (Gabriel et al., 2023; Reinhold et al., 2023).

These natural number based misconceptions are often explained by the conceptual
change theory, which examines processes of learning that require the restructuring of
already existing knowledge and mental models (e.g., Vamvakoussi et al., 2010). In the
case of fractions, students are already familiar with natural numbers before receiving
formal instruction on fractions. As a result, they have already developed a concept of
numbers grounded in natural numbers, before learning about fractions. When fractions
are later introduced, the rules and properties of natural numbers are not always
applicable, which can lead to misconceptions unless students modify their concept of
numbers.

The literature has discussed that reverse NNB and gap-thinking biases could be seen
as more advanced knowledge, since in both cases students already know that rational
numbers differ from natural numbers (see Rinne et al. 2017; D’Erchie et al., 2025b).
Reverse NNB and gap-thinking can reflect an intermediate state of conceptual change,
which suggests that conceptual change is a gradual and slow process rather than an
abrupt transformation (e.g., Vamvakoussi et al., 2010; Van Hoof et al. 2021).

Fraction interventions

Ample studies conclude that approaches including teaching mathematical language,
and the use of multiple external representations are especially effective when aiming
to improve students’ general fraction understanding (e.g., Krowka et al., 2024).
However, only a handful of intervention studies have targeted students’ natural number
based misconceptions with varying success. While Van Hoof et al. (2021) did not find
additional benefits of the use of refutation text on top of explanatory text, the use of
correct and incorrect worked examples with corrective feedback (Barbieri & Devlin,
2023) and number line estimations (D’Erchie et al., 2025b) in digital learning
environments were successful in refuting misconceptions about fractions.
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PRESENT STUDY

Given the importance of a good fraction understanding and students’ difficulties with
learning them, the present study investigates how sixth grade students’ understanding
of and misconceptions with fractions develop before and after a five-week fraction
teaching period.

Specifically, we examine students’ basic fraction arithmetic skills as well as their
misconceptions regarding fraction magnitude before and after they follow a five-week
curriculum-based fraction learning environment in a digital learning platform. The
following research questions are addressed

RQ1: Can we replicate previous findings by showing natural number based
misconceptions in Finnish 6" graders, an under-investigated group in the global
literature on the NNB?

RQ2: What are the improvements in students’ basic fraction arithmetic skills, fraction
magnitude understanding, and fraction magnitude misconceptions between the pre-
and post-test?

METHODS

Participants were 29 Finnish 6" graders, who followed a curriculum-based fraction
learning environment in ViLLE once a week for five weeks. Ethical guidelines from
the Finnish National Board on Research Ethics were followed.

VILLE is a widely used digital learning platform in Finland. The exercises on ViLLE
are curriculum-based, co-created with teachers, and shown to positively influence
learning (Laakso et al. 2018). Approximately 70% of Finnish schools use ViLLE and
students typically work on mathematical tasks in ViLLE for one lesson weekly, as in
the present study. Regular use of VILLE lessons in math classes has shown positive
effects on students' math fluency and performance (Kurvinen et al. 2020). In this light,
VIiLLE offers a real-world platform for gathering data from actual learning
environments, providing high ecological validity for the research results. The ViLLE
lessons are carried out with laptops and tablets from school during regular school hours
under the supervision of the teacher. VILLE provides automatic feedback (right or
wrong) as well as gamified and visual elements (including external representations).

In this study, the curriculum-based fraction learning environment included visual
representations of fractions with area models. Additionally, short video tutorials were
used in three lessons (e.g., conversion to mixed fraction, arithmetic operations) that
students could rewatch while practising. Each lesson took 45minutes and on average
students spent 30 minutes time on the tasks. On top of this, students solved fraction
tasks in ViLLE at home for 15 minutes each week, as homework.

The pre- and post-test measures included a fraction comparison task and a basic
fraction arithmetic task. In the comparison task, students must determine which of the
two irreducible fractions is larger. The used fraction pairs are either congruent or
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incongruent with the typical NNB misconception. Thus, a student with a typical NNB
profile answers correctly for congruent fraction pairs and incorrectly in incongruent
ones (with opposite pattern for the reverse NNB profile). For the typical NNB a pair of
fractions is congruent if the larger fraction has both a larger numerator and denominator
(e.g., 3/8 vs. 1/5). On the contrary, if the larger fraction has smaller numerator and
denominator values, it’s called incongruent with typical NNB (e.g., 5/6 vs. 7/11).
Students were considered to have a fraction magnitude misconception when they
answered 9 out of 10 fraction comparisons in line with a specific misconception (for
coding scheme, see Figure 1, which shows when the misconception leads to a correct
[white] or incorrect [black] answer). On top of these misconception profiles, students
were considered to have a good understanding of fraction magnitude (“Accurate”
profile) when they scored at least 9 out of 10 on the fraction comparison test. As shown
in Figure 1, there is considerable overlap between the reverse NNB and gap thinking
answer patterns. Consequently, to be classified under a specific profile, the
distinguishing item had to be answered in line with that profile’s criteria.

In the basic fraction arithmetic task, students solved five fraction problems, including
three additions and two subtractions with and without a common denominator (e.g.,
1/5+3/5, 4/6-1/2). For the analysis we used the sum score of correctly solved items.

Figure 1. Fraction comparison coding scheme. Expected response patterns by
misconceptions

NNB R-NNB GAP

3/5 vs. 4/9 : correct
1/4 vs. 419 incorrect
5/9 vs. 3/4

5/11vs. 1/4

1/3 vs. 6/7

3/4 vs. 47

7112 vs. 317

2/5vs. 3/13

5/6 vs. 7/11
3/8 vs. 1/5

RESULTS

Regarding RQ1 (Can we replicate previous findings showing natural number based
misconceptions in Finnish 6th graders, an under investigated group in the global
literature on the NNB?), 11 out of the 29 participants showed a natural number based
misconception pattern in pre-test, with eight students showing typical NNB, one
reverse NNB, and two gap-thinking. A visualisation of the students' natural number
based misconceptions at the pre-test is presented on the left side of the Figure 2.
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To answer RQ2 (What are the improvements in students’ basic fraction arithmetic
skills and fraction magnitude misconceptions between the pre- and post-test?),
students’ sum scores on the basic arithmetic task were compared between pre- and
post-test. The mean accuracy increased from 2.5 at pre-test to 4.7 at post-test
(maximum 5). Because the assumption of normality was violated (Shapiro-Wilk test,
p < .05), a Wilcoxon signed rank test was conducted, which indicated a significant
increase from pre-test (Md = 3.00) to post-test (Md = 5.00), W = 2.00, p < .001.
Secondly, students’ sum scores on the fraction comparison task were compared
between pre- and post-test to examine improvements in students fraction magnitude
understanding. The mean accuracy increased from 7 at pre-test to 8 at post-test
(maximum 10). A Wilcoxon signed-rank test was conducted, since the assumption of
normality was violated (Shapiro-Wilk test, p < .05). The results demonstrate a
significant increase from pre-test (Md = 6) to post-test (Md = 7), W = 25.5, p = .007.

Concerning changes between misconception profiles, results showed that at the post-
test, two more students (13 out of 29) exhibited NNB misconceptions. Seven students
stayed in the same profile, six of whom showed typical NNB and one gap thinking.
From the other four students having a misconception at the pre-test, no-one developed
a correct understanding during the five-week teaching period. Moreover, five new
students developed an NNB misconception, four gap-thinkers and one with reverse
NNB. For visualisations of the development of students’ fraction magnitude
understanding, see Figure 2.

Figure 2. Distribution of participants into misconception profiles for pre- and post-
test and their transitions between profiles.

1a. Typical NNB 1b.Typical NNB
X 5 6
2a. Reverse NN? - 3b. Gap thinking
6
3a. Gap thinking I 2b. Reverse
2 1
4b. Other
4a. Other 4
1"
5b. Accurate
5a. Accurate | 12
7
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DISCUSSION

A key finding from this pilot study is that, although students showed significant gains
in overall fraction arithmetic and magnitude performance, the curriculum-based
fraction learning environment, may not be sufficient to address or prevent
misconceptions about fraction magnitude. A possible explanation for these findings is
that, in many countries, including Finland, the teaching materials are more focused on
procedural than conceptual fraction knowledge. Therefore, also the curriculum-based
fraction learning environment mainly emphasized procedural practice, which might
explain the overall found learning gains, but the absence of overcoming magnitude
based fraction misconceptions.

In this light, an important educational implication of the study is that more focus is
needed on supporting students’ conceptual understanding of fractions. One way to
achieve this is to move beyond the usual superficial part-whole schema (e.g., Gabriel
et al., 2023) and incorporate more in-depth conceptual approaches, such as number line
estimations (see for example D’Erchie et al., 2025b) and visual representations into the
fraction classroom (e.g. Van Hoof et al., 2021).

Interestingly, the number of students with natural number based misconceptions
increased from pre- to post-test. Moreover, none of the students with a misconception
at pre-test developed an accurate understanding of fraction magnitude at the post-test,
which is in line with earlier findings supporting the persistence of these misconceptions
(e.g., Gonzélez-Forte et al. 2022) and the fact that the process of conceptual change is
slow and gradual (e.g. Vamvakoussi et al., 2010; Van Hoof et al., 2021). Especially
concerning was that five new students exhibited a misconception at the post-test,
reminding us that learning is not a linear process (see Rinne et al. 2017).

It should be noted that the pilot nature of this study and its accompanying small sample
size, limits the interpretations of the findings. Therefore, future research should include
larger samples to generalise the findings. Nonetheless, an important implication of this
study is that overlooking qualitative differences in students' (fraction) knowledge, such
as whether or not they hold misconceptions, can result in misinterpretation of the
results. For example, in the present study, the overall increase in accuracy on the
fraction comparison task could have masked the continued presence of fraction
magnitude misconceptions.

Put together, the present study confirmed previous findings that a large group of
students show consistent misconceptions of fractions, and that these were not
sufficiently addressed by a curriculum-based learning environment. This confirms the
need for intervention studies investigating how didactical interventions can help
students to overcome these misconceptions (see also Gabriel et al., 2023).
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ACCOMMODATION, INCLUSION, AND EXPANSION:
THEORIZING EQUITABLE INSTRUCTION

Joy A. Oslund?, Tasnim Alshuli?, Hope Gerson?, and Paul W. D. Yu*
!Grand Valley State University, 2University of Arizona

This paper puts forth a model for expansive mathematics teaching for students with
disabilities. We consider three lessons in which embodied mathematical curricula were
used to support a blind student in collegiate mathematics courses. The goal of the
lessons was to provide access and inclusion for the blind student as they worked to
make sense of the mathematical concepts. What resulted were moments in which the
student’s conceptions and participation in their community of practice extended
beyond what was expected, leading to expansive learning opportunities. We propose a
model of embodied activity that goes beyond providing access and inclusion, striving
for expansive notions of mathematical sensing and learning for all.

INTRODUCTION

Mathematics is often conceptualized as a visual discipline; therefore, education for
students who are blind or have low vision (SBLVSs) can be subpar. Responses to this
problem often revolve around accommodations and assistive technology to provide
access to visual information through auditory and tactile materials. While these
adaptations make some math content more accessible, they are often inadequate, and
students still miss visual information, such as work written or projected on the board
(Bell & Silverman, 2019) and teachers’ and classmates’ gestures. This has not
promoted equitable learning opportunities for SBLVs in math classes. Work on
inclusion in mathematics classrooms has focused on providing inviting, collaborative
spaces that meet many students’ needs to promote equitable participation (e.g. Louie,
2017; Padilla & Tan, 2019). A tool often used to create inclusive spaces in classrooms
is Universal Design for Learning (UDL) (CAST, 2024). UDL pays some attention to
supporting SBLVs. Recommendations include providing alternative ways to perceive
graphic information (e.g. descriptions, touch equivalents, and audio cues). However,
we argue that these still assume starting with a mathematical curriculum designed for
sighted students. UDL includes fostering collaboration but less is known about how
collaboration around alternative means of perception might look and sound, or how
teachers might support it. UDL also recommends cultivating multiple ways of
knowing, including kinesthetic. However, it does not alter the assumption that math is
a visual subject and that SBLVs must be accommodated to understand a curriculum
that was designed for sighted students. Related research has begun to connect UDL
with embodied cognition, investigating how students’ embodied resources can be
leveraged to promote equitable learning (Sasanelli et al., 2025), especially for students
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with disabilities (Tancredi et al., 2021). However, little is known about SBLVS’ ways
of knowing and how they can be leveraged to promote mathematics learning.

The context for this theoretical paper is a project that is connecting ideas from UDL
and embodied mathematics learning to design and study mathematics learning
opportunities for an international undergraduate student who is blind Oslund & Yu,
2023; Yu et al., 2024, 2025a, 2025b). lan (pseudonym) has no vision in one eye and a
small window of vision in the other, through which he can see very large print close
up. We are studying his mathematical learning in multiple contexts (individual, small
group, and whole class) across multiple semesters. As we analyzed video from these
sessions to understand the student’s ways of knowing and features of the instructional
context that provided access and inclusion, we noted a few moments that seemed
special in that they seemed to go beyond both access and inclusion. We began to
earnestly study these moments, which we are calling expansive, to understand features
that made them stand out and the instructional context that allowed them to happen.
The purpose of this paper is to articulate a model for expansive mathematics learning
that goes beyond thinking about disability, especially visual disabilities, in terms of
accommodation and inclusion.

THEORETICAL BACKGROUND

Learning as participation. Learning may be described as becoming able to participate
in discursive norms and routines of communities of practice (Wenger, 1998). The
participationist perspective (Sfard, 2025) is often contrasted with the acquisitionist
perspective—an idea that individuals who lack some knowledge acquire it from others
(often teachers) who impart knowledge to them (Sfard, 2025). While an acquisitionist
may focus on what knowledge a learner lacks and how it might be imparted, a
participationist acknowledges that, because participation is linked to learning, all
learners bring knowledge, identities, and practices to learning contexts. Each learner
has a background through which he or she understands and interprets new experiences.
In a participationist perspective, learning is defined by changes in participation and
identity. As one learns the practices and discourses of a new community of practice
and is judged on the ability to act and speak in ways that are endorsed by the
community, one moves from a peripheral position in the community to one that is more
central. Power and privilege are at play in this endorsement (or not) of particular ways
of acting and speaking (Esmonde & Booker, 2017), which can affect who sees
themselves (and is seen by others) as capable. In a culture of mathematics education,
the ways of knowing that have traditionally been endorsed are those that conceive of
mathematics and mathematical ability narrowly, creating exclusion (Louie, 2017).
Attempts have been made to broaden the abilities recognized; for example,
mathematics educators have been interested in incorporating multiple representations
for mathematical ideas into our lessons to make learning richer and more connected,
as well as to promote engagement and reach a diverse range of students; however, not
all bodies can perceive all representations. Math is often treated as a visual subject,
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which poses a barrier for SBLVSs, requiring them to conform to sighted ways of
knowing (Bayram et al., 2015).

Learning as embodied. The move toward understanding mathematical learning and
knowing as embodied has emerged as math educators seek to democratize mathematics
learning and understand ways different bodies are societally positioned (Gerofsky,
2016; Sinclair & Freitas, 2019). Research and theorizing on embodied cognition are
currently being taken up across a wide range of fields and approaches (e.g. Gerofsky,
2016; Sinclair & de Freitas, 2019). Math education researchers have similarly begun
to apply embodied cognition with SBLVs. For example, Gerofsky and Zebehazy
(2022) used motion to help elementary students with visual impairments notice
mathematically important features of graphs. When we say mathematics learning is
embodied; we understand this as involving whole bodies (Gerofsky & Zebehazy,
2022). This is important to our collective responsibility for equity, requiring us to see
diversity in bodies and their implications for learning. An embodied understanding of
mathematics means that diverse bodies will bring diverse background knowledge and
identities. Ways of speaking and acting that are endorsed as competent in math
education have often been constructed around assumptions about being able to perceive
visual representations and information.

Disability as Social and Embodied. Historically, the model of disability focused on
differences as defects to be fixed or accommodated. This is referred to as the deficit
model or medical model (Lambert, 2019; Lambert et al., 2018). From this perspective,
disabilities are defects to be fixed or accommodated. The social model of disability
critiques the medical model, holding that the social context is disabling. Ideas of
normalcy around the human body have been constructed and ranked (Davis, 2013), and
society has been set up around those ideas, which pose barriers to people whose
embodied characteristics do not have the same status. The social model has been useful
in determining barriers and seeking to remove them; however, it does not account for
the embodied nature of disability (Lambert, 2019) and neglects the identity issues and
challenges inherent in having a disability (Shakespeare, 2013). A critical take argues
that disability is both socially constructed and embodied (Lambert, 2019). We seek to
treat differences in bodies, including differences in perception, as strengths, and we
have been seeking to better understand an SBLV’s assets and ways of knowing.

CONNECTIONS TO RELATED LITERATURE

Accommodation. Some work has been done to provide access despite barriers in math
education. Examples include providing audio description for videos, translating texts
into Braille, and providing assistive technology. The goal is to adapt what is conveyed
through sight into audible or tactile forms (Ahmed & Chao, 2018). However, this is
often not done well; there may be errors in textbooks and discrepancies between
SBLVs’ and sighted students’ materials (Bell & Silverman, 2019). This work is
important, yet frames SBLVs as outsiders. Even with accommodations, more cognitive
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effort may be required for SBLVs to understand mathematical concepts that rely on
visual metaphors (Dick & Kubiak, 1997).

From a participationist lens, learning happens as one becomes able to act and speak in
ways that are endorsed by the community; in math education, visual ways of knowing
have been endorsed as competent. Although there are efforts to give SBLVs access to
visual content, they do not change the rules or values of the community. SBLVs’ ways
of knowing are not well understood, and therefore, are often neither endorsed nor
recognized as competent. Additionally, accommodations are often provided in one-on-
one sessions with specialists in blind education or instructional aides, posing a barrier
to full participation in the community of practice.

Inclusion. Whereas accommodations focus on individual differences, inclusion is
about creating spaces where people with multiple different needs and ways of knowing
can participate together. Universal design for learning (UDL) is a model for inclusion
(CAST, 2024). UDL includes fostering collaboration, but less is known about how
collaboration around alternative means of perception might look and sound, or how
teachers might support it. UDL also recommends cultivating multiple ways of
knowing, including kinesthetic. (Louie, 2017) argued that a culture of inclusion in
mathematics classrooms includes conceptualizing the nature of mathematics as multi-
dimensional and focused on sense-making. Her model also argues for the nature of
mathematical ability as multi-dimensional and valorizing skills not traditionally
endorsed as mathematically important.

BEYOND ACCESS AND INCLUSION TO EXPANSION

Based on the literature and our analysis of the video, we propose a model that goes
beyond accommodation or inclusion to expansion--that is, expansive in terms of
perceptual ways of knowing, curricular decision-making, and participation in the
community of practice. Next, we describe these means of expansion and illustrate them
with examples from our data.

Expansive in terms of the perceptual ways of knowing that are endorsed. As stated
earlier, math is often conceptualized as visual, but not all bodies can perceive visual
information. SBLVs are conscious of the inequities they are facing regarding not being
welcomed, not having access, and not being included in mathematics education, “The
students were asserting themselves as mathematics doers who were conscious of
having their form of mathematics invalidated were aware that their right to self-
determination in mathematics was being denied” (D’souza, 2017, p. 5). The following
scenario took place during a one-on-one lesson on slope (Oslund & Yu, 2023). The
instructor had lan walk up and down three different sets of stairs to feel varying degrees
of steepness. On the third set of stairs, lan noted, “Vertical [height of a step] is, might
be like longer, I mean taller, by inch maximum [than the second stairway].” The
instructor said they should return to the second stairway to compare. As the instructor
turned to go, lan turned toward the current staircase and bent down, using his cane to
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measure the height of the top step and marking the height on his cane with his fingers.
He carried the cane that way to the second staircase, where he stopped, stooped, and
placed his cane along the bottom step. “I told you, about an inch!” lan said, chuckling.
“Little bit, not even an inch.”

This excerpt stood out to us because it illustrated lan’s embodied ways of knowing that
those of us who are sighted had not considered--he was able to assess the height of
individual steps and talk about them in ways that those of us who are sighted could not.
This highlighted the importance of taking a curious, asset-based approach, including
whole body ways of knowing.

In describing inclusive spaces, it has been suggested to conceptualize mathematics and
mathematical ability expansively (CAST, 2024; Featherstone et al., 2011; Louie,
2017). However, these often still assume that mathematics is visual. Our model extends
this work by suggesting notions of math and math ability that are expansive in terms
of perception.

Expansive in terms of the nature of the curriculum. As an international student from
a country without the resources to accommodate his blindness, lan was studying math
formally for the first time in years. The following lesson on parabolas (Yu et al., 2025a)
took place early in his algebra course, a few sessions after the lesson described above.
The instructor and lan were again working one-on-one. lan had no recollection of any
prior learning about parabolas. This lesson used a puzzle consisting of a solid wood
parabolic form and 15 wooden blocks that, when stacked in the right sequence along
the wooden form, would result in a free-standing arch. The purpose of the lesson was
to feel the curvature and symmetry of a parabola. However, this puzzle allowed for a
more expansive investigation into properties of parabolas that extended well beyond
the instructor’s lesson goals. lan picked up the wooden arch form and traced his finger
starting at the top, or vertex, of the arch and ran his finger along the axis of symmetry
to the bottom of the wooden form saying, “Rise.” Then he moved his finger along the
bottom of the wooden arch to one of the base corners saying, “Run. If | divide [the rise]
by [the run], I will get this straight line to connect point A to point B,” tracing his finger
along the line that connected points A and B. As he traced his finger along the parabolic
curve making up the edge of the wooden arch, he said, “But when | divide the rise by
the run, 1 won’t get this curvy slant. How do you measure that curvy slope?” The
instructor then shifted the lesson toward related calculus concepts by having lan touch
and recognize that the inside edges of the arch’s blocks represented slopes of tangent
lines along the parabola, or the first derivative.

Math is often conceptualized as a discipline in which concepts must be taught in order;
algebra class must be completed before studying calculus. However, our work causes
us to question that necessity. Even when accommodation and inclusion are desired,
assumptions about what math should be taught are still fairly narrow, considered to be
a trajectory that students complete in order. However, we propose a model of expansive
learning in which the students’ ways of knowing and the curriculum influence each
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other, facilitated by an instructor with the necessary mathematical knowledge to
connect the students’ interests to math that they will need to participate in their chosen
community of practice.

Expansive in terms of participation in the community of practice. Another way to
consider the previous scenario is that the authority has shifted from a model where the
teacher is the sole decision-maker to one that allows the student authority over the
content for study (Bishop et al., 2025). In thinking about this from a participationist
lens, we argue that the goal is not only to prepare people to participate in a community
of practice but to contribute to the community of practice.

Consider the following lesson, in which lan was working in a study group with two
other students who were sighted. The class had previously done a lesson on how
exponential functions are affected by algebraic transformations, in which lan did not
have access to the computer-based visuals; the other two students had emerging
understandings of the content (Yu et al., 2025b). The instructor engaged the small
group together in using tactile graphs with “Wikki Stix” (wax-coated yarn that can be
sculpted) on embossed graph paper to explore how exponential functions are affected
by algebraic transformations. The group also did calculations in a digital Jamboard,
which lan accessed on large screen that he could view at very close range, while the
other students accessed it on tablets. The instructional materials centered lan’s ways of
knowing, but were accessible to all, allowing all three students to work at the same
pace and fostering collaboration and discussion. This positioned lan’s ways of knowing
as central to and endorsed by the community of practice.

IMPLICATIONS

Through a participationist lens, learning is changing participation and identity as one
becomes able to participate in a community of practice by acting and speaking in ways
that are endorsed by the community (Wenger, 1998). With a STEM undergraduate
student like lan, that is the goal--to be perceived as knowledgeable and able to
participate in a STEM career. However, our model goes beyond this, to question
assumptions about the ways of knowing that are endorsed and marginalized. We want
lan not only to be able to participate peripherally in the STEM field he has chosen, but
to perceive himself and be perceived by others as capable of contributing to the
communities in which he participates. Key to making this possible was understanding
that mathematics learning is both social (within a community of practice) and
embodied, which we understand as involving the whole body.

Working with lan forced us to reckon with the consequences of a visual presentation
of math. It can be difficult to imagine learning communities where mathematical
knowing is expanded beyond the visual. Our study demonstrates some ways this is
possible. We saw improved, impactful, joyful learning for everyone by centering the
learning of the student with the disability e.g. (Lambert, 2021; Tan et al., 2022).
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Of course, accommodation and inclusion are still necessary; we see expansion as
building on these. In our data, we found many lessons were characterized by
accommodation and inclusion, and a few that included moments of expansion. And
yet, we argue that these moments are worth striving for. There are systemic challenges
to promoting expansion in teaching SBLVs and other students with disabilities. In our
context, the SBLV sometimes worked individually and in small groups with the
instructor; this is often the case, as SBLVs are often supported outside of the classroom.
However, our context was unique in that the instructor had deep knowledge of
mathematics; this is often not the case for instructors of SLBVs (cite). Further research
should seek to understand the mathematical knowledge for teaching SBLVSs.
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SEMANTIC CONTAMINATION OF EXPLAINING: THE CASE OF
“SETSUMEI" IN JAPANESE PRIMARY SCHOOL
MATHEMATICS TEXTBOOKS
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'0tsuma Women’s University, 2Aichi University of Education

This study investigates how the meaning of explaining becomes semantically
contaminated through its curricular use in Japanese primary school mathematics.
Focusing on the Japanese word setsumei, the analysis examines mathematics textbooks
from Grades 1 to 6 as an operational curriculum. Drawing on the notion of semantic
contamination, explanation tasks were analysed in terms of objects of explaining and
types of expected responses (that, how, why). The results show that, while the word
setsumei remains unchanged, its normative meaning is reorganised through repeated
use: procedural and justificatory forms of explaining are foregrounded from the outset,
whereas other everyday possibilities are backgrounded. These findings highlight how
curricular language shapes what counts as explanation in school mathematics.

INTRODUCTION

In  mathematics education, explaining has been positioned as an important
mathematical activity through which learners construct and share mathematical
meaning. Bishop (1988) identified explaining as one of six key universal activities,
characterising it as a social practice fundamental to learning mathematics as a cultural
activity rather than merely as a pedagogical technique.

Classroom-based research has further shown that what counts as a mathematically
acceptable explanation is not predetermined but is shaped by socio-mathematical
norms (Yackel & Cobb, 1996). Explanations in classrooms may range from procedural
to justificatory and reflective forms, indicating that explaining fulfils multiple
functions and cannot be reduced to a single practice (Esmonde, 2009). Accordingly,
even studies that focus on explaining highlight that what counts as an explanation
varies considerably across contexts and analytic perspectives (Ingram, 2019).
Explanation and explaining have also been discussed in close relation to proof and
proving (e.g., Hanna, 2000). While explaining is seen as contributing to mathematical
structure and proof (Bishop, 1988), proof itself has been characterised as a specialised
form of explanation (Balacheff, 2010), suggesting that the meaning of explanation may
be reorganised within mathematical practices.

While prior research has illuminated explaining as a mathematical activity and norm-
governed practice, far less attention has been paid to explaining as a word used within
school mathematics. Explanation belongs to everyday discourse and is introduced into
mathematics classrooms without formal definition. As students progress through
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school mathematics, the same word comes to be used in ways that demand
mathematically specific forms of reasoning and justification, particularly in relation to
proof and proving, without typically being explicitly redefined in a formal sense.
Instead, the word continues to be used as if its meaning were self-evident, while the
expectations attached to it gradually change. How this semantic reorganisation takes
place has remained largely implicit, although it directly concerns what students come
to understand as requiring explanation in mathematics.

An important lens for addressing this issue is Pimm’s (1987) notion of semantic
contamination, which describes how mathematical terms are reorganised within
mathematical practices while retaining traces of their everyday meanings. This notion
is particularly suited to analysing mathematical terms that remain lexically unchanged
while being normatively reorganised within mathematical practices. Semantic
contamination does not involve incorrect word use, nor does it presuppose a shift from
everyday to mathematical meanings. Rather, it refers to the phenomenon whereby,
within a specific discourse, some meaning possibilities available in everyday use are
foregrounded while others are backgrounded. Mejia-Ramos and Inglis (2011) applied
this notion to the words proof and prove. This perspective resonates with research
showing that mathematical terms such as infinity are reorganised in relation to
everyday language (Kim et al., 2012). Given the close conceptual relationship between
explaining, justification, and proof, extending this perspective to explanation is
particularly relevant. However, the ways in which explaining is selectively reorganised
as a normative mathematical demand through curricular discourse have not yet been
examined.

The present study addresses this gap by investigating how the meaning of explaining
becomes semantically contaminated through its curricular use in Japanese primary
school mathematics. Specifically, this study focuses on the Japanese word setsumei (5
M), translated as explanation or explaining, and analyses mathematics textbooks to
trace how its meaning is reorganised through repeated use across grades. In the
Japanese context, textbooks function as a substantive operational curriculum and
provide stable linguistic cues indicating what kinds of mathematical activities are
normatively expected of students. This focus on the use of the word setsumei in
textbook tasks therefore provides an empirical basis for examining semantic
contamination as a curricular phenomenon. Accordingly, this study addresses the
following research question: How does the meaning of the word setsumei become
semantically contaminated through its repeated curricular use across grades in
Japanese primary school mathematics?

METHOD
Data source

The data for this study consist of Japanese primary school mathematics textbooks. In
Japan, mathematics textbooks are developed in accordance with the National
Curriculum Standard and its Teaching Guide, authorised by the Ministry of Education,
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and are legally required to be used by teachers. As a result, they function as a common
instructional resource nationwide and play a central role in shaping classroom practices
and learners’ expectations regarding mathematical activity (Shinno & Mizoguchi,
2021). Because Japanese primary school teachers are generalists who teach all subjects,
textbooks are relied upon in mathematics teaching. While textbooks are often regarded
as representing a “potentially implemented curriculum” (Valverde et al., 2002), in the
Japanese context they function as a substantive operational curriculum. From this
perspective, textbooks function to position particular mathematical activities—
explaining—as normatively expected at different grade levels. They therefore
constitute an appropriate data source for examining how meanings attached to the word
setsumei are reorganised through curricular use across school mathematics.

This study approaches semantic contamination empirically by examining how the word
setsumei becomes systematically associated with particular objects of explaining and
types of expected response through its repeated use in mathematics textbooks. The
analysis focused on textbook tasks that explicitly required students to engage in
explaining activity using the word setsumei, excluding implicit requests for explanation
that did not employ the term itself. To capture changes across grade levels, textbooks
from Grades 1 to 6 were analysed. Taking into account their prevalence and nationwide
adoption, this study focused on textbooks published by Tokyo Shoseki.

Framework

To examine how the meaning of setsumei is reorganised through curricular use,
explanation tasks were analysed by distinguishing between the object of explaining
and the type of expected response. This analytical distinction makes it possible to trace
how the meaning of setsumei is functionally organised within the curriculum, without
evaluating the quality of explanations themselves. While the object of explaining
literally indicates what students are asked to explain, the expected response reflects the
normative function that the explanation is meant to fulfil. Semantic contamination is
not observable at the literal level of objects alone, but emerges through changes in how
particular objects of explaining become systematically associated with different
expected responses. Accordingly, semantic contamination is not interpreted here as the
emergence of an entirely new meaning of explanation within mathematical discourse,
but rather as the articulation and foregrounding of particular meaning possibilities
already available in everyday usage.

In everyday usage, setsumei does not correspond to a single discursive function, but
may involve stating, describing, or giving reasons, often in overlapping ways. In
mathematics education, explaining may also concern not only what is being described,
but also how a procedure is carried out or why a mathematical relationship holds
(Bishop, 1988; Mejia-Ramos et al., 2019). From the perspective of semantic
contamination, the issue is therefore not the emergence of entirely new objects of
explaining, but how particular objects become foregrounded and stabilised in relation
to specific types of expected responses.
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Building on prior research showing that explanations fulfil multiple discursive
functions (Esmonde, 2009; Ingram, 2019), this study distinguishes three types of
expected responses: that, how, and why. Explanation tasks were coded as that-type
when students were expected to indicate results or states, as how-type when they were
expected to describe procedures or methods, and as why-type when they were expected
to articulate structures, relationships, or underlying principles. This distinction does
not evaluate the sophistication of explanations, nor does it assume a developmental
progression from that- to why-type responses. Rather, it captures the type of implicit
question to which an explanation is normatively expected to respond within the
curriculum. The object of explaining and the expected response type were coded
independently.

Following this classification, explanation tasks were compared across grade levels to
identify systematic tendencies in how the meanings attached to setsumei were
reorganised over the course of primary school mathematics. Quantification was used
to make such tendencies in curricular language visible across grades. While semantic
contamination has been discussed primarily as a theoretical or interpretive concept in
prior research (e.g., Mejia-Ramos & Inglis, 2011; Pimm, 1987), the present study
operationalises this notion through an analysis of curricular language across grade
levels.

RESULTS

The overall results of the analysis are presented in Table 1. No explanation tasks were
found in Grade 1. Explanation tasks appeared from Grade 2 and showed a relatively
consistent level from Grade 3 onwards. From Grade 3 to 6, although the total number
of explanation tasks varied slightly, their overall frequency within the textbooks
remained relatively stable. In addition, the proportion of explanation tasks relative to
the overall number of textbook pages showed little variation across these grades.

Table 1: Distribution of explanation tasks by grade and response type (Note. T, H,
and W denote that-type, how-type, and why-type responses, respectively.)

Grade Idea Way Reason Others Sum Total
T HWTHWTHWTHWTH W
1 0 0 0 O 0 0 o 00O 0O 0O 0O 0
2 1 7 2 0 0 0 0 10 2 1 2 3 12 14 29
3 2 13 6 0 23 0 0 O 18 2 1 2 4 37 26 67
4 0 16 5 0 27 1 0 0 28 2 0 8 2 43 42 87
5 0 12 12 0 18 1 0 O 20 0 O 3 0O 30 36 66
6 1 12 12 0 13 6 0 0 13 2 0 6 3 25 37 65
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Across all grades, the most frequent objects of explaining were idea (% %, kangae),
way (F7i% - 1177, haho / shikata), and reason (#iF - #i, wake / riyz). Clear differences
were observed in how these objects were associated with expected response types. The
strong association between explaining a way and how-type responses, and the fact that
this association is consistently observed across grades, may not be surprising. However,
in Grade 6, why-type responses also appeared in a limited number of tasks focusing on
explaining a way.

Tasks focusing on explaining an idea showed greater variation across grade levels. In
the lower grades, how-type responses were dominant, indicating that explaining an idea
was primarily associated with describing procedures or methods. In the upper grades,
why-type responses increasingly appeared alongside how-type responses, suggesting a
reorganisation of the expected form of explanation associated with the same object.

That-type responses were infrequent and remained peripheral across grades, whereas
how-type and why-type responses constituted the majority of explanation tasks. From
Grade 3 onwards, when the overall volume of explanation tasks stabilised, the
proportion of why-type responses increased gradually, while how-type responses
showed a corresponding relative decrease.

Among the three response types, the why-type had the highest overall frequency. For
this reason, a more detailed analysis of why-type explanation tasks was conducted.
Subcategories were constructed bottom-up from the data, resulting in four categories:
procedure, in which procedures functioned as grounds for justification; judgement,
which involved reasons supporting judgements of correctness, selection, comparison,
or classification; structure, which focused on mathematical relationships, properties,
or structures; and error, which involved identifying the location or nature of errors in
others” work (see Table 2). These observations concern the relative composition of
why-type responses within each grade and focus on proportional patterns within why-
type responses, highlighting differences in their internal structure across grades.

Table 2: Internal composition of why-type explanation tasks

Grade Procedure Judgement Structure Error
2 2 (14.3%) 6 (42.9%) 3 (21.4%) 3 (21.4%)
3 2 (7.7%) 13 (50.0%) 7 (26.9%) 4 (15.4%)
4 9 (21.4%) 9 (21.4%) 13 (31.0%) 11 (26.2%)
5 9 (25.0%) 12 (33.3%) 13 (36.1%) 2 (5.6%)
6 19 (51.4%) 7 (18.9%) 9 (24.3%) 2 (5.4%)

In the lower grades, judgement-related why-type responses were relatively prominent
compared to other grades. In the upper grades, procedure-related why-type responses
increased markedly, accounting for more than half of all why-type responses in Grade
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6. In contrast, structure-related explanations appeared consistently across grades,
showing relatively little variation. Error-related explanations appeared in all grades
but remained relatively infrequent, accounting for only a small proportion of why-type
responses throughout the grades.

DISCUSSION

This study examined how the meaning of the word setsumei (#i#3) becomes
semantically contaminated through its curricular use across grades in Japanese primary
school mathematics. Rather than treating explanation as a general communicative
activity or an individual cognitive practice, the analysis focused on how the word
setsumei is used within textbooks in relation to particular objects of explaining and
normative explanatory demands. The findings suggest that semantic contamination
does not manifest as a simple expansion or refinement of meaning, but as an implicit
reorganisation of what counts as explaining in school mathematics.

Across all grades in which explanation tasks appeared, that-type responses remained
peripheral, while how-type and why-type responses constituted the core of normative
expectations associated with explaining. This tendency resonates with prior research
that conceptualises explaining as a normatively regulated practice shaped by socio-
mathematical norms (Yackel & Cobb, 1996), suggesting that such norms are also
observable at the curriculum level. From the perspective of semantic contamination
(Pimm, 1987), this finding is significant not because everyday meanings of explanation
are replaced by mathematical ones, but because they are selectively reorganised
through use. A central characteristic of this process is that meanings change without
corresponding changes in terminology. As in the case of proof and proving (Mejia-
Ramos & Inglis, 2011), what is reorganised is not the word itself, but what counts as
an adequate explanation. This reorganisation is not explicitly marked in the curriculum:
textbooks do not signal that setsumei now refers to a different kind of activity. From
the learner’s perspective, the same word continues to be used, while the norms for an
adequate explanation change. In this sense, semantic contamination operates through
the selective foregrounding of procedural and justificatory forms of explaining, while
other everyday possibilities are backgrounded.

Importantly, this specialised use of setsumei is evident from the point at which
explanation tasks first appear in the curriculum. From Grade 2 onwards, explanation is
already tied primarily to how- and why-type responses. This finding challenges a
developmental interpretation in which explanation is understood as gradually
becoming more mathematical as students progress through school. Rather than
reflecting developmental growth in students’ explanatory competence, the observed
tendencies point to a reorganisation of normative expectations introduced from the
outset through curricular language. In this sense, explanation does not progressively
evolve into a mathematical practice; it is normatively positioned as such through its
repeated use in mathematics textbooks.
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The analysis of objects associated with explanation tasks further clarifies how semantic
contamination operates at the curricular level. Explanation tasks were linked to a
limited set of objects—idea, way, and reason—while other potential objects of
explaining remained marginal. Moreover, the association between stated objects and
response types was systematic. This tendency does not indicate a growing distance
from everyday uses of explanation. Rather, it shows how particular explanatory
possibilities are selectively stabilised within the curriculum. By repeatedly coupling
setsumei with particular objects and responses, the curriculum foregrounds specific
meanings of explanation and backgrounds others, thereby establishing normative
expectations for what counts as explanation.

More broadly, these findings contribute to research on mathematical language and
curriculum by highlighting how everyday words acquire specialised disciplinary
meanings through institutional use. As in the case of proof and proving (Mejia-Ramos
& Inglis, 2011), semantic contamination in explaining should not be understood as a
problem to be corrected, but as a constitutive mechanism through which mathematical
practices are shaped. In the Japanese context, this mechanism is closely tied to
textbooks, which function as a substantive operational curriculum. Although textbooks
do not explicitly define explanation or describe how its meaning changes across grades,
they play a central role in stabilising normative expectations for explaining through
repeated use.

CONCLUSION

This study investigated how the meaning of the word setsumei (7i®) becomes
semantically contaminated through its curricular use across grades in Japanese primary
school mathematics. In response to the research question, the findings show that
semantic contamination operates through the repeated and systematic use of setsumei
in textbook tasks, which associates the same word with different normative explanatory
demands. While the word itself remains unchanged, what counts as explaining is
reorganised through curricular use.

By empirically tracing semantic contamination at the level of curricular language, this
study extends prior research on explanation, justification, and proof in mathematics
education. It demonstrates that explanation is not merely an everyday term imported
into school mathematics, but a curricular language practice through which disciplinary
meanings are articulated and normatively regulated. Attending to such processes is
essential for understanding how students come to recognise what should be explained
and what forms of justification are valued in mathematics.

Several limitations of this study should be acknowledged. First, the analysis focused
on explanation tasks that explicitly used the word setsumei and did not include implicit
requests for explanation. Accordingly, the findings illuminate how the meaning of
setsumei is shaped through its explicit curricular use rather than capturing the full range
of explanatory practices in Japanese primary school mathematics. Second, this study
analysed textbooks as curricular documents and did not examine how explanation tasks
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are enacted in classroom practice. Future research combining curriculum analysis with
classroom discourse analysis would be valuable for examining how semantic
contamination is taken up, negotiated, or transformed in practice.
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This research report addresses an underexplored yet crucial issue in teacher
education: prospective primary teachers’ conceptions of mathematical proof. Based
on a questionnaire administered to first-year teacher education students in French-
speaking Switzerland, the study confirms the robustness and cost-effectiveness of this
methodology and situates its findings within established research. The results highlight
the functions future teachers attribute to proof and reveal discrepancies between their
conceptions of mathematical rigor and the reasoning they mobilize when evaluating
proofs, pointing to major challenges for teacher education.

CONTEXT AND RESEARCH QUESTIONS

Mathematical proof is widely recognized as a core component of mathematical activity
and understanding (e.g. Hanna, 2000). International research documents persistent
difficulties in learning and teaching proof at all educational levels and highlights a
major rupture between secondary and tertiary mathematics education (e.g. Gueudet,
2008). Another critical transition, however, remains underexplored: the transition from
secondary education to teacher education for prospective primary school teachers.
Unlike secondary mathematics teachers, primary school teachers are generally not
mathematics specialists and often experience difficulties in understanding and
producing proofs (e.g. Barkai et al., 2002). They frequently lack confidence in their
mathematical skills and struggle to manage classroom interactions and to foster a
mathematical community during proving activities (e.g. Yackel & Cobb, 1996;
Stylianides, 2016). Despite curricular injunctions and research showing that proof and
argumentation can and should be meaningfully integrated into elementary mathematics
instruction (e.g. Stylianides, 2016; Maher, Powell, & Uptegrove, 2010), research on
future primary teachers’ conceptions of proof remains limited. During teacher
education, they simultaneously undergo an acculturation to mathematics and construct
their professional identity as teachers. Understanding their conceptions of proof during
this period is therefore essential for designing coherent teacher education interventions.
Large-scale studies addressing conceptions of proof rely on resource-intensive
instruments (e.g. Stylianou et al., 2015). Working at a local scale with fewer resources,
this study examines whether conclusions from such studies are transferable to national
teacher education contexts. It thus raises questions about the robustness of existing
instruments: can a reduced but relevant subset of items yield coherent results?
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Accordingly, this study develops a cost-effective questionnaire adapted from existing
research to identify future primary teachers’ conceptions of proof. We focus on their
conceptions of proof, school experiences with proving, and perceived functions of
proof.

THEORETICAL BACKGROUND

Our analysis draws on Balacheff’s (1988) typology of arguments, particularly naive
empiricism, crucial experiment, generic arguments, and intellectual proof. We also
select and adopt a functional perspective on proof, based on Hanna (2000): verification,
explanation, systematization (formalization), discovery, and communication, with
convincing added as a distinct function. Given documented student difficulties with
deductive proof, the questionnaire targets fundamental components of deductive
reasoning. It builds on and extends previous large-scale surveys by reusing validated
items (Healy & Hoyles, 1998; Stylianou et al., 2015) and integrating new features as
proposed by Ouvrier-Buffet (2023). In particular, it combines multiple-choice
evaluation of written proofs with open-ended questions eliciting students’ conceptions,
including the types of proofs they know, the functions of proof they perceive, and their
strategies to write, read, and evaluate proofs. This extension reflects the specific status
of the population under study (freshmen, future primary teachers).

METHODOLOGY
Construction/design of the questionnaire instrument

The literature review by Ouvrier-Buffet (2023) identified only one study explicitly
addressing proof conceptions among undergraduate students (Stylianou et al., 2015),
building on frameworks developed by Healy and Hoyles (1998). These studies share
Balacheff’s (1988) framework to analyze proofs and rely on simple arithmetic and
geometry problems. The present study extends this framework by integrating items on
proof functions and evaluation strategies, reflecting the specific status of future
teachers. The questionnaire relies on declarative data to ensure generality and to avoid
dependence on advanced mathematical knowledge. It was designed to (i) minimize
conceptual obstacles using familiar content, (ii) avoid unnecessary formalism, and (iii)
reuse validated items. The questionnaire comprised four parts, administered in a one-
hour paper-and-pencil format: Part | (global conceptions of mathematics), Part Il
(proof and multi-proof statements), Part 11l (school experiences and perceived
functions of proof), and Part IV (demographic information).

Part Il included two standard statements: (S1) “The product of three consecutive
numbers is a multiple of 6” and (S2) “The sum of the angles of a triangle is a straight
angle.” For each, four written proofs reflecting different argument types and registers
were provided, some incorrect or incomplete (see Table 1). The set of proofs was
adapted from the large-scale study of Healy & Hoyles (1998). For S1, the proofs were
adapted linguistically to the French-speaking context (ibid., p. 93, Kate’s answer for
A, Maria’s answer for C, Nisha’s answer for D) and enriched by the inclusion of a
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crucial experiment in Answer B (ibid., p. 93, Leon’s answer). For S2, the structure of
Answers A, B and D was retained (ibid., p. 97, resp. Dylan’s answer, Cynthia’s answer
and Amanda’s answer), with adaptations aligned with francophone textbooks, and an
additional visual proof of a generic nature that could be formalized was introduced for
Answer C (see Figure 1).

Table 1: Features of the set of provided proofs (Part 1)

Arithmetic (S1)

Geometry (S2)

Ans. Natural language and arithmetic Naive empiricism / crucial experiment;
A register. Correct proof. numerical register.
Ans. Naive empiricism and crucial Intellectual proof. Formal language,
B experiment. alternating between natural and algebraic-
symbolic registers. Correct proof.

Ans. Intellectual proof,  formalized Generic formalizable visual proof with
C language in the algebraic register. natural language. Correct proof.

Invalid reasoning. Incorrect proof.
Ans. Intellectual proof, natural language, Naive empiricism. Visual incomplete proof.
D completeness  of cases and Manipulation of cut-outs (common in

disjunction of cases. Correct proof.  francophone textbooks).

Figure 1: Excerpts of provided proofs (Part 11)

S1, Answer B S2, Answer C

1x2%x3=6 Observe how the matchstick

2x3x4=24=6x4
4x5%x6=120=6x20

25 x 26 x 27 = 17550 = 6 x
2925

I can conclude that the product
of three consecutive numbers
is a multiple of 6.

moves around the triangle.
At the end, the matchstick is in
the opposite position to the
start. During this
displacement, and by turning

through the three angles of the end
triangle, the matchstick has
made a half-turn.

Mixed methods of data processing and analysis

(It comes from a Hungarian
textbook)

We adopted a mixed-methods approach combining qualitative and quantitative
analyses. Drawing on assessment criteria adapted from Healy and Hoyles (1998) and
Stylianou et al. (2015), we conducted a qualitative analysis of students’ responses,
complemented by quantitative coding, as detailed below.
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Responses to open-ended questions in Part 11, concerning known types of proof (Q1),
functions attributed to proof (Q2), and criteria used to evaluate a proof produced by
others (Q3), were analyzed using a combined inductive—deductive content analysis.
Deductive categories were derived from the literature, while inductive categories
emerged from the analysis of students’ verbatim responses. Each of the 208 students’
responses was coded according to the dominant category it expressed. The quantitative
treatment then consisted in calculating frequencies and percentages in order to identify
dominant categories within the population.

For Q2, coding focused on the functions attributed to mathematical proof, namely:
explaining, communicating, verifying, convincing, formalizing, discovering, other,
and no response/inability to identify functions. For Q3, the categories aimed to capture
students’ stances when evaluating a written proof. Five categories were distinguished:
mathematical validity, comprehension/intelligibility, empirical checking, other, and no
response/inability to evaluate. Responses classified as “other” referred to non-
mathematical criteria used when reading a proof, such as quality of presentation,
spelling, the source or authority of the author, or very general subjective judgements.
These responses were distinguished from non-responses, as they expressed identifiable
criteria that did not fall within the other categories.

The analysis of the multi-proof statements at the end of Part 11 was also category-based.
It relied on Balacheff’s (1988) levels of proof, the level of language used (formal versus
natural), and the mathematical validity of the proof (correct/incorrect). Students’ proof
productions were first analyzed according to the identified level of proof.
Subsequently, responses to the five questions related to Statements 1 and 2 were
analyzed quantitatively to identify overall trends.

Finally, Part 111 of the questionnaire was analyzed quantitatively. This analysis made
it possible to identify students’ prior experiences with proof during their schooling, the
importance they attribute to proof in the teaching and learning of mathematics, and the
functions of proof they are able to identify in a controlled manner.

The questionnaire was administered at the beginning of the first year of a primary
teacher education program (Bachelor’s level) at two Swiss institutions: the University
of Teacher Education Valais and the University of Fribourg. The sample consisted of
208 first-year students (86 from Valais and 122 from Fribourg), all entering initial
teacher education after completing comparable secondary-level mathematics curricula.

RESULTS

Proof conceptions: known proof types (Q1), functions of proof (Q2) and control
strategies (Q3)

Approximately 43% (n=89) of students reported not knowing different types of proof
(Q1), while 17% (n=36) gave no answer and 2% (n=4) expressed uncertainty. Among
respondents, many explicitly stated that they did not understand what a mathematical
proof is. Several confusions emerged, with proof being assimilated to a known
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theorem, a calculation, or conflated with everyday, legal, or historical meanings of
“proof”. Only a very small number of students mentioned canonical proof methods,
such as proof by contradiction or recursion. Students’ responses indicate a pluralistic
but weakly stabilized view of proof (Q2). The functions of explanation and convincing
(17% each, n=36), communicating and formalizing (16% each, n=34), and verifying
(14%, n=30) were relatively evenly distributed. However, 14% (n=29) were unable to
identify any function, 3% (n=7) referred to an “other” function, and discovery was
almost absent (1%, n=2), suggesting that proof is rarely conceived as a means of
producing new mathematical knowledge. Students typically identified only one
function, pointing to fragmented conceptions shaped during prior schooling and
weakly connected to proof’s epistemological role. Regarding control strategies (Q3),
the most frequent criterion concerned mathematical correctness: 39% (n=82) reported
checking calculations (“if the calculations are correct and logical”). A smaller
proportion referred to intelligibility or understanding (14%, n=29), while empirical
checking through examples was marginal (2%, n=5). By contrast, 24% (n=49) relied
on non-mathematical criteria (e.g. presentation, spelling, author credibility), and 21%
(n=43) stated they did not know what to check. Overall, 44% (n=92) showed either no
clear control strategy or reliance on non-mathematical criteria. These results suggest
limited engagement with proof verification, likely reflecting scarce experience with
authentic proof-related activities (searching, writing, checking a proof, mobilizing
heuristics) during secondary schooling.

Proof conceptions: students’ writings in multi-proof statements

Unlike the questionnaires of Healy and Hoyles (1998) and Stylianou et al. (2015), the
present instrument included blank spaces allowing students to write arguments or
comments. A majority did not write a proof for either the arithmetic statement S1 (52%,
n=108) or the geometry statement S2 (61.5%, n=128). Among the 100 students who
attempted a proof for S1, naive empiricism predominated (n=58), typically through one
(n=37), two (n=9), or three numerical examples (n=9). Only three responses
approached a crucial experiment using larger values. Eleven students attempted
syntactic arguments by translating natural language into formal expressions, but
without engaging in semantic or deductive reasoning. More generally, when producing
or evaluating proofs, students did not engage in logical-mathematical validation of
arguments or structure, but relied on superficial plausibility judgments. “Verification”
was understood as whether a statement appeared convincing rather than deductively
justified. No interaction was observed between students’ own productions and the
provided proofs: neither were given proofs used to refine students’ arguments, nor were
personal attempts used to interrogate the proposed proofs. In geometry, most students
who wrote a proof (79%, n=63 of n=80) translated the statement into a formalized
language, sometimes with a drawing but without instruments or angle coding. The
remaining students relied on naive empiricism, summing numerical values of angles
(“60+60+60=180" or “23+47+110=180") without checking or justifying them.
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Evaluation of proofs for multi-proof statements

Overall results are summarized in Table 2. Most students identified proofs based on
naive empiricism or crucial experiments as closest to what they would have produced
themselves: Answer B in arithmetic (60%, n=125) and Answers A (46%, n=96) and D
(36%, n=74) in geometry. Similar patterns appeared for proofs chosen to explain the
solution to a classmate (S1: Answer B, 47%, n=97; S2: Answer D, 51%, n=106). When
asked to identify incomplete proofs, students selected similar responses in arithmetic
(Answers A: 50%, n=104; and B: 57%, n=118), whereas in geometry they most
frequently identified the visual, formalizable proof (Answer C: 56%, n=117) as
incomplete. Intellectual proofs were predominantly identified as the most “thorough”
or rigorous, even when they were mathematically incorrect (S1: Answer D, 54%,
n=112; Answer C, 40%, n=84; S2: Answer B, 65%, n=136). Proofs judged as correct
were mainly intellectual proofs (S1: Answers C, 73%, n=152, and D, 63%, n=130; S2:
Answer B, 72%, n=149), although the naive manipulative proof in geometry also
received substantial endorsement (Answer D: 59%, n=123).

Table 2: Students’ choices of proof (S1; S2) (n=208) (Part 1)
Questions \ Answers A B C D

Which answer is nearest to what you would  (42; 96) (125;32) (36; 12) (6; 74)
have done?

Which answer would you choose to explain  (58;58)  (97;32)  (42;33)  (17;106)
the "solution" to your classmates?

Which answer is the most "thorough” for you?  (8;26)  (9;136) (84;18) (112;23)
What is/are the correct proof(s) for you? (70;94)  (79; 149) (152;70) (130; 123)
What is/are the incomplete proof(s) for you?  (104;89) (118;26) (28;117) (13;57)

These findings reveal a clear gap between students’ spontaneous conceptions of proof
(largely aligned with naive empiricism) and their recognition of intellectual proofs as
mathematical standards of correctness and rigor. Notably, incomplete or naive
manipulative proofs (S2, D) were nevertheless considered both thorough (n=23) and
correct (n=123), as was the visual, formalizable proof (S2, C), which, although
unfamiliar in the Swiss context, was judged correct by a substantial number of students
(n=70). This variability highlights unstable conceptions of proof across mathematical
domains and a limited spontaneous mobilization of deductive reasoning.

Classroom experiences with proof and functions of proof

Part 111 show contrasting experiences. A large majority reported that proofs were often
produced solely by the teacher (63%, n=130), while only a minority reported
constructing proofs collaboratively with classmates (40%, n=84). Proof thus appears
to have been experienced mainly as something to observe rather than to do. While 41%
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agreed that proof was a central focus of mathematics lessons, and 78% (n=163) viewed
proof construction as fundamental, opinions were divided on whether one can study
mathematics without being skilled in proof. Overall, future primary teachers value
proof highly but report limited opportunities for active engagement during schooling.

In a controlled format (n=208), students felt legitimate selecting multiple functions,
unlike in the open-ended Q2. Verification (95%, n=198) and explanation (93%, n=194)
were overwhelmingly recognized, followed by convincing (70%, n=145). In contrast,
formalization (30%, n=62), discovery (26%, n=51), and communication (19%, n=40)
were markedly undervalued; 16% (n=33) selected “other”. This restricted repertoire of
recognized functions may strongly shape how these future teachers conceive proof and
proof activity in elementary classrooms.

DISCUSSION, CONCLUSION AND PERSPECTIVES

A large majority of Swiss students selected non-deductive arguments as explanatory:
on average of 72.5% of Swiss students (78% for Statement 2 and 67% for Statement
1), which is very close to the 75% in a U.S. sample (Stylianou et al., 2015). Conversely,
and again in line with U.S. results, more than half of the Swiss students identified
proofs based on deductive reasoning, expressed in a formalized (primarily algebraic)
register, as the most rigorous, reflecting a conflation of rigor with formalism. This
reveals a persistent tension between the explanatory role of proof and its perceived
rigor. Accordingly, future primary teachers in Switzerland recognize (deductive)
intellectual proofs as the institutional standard for correctness and rigor, while
spontaneously favoring empirical, manipulative, or example-based approaches. At the
same time, as in Stylianou et al. (2015), students report limited experience with proof
and make largely superficial choices when evaluating proofs. It seems that Swiss
students are not fully aware of the limitations of empirical or naive approaches to proof.
In several respects, our results align with earlier studies on secondary students’ and
future teachers’ conceptions of proof reviewed in Stylianou et al. (2015), which
consistently report a strong reliance on empirical and example-based approaches.
Moreover, this tendency is hot accompanied by the use of generic examples that could
bridge empirical reasoning and deductive proof. The resulting gap between stated
beliefs and mobilized practices points to students’ limited engagement with proof
during their schooling, particularly the lack of opportunities to produce, discuss, and
validate proofs collaboratively. The strong emphasis on verification and explanation,
together with minimal recognition of discovery and communication, further reflects a
narrow view of proof that overlooks its heuristic and social dimensions. Overall, these
findings suggest fragile, context-dependent conceptions of proof shaped by largely
passive school experiences, which may hinder future primary teachers’ ability to
support students’ exploratory reasoning and collective mathematical inquiry.

The streamlined design of Parts Il and Ill of the questionnaire appears sufficient to
identify dominant student conceptions of proof and their associated difficulties,
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yielding results consistent with those obtained through more complex methodologies.
This supports the relevance of the instrument as a cost-effective research tool.

Future research should aim to standardize and extend the questionnaire instrument to
comparable Francophone populations, particularly prospective primary teachers with
similar secondary curricula and classroom practices regarding proof. Such an extension
could strengthen its impact on both pre-service and in-service teacher education. More
broadly, teacher education should aim to develop prospective primary teachers’
conceptions of proof adapted to the mathematical content they will be required to teach,
while also emphasizing the social function of proof within a classroom mathematical
community. This requires a shift in teachers’ professional stance, enabling them to
move from naive or empirical approaches toward rigorous reasoning, while helping
them understand that rigor need not depend on high formalism.
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This study investigates how a blind learner engages with function graphs through
Audiofunctions, an audio—based digital tool. Adopting the Body—Artifact Functional
System (BAFS) as a theoretical framework, this contribution focuses on the transition
from perception—-action Loop 3, in which the artifact remains an external object of
attention, to Loop 4, where it becomes functionally integrated into perception. Using
a qualitative case study, a micro—episode from a task—based interview is analysed,
revealing how auditory feedback shifts from being an object of exploration to a
perceptually transparent means of accessing mathematical structure. These findings
contribute to the development of BAFS in non-visual contexts and highlight the
epistemic role of audio—based tools in inclusive mathematics education.

INTRODUCTION

Mathematics education has traditionally relied on vision. Mathematical objects, such
as functions, are commonly introduced and explored through visual representations
such as symbolic expressions, diagrams, graphs, and spatial layouts. While these
representations support mathematical reasoning for sighted learners, they also
constitute barriers for blind learners, whose access to mathematical structures depends
on alternative perceptual resources, such as auditory, tactile, and proprioceptive
modalities, often mediated by digital tools.

In response to these challenges, research in mathematics education has increasingly
acknowledged the embodied nature of mathematical activity, emphasizing the role of
perception, bodily action, and interaction with artifacts in the construction of
mathematical meaning. Within this perspective, the Body—Artifact Functional System
(BAFS) (Shvarts et al., 2021) conceptualizes mathematical activity as a dynamic
system organized through perception—action loops between the organism’s body
potentialities, the artifact affordances, and the affordances of the surrounding
environment, driven by multilevel intentionality.

Despite its theoretical potential, BAFS—based research has been conducted almost
exclusively with sighted learners in visually mediated digital environments, frequently
relying on eye-tracking as a primary analytical resource. As a result, vision is
implicitly treated as the dominant perceptual modality, and little is known about how
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perception—action loops reorganize when visual access is reduced or absent. In
particular, the transition from engaging with an artifact as an external object to
perceiving and acting through it as an embodied extension of their perceptual system
remains underexplored for visual impairments contexts.

For blind learners, audio—based digital environments play a central role in mediating
mathematical activity. Rather than approaching auditory perception as compensatory
or assistive substitute for vision, this study treats sound as a constitutive component of
embodied mathematical activity. We examine how a blind learner engages with
function graphs through Audiofunctions, an audio-based tool developed by the “S.
Polin” Laboratory in Turin, that affords the sonification of functions in the Cartesian
plane (Manolino et al., 2025). The guiding research question is: How does the
transition from perception-action Loop 3 to Loop 4 emerge in a blind learner’s
mathematical activity mediated by Audiofunctions?

LITERATURE REVIEW

Research in mathematics education has increasingly drawn on embodied and
ecological perspectives to account for the role of perception, action, and tool use in
mathematical activity (Nemirovsky & Ferrara, 2009; Radford, 2014). From this
standpoint, digital tools are understood as active participants in mathematical activity,
shaping how learners perceive and act on mathematical objects. Gibson’s (1986) notion
of affordances highlights the inseparability of perception and action, and has informed
research on how tools can become functionally integrated into the body during
purposeful activity.

Within accessibility research, studies have shown that blind learners engage with
mathematical concepts through perceptual modalities other than vision, most notably
auditory and tactile-haptic systems (e.g., Manolino et al., 2025; Pissaloux et al., 2026).
In this context, sonification has been explored as a way of representing mathematical
structures through sound, allowing learners to access information sequentially and
dynamically, rather than through static visual displays (Hermann et al., 2011). These
approaches suggest that sound can serve not merely as an assistive aid, but as a
meaningful perceptual channel for mathematical exploration. However, how such
forms of mediation reorganize perception—action loops within embodied theoretical
frameworks remains largely unexplored. The present study addresses this gap by
examining audio-mediated mathematical activity through the lens of BAFS.

THEORETICAL FRAMEWORK

This study adopts the Body—Aurtifact Functional System (BAFS), developed by Shvarts
et al. (2021), as its theoretical framework. with a specific focus on the transition
between perception—action loops. BAFS conceptualizes mathematical activity as a
dynamic functional system organized through perception—action loops connecting the
organism’s body potentialities, the artifact affordances, and the affordances of the
environment. This framework is grounded in ecological approaches to perception and
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action (Gibson, 1986), further developed through the integration of perception and
action within a unified cycle (Turvey, 2007).

Within BAFS (Figure 1), four perception—action loops are distinguished. Loop 1
concerns the relation between the body and the environment; Loop 2 connects the
artifact with the environment; Loop 3 involves coordination between the body and the
artifact; Loop 4 emerges when the body and the artifact become functionally integrated,
operating as a single perceptual unit that perceives and acts directly on the environment
(Figure 2). The transition from Loop 3 to Loop 4 marks a qualitative reorganization of
activity: the artifact ceases to be an external object and becomes an extension of the
organism’s body and mind.

Figure 1: Body-Artifact Functional Figure 2: Instrumental genesis from a
System (BAFS) in interaction with the radical embodied perspective (Shvarts
environment (Shvarts et al., 2021) etal., 2021)

perception

For blind learners, this transition is particularly significant, as access to graphical
representations occurs through sequential auditory or tactile modalities rather than
through vision. Engaging with audio-mediated environments requires learners to not
only rely on alternative perceptual systems but to develop new forms of perceptual and
cognitive coupling with artifacts. From a BAFS perspective, this coupling can be
analyzed as the emergence of a body-artifact functional system in which sound
functions as a perceptual medium for accessing mathematical structure. In this study,
BAFS provides an analytic lens for examining how such coupling becomes embodied
during audio-mediated exploration of function graphs.

METHODS
Participants and Design

The study adopts a qualitative case study design focusing on one blind participant
engaged in mathematical tasks involving function graphs mediated by Audiofunctions.
This case is drawn from a broader study involving ten blind volunteers; only one is
presented here due to space constraints and is referred to as Case X. The participant
was selected for his expertise in mathematical problem solving. This choice was made
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to limit the influence of conceptual difficulties or tool familiarization, allowing the
analysis to focus on learner—artifact interaction. Data consist of screen and audio
recordings of task-based interviews, which were subsequently transcribed. Case X
accesses mathematical content using a Braille display and the NVDA screen reader.

The Digital Environment

Audiofunctions is a free online software that affords the sonification of function graphs
represented in the Cartesian plane. When audio feedback is activated, navigation along
the graph is controlled through directional keys, or the entire graph can be sonified
from left to right by pressing the B key. Users can switch between functions or directly
access a specific function through numerical commands. The N key is used to switch
to the next function, while to display a specific function immediately, the 1, 2, ... keys
are used, according to the function number. Two sonification modes are available: the
clarinet is a continuous sonification, while the guitar is by nature a discrete sonification.

Task Structure

The interview protocol consists of four parts. Throughout the interview, the participant
is asked to verbalize observations and reasoning, describe performed actions, and
explain how interaction with the artifact supports task execution.

The first part is introductory and familiarizes the participant with the software. During
this phase, six functions are presented (http://tinyurl.com/testingpart0). The participant
is first asked to identify salient sound features and hypothesize their correspondence
with graphical properties. In a second step, the participant switches between the two
sonification modes and describes which aspects of the functions become perceptually
salient through each sound.

The remaining three parts consist of comparative tasks (http://tinyurl.com/testingpart1;
http://tinyurl.com/testingpart2; http://tinyurl.com/testingpart3). In each task, the
participant listens to pairs of function graphs, identifies similarities and differences,
and explains the strategies used to support comparison. The interview concludes with
a reflective question aimed at eliciting sound-based descriptions of mathematical
properties emerging from the comparisons.

Analytical Approach

The analysis focuses on the transition between two qualitatively different organizations
of perception—action loops in audio-mediated mathematical activity. Specifically, it
examines the shift from perception—action Loop 3, in which the artifact is treated as an
external object of coordination, to Loop 4, in which the artifact becomes functionally
integrated into the learner’s perceptual system. From this perspective, the transition
from perception—action Loop 3 to Loop 4 can be interpreted as a reconfiguration of
instrumental genesis (Rabardel, 1995). While instrumental genesis traditionally
emphasizes the development of utilization schemes and object mediation, BAFS
reframes this process as an embodied coupling in which the artifact becomes part of
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the perceptual system itself. In this study, instrumental genesis is not analysed as a
cognitive process in itself, but as a theoretical reference for identifying qualitative
shifts in the organization of perception—action loops. The BAFS framework guides the
analysis by foregrounding bodily experience and tool-mediated perception in
mathematical activity. Rather than centering on internal mental schemes, the analysis
attends to how coordination between body and artifact stabilizes over time. Loop 3 is
characterized by epistemic and pragmatic engagement with the artifact itself, as the
learner explores and adjusts its use. Loop 4 emerges when the artifact becomes
perceptually transparent and action is directed toward the mathematical task rather than
the tool. At this stage, auditory feedback is no longer treated as information about the
artifact but is directly perceived as information about the mathematical structure.

DATA ANALYSIS

For this study, due to the limitations of the requirements for the submission, we focus
on a micro—episode from the interview. This micro—episode has to do with the first
part, the introductory one. The three analytical markers help to understand the passage
from one loop to another: Loop 3 (artifact still external); Transition Marker; Loop 4
(the artifact becomes embodied). They are used to trace this reconfiguration of
instrumental genesis across verbalizations and actions within the micro-episode.

Table 1: Analytical markers of Loop3-Loop4 transition in audio-mediated micro-

episode.
What is said What is done Analytical marker
This particular function, which I note Loop 3
throughout the entire exploration, The participant
throughout the sonification, basically mentions explicitly the
maintains the same frequency. And feature of sonification,
there are... such as frequency.

There is an epistemic
approach, based on the
fact that he is exploring

the sound.
It has the same frequency. And then The red dot moves from left to
there are two or three... I’ll listen to right of function 1 with the
them again. sonification of the clarinet.
Okay. There are three elements that ~ NVDA reads “function 2” Loop 3
are highlighted: at the beginning, in  when Case X switches to The attention is on the

the middle, and at the end. And then  function 2 and, with B key, he  artifact, especially on
the stereophony basically moves from  activates the movement of the  the sounds he produces,

left to right, so to speak, it uses the red dot from left to right with ~ such as stereophony.
stereophony to move from left to clarinet mode.
right. Then...
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Okay. This function basically has the
characteristic of having the same
frequency, in the sense of being
constant throughout the graph, but it is
lower than the first. Then I have the
perception... Here too, there are three
points... three elements highlighted, but
I have the perception that there is also a
sort of very slight background noise.
Oh, okay, so yes, that background
noise is clearer. In fact, in this case,
there’s basically sound; the frequency
of the sound increases, and about
halfway through, the noise, the white
noise underneath, disappears. Now

I’ll listen to it again.

Shortly afterwards, it disappears,
shortly after it practically hits the
second point of interest, so to speak
(). And then... Okay, anyway, yes, this

one increases in frequency .

I’m exploring with the SHIFT now.

So, wait, it was the fourth, it was yes,

the third, now I’ll do the fourth.

Okay, this represents the exact

opposite of the third, that is, it starts
from a high frequency, descends, at a
certain point the background noise
begins, okay? And with the three
points of interest, let’s say the three
key points and... Yes, what else,
practically the exact opposite of the

third, in short. | also wanted to
understand if the...
Eh, the frequency perhaps starts

slightly higher than the third, but the
range... is more or less the same from

what...

Activate the movement of the
red dot along function 3 for a
second time with clarinet mode.

Listen again to the movement
of the red dot from right to left,
then from left to right, but
more slowly, still with clarinet
mode.

He goes back slightly to point
(1;0), then, he moves the red
dot to the beginning (left part
of the screen), in clarinet
mode.

Movement of the red dot from
left to right of function 4 with
clarinet sonification.

NVDA reads “function 3” and
Case X goes back to function
3. He listens again to the
movement of the red dot from
left to right with the clarinet
mode. Then he goes back to
the fourth function and listens
to it again, always from left to
right with clarinet mode.

NVDA reads “function 5”
when Case X goes back to
function 5. He listens to the
movement of the red dot from
left to right with clarinet mode.

Palaj, Manolino

Loop 3
He mentions the
background noise.

Transition marker
The reference to the
tool is reduced. He
identifies the sound
characteristics as
structural indicators.

(*) Transition marker
The sound is no longer
an object of listening,
but a way of orienting.
(**) Loop 4

Loop 4

The attention is no
longer on the tool’s
sound but on the type of
function.

Loop 4

He can compare
functions without
explicitly referring to
the tool. The tool is
transparent now.
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RESULTS

During the initial stage of interaction, the participant’s verbalizations indicate that the
artifact remains an external object. Initially, he focuses on artifact exploration,
understanding how to navigate it and how it would later be useful for task resolution.
Case X descriptions focus on perceptual properties of sonification, such as pitch
stability, stereophony, and background noise (e.g., “it maintains the same frequency”;
“it uses stereophony to move from left to right”; “background noise”). These comments
characterize an epistemic and pragmatic intentionality of engagement with the artifact,
in which the learner actively perceives, interprets and tests through re—exploration and
re-listening its intended functions in order to understand how the tool can mediate
access to the graphical representations.

The transition becomes visible when the participant begins to relate auditory features
to the structure of the function or relevant points of it. For example, he notices that the
background noise disappears “shortly after encountering the second point”. At this
stage, the sonification is transformed into a perceptual reference for navigating the
function structure, i.e. the mathematical object itself. This moment marks the
stabilization of body-artifact coordination.

Then Loop 4 emerges, when the attention shifts away from the properties of the artifact
toward direct comparison between functions. Based on the sound, he recognize that
function 3 is the opposite of function 2, noticing the difference in frequency, and the
same points of interest, to which he refers at the beginning. This indicates that he is
acting through sonification rather than on it. From the perspective of instrumental
genesis, this shift corresponds to a reorientation of intentionality from the artifact
toward the mathematical task, consistent with the emergence of Loop 4. The artifact
becomes perceptually transparent, supporting immediate sensorimotor access to
mathematical relationships. At this point, the body-artifact system operates as a unified
functional unit, enabling the learner to perceive and act upon the task structure directly.

CONCLUSIONS

This study examined the transition between two perception—-action loops in a blind
learner’s mathematical activity mediated by an audio—based digital tool. The analysis
highlights how an artifact can shift from being an explicit object of attention, external
to the body, to perceptually transparent and functionally integrated into the learner’s
activity. The findings indicate that this transition unfolds gradually through the
stabilization of sensorimotor coordination. Initially, the learner engages in epistemic
and pragmatic exploration of the artifact’s properties. As interaction progresses, these
properties become perceptual references to the function’s mathematical structure. At
this stage, the artifact becomes transparent, allowing the learner to act through it and
reason on the function’s properties and structure. This reflects the embodiment of
artifact affordances, resulting in a coupling of the body and the artifact in a single
entity. The results also emphasize the central role of embodied auditory mediation in
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supporting mathematical activity. Rather than compensating for the absence of vision,
audio—based tools, such as Audiofunctions, can support the emergence of new forms of
perceptual access grounded in embodied experience, contributing to a more inclusive
understanding of mathematical learning.

Further research could explore how this transition unfolds across different
mathematical topics and levels of expertise. Examining multiple learners using
different forms of sensory mediation, such as auditory and/or tactile, may help
materialize how perception-action loops reorganize when visual access is limited or
absent. Such studies could deepen our understanding of how embodied coordination
with digital tools supports mathematical activity under diverse perceptual conditions.
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Learning algebra is difficult for many students. Recent reviews highlight the need for
more research on challenges students encounter when learning about equations and
studies of learning in real classrooms. This paper reports on a small-scale experiment
aimed at investigating how teaching design affect Grade 6 students’ equation solving,
with a focus on the comparison between direct instruction and guided construction.
Our results indicate that teaching design affect what approaches students learn, but to
a lesser extent their proficiency in solving equations, in line with similar studies
investigating other mathematical topics. Based on these findings, we provide
suggestions for development of guided construction designs that support student’s
equation learning.

INTRODUCTION

Learning algebra is difficult for many students (Xie & Cai, 2022) and declines in
algebra knowledge have been identified (Hodgen et al., 2024). Recent reviews
highlight the need for more research on challenges encountered when students move
from pre-algebra to the letter/symbol form of equations (Kieran, 2022), as well as more
classroom studies focusing how teaching affect student learning (Ellis & Ozgiir, 2024).

Learning linear equation solving

Two broad types of obstacles to overcome in learning algebra, and especially equation
solving, concern understanding equations and what their solutions are, and becoming
proficient in simplifying equations by transforming them through a number of steps
until the value of the unknown can be easily determined (Jankvist & Niss; 2015).
Relating to the former, Xie and Cai (2022) found that Chinese 5th-grade students
struggled more with equations using letters rather than other forms of representing the
unknown. Regarding transformations of equations, the influential study by Filloy and
Rojano (1989) argued that solving some types of equations (e.g., Ax + B = C) only
requires use of inverse operations, and that actual operation on the unknowns only is
required for equations with at least two appearances of the unknown, exemplified by
Ax + B = Cx + D. Although many studies since have focused on this specific type of
equation, Elkjaer and Kieran (2025) recently argued that operating on the unknown is
also required when solving equations with several unknowns on one side only, and that
this has been mostly overlooked (for exceptions, see e.g., Vlassis, 2002). Furthermore,
they identified specific common errors with regards to such equations. Studies also
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show that students’ who seemingly have successfully overcome these two obstacles,
can revert to previously erroneous ideas in the face of new equations (e.g., Filloy &
Rojano, 1989).

Teaching linear equation solving

While it has been argued that the existent research on classroom algebra teaching is
insufficient (Ellis & Ozgiir, 2024), there are some studies testing different teaching
designs empirically. Booth et al. (2015) found that providing worked examples benefit
students’ learning, especially if they have low prior knowledge. While worked
examples are often characterised as a type of direct instruction contrasted to approaches
aiming to guide students’ own construction of methods (Zhang et al., 2023), it is
important to note that Booth et al. (2015) compared regular teaching only—which is
likely to have included demonstrations of equation solving by means of worked
examples—to regular teaching together with additional worked examples prompting
students to explain why the solution was correct or incorrect. It is thus not clear how
this study weighs in on the debate regarding the relative merits of direct instruction and
guided construction (see e.g., de Jong et al., 2023; Zhang et al., 2023). Others have
found that sequential worked examples benefit students with low prior knowledge
more, while the opposite was true for students with higher prior knowledge (Rittle-
Johnson et al., 2009). Star and Rittle-Johnson (2008) focused multiple and efficient
ways of simplifying equations, comparing prompts to construct different ways of
simplifying the same equation and direct instruction on such different ways. They
found no significant differences in accuracy between the groups one day after training
ended but that the prompt condition led to greater use of multiple strategies whereas
direct instruction rendered greater use of efficient strategies. In sum, studies have
shown that teaching design matters and provided valuable insights into relative merits
of different teaching designs. However, detailed information on how different designs
work for learning to solve equations is still scarce, in particular regarding how learning
from direct instruction compares to learning from guided construction, and how guided
construction can be designed to support students’ construction of the simplification
approach to equation solving.

THEORETICAL FRAMEWORK

In this study, we focus equations requiring operating on the unknown, that is equations
including at least two occurrences of the unknown (Filloy & Rojano, 1989), with
whole-number coefficients. In previous research, we identified two main approaches
that can be used to solve such equations generally and correctly: simplification, defined
as transforming the equation through a number of steps until the value of the unknown
can be easily determined, and substitution, defined as repeatedly replacing the
unknowns with a selected number and evaluating both sides of the equation, until a
number that makes the two sides equal is found.
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In line with Elkjaer and Kieran (2025), we classify equations requiring operating on
the unknown into two types: (a) equations with multiple occurrences of the unknown
on one side of the equal sign and no unknowns on the other, and (b) equations with one
or more unknowns on both sides of the equal sign. The rationale for these types is that
they require different types of simplification steps: type (a) only require gathering of
unknowns, while type (b) require removal of equal unknown terms from each side of
the equal sign, sometimes combined with gathering of unknowns.

The difficulty of using these steps may depend on the terms involved (Filloy & Rojano,
1989) and a reasonable prerequisite is that one can use the step for constants. For
gathering of unknowns, we hypothesise the progression: x-terms with coefficient 1, x-
terms with coefficients >1, x-terms with coefficient -1, x-terms with coefficients <-1.
For removal of equal unknown terms, we hypothesise the progression: visibly equal
terms with coefficients >1, such as 5x in the equation 3 + 5x = x + 5x; visibly equal
terms with coefficients < -1; non-visible equal terms with coefficients >1, such as in
5x in the equation 3 + 5x = 6x; non-visible terms with coefficients < -1.

AIM AND RESEARCH QUESTIONS

The aim of this study is to investigate how teaching design affect students’ early
development of equation solving approaches, with a focus on the comparison between
two groups: students learning by direct instruction (DI) and students learning by guided
construction (GC). Our aim is specified in two research questions: To what extent do
students in the two groups attempt and solve equations of type (a) and (b)? Do students
in the two groups differ in terms of their use and success of equation solving
approaches and simplification steps?

METHOD

The study was conducted within a design research project, aiming to develop insights
about how tasks and teacher support can be designed to promote students’ learning of
mathematical methods in Grade 4-6. It was preceded by development and testing of
tentative teaching designs in a series of small-scale trials together with participating
teachers. The data used in this study entails a pretest one week before training and a
posttest one week after training. The training consisted of three lessons.

The pretest was designed to test the use of properties of operations and equalities
prerequisite for equation solving: relationships between basic operations; additive
inverse; the distributive law and removal of equal constant terms on both sides of the
equal sign. The last task was an equation with several unknowns on both sides of the
equal sign (the same as the last equation on the posttest), included to identify students
who already knew a general method for solving equations.

One Swedish Grade 6 class (n=31) participated in the study. The textbook series used
in this class included multiple opportunities to solve equations with one unknown and
one operation (such as A + X =B and A - X = B), but the class had not received any
formal instruction on equation solving or simplification of algebraic expressions prior
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to the study. Half of the class (h=15) was taught using the direct instruction approach
and the other half (n=16) was taught using the guided construction approach. The
groups were formed using stratified randomisation based on the teachers’ assessment
and the number of correctly solved items on the pretest. The number of properties used
were similar in the two groups (ID: M =3.1, SD =1.4; GC: M =238, SD =1.7). No
student solved or operated on the unknowns on the last item of the pretest.

The students’ regular teacher, who also participated in the development of the designs,
taught both groups on the same days distributed over one week. Lesson 1-2 focussed
on equations of type (a) and Lesson 3 focussed on equations of type (b). In the DI
group, each lesson started with the teacher showing and explaining the method for a
few examples, followed by students individually using the method. If students needed
help, the teacher described the method again. In the GC group, the full lesson time was
devoted to students’ individual work on a sequence of equations which followed the
progressions described above to support students’ development of the simplification
method. If students needed help, the teacher supported the students’ own construction
of solution approaches by asking for students’ reasoning so far, supporting connections
to previously solved tasks and providing occasional hints. All lessons were observed
and audio recorded, and the data showed that the two approaches were implemented
according to plan.

The posttest consisted of 8 items. Items 1-5 consisted of equations of type (a) of
increasing difficulty: x + x + X + X+ x = 15,24 =x + 2x + 3x, 5y + 3y + 4 =20, 16 =
8X — X =X —=X~- X, and 5x + 10x — 3x + 2 = 26. Thus, Item 1 required gathering of x-
terms with coefficient 1, Items 2-3 gathering of x-terms with coefficients >1; Item 4
gathering of x-terms with coefficients >1 or -1; and Item 5 gathering of x-terms with
any whole number coefficients. Items 6-8 consisted of equations of type (b) of
increasing difficulty: 15 +4z =5z + 4z, 10x - x = 7x-3x + 30 and 15 + 4x + 4 + 2x —
21=6+x+4+2x+ 9. Item 6 can thus be solved by removal of visible x-terms with
coefficients >1, while Items 7-8 require gathering of terms followed by removal of
non-visible x-terms with coefficients >1.

Analysis

Analysis focussed three aspects, based on the theoretical framework: general solution
approach, correct gathering of terms and correct removal of equal terms. Each aspect
was assigned a code accompanied by an argument, explaining the empirical basis for
the code. For all aspects, it was possible to assign the codes None and Cannot be
determined. General approach was coded as either Simplification, if the student tried
to gather and/or remove equal terms to simplify the equation to the form AX=B;
Substitution, if the student tried to substitute the x:es for a number and evaluate whether
that made the equation correct; Guessing, if the student only guessed an answer without
evaluating the equation; Multiple, if the student combined at least two of the previously
described approaches, Other, if the student neither simplified, substituted or guessed.
Correct gathering of terms was coded as either: positive constants, negative constants,
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x-terms with coefficient 1, x-terms with coefficient -1, x-terms with coefficients >1, or
x-terms with coefficients <-1. The codes were defined accumulatively meaning, e.g.,
that the code “x-terms with coefficient -1” included cases where the student also
gathered constants and/or x-terms with coefficients >1. Removal of equal terms on each
side of the equal sign correctly, and if so what kinds of terms: positive constants,
negative constants, visible x-terms with coefficients >1, or non-visible x-terms with
coefficients >1. These codes were also defined accumulatively.

All data was analysed independently by two researchers, with each author coding
approximately two thirds of the data. This was done in three phases, with discussion
leading to clarification and revision of codes in between. The first phase included 6%
of the data and the second phase included 47% of the data. In the last phase, including
48% of the data, agreement ranged from 75-98% with an average of 91%, and Cohen’s
kappa ranged from 0.64 to 0.94, with an average of 0.82. All disagreements were
reviewed by one researcher who, based on the coders’ arguments, settled on one code.
For 91% of the disagreements, this could be done using the existing code book, which
meant that the disagreements could be seen as mistakes. For general approach, the
codes guessing, multiple, other and cannot be determined were collapsed into the code
Unclear/other. These codes where generally used for solutions that were unclear or
sparsely documented, and there were very few cases of guessing and multiple.

Due to the small scale, our study is underpowered to, through hypothesis testing,
identify anything other than very large effects. Therefore, we refrain from reporting p-
values accompanying statistical tests to avoid interpretations of large p-values as
evidence of no effect. We do however report on point estimates of sizes of effects to
further describe parts of our results.

RESULTS

In this section, we report on the results of the analysis of the posttest, answering our
research questions.

Research Question 1: Success rates for the equation types (a) and (b)

The DI group attempted a total of 85 equations (M = 5.7, SD = 2.1) and the GC group
attempted a total of 113 items (M = 7.1, SD = 1.7). The additional equations attempted
by the GC group was mainly of type (b). As shown in Table 1, the DI group solved
more equations overall (Hedges’ g = .26) and with multiple unknowns on one side of
the equal sign (type (a), Hedges’ g = .55), while the GC group solved more equations
with unknowns on both sides (type (b), Hedges’ g = .29).

Table 1: Average number of correctly solved equations with SD in parenthesis

Equation type @) (b) Total
DI 3.8(1.3) 0.5(0.9) 4.3(1.9)
GC 2.9(1.8) 0.8 (1.0) 3.7(2.6)
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Research Question 2: Solution approaches and success rates

In total, simplification was used in 57% of the solutions, and substitution in 20% of the
solutions. The relation between group and approaches used was very strong (Cramer’s
v = .72). The DI group almost exclusively used simplification, while the approaches
used in the GC group were more evenly distributed across simplification, substitution
and unclear/other (Table 2). Both groups where most successful when using
simplification on type (a) equations, but the GC group was also highly successful when
using substitution on type (a) equations and simplification on type (b) equations (Table
3). The overall lower success rate of the GC group on type (2) equations (Table 1) can
be explained by the frequent use of unclear/other approaches, which were very seldom
successful.

Table 2: Frequency and percentage use of approaches in the two groups

Simplification Substitution Unclear/other
DI 83 (98%) 2 (2%) 0 (0%)
GC 29 (26%) 38 (34%) 46 (41%)

Table 3: Success rates for different approaches and equation types

Type (a) Type (b)
DI GC DI GC
Simplification 88% 92% 37% 100%
Substitution 50% 84% - 54%
Unclear/other - 9% - -

On the other hand, the high success rates for simplification in the GC group can be
explained by most students in this group only using this approach on Item 1 and the
consistent and successful use by one student on all items. In contrast, DI students used
simplification steps for equations including more difficult terms. In the DI group, 93%
of students gathered x-terms with coefficients >1 and 67% gathered x-terms with
coefficients <-1, while only 31% and 6% of GC students did so, respectively. The two
groups were similarly successful in removing visible x-terms, (DI: 20%, GC: 19%) but
while 20% of students in the DI group removed non-visible x-terms correctly, only 6%
of GC students did so.

CONCLUSION AND DISCUSSION

The results of this study revealed only a small difference in overall success rate but
large differences in approaches used, when comparing the two groups. DI students
relied mainly on simplification, whereas GC students employed a wider range of

PME 49 - 2026 1120



Séfstrom, Palmberg, Sidenvall

approaches, including substitution and other less systematic methods. A similar pattern
was discovered by Heinze et al. (2015) for multi-digit addition and subtraction. They
neither found differences regarding overall success, but that students receiving more
direct instruction on advanced approaches used them more frequently, while students
learning solely through own construction of approaches used their own, but sometimes
less advanced, approaches more often. However, Heinze et al. (2015) found that the
difference in use of advanced approaches decreased over time, possibly due to these
methods being learnt superficially. Complementing the present study with a delayed
posttest could reveal if this may also be the case for the simplification approach to
equation solving.

In both groups, students were more successful in solving equations with multiple
unknowns on only one side of the equal sign (type (a)) than with unknowns on both
sides of the equal sign (type (b)). In relation to the lesson time devoted to each type—
two lessons for type (a), one lesson for type (b)—this is not surprising. However, it
contrasts previous findings that equations with several unknowns on one side are more
challenging for students than equations with unknowns on both sides (Elkjer & Kieran,
2025). Our study indicates that students can learn to solve type (a) equations even in
rather short interventions, if given the opportunity.

The results highlight two aspects that may provide guidance on how to improve the
GC teaching design. First, the GC group’s frequent use of unclear/other approaches led
to incorrect answers, while the GC group seem to be at least as successful as the DI
group when it comes to simplification and substitution. A possible adjustment of the
GC teaching design could therefore be to identify students who already have, or are at
risk of developing, incorrect strategies, and to find ways to support these students in
developing correct methods. One possibility would be to blend GC and ID designs (de
Jong et al., 2023), for example by providing more direct instruction after initial
attempts at constructing a method, or to target such instruction at students who are at
risk of developing ineffective strategies. Second, the results show that the GC group
consistently used simplification on the first task, but that most students then switched
to substitution on subsequent tasks. This suggests that the GC design did support the
development of gathering x-terms with coefficient 1, but not the continued
development of this step to include x-terms with other coefficients. A more detailed
analysis of the students’ solutions during the training could provide further insights
into how the design can be refined to better support the development of simplification.

Lastly, we note some limitations of this study: the small sample size made it
underpowered for hypothesis testing and the analysis only included written responses
and did not consider students’ real-time reasoning neither in the test nor during training
(e.g. Ellis & Ozgiir, 2024). In addition, the short duration of the intervention may not
have been sufficient for all students to learn effective equation solving approaches.
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This study examines how preschool teachers design mathematics teaching that enables
young children to mathematize, drawing on Freudenthal’s notion of mathematics as
genuinely needed within an activity. Within a design-based research project in Swedish
preschools (children aged 1-3), 68 video-documented activities were analysed to
identify instances of mathematizing. Three approaches were identified: drawing on
scripted activities, drawing on known counting chants, and drawing on an experience
familiar to the children. Across these, mathematizing occurred when teachers framed
and sustained mathematical necessity within play-oriented situations. The study
provides empirical insight into how mathematizing can be realized in early
mathematics education.

INTRODUCTION

There is a broad consensus that early mathematics education is of great importance.
Studies consistently link young children’s mathematical abilities to later school
achievement, not only in mathematics but also in other school subjects (e.g., Aunio &
Niemivirta, 2010; Siegler & Braithwaite, 2017). As a contribution to the field of early
mathematics education, this study focuses on mathematizing, a notion introduced by
the Dutch mathematician Hans Freudenthal (Freudenthal, 1978). In brief,
mathematizing refers to the process of applying mathematical thinking and skills to
solve problems in situations where mathematics is genuinely needed to accomplish a
task. Central to Freudenthal’s work is the idea that mathematics should be experienced
as meaningful and purposeful for the learner, rather than as an application of pre-given
procedures distant from lived experience. The context of the study is an educational
design research project (Bakker, 2018) focusing on mathematics education in Swedish
preschools (financially supported by the Swedish Institute for Educational Research,
grant no. 2022-00010).

In Sweden, preschool is available to all children aged 1-5 years and is guided by a
national curriculum that clearly states that, based on a play-oriented approach,
preschool should include teaching and opportunities for children to explore different
knowledge areas, including mathematics (National Agency for Education, 2025).
Within this play-oriented approach, a tension has been identified between the openness
of play and the goal-oriented nature of teaching (Bjorklund & Palmér, 2024). While
mathematics frequently appears in preschool activities, it does not always become
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meaningful or necessary for the children, and it risks being reduced to tasks without a
clear purpose. In contrast, mathematizing emphasizing mathematics being genuinely
needed to solve a task.

In this study, we address this tension by exploring how mathematizing may be realized
in early mathematics education. Rather than evaluating or judging how mathematics
should be taught in preschool, the aim is to examine how mathematizing can be
realized. In the study, we specifically ask: How do preschool teachers design their
teaching when the intention is to enable children to mathematize? As Freudenthal’s
work was not conducted in a preschool environment, this study contributes empirically
grounded knowledge about how mathematizing can be planned for in early
mathematics education.

MATHEMATIZING

Research in mathematics education indicates that young children learn mathematics
most effectively when it is embedded in meaningful problems where mathematical
ideas serve a clear purpose (Clements et al., 2017). This aligns closely with
Freudenthal’s view of mathematics as a human activity, in which children should
actively organize and structure situations rather than merely reproduce predefined
procedures (Gravemeijer & Terwel, 2000). According to Freudenthal (1978, 1981), the
starting point for his work on mathematizing was the prevailing practice in school
mathematics at the time, which often began in the sophisticated knowledge and
strategies of experts. Freudenthal argued that this approach frequently led to learning
objectives that made sense from the experts’ perspective but not necessarily from that
of students. He also argued that mathematics is always both form and content and thus
should never be taught in isolation; instead, teaching should focus on the interplay
between them. For example, while children may learn to carry out mathematical
procedures (e.g., count objects using one-to-one correspondence) and memorize facts
(e.g., a triangle is a polygon with three sides), these skills and facts are of limited value
if students do not understand their purpose or underlying meaning.

Freudenthal emphasized that mathematics should be taught so that the knowledge
becomes useful and meaningful for the learner, which is why all mathematics teaching
should be based on the learner’s world and experiences (Freudenthal, 1978, 1981,
Gravemeijer, 2004). Instead of decomposing ready-made expert knowledge, students
should elaborate, refine, and adjust their current ways of knowing (Gravemeijer, 2004).
Freudenthal distinguished between horizontal and vertical mathematization, both
necessary for developing mathematical competence. Horizontal mathematization
refers to the use of mathematics as it appears in the “real world” based on the learner’s
life and experiences, while vertical mathematization is the process where symbols are
shaped, reshaped, and manipulated to make a problem solvable by reducing the “noise”
of the “real world” However, in both cases, the subject matter that is to be
mathematized should be experientially real for the students. In this study, the focus is
primarily on horizontal mathematization.
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Translating Freudenthal’s ideas into a preschool context poses challenges. In a school
context, he clarified that “the real world” refers to contexts where mathematics is
genuinely needed to solve problems. Further, “real world” should be understood based
on the English verb to imagine, which in Dutch is translated into zich realiseren, a term
that emphasizes the act of making something real in one’s mind. Accordingly, the
contexts used in mathematical problems do not have to stem from the real world in a
literal sense (Van den Heuvel-Panhuizen, 2020). Thus, what constitutes the “real
world” may vary across individuals; for instance, mathematical objects are real for
mathematicians differently than they are for young children (Freudenthal, 1981).
Recent studies on mathematizing in preschool contexts have shown that the “real
world” for children can include imagined scenarios, and that both meaningful tasks and
the nature of teacher questioning are crucial for supporting mathematization (Palmér
& Bjorklund, 2023; Bjorklund & Palmér, 2024). In a preschool study, Papadakis et al.
(2017) showed that mathematizing in line with meaningful and real-world contexts
enhanced mathematics learning. The start was in horizontal mathematizing, where
children were to interpret everyday situations, use informal strategies, and develop
their own representations, with teachers guiding them toward vertical mathematizing
and more structured mathematical understanding. Another study focusing on
horizontal mathematizing, but with slightly older children, showed how students’
learning of basic addition was strengthened when they engaged in meaningful
situations where teacher guidance supported a shift toward vertical mathematizing and
more formal mathematical understanding (Leung & Hung, 2018). In preschool,
Freudenthal’s approach has also been enacted through guided picture-book reading,
which research has shown to support emerging mathematical understanding by
embedding, for example, early number, pattern, and spatial awareness within
meaningful narrative contexts (Van den Heuvel-Panhuizen, 2015).

CONTEXT OF THE STUDY

The empirical material analysed in this paper originates from a study on preschool
mathematics. First, mathematics education giving the youngest preschoolers (1- to 3-
year-olds) the best conditions in which to learn mathematics was developed and tried
out in authentic Swedish preschool settings (see for example Bjoérklund & Palmér,
2022; Palmér & Bjorklund, 2023, 2024). Based on these positive results, guiding
material was developed in collaboration between researchers and preschool teachers.
This guiding material was structured into five parts, each corresponding to one design
principle whereof the first was mathematizing. In line with Freudenthal, this design
principle referred to mathematics being genuinely needed to accomplish a task and,
therefore, being meaningful. The five parts of the guiding material were structured in
the same way, one text to read (approximately three pages), one video illustrating the
content of the text in authentic preschool teaching settings, questions to discuss with
colleagues, scripted activities to be carried out with children and video-documented,
and, finally, one activity to be planned, carried out, and video documented by the
preschool teachers.
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METHOD

For this study, an analysis was conducted on video documentations of activities
planned and carried out by preschool teachers when implementing the above-described
guiding material. All Swedish ethical guidelines for research regarding information,
consent, and confidentiality were followed throughout the study (approved ethical
review 2023-01344-01).

In total, 68 video-documented self-planned and carried out activities from 15
preschools were analysed. The analysis was conducted in several steps. First, all video
recordings were viewed in full to identify activities in which mathematizing was
realized. In this analysis, mathematizing was considered to be realized if mathematics
became genuinely needed in the activity. Second, activities in which mathematizing
was identified were analysed in order to identify similarities and recurring patterns in
how preschool teachers conducted the teaching. Through iterative comparison and
discussion among the researchers, three descriptive categories describing different
ways in which preschool teachers enabled opportunities for children to mathematize
were developed. These categories will be presented in the results section and illustrated
with empirical examples. No quantification is provided, as the purpose of the analysis
was to explore and characterize qualitatively different ways of enabling mathematizing
rather than to focus on their frequency. This approach aligns with established
qualitative analysis practices that emphasize the richness and meaning of observed
patterns rather than statistical generalization (e.g., Patton, 2015). As the study is
embedded in an educational design research project (Bakker, 2018), the focus is on
teachers’ ways of enabling mathematizing rather than on evaluating individual
children’s learning outcomes. Finally, it is important to note that the analysis in this
study focused exclusively on activities in which mathematizing was identified; the
study does not examine when or why mathematizing occurs in preschool in general,
but rather how it can be realized in a play-oriented context.

RESULTS

In this section, the three categories of how preschool teachers enabled opportunities
for children to mathematize are presented with illustrative examples. The three
categories are 1) drawing on a scripted activity in the guiding material, 2) drawing on
a known counting chant and, 3) drawing on an experience familiar to the children.

Drawing on a scripted activity from the guiding material

The first category shows how preschool teachers enable mathematizing by drawing on
a scripted activity from the guiding material and making minor adaptations. All
scripted activities are planned in line with mathematizing, but it is not self-evident that
this is kept when the teachers make adaptations. One example of an adaptation in which
mathematizing is kept is the game “hop-hop”, which is presented in the script and video
in the guiding material. The game is based on a song about jumping. In the guiding
material, the activity is framed so that, before each verse, the preschool teacher and the
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children agree on “how many to jump on”. If the children choose to “jump on three”,
the teacher explores with them how this can be done (e.g., jump on two feet and one
hand or on two hands and one foot). When exploring with the children, the teacher is
to use number words and finger representations, helping the children to identify
different ways of jumping on three. The activity becomes an example of mathematizing
as the children need to explore the numbers to perform the jumping correctly in the
next verse. One example where mathematizing is kept when drawing on this scripted
activity is a teacher adding a large die (1-3 dots) to the game (Figure 1a). This die is
used to decide how many to jump on. Before each verse, one child is asked to roll the
die (approximately 16 x 16 cm) and then the teacher and children first explore the
number of dots, then how to jump, and then in the next verse they jump on the decided
number. Thus, mathematizing is kept in the adaptation as the children need to explore
the numbers to perform the jumping correctly in the next verse.

Figure 1a: The die added to the game. Figure 1b: The lottery game.

Another example in this category is the lottery game. In the scripted activity, the lottery
game consists of a game plan and playing cards (Figure 1b). Initially, the dots on the
cards are positioned identically, which means that the children do not need to
distinguish cardinality to match the playing cards. This is to introduce the children to
the rule that one playing card should be matched to one square on the game plan. When
the children understand the rules, the playing cards are changed to cards whose dots
are no longer in the same pattern as on the game plan. Now the children need to
distinguish the number of dots to match the playing cards, thus introducing cardinality
as a genuinely needed aspect (mathematizing) of the game. One example where
mathematization is kept when drawing on this scripted activity is when teachers replace
the yellow dots with objects chosen by the children, for example, buns instead of
yellow dots on the game plan and playing cards. Apart from this adaptation, the activity
is conducted in the same way (thus still mathematizing).

Drawing on a known counting chant

The second category of how preschool teachers enable mathematizing is their drawing
on a known counting chant. An example is the counting chant “Five Little Monkeys
Jumping on the Bed”. In this chant, five monkeys jump on the bed and one at a time
fall off the bed until none remain. While reciting the rhyme “five/four/three ... little
monkeys jumping on the bed”, the teacher and children jump with their fingers in their
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hands (Figure 2). Thus, knowing the number of fingers to jump with, corresponding to
the number of monkeys they sing about, is essential to the activity (mathematizing).
To support the children, the teacher uses both verbal counting words and one-to-one
finger counting as well as matching the children’s fingers to her own to ensure the
correct quantity. Variations within this category concern whether teachers use
materials for the chants, for example, figures of monkeys for the “Five Little Monkeys
Jumping on the Bed”, or if they rely solely on words and gestures.

Figure 2: The teacher jumps with the fingers on her hand.

Drawing on an experience familiar to the children

The third category shows preschool teachers enabling mathematizing by drawing on
an experience familiar to the children. One example is when a teacher bases her
teaching on a children’s television programme, Babblarna. Babblarna is a well-known
Swedish children’s television programme that focuses on early language development
through playful interaction with colourful characters, songs, and simple narratives. The
teacher is aware of the children’s strong interest in this programme, and that they know
characters’ names and the songs. The teacher then plans and conducts a situation in
which the characters from Babblarna are having a snack, requiring counting to ensure
that there are enough plates and other items for them. She builds the story so that the
number of items is genuinely needed to be able to help Babblarna sort out their snack
problem (mathematizing). To support the children, the teacher uses verbal counting
words and one-to-one finger counting as well as finger representations to represent
numbers.

DISCUSSION

In this study, the focus is on how preschool teachers design teaching when the intention
is to enable children to mathematize. By empirically illustrating how mathematics
becomes genuinely needed within play-oriented situations, in line with Freudenthal’s
notion of mathematizing, this study provides insight into how mathematizing can be
realized in early mathematics education. The results illustrate how mathematizing
within a play-oriented context among 1- to 3-year-old children can be realized through
three approaches: drawing on scripted activities, drawing on known counting chants,
and drawing on an experience familiar to the children. Although the results are
descriptive rather than quantified, examples from the category drawing on scripted
activities constituted most of the data. Thus, drawing on scripted activities from the
guiding material seems to support teachers in sustaining mathematical necessity while
making minor adaptations. However, there is a risk that inappropriate adaptations could
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make the mathematical content less visible, highlighting the need for clear guiding
material regarding the intended design and implementation of activities (Palmér &
Bjorklund, 2023).

The study also contributes to understanding what may constitute the “real world” in
early mathematics education. In the present study, horizontal mathematizing was
realized in settings of games, counting chants, and shared cultural references familiar
to the children. While these settings may not correspond to traditional interpretations
of real-world contexts, they were meaningful and real for the children involved, thus
in line with “real world” within the notion of mathematizing (Van den Heuvel-
Panhuizen, 2020). These findings support previous research suggesting that imagined,
playful, and narrative-based situations can provide legitimate contexts for horizontal
mathematizing in preschool (Palmér & Bjorklund, 2023; Van den Heuvel-Panhuizen,
2015). Adaptations of familiar activities do not automatically result in mathematizing,
and mathematical aspects may be weakened or lost if necessity is not carefully
maintained. Across the three approaches, mathematizing is realized as children need to
use numbers for the activity to progress. In line with Bjorklund and Palmér (2024),
Leung and Hung (2018), and Papadakis et al. (2017), mathematizing depends on how
teachers sustain mathematical necessity through their interactions within this framing.
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RELATIONSHIPS BETWEEN SELF-CONCEPT, SELF-EFFICACY,
AND GRADE 4 NUMBER ACHIEVEMENT ACROSS GENDERS IN
SWEDISH TIMSS 2023

Mari Paloniemi Lindstrém, Helén Sterner

Faculty of Mathematics Education, Dalarna University

The present study utilizes data from the Swedish TIMSS 2023 sample to investigate the
relationships between Grade 4 students’ mathematics self-concept, self-efficacy, and
achievement in the Number domain, as well as potential gender differences in these
relationships. Structural equation modelling with latent mediation was applied. Boys
outperformed girls on the Number achievement and reported higher levels of self-
concept and self-efficacy. Results showed that mathematics self-concept, but not self-
efficacy, was strongly and similarly associated with Number achievement for both
genders. The results further indicate that gender differences in achievement were
partially explained by differences in students’ self-concept. Mathematics self-concept
is identified as a key factor associated with early Number achievement.

INTRODUCTION

By positioning number sense as a foundational resource for generalization and
abstraction, such approaches support sustained mathematical development as students
engage with increasingly complex mathematical tasks (Nguyen et al., 2016). However,
cognitive engagement alone does not fully explain students’ success in mathematics.
Motivational perspectives including mathematics self-concept, perceptions of self-
efficacy, and the value students attribute to mathematics, are critical affective factors
influencing mathematical understanding and achievement (Ding 2024; Michaelides et
al., 2019). A positive self-concept is suggested to foster deeper engagement and more
robust mathematical understanding (Lohbeck, 2018) and is strongly associated with
achievement, often more so than motivation alone (Ding et al., 2024; Kania & Juandi,
2023). Ding et al., (2024) further report that self-concept and self-efficacy, while
closely related, each exhibit a distinct contribution to mathematics achievement. These
relationships emerge early: fourth-grade students with higher math self-concept and
motivation tend to perform better on standardized assessments and classroom tasks
(Lohbeck, 2018). In addition, potential gender differences in mathematical self-
concept and achievement, along with cognitive and affective factors are suggested to
interact in early mathematics learning. Prior studies suggest that gendered patterns in
students’ self-perceptions of mathematical self-concept can develop as early as the
primary grades, and in some cases, precede measurable differences in achievement
(e.g., Levine & Pantoja, 2021). The Swedish context offers a particularly informative
case. In Grade 4, TIMSS 2015 mathematics assessment, no gender differences were
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observed in either self-concept or mathematics achievement (The National Agency of
Education, 2015). However, more recent national data suggest a shift in these patterns.
Historically Swedish girls have outperformed boys in mathematics, but in recent years
boys have outperformed girls for the first time in both final grades and national exams.
At the same time, girls express more negative perceptions of mathematics learning
compared to boys (The National Agency of Education, 2025). Investigating whether
such patterns are evident within students’ number sense may provide critical insight
into how differences in self-concept, self-efficacy, and achievement emerge and
potentially compound over time. In particular, investigating the relationships between
students’ self-concept, self-efficacy, and number sense achievement can provide
valuable insights into early mathematical learning processes. Accordingly, this study
addresses the following research questions: What are the relationships between
Swedish fourth grade students’ mathematics self-concept, self-efficacy and their
number achievement as measured in TIMSS 2023? How do the relationships differ by
gender?

STUDENT’S SELF-CONCEPT AND SELF-EFFICACY IN MATHEMATICS

Students’ success in mathematics is shaped not only by cognitive engagement but also
by affective and motivational factors. Research consistently highlights the importance
of motivation and self-concept, students’ perceptions of their competence and the value
they assign to mathematics, as critical determinants of mathematical understanding and
achievement (Mejia-Rodriguez et al., 2020; Michaelides et al., 2019). Intrinsic
motivation and a positive mathematics self-concept have been shown to foster deeper
engagement and more robust conceptual understanding, whereas extrinsic motivation
and amotivation are negatively associated with performance.

Research indicates that these relationships emerge early in schooling: fourth-grade
students with higher self-concept and intrinsic motivation tend to perform better on
standardized assessments and classroom tasks (Lohbeck, 2018). Empirical evidence
further suggests that mathematics self-concept is strongly correlated with achievement,
often exerting a greater influence than motivation alone (Ding et al., 2024; Kania &
Juandi, 2023). Ding (2024) reinforces these findings by demonstrating that both self-
concept and self-efficacy are significant predictors of mathematics achievement across
diverse educational systems. This work emphasizes that students’ perceptions about
their mathematical competence interact with motivational orientations to shape
engagement and persistence in problem-solving contexts, as evidenced in mathematics
assessments from PISA 2003 and 2012. In Ding’s conceptualization, mathematics self-
concept refers to students’ broad perceptions of their competence in mathematics,
encompassing general beliefs about their ability in the subject. This construct is distinct
from self-efficacy, which denotes confidence in successfully performing specific
mathematical tasks. Both self-concept and self-efficacy are highlighted as significant
predictors of academic motivation, well-being, resilience, and overall educational
experience, situating them within a broader perspective of motivational development.
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From this perspective, mathematics self-concept shapes students’ expectations of
success and their identity as learners of mathematics, while self-efficacy provides the
confidence necessary to engage with and persist in challenging mathematical tasks
(Ding, 2024). Together, these perceptions form a foundational structure for motivation
and sustained engagement in mathematics learning. This interpretation underpins the
present study’s approach to self-concept and self-efficacy

NUMBER SENSE IN THE EARLY GRADES

Number sense is widely recognized as a foundational component of mathematical
proficiency in the early grades and a strong predictor of later mathematical
achievement (e.g., Lyons et al., 2014; Nguyen et al., 2016). It encompasses students’
understandings of numbers, number relationships, operations, and numerical
representations, as well as their ability to reason flexibly and efficiently with numbers
(Nguyen et al., 2016; Pittalis et al., 2018). Instructional approaches that engage
students in tasks emphasizing properties of operations, patterns, and structural
relationships within familiar arithmetic contexts can strengthen number sense while
simultaneously preparing learners for more abstract mathematical reasoning in
(Blanton et al., 2015). Furthermore, number sense can be viewed as an integral
component of generalized arithmetic and a central element in the development of
algebraic thinking (Blanton et al., 2015).

METHODS

The present study utilizes data from the Swedish Grade 4 sample of TIMSS 2023 (N=
5139) to investigate the relationships between students’ mathematics self-concept, self-
efficacy, and achievement in the TIMSS Number domain. The Number domain
constitutes up to 50% of the Grade 4 TIMSS assessment and captures competencies
that bridge whole-number understanding and introductory algebraic thinking. In the
Swedish sample, the mean score on the overall mathematics assessment was 533 points
for both boys and girls, while the mean score on the Number domain was 530 points.
(The National Agency of Education, 2024). Overall mathematics achievement and
Number achievement were strongly correlated (r= 0.87). Descriptive statistics revealed
gender differences in Number domain achievement, with girls attaining a mean score
of 518 points and boys a mean score of 537 points. Gender was coded dichotomously
in all analyses (0= girls and 1= boys). Missing data was handled using multiple
imputation, and all analyses employed robust maximum likelihood (MLR) to account
for non-normality and incorporated sampling weights (HOUWGT) to ensure
population-representative estimates.

Students’ motivational perspectives were measured using TIMSS 2023 student
questionnaire items. Exploratory factor analysis supported a two-factor latent
construct: student self-efficacy and self-concept. In the questionnaire these topics are
evaluated by questions (How much do you agree with these statements about
mathematics?) which capture how well the student assesses he or she does in
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mathematics, if the student feels that he or she is good at mathematics, and mathematics
makes him or her confused. These were measured with a 4-point Likert scale ranging
from 1= Agree a lot to 4= Disagree a lot (see Table 1). For some of the items the scaling
was reversed as a positively phrased question was considered to have a rating 4 as
Agree a lot. Achievement in the Number domain served as the outcome variable.

Table 1: Included student indicators of self-efficacy and self-concept

Latent variable Question Response options

How much do you agree with

these statements about

mathematics?

a) | usually do well in Reversed Likert scale, ranging
Self-efficacy = mathematics from 1) Disagree a lot to 4)

b) Mathematics is easy for me Agree a lot

c) I am good at working out

mathematics problems
Self-concept  a) Mathematics is harder for me  Likert scale, ranging from 1)

than for many of my classmates ~ Agree a lot to 4) Disagree a lot

b) I am just not good at

mathematics

¢) Mathematics is harder for me

than any other subject

d) Mathematics makes me

confused

The analytical procedure followed a stepwise modelling strategy designed to examine
the measurement properties of the motivational constructs and their relationship with
Number achievement, as well as potential gender differences in these associations.
First, a two-factor measurement model representing mathematics self-concept and self-
efficacy was specified and evaluated using confirmatory factor analysis (CFA). Model
fit was assessed using standard fit indices, including the Comparative Fit Index (CFI)
and Root Mean Square Error of Approximation (RMSEA). Upon establishing an
acceptable baseline measurement model, multigroup CFA was conducted to assess
measurement invariance across gender. Invariance testing proceeded sequentially
through configural, metric, and scalar models, with CFl and RMSEA used to evaluate
whether increasingly restrictive models resulted in meaningful deterioration in model
fit. Establishing scalar invariance permitted valid comparisons of latent means across
boys and girls. Following confirmation of scalar invariance, latent mean differences
between genders were examined. Structural equation models were then estimated in
which Number achievement was regressed on the latent self-concept and self-efficacy
factors. Next, to evaluate whether the strength of these associations differed by gender,
path coefficients were compared across groups within a multigroup framework.
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Finally, a multigroup latent mediation model was specified to assess indirect effects of
gender on achievement via the latent constructs.

RESULTS

This study investigated whether gender differences in Number achievement are related
to differences in students’ self-efficacy and self-concept using a multigroup latent
variable approach. The results suggest that mathematics self- efficacy and self-concept
were measured equivalently across gender, allowing for meaningful comparisons of
latent means and structural relationships between the latent constructs and mathematics
achievement across gender.

Boys demonstrated significantly higher levels of both self-efficacy and self-concept
than girls, with a moderate gender difference for self-efficacy (A= 0.44, SE= .04, p<
.001) and a smaller difference for self-concept (A= 0.22, SE= .03, p< .001).

In the structural models, only self-concept showed a strong and significant association
with Number achievement (girls p= .50, SE= .04, p< .001, and boys = .51, SE= .04,
p< .001). Higher levels of self-concept were associated with higher achievement
scores. Constraining the structural paths to equality across gender resulted in negligible
changes in model fit, indicating that the strength of the relationships between
mathematics self-concept and achievement did not differ significantly for girls and
boys.

The latent mediation analysis suggested a significant effect of gender on Number
achievement via self-concept, but not via self-efficacy. Boys’ higher self-concept
partially accounted for their higher Number achievement, corresponding to an
estimated difference of approximately 7 points of the overall 19 points difference.

The results suggest that girls in Grade 4 exhibit lower self-concept, self-efficacy, and
lower achievement than boys in the Number domain. Yet, the findings highlight that
mathematics self-concept is a meaningful factor associated with Number achievement
for both girls and boys in fourth grade.

CONCLUSION AND IMPLICATIONS

The results suggest a strong association between students’ self-concept and number
achievement, for both girls and boys and that gender differences in number
achievement are partially mediated by differences in students’ self-concept. Boys
demonstrated higher levels of self-concept, which was strongly associated with higher
achievement. This pattern contrasts with results from the Swedish Grade 4 TIMSS
2015 assessment, which reported no gender differences in either self-concept or
mathematics achievement (The National Agency of Education, 2015). However, more
recent national data point to a shift in these trends. Whereas Swedish girls have
historically outperformed boys in mathematics, boys have in recent years achieved
higher in both final grades and national tests, alongside more positive perceptions of
mathematics learning (The National Agency of Education, 2025). Viewed in this
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context, the present findings suggest that changes in achievement trends may be
accompanied by corresponding shifts students’ self-concept and self-efficacy
reinforcing the importance of motivational factors in understanding emerging gender
differences in mathematics achievement (Ding, 2024; Ding et al., 2024; Mejia-
Rodriguez et al., 2020; Michaelides et al., 2019). Similar to the findings of this study,
Mejia-Rodriguez et al. (2021) report that gender differences in achievement are
partially mediated by disparities in self-concept, with boys generally exhibiting higher
levels of self-concept, which in turn strongly correlates with superior performance.
These insights underscore the necessity of promoting positive self-conceptions
alongside conceptual understanding in early mathematics education, especially as
number sense is recognized as a foundational component in mathematical proficiency
(Lyons etal., 2014; Nguyen et al., 2016). We interpret these findings as suggesting that
a positive mathematics self-concept may foster deeper engagement with numerical
content and support the development of more robust mathematical understanding from
early grades. Lohbeck (2018) suggests that intrinsic motivation and a positive self-
concept may foster deeper engagement and more robust mathematical understanding,
whereas amotivation is negatively associated with performance. These associations
may emerge early in student mathematics development, even at the primary level
(Lohbeck, 2016). Although research on early mathematical development has
expanded, the relationship between number sense and students’ self-concept and
motivation within number sense contexts remains insufficiently examined. A well-
developed number domain not only provides a foundation for arithmetic generalization
and algebra learning but also contributes to the cultivation of enduring positive
attitudes toward mathematics (Ding, 2024; Nguyen et al., 2016; Pittalis et al., 2018)
while simultaneously supporting students’ progression toward more abstract reasoning
in mathematics (Blanton et al., 2015).

Although causal conclusions cannot be made from the cross-sectional design, the
findings suggest that self-concept constitutes a key affective mechanism through which
gender differences in mathematics achievement may develop, with potential
implications for later arithmetic generalization and algebra learning. Longitudinal
research is needed to clarify these pathways and inform instructional strategies aimed
at fostering equitable mathematics outcomes. This approach could then also enable
discussions about how teachers can address these differences and strengthen students’
self-concept in mathematics.
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MANAGING INEVITABLE BIAS: AFRAMEWORK FOR
CULTURALLY RESPONSIVE ASSESSMENT IN MATHEMATICS
TEACHER EDUCATION

Hajin Park, Wee Tiong Seah
Faculty of Education, The University of Melbourne

This study challenges the assumption that cultural bias in assessment can be eliminated
through awareness and design. Through interviews with five educators of pre-service
teachers of subjects such as mathematics, this paper demonstrates that bias is a reality
to be managed rather than eliminated. Findings reveal that: (1) online environments
facilitate more consistent cultural integration through systematic planning than face-
to-face adjustments; (2) unlimited cultural integration undermines assessment
consistency; and (3) technology amplifies cultural advantages in unpredictable ways.
This paper proposes a framework for systematic bias management by transparently
distributing advantages across assessment sequences, making cultural assumptions
explicit, and involving cultural representatives in evaluation design.

INTRODUCTION

Traditional assessment methods systematically disadvantage learners from non-
dominant cultural backgrounds (Solano-Flores & Nelson-Barber, 2001). The problem
isn’t cultural diversity itself but how assessment responds to it. When evaluation
methods fail to account for cultural differences in knowledge demonstration,
communication patterns, and learning preferences, they exacerbate educational
inequity (Shepard, 2019). These challenges are no less likely to present themselves in
mathematics teacher education. Although mathematics has historically been positioned
as culturally neutral, universal and objective, research suggests that mathematical
thinking is deeply culturally situated, with different traditions emphasizing varied
approaches to problem-solving, reasoning, and proof (Bishop, 1991). However,
assessment approaches in teacher education programs—deductive proof, individual
problem-solving, written symbolic expression, for example—privilege Western
approaches to mathematical thinking and practices. At the same time, future
mathematics teachers might (wrongly) think that these approaches represent ‘real’
mathematics while other cultural practices are supplementary (de Freitas, 2008).

Contemporary beliefs assume that cultural bias in assessment can be eliminated
through cultural awareness training and careful design (Gay, 2000). Professional
development programs emphasize real-time cultural recognition and immediate
responsiveness as solutions (Brown-Jeffy & Cooper, 2011). This assumption
influences research promoting comprehensive cultural integration without addressing
how such integration functions within structured evaluation contexts (Paris, 2021).
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This study challenges that foundational assumption. What if cultural bias in assessment
is intrinsic and not eliminable? After all, every assessment task privileges certain
cultural ways of knowing while disadvantaging others, not due to inadequate design
but as an intrinsic characteristic of evaluation within cultural contexts. The question is
not how to eliminate bias but how to manage it equitably and transparently. This study
aims to address three questions: (1) How do educators implement culturally responsive
assessment and what challenges emerge? (2) How do cultural integration strategies
differ between face-to-face and online environments? (3) What systematic approaches
can manage cultural bias while maintaining assessment integrity?

THEORETICAL FRAMEWORK
The Elimination Assumption

Most assessment frameworks (e.g., Lucas & Villegas, 2013) assume that cultural bias
can be eliminated through sufficient awareness and careful design. Gay (2000) argues
that effective assessment must acknowledge culture’s influence on learning, implying
that such acknowledgement allows bias removal. However, when assessment
privileges one mathematical tradition while marginalizing others, it perpetuates what
Powell and Frankenstein (1997) call ‘Eurocentrism in mathematics education’.

The Face-to-Face Assumption

Literature consistently emphasizes face-to-face environments for cultural
responsiveness, arguing that immediate access to cultural cues enables effective
integration (Nasir & Cooks, 2009). This assumption rose during COVID-19, with
emergency remote teaching framed as inferior to face-to-face instruction (Hodges et
al., 2024). However, comparative research on cultural responsiveness across
modalities remains limited and assumptions about face-to-face advantage lack
empirical support in assessment contexts.

Research Gap

The elimination assumption implies that frameworks rarely address whether neutral
evaluation across diverse mathematical practices is achievable. On the other hand, the
face-to-face assumption lacks empirical verification in assessment practices (Meaney
et al., 2012). Also, despite growing recognition of culturally responsive assessment’s
importance, gaps limit effective implementation. Most research examines K-12
contexts, so questions regarding its adaptation in higher education persist. While
theoretical frameworks vary, empirical studies examining actual implementation
remain limited (Alt & Raichel, 2021). The field lacks understanding of how cultural
responsiveness operates across learning environments, in terms of systematic
assessment implementation rather than spontaneous cultural recognition. This study
addresses these gaps by examining practitioners’ lived experiences implementing
culturally responsive formative assessment across modalities, focusing on tensions
between theoretical ideals and practical constraints that current literature inadequately
addresses.
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METHODOLOGY

This qualitative study employed semi-structured interviews with five academics at an
Australian university. Ethics approval (Victoria University HRE16-295) was obtained
prior to participant recruitment. Participants were selected for their dual role as
practitioners implementing culturally responsive assessment and educators preparing
pre-service teachers, including those specializing in mathematics. All participants held
doctorates, possessing 4-34 years of face-to-face teaching experience and 3 years of
online experience (primarily post-COVID). Three participants had international
teaching experience in Europe, with one also having taught in South America. All
taught pedagogy, inclusive education, and cultural diversity courses in the initial
teacher education program. One-on-one semi-structured interviews (45-60 minutes via
Zoom in September-October 2023) focused on exploring moments when cultural
differences affected assessment outcomes, concrete modifications made for different
populations, and practical differences between modalities. This allowed us to identify
actual strategies and barriers rather than theoretical knowledge.

Analysis followed Braun and Clarke’s (2022) six-phase thematic analysis:
familiarization through multiple readings, initial coding generated 88 codes, which
were then reviewed against the original transcripts, and consolidated into three final
themes. Throughout the analysis, reflexive practice was maintained through analytic
memoing and discussion. Trustworthiness was established through extended
engagement with transcripts, member checking, thick description, and grounding
interpretations in participants’ words via extensive quotations. Pseudonyms (Academic
1-5) will be used below to protect participant anonymity.

FINDINGS

Analysis revealed three interconnected patterns challenging established assumptions
about culturally responsive assessment.

Systematic Planning Outperforms Reactive Recognition

Contrary to literature emphasizing face-to-face advantages for cultural recognition
(Margaret, 2022), participants reported unexpected benefits from online environments’
required systematic planning in mathematics and other subjects. Academic 4 explained:
“I actually really appreciated the tools | had, especially the breakout rooms...with a
click of a button, | could put everyone in a pair. | could make sure students were
working together with different people every time, which was harder to monitor in
face-to-face where students naturally gather toward familiar groups”. Academic 4
further elaborated that in face-to-face settings: “I would notice moments where cultural
differences affected group work and try to adjust on the spot. Online, | had to plan
everything in advance, which forced me to think systematically about who was
working with whom and why.” In face-to-face environments, educators made
approximately 3-4 reactive cultural adjustments per session, but these proved
inconsistent and often missed less obvious cultural needs. Academic 2 noted that while
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online teaching became more “teacher-centred,” this improved systematic cultural
integration: “You need to try harder in the online space...l had to build [cultural
integration] into the design rather than relying on reading the room.”

Cultural Hybridity Theory Breaks Down in Assessment Practice

Participants described attempting to blend diverse cultural influences in their
assessment practices. Academic 1 explained: “I really tried to create a culture in the
classroom which includes whatever students bring. | wanted to honour everyone’s
cultural background and let them express knowledge in ways that felt authentic to
them.” This approach aligns with what Casinader and Manathunga (2020) term cultural
hybridity, the blending of diverse cultural influences to create a new understanding.
However, this unlimited cultural integration made the assessment difficult to
implement consistently. Students from collective knowledge cultures produced
collaborative responses to individual assignments. Students from hierarchical
knowledge traditions waited for explicit instruction rather than demonstrating
independent analysis. Each approach was culturally valid, but they could not be
evaluated using consistent criteria. This created an impossible dilemma: either force
students to follow dominant cultural norms (destroying the cultural responsiveness the
theory promotes) or abandon consistent evaluation standards (destroying assessment
integrity). Academic 3’s strategy of allowing unlimited student choice in assignment
focus produced submissions where “students start with their own experience...choose
any aspects like gender or ability to focus on.” In teacher education contexts, this meant
some students analysed specific teaching strategies, others created personal narratives
about professional identity, still others developed theoretical frameworks about
inclusive pedagogy. All valuable, but incomparable for evaluation purposes.

When theoretical approaches appeared to be insufficient, participants developed
practical adaptations. Three strategies emerged: structured limitation (providing
cultural options within defined frameworks), sequential integration (building cultural
elements progressively), and peer validation (using student groups to verify assessment
fairness). Academic 5 explained structured limitation: “I learned | couldn’t just say
‘express yourself however you want.” | started offering specific options: you can write
a traditional essay, create a video presentation, or design an infographic, but here are
the specific criteria for each format. The cultural flexibility is there, but within
boundaries that let me evaluate fairly.” The evidence reveals incompatibility between
unrestricted cultural integration and systematic evaluation that current theory does not
sufficiently address. Paradoxically, providing structured options with explicit criteria
may better support cultural equity than unconstrained freedom, as unlimited variation
makes fair evaluation impossible.

Technology Amplifies Rather Than Neutralizes Cultural Bias

While technology is widely assumed to facilitate more equitable evaluation through
multiple format options (Shauna & Mélanie, 2020), our findings suggest otherwise.
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Academic 4 introduced video assessment believing it offered cultural responsiveness:
“l thought | was being culturally responsive by offering options. But what | saw
shocked me. Students from Pacific Island backgrounds, from cultures with strong oral
traditions, were highly engaged. Meanwhile, students from East Asian backgrounds
really struggled. They told me it felt uncomfortable to present themselves individually
on camera—it wasn't their cultural norm.” While technology required planned cultural
integration, it created unanticipated cultural advantages for some students. Students
from oral tradition backgrounds performed exceptionally in video assessments while
those from collective knowledge cultures demonstrated lower engagement in
individual video presentations despite strong performance in collaborative written
work.

Performance differences varied across technological applications (Lucas & Villegas,
2013). Students from hierarchical knowledge traditions performed strongly in
structured video formats but found open-ended multimedia tasks challenging. Those
from visual knowledge traditions excelled in infographic assignments but had
difficulty with text-based video descriptions. Each technological choice created
specific cultural advantages and disadvantages across different cultural knowledge
systems. Academic 2 captured the complexity: “Different cultures have different ways
of collaborating. | had Chinese students who wanted to work individually first, then
come together. Pacific Island students who wanted to start together and stay together
throughout. How do | design group assessments that respect all these approaches while
still evaluating individual contributions fairly?”

For mathematics, digital tools like GeoGebra might privilege students from visual-
spatial mathematical traditions while creating barriers for students who think
mathematically through symbolic manipulation. Consequently, technological
mediation is not a neutral solution but a re-distribution of cultural advantage. Video
explanations might advantage oral mathematical reasoning cultures while
disadvantaging written analytical approaches. Providing multiple format options,
rather than reducing cultural bias, may increase it by creating systematic advantages
for cultures whose mathematical practices align with particular technological
approaches.

These findings challenge the assumption that cultural bias can be eliminated through
awareness and flexibility, suggesting that practitioners develop situated strategies not
because existing frameworks are inadequate but because the intersection of cultural
responsiveness and systematic evaluation creates inherent tensions requiring
acknowledged management rather than assumed resolution.

SYSTEMATIC BIAS MANAGEMENT FRAMEWORK
From Elimination to Management

Our data support the assertion that all assessment contains cultural assumptions
systematically advantaging some groups while disadvantaging others, not due to
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insufficient design but intrinsic to evaluation within cultural contexts. The findings
challenge assumptions inherent in traditional approaches to assessment design that
sufficient cultural competence training and careful design can produce culturally
unbiased assessment. The cases of Academics 3 and 4, who offered unlimited cultural
choice and video options respectively, exemplify the challenges outlined above. We
offer here a systematic bias management approach which operates on three principles
derived from analysis of our participants’ experiences: bias is inevitable in cultural
contexts, bias can be distributed equitably, and bias effects can be made transparent.
These principles are implemented through three interconnected strategies, as explained
below.

Three Interconnected Strategies
Sequential Cultural Integration

Rather than attempting to make each assessment culturally neutral, this strategy
ensures different cultural groups receive advantages at different points in assessment
sequences. Implementation involves cultural bias mapping, where academics
collaborate with cultural representatives such as students from diverse backgrounds,
cultural advisors, or community members to identify which cultural approaches each
assessment task privileges. For instance, individually written proof-based assessments
advantage Western reasoning traditions. The assessment sequence is then set up such
that a variety of tasks privilege different cultural mathematical approaches (e.g. solving
cultures, oral mathematical explanation, narrative reasoning, and visual-spatial). If one
assignment task requires individually-written proofs, the next might involve
collaborative problem-solving which expects students to negotiate mathematical
meaning together. Yet another might ask for video explanations of mathematical
thinking in which oral reasoning traditions are adept.

Such sequential integration maintains consistency within individual tasks while
distributing cultural advantages across the complete assessment sequences. Practical
advantage and fairness would be achieved, not through treating all students identically
within each assessment but by ensuring all receive equitable opportunities across the
course assessment sequence.

Transparent Bias Disclosure

This strategy is concerned with making explicit cultural assumptions. Thus, in our data,
Academic 4’s video assessment exercise would be accompanied by transparent
disclosure informing students that this format systematically advantages certain groups
of students (i.e. those from oral tradition cultures) and providing preparation guidance
to all students. Students will also learn that everyone will be advantaged in different
types of assessment tasks. Similarly, a teacher might explain to their students that while
the current proof-writing assessment might advantage students who prefer to work and
reason individually, the next few assessments will advantage those who work better
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collaboratively or who reason more visually. Such transparency replaces false
neutrality assumptions common in traditional assessment practice.

Collaborative Cultural Validation

This third strategy engages representatives from different cultural groups in assessment
design and evaluation. Collaborative evaluation might determine whether a student’s
narrative mathematical explanation demonstrates required understanding through
culturally appropriate methods, or whether a problem-solving solution demonstrates
valid mathematical thinking even if it does not follow individual proof conventions.
This collaborative approach centres diverse voices in assessment, challenging power
dynamics where academics from dominant backgrounds determine evaluation
standards, often subconsciously. However, implementation must avoid performative
inclusion by ensuring appropriate remuneration, clearly defined roles, and regular
participant rotation.

IMPLICATION AND CONCLUSION

The proposed framework—featuring sequential cultural integration, transparent bias
disclosure, and collaborative cultural validation—offers practical strategies for
navigating tensions in acknowledging culturally-based assessment responses. These
responses often reflect culturally diverse mathematical practices. This represents a shift
from treating cultural bias as an individual pedagogical failure to recognizing it as a
systemic reality requiring institutional approaches. Rather than forcing all students to
demonstrate understanding through Western deductive proof or assuming that offering
‘choice’ eliminates bias, educators can systematically rotate through different
mathematics cultural traditions, make these rotations transparent, and involve cultural
representatives in determining whether diverse mathematical expressions demonstrate
required competencies.

The methodology of this study presents some limitations. The small sample and single
institutional context limit generalizability. The study captures only educators’
perspectives; there are implications for future research here to investigate student
voices as well. Also, the participants’ online teaching experience (during the COVID-
19 pandemic) reflects emergency remote teaching, which means that the pedagogical
experience would be different from that of purposefully-designed online lessons.
Nevertheless, the analysed data have presented some thought-provoking results which
future research can follow up. The data had informed the proposal of a framework
which represents a paradigm change in responding to inevitable bias inherent in
(mathematics) assessments. It demonstrates a shift from pursuing impossible neutrality
toward managing the inevitable bias. The framework is also practical, in shifting
accountability from individual cultural competence to institutional bias management.

Practical implications include shifting professional development from emphasizing
real-time cultural observation toward systematic cultural analysis and bias
management capabilities. Assessment design processes must incorporate bias mapping
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and sequential planning. Institutional policies must support equitable bias distribution
through requirements for assessment sequence planning.
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ELECTRICITY BILLS AS BOUNDARY OBJECTS BETWEEN
STUDENTS’ MATHEMATICS AND THEIR CONTEXT

Vishrut Patel, Aniket Sule, Shweta Naik
Homi Bhabha Centre for Science Education, Mumbai

This study explores the role of electricity bills as "boundary objects” within an
extracurricular mathematical modeling camp for Grade 9 students in Mumbai, India.
Drawing on Cultural-Historical Activity Theory (CHAT), the research analyzes how
students navigate the discontinuity between school mathematics and the real-world
context of electrical power distribution. Findings indicate that while students
successfully utilized school-based mathematical reasoning to reverse-engineer billing
procedures, the artifact remained socioculturally opaque. Yet, such matheamtically
rich artefacts have a potential for supporting boundary crossing, though a complete
crossing was not observed.

INTRODUCTION

The discontinuity between school mathematics and mathematics-in-context has been a
problem of great concern, one that has been described and approached through many
perspectives (Jurdak, 2006; Lave and Wenger, 1991; Williams et. al., 2001). One of
the primary goals of mathematics education is to equip students with the skills needed
in the real world and to make their mathematical knowledge relevant to their everyday
lives or work (Niss, 1994). Research has shown that students struggle significantly—
and are often unable—to deploy their mathematical knowledge in tandem with their
contextual knowledge. Moreover, it has been shown that mathematics in everyday life
and the workplace is qualitatively different from school mathematics (Lave and
Wenger, 1991).

Many scholars have come to study such divides as boundaries—

“a sociocultural difference leading to discontinuity in action or interaction.
Boundaries simultaneously suggest a sameness and continuity in the sense
that within discontinuity two or more sites are relevant to one another in a
particular way.” (Akkerman & Bakker, 2011)

In the realm of education, such boundaries are often viewed not merely as barriers, but
as potential sites for learning. Individuals can overcome these barriers through
boundary crossing. This crossing is not simply the transfer of knowledge from one
sociocultural world to another, but an exchange which re-contextualizes the knowledge
of both worlds through the other. This crossing is often enabled and supported by so-
called boundary objects that exist at the intersection of the two worlds. Certain
mathematically rich artifacts from real-world contexts can be situated as boundary
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objects between school mathematics and the context from which they originate. These
artifacts are not made for educational purposes, yet they embed mathematical relations
within them. For example, a road map with latitude/longitude grids embeds a Cartesian
coordinate system (see Venkat and Winter, 2015).

In this study, | report on the use of electricity bills as a boundary object in mathematics
instruction. | present episodes involving secondary students (Year 9) participating in
an extracurricular mathematical modelling camp, where they were tasked with
familiarizing themselves with real electricity bills. During this task, students generated
questions based on their mathematical knowledge that pointed toward answers within
the real-world context of the purchase and sale of electricity. In this report, | adopt an
activity-theoretic perspective to elaborate on how the electricity bill functioned as a
boundary object. My analysis focuses particularly on the questions articulated by
students as "perspectives"” they take on a context that is largely unfamiliar to them.
These serve as preliminary descriptions that will form part of a broader, ongoing
activity-theoretic analysis of the mathematical modelling camp as a whole.

THEORETICAL FRAMEWORKS
Activity Theory

Cultural-Historical Activity Theory (CHAT) is a cross-disciplinary framework that
conceptualizes individual actions as being meaningful only as part of a larger collective
activity system. This tradition traces its roots to the work of Vygotsky and Leont’ev.
CHAT maps actions and the sociocultural context onto an activity system composed
of acting subjects, their shared object, the tools or artifacts utilized, and the factors that
define the social configuration of the collective group. Under CHAT, this system or a
network of such systems forms an irreducible unit of analysis. (Engestrém, 2000)

CHAT has been adapted as a theory of learning by many scholars. In particular, the
third generation of CHAT, as elucidated by Engestrom, considers two or more activity
systems that intersect in their object (goals), though not entirely. For this study, CHAT
provides a schema to describe the different sociocultural worlds that share
"boundaries," so to speak.

Boundary Objects

Star and Griesemer (1989) coined the term “boundary objects” to describe artifacts—
such as biological specimen records—which connect and translate between various
disciplines. According to the these objects “inhabit several intersecting social worlds
and satisfy the informational requirements of each of them.” The concept of a boundary
object was subsequently appropriated by studies regarding boundary crossing. In
certain discussions of CHAT and expansive learning, boundary objects can take on a
much broader and more abstract meaning, which can include certain community
practices. (Akkerman & Bakker, 2011)
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In this study, the original conception of a concrete artifact that mediates
communication between different social worlds is more appropriate for describing
electricity bills. Thus, | will use activity systems to characterize the sociocultural
worlds and the boundary object to describe how they intersect. Note that in this report,
the activity systems intersect through the artifact used (the electricity bill) rather than
through the "object” in the formal activity-theoretic sense. In the representation of an
activity system as the mediational triangle, then these activity systems are loosely
connected to each other at the top by the boundary object.

BACKGROUND AND CONTEXT

The study was conducted as an after-school program with sixteen Grade 9 students (8
boys and 8 girls) from a suburban area in Mumbai, India. The school was funded by a
government body and provided a very high quality of instruction relative to the rest of
the country and Mumbai.

This engagement was conceived and advertised as a mathematical modeling “camp,”
consisting of a series of six two-hour sessions. During these sessions, students learned
mathematical modeling within the context of household electricity. Students worked
in groups on inquiry-driven activities that culminated in each group selecting and
answering a question of their choice about household electricity that required
mathematical modelling.

The participating students were recruited by asking four schools in the same
neighborhood to nominate four students each to join the camp. Presumably, this
selection process favored students with high academic performance and interest. Apart
from this nomination, the camp was wholly independent of their school activities and
assessments. The medium of interaction was primarily English, with occasional Hindi
spoken. The camp sessions were conducted by me as the researcher-facilitator,
supported by two members of the research team.

The exemplar electricity bill used for this activity were a real bill from a house in the
same area, supplied by the same power company. Thus, the bill was simila to those
received in the participants’ homes in both format and electricity rates. An activity was
designed to familiarize students with the bill and to encourage them to observe patterns.
This was implemented through a worksheet that guided their inquiry. The questions
were designed either to assess their prior knowledge of quantities and units or to direct
their attention to different sections of the bill without providing any external
explanations. At the end of the worksheet, open-ended prompts elicited their
observations, the thoughts that occurred to them during the exploration, and any
questions they may have had.
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METHODS
Data Collection

The camp sessions were audio- and video-recorded. Additionally, student work such
as completed worksheets and other inscriptions was collected. Informed written
consent was obtained from the parent or guardian of each participant regarding the
recordings. The study design was reviewed and approved by the Institutional Review
Board (IRB).

This report primarily comprises an analysis of data from the first two of the six
sessions, which focused on the exploration of the electricity bill.

Analytical Approach

I adopt a qualitative interpretivist approach to elaborate on the role of electricity bills
as boundary objects. The questions that students raised or articulated—both in writing
and verbally—were identified and categorized. These questions were interpreted
across two distinct activity systems: (a) the process of parsing the bill within an
environment encouraging mathematical reasoning, and (b) the supply of electricity
distribution and sale. For the sake of brevity, an analysis of two such student questions
is presented here. Implications were drawn regarding the potential for contextual
learning about the sale and distribution of electricity in general and its relation to the
individual consumer.

ANALYSIS
Electricity Bill as Boundary Object

It must first be recognized that an electricity bill is a boundary object linking the power
distribution supply chain and the consumer. Hence, the exemplar bill is highly detailed
and contains information ranging from consumer identifiers and payable bill amounts
to multiple payment methods and advertisements. These advertisements included
promotions from the state government as well as consumer goods produced by sister
companies of the power utility.

Within these two dense A4 pages, there are four sections that are of particular interest
here: (a) a table deriving the number of billed electrical units (kwh) from meter
readings; (b) an electricity tariff schedule containing all relevant charges and rates
levied based on the billed units; (c) a table detailing the breakdown of specific charges
for the current bill; and (d) a bar chart showing the monthly consumption pattern of the
household for the twelve months prior to the bill. I will unpack sections (a) and (b) in
the following sections.

The vast majority of this information is ignored by the average consumer. The two
details that are practically relevant are the payable amount and the due date. The
detailed breakdown of how the payable amount is calculated exists for the sake of
transparency on the part of the power supplier and is enforced by regulatory bodies.
However, a consumer knowing specific rates does not necessarily help them, as they
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are beholden to pay whatever they are charged, especially in areas where there is no
competing supplier.

On the other hand, almost half of the items in the detailed breakdown of the exemplar
bill did not impact the final amount; that is, they were zero. Some of these charges are
described using terms such as “Regulatory Asset Charges,” “Wheeling Charges,” and
“Moratorium Amount.” Most are jargon from the economics of power distribution that
often alienate the typical consumer. Understanding these terms does not grant more
agency to the consumer. This resultant obfuscation also affected the participating
students, who frequently became stuck on unfamiliar terminology. When asked what
questions occurred to them after two hours of exploration, multiple students’ responses
were, “What is a moratorium amount?” | posit that they inquired about it because it
sounds exotic and/or esoteric, even though it does not contribute to the bill amount.

The electricity bill explored by the students was, in effect, significantly more opaque
than transparent. The bill, as an information artifact, is designed to facilitate
coordination within the power supply chain, a complex network of activity systems,
rather than to serve the domestic consumer. The calculation of cost of electricity gets
“black-boxed” (Williams and Wake, 2007) away from the consumer. The ability to
parse an electricity bill is not solely dependent on numeracy or literacy; rather, it
requires contextual knowledge far removed from both formal schooling and everyday
life.

Boundary objects are rarely equally approachable from all worlds they intersect with.
They are subject to political forces and often reinforce power structures. Thus, if one
were to unpack mathematical relations or models embedded in a bill, one would
encounter these structures wrapped within them. (Akkerman and Bakker, 2011)

“What is the Multiplication Factor?”
Figure 1: Bill section describing calculation for “Total Billed Units”

L L
(CIosing Rdg.(a) 7,727.0f

I I
(Opening Rdg.(b) 7,535.00

Difference(c = a-b) 192.00

o)

Multiplication factor (MF) 1.00

T

Adjustment(d)

Units[( c*MF) + d] 192

N ) .

Total Metered Units: 192
Total Billed Units: 192

Figure 1 shows how the total billed units are derived from the closing and opening
readings. It is interesting to note that the bill uses algebraic expressions to clarify the
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procedure shown in the table. Every student who encountered this section could relay
the procedure as a verbal instruction or expand upon it by describing the intermediate
substitution. In this explication, they equated "Adjustment (d)" with zero, even though
no figure was provided on the bill. Their school mathematics training enabled them to
successfully parse this section.

After this exploration, multiple students asked, “What is the Multiplication Factor?” or
“What is MF?” As they understood the underlying procedure, they realized it was “the
factor by which one would multiply (c).” However, this cyclic explanation was not
satisfactory to most, and the question was repeated. While the phrasing of their
questions did not change, their tone and discomfort conveyed a frustration that I
interpreted as, “What does it mean?” or “Why is it there?”

This tension was articulated in mathematical language by one student on their
worksheet as: “What are adjustment and MF? Can they both be numbers other than 0
or 1?” (Paraphrased). In the next session, when the students compared multiple bills
from different months, neighborhoods, and power suppliers, they noticed that these
two factors remained constant at 0 and 1, respectively. When asked for their opinion
on whether these values could be something other than 0 and 1, another student
remarked, “They must be... or else why are they there?”

These observations and exchanges demonstrate a type of reasoning akin to a
mathematical convention: “If it is named, it must be a variable.” This logic is made
even more stark by the fact that these values leave the input “c” unmodified. The
distinction made—Ilisting metered units separately from billed units—suggests they
should differ in meaning, even if they do not currently differ in value.

These two numbers correspond to processes that occur in exceptional cases: (i) an
adjustment occurs if a meter is inaccessible for a particular billing period; in such cases,
the consumer is charged based on the average of the previous three months’ usage, with
any excess or deficit adjusted later; and (ii) the multiplication factor can be greater than
1 (for example, 1.5 or 2) if the connection draws a load in excess of what was
sanctioned, acting as a penalty. These factors are not explained on the bill at all.

The algebraic explanations are supposed to help parse this section but a lack of
explanation of the terms obfuscate it. Students were convinced that these factors must
vary solely because they were mentioned though they never saw the numbers change
across multiple bills.
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“How are electricity tariffs calculated?”

Figure 2: Bill section describing “Electricity Tariff Schedule” applicable to the most
common type of domestic electricity connection

ELECTRICITYTARIFFSCHEDULE \
I:-JTI"gBE)SmENTlAL CE::V';:S Ch::;es Chc::u vz:::;l:? Dl:r’:\e:r:d ED (?T‘(‘l’(ifh]
(T/kwh) | @ /kwh) (X /kwh)| (X /kwh) | Charges(¥) !
000-100 Units | 218 | 0.0 000 315 90.00 | 16.00 | 0.2604
101300 Units | 536 | 0.00 000 315 13500 | 16.00 | 0.2604
301-500 Units | 11.62 | 000 | 0.00 | 3.5 135.00 | 16.00 | 0.2604 |
Above 500 1256 | 0.00 0.00 | 315 160.00 | 16.00 | 0.2604
1) al 6010 KW or part th ve 10 y Dx
131.10.16.

The payable bill amount is calculated based on the electrical units consumed and the
various rates listed within a tiered or “slab-based” structure (see Figure 2). In simplified
terms, the electrical units consumed are initially charged according to the lowest tier
(0-100 units) until the usage exceeds 100 units. All subsequent units are then charged
based on the rates in the second tier (101-300 units) ans so on. This calculation
procedure is not explicitly explained on the bill.

During the bill exploration activity, several questions directed the students’ attention
toward the electricity tariff schedule. They were asked to notice differences in the units
for various charges, distinguishing between charges rated by units consumed and fixed
charges. Three students asked questions on their worksheets about the tariff structure
or how the total bill amount is calculated. The question “How is the bill amount
calculated?” was also raised during the discussion at the end of the session. As the
facilitator, | prompted them to try figuring it out on their own. As | was closing the
session, the following exchange occurred:

Student 1: 1 have a doubt here. So, on the backside (unintelligible) ...on the right top
corner there are bill details. In that, the energy charges amount to seven
hundred and eleven (711). But when we calculated it should be around one
thousand [twenty eight] (1028).

Student2:  [twenty eight]

Facilitator:  What did you do to get one thousand twenty eight?

Student 2:  Multiplied 192 by 5.36.
These two students had tried to see if the tariff table and bill details were consistent
through calculation. Their initial understanding was that if monthly consumption fell
into a certain tier, the entire consumption would be charged based on that tier, rather

than through the progressive structure described earlier (e.g., 100%2.18+92x5.36). |
prompted them to figure out the reason for this discrepancy.

By the next session, two other students were able to decipher the tiered calculation and
managed to explain it to their peers. Once Student 1 understood the procedure, she
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asked, “Why do we do it this way?” Depending on the context, her question meant
either, “Why are charges calculated using this progressive tiered structure?” or “Why
are there tiers at all?” Through the use of various mathematical tools and skills, the
students were not only able to reverse-engineer the bill calculation procedure but also
noted its inherent complexity. They did not understand the justification for this
complexity, which stood out as an anomaly to a few students. Ultimately, the students
were unable to pursue this question during the course of the camp, as they moved on
to other activities.

DISCUSSIONS

The electricity bill was an almost completely unfamiliar artifact for the students, as
their participation in household management was peripheral; most had not even seen
their own household’s electricity bill at the start of the camp. However, through their
own mathematical reasoning and skills, they were able to integrate it into the activity
system of the mathematical modeling camp. Their actions were guided by
mathematical principles such as compactness, consistency, and computational
exploration. This led them to ask questions about a sociocultural world of which they
were not a part. Although a full "boundary crossing™ did not occur, these episodes
demonstrate that such a crossing is potentially possible. How to support this crossing
beyond this point, as well as exploring other mathematically rich boundary objects that
can bridge disparate social “worlds,” remains a subject for future study. The ongoing
analysis of this intervention aims to characterize how the electricity bill and household
electricity evolved as mediating artifacts as the activity system of the camp itself
developed.
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INTENDED AND ENACTED REASONING IN PROSPECTIVE
MATHEMATICS TEACHERS’ TASK DESIGNS

Melek Pesen, Emine Erktin
Bogazigi University

This study examines reasoning opportunities in tasks designed by prospective
mathematics teachers and their conceptions of how they promote reasoning and
justification. Twenty-eight prospective teachers designed curriculum-based tasks and
submitted self-reports. Tasks were analysed using the Integrated Framework for
Analyzing Ways of Reasoning (Seving et al., 2022), and self-reports were thematically
analysed. Results indicate that most tasks primarily involved empirical reasoning,
whereas teachers frequently described their tasks as promoting explanation and
justification. Comparison of intended and enacted reasoning revealed diverse
alignments, highlighting challenges in translating intentions about reasoning into task
design, and have implications for teacher education.

INTRODUCTION

Developing students’ reasoning and justification is a central goal of mathematics
education. Mathematical reasoning allows learners to establish connections, articulate
relationships, and justify conclusions, rather than simply recalling procedural steps
(Mata-Pareira & da Ponte, 2017). However, designing classroom tasks that foster
reasoning is a challenge for teachers and prospective teachers (Henningsen & Stein,
1997; Steen, 1999).

The quality of the tasks that the teacher brings to the classroom and the implementation
of these tasks are important in developing students’ reasoning skills and play an
important role in conceptual learning of mathematics (Stein et al., 1996). Therefore,
teachers and prospective teachers need to know which tasks and how they support the
reasoning process. For this reason, teacher education programs should focus on
developing tasks that have high cognitive demand levels and include reasoning and
proof skills, and to analyse existing tasks and revise them when needed (Melhuish et
al., 2018).

In this study, 28 pre-service teachers were asked to develop geometry tasks that
promote reasoning and justification. They were also expected to explain how these
tasks encouraged reasoning. The tasks were analysed according to the Integrated
Framework for Analyzing Ways of Reasoning (Sevinc et al., 2022), and their
statements about how they promoted reasoning were analysed with the emerging
themes. The research questions of the study are formulated as:
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e  What ways of reasoning are embedded in the instructional tasks formulated
by preservice mathematics teachers?

e How do preservice teachers conceptualize the ways in which their tasks
promote reasoning and justification?

e  To what extent are the actual and intended ways of reasoning in the tasks of
preservice teachers aligned?

LITERATURE REVIEW

Mathematical reasoning can be conceptualized as the systematic construction of
justified inferences through deductive, inductive, and abductive modes of reasoning. It
encompasses the formulation of mathematical questions, the development of problem-
solving strategies, making generalizations, formulating and testing conjectures, and
justification of claims (Mueller et al., 2014).

Mathematical tasks strongly shape students’ cognitive engagement and learning
outcomes by influencing both the content learned and the ways students think about
and make sense of mathematics. Cognitively demanding tasks promote explanation,
sense-making, and conceptual understanding, and improve mathematical reasoning
(Stein et al., 1996).

Research has indicated that the tasks employed by teachers are primarily composed of
tasks that are adopted in their original form or with minor adaptations as deemed
necessary (Jones & Pepin, 2016). Steen (1999) posited that teachers face challenges in
the development and implementation of tasks that foster mathematical reasoning. It is
imperative to assess the ability of prospective teachers to design tasks that facilitate
reasoning and to provide support in areas of struggle. To determine how designed tasks
support reasoning, the “Integrated framework for analysing ways of reasoning”
developed by Seving et al. (2022) can be utilized. This framework was primarily
developed to analyse the tasks presented in mathematics textbooks and consists of 7
categories (see Table 1).

Table 1: Integrated framework for analysing ways of reasoning (Seving et al., 2022)

Ways of reasoning Characteristics
1. Appeal to authority No explanation or reasoning
A single deduction from one or more
2. Simple (1-step) deductive reasoning premises

The explanation/ justification of a word
3. Mathematising problem to a strictly mathematical form

Making a conjecture based on

4. Reasoning by analogy similarities between two cases.
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5. Reasoning with empirical Reasoning begins with specific cases
arguments/ specific cases and produces a generalization from these
a. Making claims and generalizing Cases.
b. Justification of claim
6. Developing conclusions/ justifying/
refuting through deductive reasoning
a. Generic example Conclusions are derived from known
information (premises) based on formal
b. Counterexample logi
ogic rules.
c. Systematic enumeration
d. Other
7. Other Abductive reasoning
METHODOLOGY

Participants and Context

28 preservice mathematics teachers participated in the study. The participants were the
junior students who enrolled in a Teaching Geometry course in a public university.
Three participants were studying to become high school teachers, while the rest were
receiving training to become middle school mathematics teachers.

This study was conducted as part of a coursework in the Teaching Geometry course.
The aim of this course is to provide prospective teachers with a foundation in both
content knowledge and pedagogical content knowledge based on Euclidean geometry.
Throughout the semester, the prospective teachers were exposed to comprehensive
course content that included proof and reasoning processes and emphasized their
implementation at the middle and high school levels.

Data Sources

Two data sources were used in the study: The geometry tasks developed by prospective
teachers with predetermined geometry objectives and their self-reports in response to
the question “In what ways does your task promote justification and reasoning?”

Data Analysis

The analysis of tasks was realized through the “Integrated framework for analyzing
ways of reasoning” by Sevinc et al. (2022). For coding, activity sheets prepared by
prospective teachers and details on the implementation of tasks were utilized. The
coding was also performed by a second evaluator; the inter-rater agreement was
calculated as 75% (21 out of 28 codes for complete agreement). The disagreements
were revisited and a consensus was achieved on all codes. A thematic analysis was
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conducted to analyse the self-reports of prospective teachers. Keywords and conceptual
themes were sought in the responses to the question “In what ways does your task
promote justification and reasoning?” Comparisons of intended and enacted reasoning
opportunities were realized through matching the categories obtained in the previous
analyses and examining the alignments between two categorizations for each task.

RESULTS

The findings of the enacted tasks according to the framework by Seving et al. (2022)
showed that prospective teachers mostly created tasks involving empirical arguments
and specific cases (42.9 %) as the majority of them aimed at making claims and
generalizations. Tasks requiring deductive reasoning in multiple steps constituted 39.2
% of all tasks (see Table 2).

Table 2: Ways of reasoning promoted in the tasks

Ways of Reasoning Sub Dimensions f %

Appeal to authority - 1 3.6
Simple (1-step) deductive

reasoning - 3 10.7

Mathematizing - - -
Reasoning by analogy - - -
Reasoning with empirical Making claims and generalizing 11  39.3

arguments/ Specific cases Justification of a claim 1 3.6

Generic example 7 25

Counterexample - -

Developing conclusions/ Systematic enumeration 1 3.6

justifying/ refuting through
deductive reasoning Other 3 10.7
Other Abductive reasoning 1 3.6

The findings for the analysis of intended tasks revealed that the majority of the
prospective teachers expected students to explain and justify their results in their tasks
(27.8%). This was followed by inclusion of experimentation and measurements in the
tasks (22.8%). Expecting students to establish cause-effect relationships, emphasizing
mathematical/geometrical rules and principles, fostering social learning, and
conjecturing were other prominent ways claimed by the participants (see Table 3).
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Table 3: Promotion of reasoning and justification on participants' self-reports

Theme f %
Asking for explanation and justification 22 27.8
Conjecturing 6 7.6
Empirical evidence 18 22.8
Follow the proof procedure 1 1.3
Generalizations 4 51
Logical reasoning 8 10.1
Looking for patterns 4 5.1
Mathematical language 2 2.5
Social interaction 7 8.9
Using mathematical/geometry facts and principles 8 10.1

The alignment of actual and intended ways of promotion of reasoning was examined
through comparison of categories obtained through the “Integrated Framework for
Ways of Reasoning” and themes appeared in participants’ self-report. The analyses
revealed that 14 tasks had perfect alignment, 11 tasks showed partial alignment, and 3
of them had misalignments.

In one of the 14 cases of perfect alignment, the task was described as: “The task
consists of two stages. In the first part, after completing a given triangle into a rectangle
on GeoGebra, the relationship between the areas of the triangle and the rectangle is
discussed. In the second part, students are expected to draw different types of triangles
on grid paper and work on completing them into rectangles as in the previous stage.
They are then asked to make a conjecture about the area relationship of two geometric
shapes and justify whether their conjecture is generalizable to all triangles. Finally,
students are expected to arrive at a general rule.” This task was coded as “Developing
conclusions/ justifying/ refuting through deductive reasoning/other” since several steps
requiring deductive reasoning were employed during the task. The prospective teacher
explained how the task supported reasoning in the following way:

The 1st question engages students in investigation and invites them to look for patterns.
The 2nd question encourages them to identify a relationship between the area of a rectangle
and triangle. And asks for a conjecture. The 3rd question asks them to test and justify their
conjecture. This is important because they will understand why the rule for the area of a
triangle works, which will save them from rote memorization of the formula without
understanding. The 4th question wants them to express this regularity with a mathematical
rule, based on their conjecture. Overall, this task will be an effective learning opportunity
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because it relates to existing knowledge of rectangle area, and eventually, pushes them to
explore a rule to find the area of any triangle.

The themes emerged from this explanation were coded as (1) Looking for patterns, (2)
Conjecturing, (3) Asking for explanation and justification, and (4) Using mathematical/
geometry facts and principles. It was observed that the coding based on the framework
demonstrated a high degree of compatibility with the specified themes.

In the 11 tasks with partial alignment, it was found that prospective teachers either did
not explicitly state some features supporting the reasoning required by the task or added
certain elements not included in the instructions to the task’s reasoning-promoting
moves. A task exemplifying this situation is described as follows: “Students were given
cylinders and coloured papers. They were asked to cover surfaces of the cylinder with
papers and then calculate how much area was covered by the papers. They were given
rulers to calculate the surface area of the cylinder and were asked to summarize in a
table what the shapes were, the areas of the shapes and how they were calculated. The
students were made to think about the expansion of a right circular cylinder and then
presented its representation on GeoGebra”. This task was coded as “Developing
conclusions/justifying/ refuting through deductive reasoning (generic example).” The
prospective teacher explained how the task supported reasoning in the following way:

Students are asked to cover the cylinders in their hands with paper. They work together
with their group mates to cover the cylinders and find the area of the cylinder. After finding
it, they justify their results by examining and evaluating their results. They explain the
strategies they followed while covering the cylinders to their friends and the teacher,
considering which geometric shapes they obtained.

The self-report was coded as “Asking for explanation and justification”. However, the
task does not only require students to explain and justify. Students were expected to
generalize from a specific example of cylinder and the cylinder under consideration is
more than just a particular example; it embodies the properties that all right cylinders
share. For this reason, this task, which requires deductive reasoning, can also be
considered a generic example.

In the 3 tasks with misalignment, the statements in the prospective teachers’ self-
reports did not correspond to the reasoning-promoting opportunities afforded by the
tasks. It was observed that prospective teachers either expressed reasoning-supporting
moves that were not present in the task or failed to articulate the reasoning
opportunities provided by the task. A task representing this situation is described as
follows: “The activity of drawing a perpendicular from a point outside the line segment
using a compass was considered. 4 steps of marking certain distances with a compass
and then connecting the intersection point with the point outside the line segment.
Students were only asked to follow the instructions given”. The task was coded as
“Appeal to authority.” The prospective teacher stated in his self-report that:
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The task promotes justification and reasoning by requiring students to explain why a line
is perpendicular and how they determined the right angle accurately. Students have to
explain their thought processes and the geometric principles applied.

The explanations of the preservice teacher were assigned with 2 codes: (1) Asking for
explanation and justification and (2) Using mathematical/ geometry facts and
principles. This task requires only the following and execution of the steps provided in
the instructions. No statements supporting reasoning were identified. Therefore, the
prospective teacher’s explanations are not consistent with the task’s instructions.

DISCUSSION

The most prevalent code observed in the tasks, “Reasoning with empirical
arguments/Specific cases,” may be attributable to the content of the geometry learning
objectives assigned to prospective teachers. Certain geometry objectives may be more
conducive to require deductive reasoning. The majority of the tasks were aligned with
middle school geometry objectives, and the prospective teachers, who were expected
to design tasks accordingly, may have been hesitant to prepare reasoning- and proof-
based tasks due to considerations of students’ cognitive capacities. On the other hand,
a considerable number of prospective teachers included deductive reasoning and
generic examples in the tasks they prepared. This indicates that teacher candidates took
into account the emphasis on deductive reasoning and proof-based geometry teaching
in the Teaching Geometry course they were enrolled in and developed themselves in
terms of pedagogical content knowledge (PCK).

Most prospective teachers stated that their tasks supported reasoning by directly
expecting explanations or justifications from students, followed by using evidence
from measurements and calculations—Ilikely due to the visual nature of geometry
topics and middle school objectives encouraging empirical tasks. Their responses were
mostly cognitive, but two notable themes also emerged: social interaction (classroom
discussions, peer convincing, group work) and using mathematical language properly.
These findings highlight the need for teacher education programs to focus not only on
cognitive skills but also on social and technical competencies, which are vital for
developing proof skills.

To prepare reasoning-supporting tasks, prospective teachers need both subject matter
knowledge and pedagogical content knowledge. This study’s tasks required knowledge
of geometry as well as reasoning and proof and the relevant pedagogical knowledge.
Results indicate that while prospective teachers’ geometry knowledge is sufficient,
their ability to support reasoning needs development. The dominance of relying on
empirical arguments in tasks may reflect either insufficient knowledge and skills or
hesitation about implementing such tasks at the middle and high school level. Future
studies should examine teacher knowledge and beliefs alongside task development,
and having prospective teachers implement their tasks could better reveal their
knowledge on promoting reasoning and justification skills. Also, incorporating more
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task development and analysis exercises in teacher education programs can enhance
the realism and depth of prospective teachers’ reflections on how their tasks support
reasoning, thereby increasing their knowledge and awareness of tasks’ reasoning
potential.
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This research report examines how specialized knowledge is enacted by a mathematics
teacher and a special education teacher in primary mathematics classrooms organized
around co-teaching. The analysis draws on six lessons taught in first, third, and sixth
grade. The findings indicate that instructional practices were predominantly
structured according to the “one teaches, one assists” and ““one teaches, one
observes” models of co-teaching. Across lessons, the knowledge enacted in classroom
interaction was shaped by the teacher who assumed instructional leadership. We
conclude by discussing implications for teacher education and research on teachers’
professional knowledge.

CO-TEACHING FOR TEACHING IN INCLUSIVE CONTEXTS

Co-teaching has been widely recognized as an instructional tool with considerable
potential to support inclusive education; yet its impact is closely tied to how it is
enacted and to the professional and institutional contexts in which it is embedded
(Cook & Friend, 1995; Scrugg et al., 2007). Research on student learning suggests that,
in mathematics, co-teaching can contribute to meaningful gains for students with
special educational needs (SEN) and for their peers without SEN, particularly when it
is sustained over time and positioned as a core mode of instruction rather than as an
ancillary form of support (Lehane & Senior, 2020). These outcomes, however, are not
an automatic consequence of having two teachers in the classroom. Instead, they are
associated with forms of collaboration that involve joint planning, shared responsibility
for instruction, and flexible enactments of co-teaching models (Gardesten, 2023).

Despite this potential, the literature consistently documents tensions between
mathematics teachers and special education teachers when co-teaching is enacted.
Studies with both pre-service and in-service teachers show that classroom practice is
often dominated by a one-teaches, one-assists configuration, which tends to reproduce
hierarchical views of expertise: mathematics teachers are positioned as content
specialists, while special education teachers are confined to individualized or
behavioral support roles (Harbour et al., 2022; Shin et al., 2016). At the same time,
research highlights asymmetrical gaps in professional knowledge. Special education
teachers (SETs) frequently report limited confidence in mathematical content and
topic-specific instruction, whereas mathematics teachers (MTs) identify shortcomings
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in their knowledge of accessibility, adaptation, and inclusive teaching strategies (Shin
et al., 2016). What remains insufficiently understood, however, is the nature of the
specialized knowledge that each professional brings to co-teaching. In response, this
study focuses on describing mathematics specialized knowledge enacted by MT-SET
teacher dyads during co-teaching.

THEORETICAL PERSPECTIVE
Co-teaching

Co-teaching is usually understood as an instructional approach in which two teachers
intentionally share responsibility for teaching a diverse group of students within the
same classroom, to expand opportunities for access, participation, and learning (Cook
& Friend, 1995; Graziano & Navarrete, 2012; Scrugg et al., 2007). Within the
literature, co-teaching is typically operationalized through six distinct models:

e  First, one teaches, one assists positions one teacher as the instructional lead,
while the other circulates to provide targeted support, monitor student work,
and respond to questions; this model is often adopted as an entry point when
teacher pairs are beginning to collaborate.

e Second, station teaching involves dividing the content and organizing
instruction across multiple stations or subspaces, with students rotating while
teachers coordinate instruction and scaffolding at each station.

e Third, in parallel teaching, both teachers engage in joint planning and
simultaneously teach the same content to two smaller groups, thereby
increasing opportunities for participation and feedback.

e  Afourth model, alternative teaching, entails one teacher working with a small
group—for purposes such as pre-teaching, re-teaching, reinforcement, or
enrichment—while the other leads the larger group. Its value lies in providing
focused support without permanently separating students.

e  Fifth, team teaching is characterized by shared leadership of the lesson, with
fluid exchanges of instructional roles; this model requires high levels of trust,
communication, and coordination between teachers.

e Finally, Graziano and Navarrete (2012) also describe the one teaches, one
observes model, in which teachers make certain decisions collaboratively and
jointly analyze the lesson after its completion. During instruction, however,
one teacher delivers the lesson in its entirety, while the special education
teacher is largely confined to an observational role, with limited substantive
intervention.

Mathematics Teacher Specialized Knowledge (MTSK)

This study adopts the Mathematics Teacher’s Specialized Knowledge (MTSK)
framework developed by Carrillo et al. (2018), as it provides a robust lens for
characterizing teachers’ professional knowledge and for examining the types of
knowledge and skills mobilized in classrooms when special education teachers teach
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mathematics. According to Carrillo et al. (2018), “this model features a reconfiguration
of mathematical knowledge, a reinterpretation of pedagogical content knowledge and
a new way of conceptualising the notion of specialisation” (p. 240). The framework
distinguishes two main knowledge domains: Mathematical Knowledge (MK) and
Pedagogical Content Knowledge (PCK), each articulated through specific subdomains.
MK comprises Knowledge of Topics (KoT), Knowledge of the Structure of
Mathematics (KSM), and Knowledge of Practices in Mathematics (KPM). PCK, in
turn, includes Knowledge of Mathematics Teaching (KMT), Knowledge of Features
of Learning Mathematics (KFLM), and Knowledge of Mathematics Learning
Standards (KMLS).

RESEARCH METHOD

This study adopts a qualitative, narrative research design (Cohen et al., 2018), as its
primary aim is to characterize mathematical knowledge for teaching and examine how
such knowledge is enacted by teachers engaged in co-teaching.

Context and participants

The study involved three teacher pairs, each consisting of an MT and a SET, from a
regular Chilean school implementing a School Integration Program. This program is
mandatory for all state-funded schools and is characterized by the presence of
multidisciplinary teams that support students with SEN. These teams typically include
SETs, occupational therapists, educational psychologists, among other professionals.
However, the most salient feature is the participation of a special education teacher in
Language and Mathematics classes.

The participating pairs of teachers worked in 1st, 3rd, and 6th grades of primary
education; in this way, different educational stages were covered. Each class consisted
of approximately 40 to 45 students. The content addressed during the lessons included
plane and solid geometry (1st grade), division (3rd grade), and equations (6th grade).

All participants and their families provided informed consent, ensuring ethical
treatment of the data. In addition, data management was supervised by an Ethics
Committee (Ethical Approval No. 179/2024).

Data collection and analysis

We conducted video and audio recordings of six mathematics lessons (two per teaching
pair), each lasting approximately one hour and twenty minutes. The recordings focused
on teachers’ interactions with students and the knowledge mobilized during instruction.

A content analysis (Kuckartz, 2019) was conducted on the lesson transcripts, which
were segmented into episodes and subepisodes using a conversational criterion. Special
attention was given to teachers’ interventions with students. The units of analysis
corresponded to units of recording (Krippendorff, 2019), as we coded specific content
segments in which categories from the MTSK framework—namely MK and PCK and
their respective subdomains—could be identified, as well as the model of co-teaching
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enacted. To identify the categories mobilized by teachers during co-teaching, we first
conducted a deductive content analysis. This involved identifying the specialized
knowledge mobilized by each teacher across the six lessons. We then identified
subepisodes in which both teachers interacted around the mathematical content being
addressed (36 subepisodes), followed by identifying the inferred models of co-teaching
within those subepisodes. Finally, an inductive content analysis was conducted to
further examine the findings within each MTSK domain according to the type of co-
teaching involved. Particularly, our analysis adopted a perspective centered on the
object of interest—the MTSK and co-teaching—rather than on the participants
themselves.

RESULTS

Although co-teaching by each teacher pair is intended to span the entire lesson, our
analysis identified 24 episodes characterized by a one—teaches—one observes dynamic
and 12 sub-episodes aligned with a one teaches—one-teaches-one-assists model. The
following section outlines the patterns identified for each co-teaching type.

Mobilized Knowledge in One-Teaches—One-Observes Co-Teaching

This model of co-teaching occurs exclusively in the MT teaches—SET observes
configuration. Three patterns were identified: (a) one teacher explains the lesson
objective while the other intervenes on central aspects; (b) one provides task
instructions while the other paraphrases; and (c) one focus on students’ representations
or strategies while the other directs students’ attention.

From the perspective of specialized knowledge mobilized, the first pattern—one that
explains the lesson objective while the other intervenes on central aspects—involves
KMLS on the part of both teachers. The MT draws on knowledge of expected learning
outcomes to frame the objective and prompt prior knowledge, while the SET draws on
knowledge of students’ conceptual development to reinforce correct responses. For
example:

MT I want to ask a question. Do you remember that last week the teacher said

“solving divisionsin ___and ___ ways”?
Student Sym... symb...

MT Okay, ¢sym... bo...?

Student iSymbolic!

MT Which of the two would be symbolic?
SET Which one of the two?

In this sub-episode, the MT engages students in a discussion of prior knowledge related
to the lesson objective, particularly regarding the types of representations previously
addressed. Likewise, the interaction serves to recall the representations previously used
to solve division problems, with the SET merely reiterating the MT’s question. Similar
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interactional moves appear in the second and third patterns, though with different
instructional goals.

In the second pattern—one provides task instructions while the other paraphrases—
the MT mobilizes KoT (e.g., definitions, properties, procedures) and KMT (e.g., tasks
and examples). The SET’s participation varies according to the nature of the
intervention. In some sub-episodes, the SET mobilizes KoT to complement the MT’s
instruction. For example, when the MT asks “What are we going to share now?” and
students struggle to respond, the SET draws on the problem context to highlight the
divisor by reformulating the question as ““Let’s see if that’s it—between Ana and Silvia,
right?”. In other sub-episodes, the SET mobilizes KMT to refocus the task by
rephrasing or narrowing the MT’s questions.

MT What is the green one called, the third?

SET The last one...

Student Square

MT Correct. And the fourth one, Student? What is it called?
SET What is it called, Student?

Student Rectangle!

In the third pattern—one probes students’ representations or strategies while the other
focuses attention—the MT mobilizes KoT (e.g., definitions, properties, procedures)
alongside KMT (e.g., tasks and examples). The SET, in turn, mobilizes KMT to direct
students’ attention by isolating specific steps or breaking the task into smaller units.
For example, in one sub-episode:

MT szhatr)question do you have? Or can a classmate explain what needs to be
one’

Student You have to cut out the shapes, paste them in the square, and put similar
ones on each side.

SET Okay... the shapes have to be cut out.

Student Paste them in the squares.

SET And paste them here, on these sides... what else needs to be done?

Student Paste the similar ones together.

SET Right, paste the similar ones on each side.

Here, the SET structures the task step by step to support students’ understanding.
Overall, the data suggest a complementary distribution of knowledge between teachers.
While the MT mobilizes a broader range of knowledge, the SET mobilizes a distinct
form of KMT aimed at enabling students to reach an answer, often by lowering the
cognitive demand of the task.
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Mobilized Knowledge in One-Teaches—One-Assists Co-Teaching

This form of co-teaching involves role switching, with both the MT and the SET
assuming the role of lead teacher at different moments. Two implementation patterns
were identified: complementarity and combination.

In the complementarity pattern, one teacher initiates an instructional action and the
other extends it. For example, the MT introduces the task, while the SET carries it out
with students:

MT You are going to listen to the following statement and turn your card If you
agree or disagree.
SET Okay, very good. The first statement says: “Rectangles have all sides

equal.” Do you agree or disagree? Let’s see—show your cards. I’ll read it
again so you can think: “Rectangles have all sides equal.” | see some green
and some red cards; the red ones—those who disagree—are winning.
Agustin, why do you disagree?
In the combination pattern, one teacher leads the activity while the other contributes
new perspectives through active intervention. In the following extract, the SET writes
an equation symbolically, and the MT completes missing elements:
SET Four, right? Because terms are separated by plus or minus signs.
So we have one, two, three, and four. And what is the equal sign called?

Students Equality.

MT And we’re missing something... the...
Students Coefficients
MT Coefficients—and the...

Students Unknowns.

Regarding specialized knowledge mobilized, in the complementarity pattern, the
leading teacher typically mobilizes KoT related to the mathematical idea or KMT
related to the task. The other teacher complements this by mobilizing KoT (e.g.,
procedures or alternative representations), KMT to adapt the task, or KMLS by
attending to students’ conceptual level. For instance, when the MT asks students to
represent the equation 2x + 1 = 7 pictorially, emphasizing the terms, the SET
intervenes by saying, ““Guys, and also, do you remember this thing that goes in between
the two?”” (referring to the 2 and the x), a common source of difficulty in symbolic
representations.

In the combination pattern, the leading teacher primarily mobilizes KMT related to task
design or KMLS regarding students’ conceptual development, while the other teacher
mobilizes KMT to implement the task previously introduced.

DISCUSSION AND CONCLUSIONS

Because the effectiveness of co-teaching depends on multiple conditions—such as how
it is implemented and teachers’ professional resources, including their knowledge base
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(Cook & Friend, 1995; Scruggs et al., 2007)—this study set out to examine the
specialized knowledge mobilized by MT-SET pairs during co-teaching.

Consistent with previous research (Harbour et al., 2022; Shin et al., 2016), the most
prevalent model observed was one teaches—one assists, typically led by the
mathematics teacher. However, our findings also show role fluidity, with the SET
assuming instructional leadership in some moments. By contrast, in the one-teaches—
one observes model, the SET’s participation was limited to reformulating the MT’s
contributions and did not involve assuming a leading role. While this may be partly
explained by our focus on interactional episodes rather than full lessons, the findings
highlight the relevance of examining how leadership shifts across co-teaching
arrangements and the knowledge mobilized when it does.

A key contribution of this study concerns the nature of the knowledge mobilized.
Across both co-teaching models, teachers drew on similar forms of knowledge (KoT,
KMT, and KMLS). Nevertheless, the teacher complementing instruction typically
introduced alternative representations or procedures. Moreover, assisting or observing
teachers appeared to engage in greater cognitive work, as they interpreted the leading
teacher’s input and adapted or reformulated it to provide support. As a result, the
knowledge mobilized by the assisting or observing teacher was contingent on that
mobilized by the teacher leading instruction.

These findings underscore the importance of accounting for the variability of
classroom situations in the preparation of both MTs and SETs. By documenting co-
teaching models and the specialized knowledge mobilized in primary mathematics
classrooms, this study offers insights that may inform teacher educators in both
mathematics education and special education, particularly in courses addressing co-
teaching practices.
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PARTITIONING OF DISCRETE AND CONTINUOUS
QUANTITIES AT KINDERGARTEN

Georgia Pitta, Xenia Vamvakoussi
Department of Early Childhood Education, University of loannina

This paper reports findings from a design research study aimed at fostering early
multiplicative reasoning. Kindergarten children were introduced to an estimate-and
measure procedure (indirect partitioning) for identifying submultiples of discrete and
continuous quantities. Pre- and post-interviews examined children’s performance,
appropriation of the taught procedure, and the emergence of their own strategies.
Results showed improvement across quantity and submultiple types for all children
who completed the posttest. Analysis of video-recorded solution processes revealed a
range of indirect and direct partitioning strategies. The findings suggest that parallel
work with discrete and continuous quantities is feasible for young children and can
substantially support early multiplicative reasoning.

THEORETICAL FRAMEWORK

Research indicates that, from an early age, children can discern simple multiplicative
and proportional relationships, particularly for continuous quantities and especially for
the relations of half and double (Fitzpatrick & Hallett, 2019). However, when children
are tasked with finding a fractional part of a quantity—such as in fair-sharing
problems—they tend to perform better with discrete quantities than with continuous
ones. This advantage arises because discrete contexts allow children to use strategies
such as one-to-one or one-to-many correspondence, continuing until the quantity is
fully allocated (Park & Nunes, 2001). In contrast, strategies for continuous quantities,
such as repeated halving (Hunting & Davis, 1991), are mainly based on the children’s
ability to estimate halves—which constrains the range of fractional parts they can
produce. Importantly, successfully finding a fractional part does not guarantee
understanding of the underlying mathematical principles. Nevertheless, research
suggests that such principled understanding develops in parallel for both discrete and
continuous quantities (Kornilaki & Nunes, 2005).

Procedural challenges associated with partitioning continuous quantities may be one
reason why mathematics curricula typically introduce multiplicative reasoning
learning objectives first in the context of discrete quantities (e.g., equal-groups
situations), and only subsequently in the context of continuous quantities (e.g., the
introduction of fractions via area models) (Sophian, 2008; Vamvakoussi &
Kaldrimidou, 2018). A second, arguably deeper, reason lies in the historically
entrenched distinction between discrete and continuous quantities, which has
influenced mathematical thought for millennia (Lucas, 2000). Nevertheless, some
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researchers emphasize the similarities between discrete and continuous quantities and
how the human mind processes them (Sophian, 2008; Steffe, 2013). Furthermore, it
has been argued that an overemphasis on discrete quantities, natural numbers as
cardinal numbers, and additive relationships in early mathematics education may not
adequately support children in building the conceptual foundation necessary for later
learning about multiplicative notions, particularly fractions (Hunting & Davis, 1991;
Sophian, 2008; Vamvakoussi & Kaldrimidou, 2018). The question arises as to whether
fostering multiplicative reasoning for discrete and continuous quantities in parallel at
an earlier stage of instruction is a feasible and fruitful goal.

We have been conducting a topic-specific design research study (Gravemeijer &
Prediger, 2019) to address this question. We adopted a relational approach (Polotskaia
& Savard, 2021) to multiplication, according to which the expression A =nx b
captures a single multiplicative relationship between A and b that can be interpreted
from two complementary perspectives: A=nxband b = 1/n x b (e.g., six is the
triple of two / two is one third of six). Note that A and b may be numerical or physical
quantities, and n represents the ratio A/b, which can itself be either an intensive
quantity (e.g., three candies per child) or a bare number.

We designed an instructional program aimed at supporting children to a) identify
multiplicative relationships across various types of multiplicative situations for both
discrete and continuous quantities, specifically, length; b) express multiplicative
relationships from two perspectives; and c) find multiples and submultiples of given
quantities.

The core of the program consists of three activities addressing three types of
multiplicative situations (Greer, 1992): multiplicative comparison, multiplicative
change, and proportional problems (for a more detailed description of the activities,
see Pitta & Vamvakoussi, 2025). A key element of the program is the introduction of
vocabulary pertinent to multiplicative notions, as vocabulary has been found to play an
important role in the development of multiplicative reasoning (De Keersmaeker et al.,
2024), possibly because it helps children recognize the same relationships across
different contexts (Hunting & Davis, 1991). Specifically, we introduced terms for
multiples and submultiples (i.e., fraction names) as well as terms for composite units
to support children in unitizing (i.e., structuring a quantity into units), a foundational
multiplicative reasoning competence that is relevant in both discrete and continuous
contexts (Sophian, 2008; Steffe, 2013). We should note that in Greek there is a salient
regularity in the formation of all the introduced terms, as they are derived from the
words for cardinal and ordinal numbers through a standard suffix. For example, the
term triad—triada in Greek—is formed from the word tria (three).

In addition, we have devised a meaningful way to circumvent the procedural challenges
associated with directly partitioning continuous quantities. We designed an indirect
partitioning procedure, an estimate-and-measure one, employing the inverse process
of partitioning: Suppose that the unknown quantity b is one third of a quantity A. First,
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b is estimated and selected from a set of options; then, one checks whether three b’s
measure A exactly. This procedure relates to the measurement aspect of fraction
(Wilkins & Norton, 2018), urges children to (mentally) engage in unitizing (Steffe,
2013), but also allows for elementary strategies like “trial and error”. Further, the initial
quantity remains intact, while there is the possibility to see a partitioned version of it.

The instructional program embedding this procedure was revised and redesigned over
the course of four cycles of the study, along with its linguistic and other
representational tools (Pitta & VVamvakoussi, 2025). In this paper, we present findings
regarding submultiples from the latest enactment with kindergarten children. We
examined (a) whether children’s ability to identify submultiples of quantities improved
across types of quantities and relationships, (b) if and how they appropriated the taught
procedure, and (c) whether they developed their own strategies.

METHOD
Design elements: Indirect partitioning and representational tools

Manipulatives made of cardboard were used to represent the quantities—dots for
discrete, and bars for continuous quantities. For discrete quantities, the manipulatives
were available in two forms: A collection of dots that could be freely manipulated, and
copies of groups of dots glued onto strips of paper, representing composite units.

We designed a concrete representation of the ratio n between the known (A) and the
unknown quantity (b) to help children keep track of important elements of the problem
situation, notably n. This tool (hereafter, ratio tool) consisted of arrows with a common
starting point. On the left side there was always one arrow, while on the right there
were n arrows representing the numerical value of n. The ratio tool was linked to
equipartitioning of A from right to left, and to iteration of b from left to right. Figure 1
presents the ratio tool and its use in the taught procedure for n=2, for discrete and
continuous quantities. Specifically:

Children first select the appropriate tool for the given problem (Fig. 1a), estimate the
unknown quantity b, and select it from five available options. They then map n copies
of b onto the n arrows (Fig. 1b); and check whether these copies measure A exactly
(Fig. 1c). If so, one copy of b is placed on the left arrow (Fig. 1d); otherwise, the
estimate is revised.

Mapping copies of b onto the n arrows of the ratio tool constitutes an intermediate step
(1S) in this estimate-and-measure procedure, which we term Indirect Partitioning-IS.
This step enables children to keep track of n, while the whole setting supports children
to coordinate the number of iterations of b with the partitioning of A.

During the intervention, the researcher-teacher (first author) posed the problems and
gave children time to process them. She introduced the procedures and modelled them
again when necessary. Children’s own strategies, as well as variations of the taught
procedures, were acknowledged as correct if they were valid. The relationship between
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A and b was described from two perspectives (e.g., 4 is the triple of b/ b is one third
of A). In addition, b was described both as a unit of measurement and as part of a whole
(e.g., b fits three times into A; b is one of the three equal parts of A).

Figure 1: lllustration of the procedure for Indirect Partitioning with the ratio tool.

Continuous

Discrete

N
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Participants

An entire mixed-age class from an urban private kindergarten in Greece participated
in this intervention. Thirteen children were at their second (Y2) and nine at their first
(Y1) Kindergarten year (mean age 5 years 7 months, ranging from 5 years and 7 months
to 6 years and 4 months). They were all native Greek speakers and participated
voluntarily with their parents’ informed consent.

Procedure and Research Tools

The children were pre- and post-tested via individual interviews. The interviews were
conducted in two parts and were video recorded. The students participated in the
intervention in two groups of 11 mixed-age children; each group participated in nine
sessions (approximately 45 minutes each) that took place in their classroom. During
the intervention, each problem was elaborated first for continuous, and immediately
after for discrete quantities, to highlight the underlying similarities.

There were two common tasks at pre- and post-test (hereafter, Task 1 and Task 2)
which were not addressed during the intervention. Each task had 3 trials for n=2, 3, 4,
a total of 12 problems with b as the unknown quantity. Task 1 included partitive
division problems posed as follows “Three friends will share these candies/ this
chocolate bar fairly. Can you show me what each friend will get?”

In Task 2, the children were given a quantity and were explicitly asked to find a
submultiple of this quantity. The problems were posed as follows: “I have these
candies/ this chocolate bar. I will give George one-third of the chocolate. What do you
think George will get?” In Task 2, recognizing and interpreting the terms was a
prerequisite for solving the problems.

All quantities were represented as in the intervention, the ratio tool was available, and
there were representations of the “recipients” in Task 1, serving as another
representation of the numerical value of n. Children were given 5 options for each trial
and were asked to explain their answers to ensure that their choices were not random.
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RESULTS

Seven out of 9 Y1 children did not provide any correct answers at pretest and either
refused to participate or quit at posttest. Table 1 presents the frequency of correct
answers for the remaining 15 children, by quantity type, task, and trial (n = 2, 3, 4), at
both test moments. At pretest, very few correct responses were observed, and only for
n = 2; these responses came from 4 children. At posttest, all children answered
correctly for n = 2; and 11 children (including a Y1 child) for n =3 and n = 4 as well
(hereafter, Group A). We note that errors were produced by 4 children (hereafter,
Group B), who all succeeded twice for n=3; three succeeded at least once for n=4,
whereas the fourth, a Y1 child, failed all trials for n=4. Overall, correct answers in the
discrete and continuous case were similar in frequency, with a slight difference in
favour of the latter for n=4; and more correct answers were observed in Task1.

Table 1. Correct-response frequencies by quantity type, task, and trial, at pre/posttest

Type of quantity
Discrete Continuous
Task 12 Task 22 Task 12 Task 22
Pre Post Pre Post Pre Post Pre Post
2 3 15 0 15 0 15 2 15
3 0 15 0 11 0 15 0 11
4 0 12 0 11 0 14 0 11
Total 3 42 0 37 0 44 0 37

@ Maximum number of correct responses per test moment: 15

Based on data from Table 1, correct answers at posttest were 160 (88.9 % in a total of
12 x 15 =180). Among those only 5 (3.1 %) were not adequately justified, neither via
a solution process, nor verbally; all corresponded to Group B. In 15 cases (9.4%) only
verbal explanations were provided.

We focus on the 140 cases (87.5%) in which a solution process was applied (with or
without verbal explanation). The applied solution processes were slightly more in the
discrete case (76 instances, 54.3% of 240). Based on the video recordings, children’s
solution processes were described in detail in written form and iteratively compared by
the two authors. The following categories were agreed upon:

Indirect Partitioning-1S (N=8, 5.7%). The taught procedure was scarce, with 5
instances in the continuous case.

Indirect Partitioning (N=40, 28.6%). This is a variation of the taught procedure in
which the intermediate step was omitted (Example 1). It occurred predominantly in the
continuous case (34 instances).
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Example 1. The child seeks to find 1/3 of a chocolate bar (A). He selects a b, takes 3 copies
of it, aligns them alongside the given bar, verifies that they together match the same length
as A, takes one of them and presents it as his response.

Indirect Partitioning —unit iteration (N=11, 7.9%). This is an advanced variation of
the taught procedure, in which A is directly measured by one copy of b (Example 2). It
occurred predominantly in the continuous case, but there were 3 instances in the
discrete case as well (Example 2).

Example 2. The child seeks to share 9 “candies” fairly among 3 “kids”. He selects a group
of three from the available options and measures A by moving the strip alongside A, while
reciting “one, two, three”.

Direct Partitioning/ 1-1 (N=17, 12.1%). This process corresponds to the exhaustive
one-to-one correspondence, where a representation of n (typically, the “recipients”)
was employed.

Direct Partitioning/ many-to-one (N=25, 17.9%b). In this process, a composite unit
was selected in advance as b and many-to-one correspondence was carried out,
mapping b onto a representation of n (Example 3). In some cases, the child’s first
selection (typically, a group of two) needed to be revised.

Example 3. The child seeks to share 9 “candies” fairly among 3 “kids”. She selects a group
of three from the available options and gives it to the first “kid”; she selects two more
copies and gives them to the remaining “kids”. She says, “Each kid gets a triad”.

Direct Partitioning (N=39, 27.9%). In this process, the child operated on A, and
decomposed it in n parts without using any concrete representation of n. In the discrete
case (22 instances), it consisted of partitioning A into equal groups (Example 4). In
some cases, the first attempt (typically, by groups of two) failed and the child retried.

Example 4. The child seeks to find 1/3 of 9 “candies”. She looks at the candies for a few
moments, separates one group of three and rearranges the remaining “candies” in two
groups of three. She says, “Here it is, the one third. | have three triads and | take out one”.

In the continuous case (17 instances), Direct Partitioning occurred predominantly for
n=2 where children estimated the midpoint of the bar, marking it with their hand. A
similar strategy was applied three times for n =3 (Example 5).

Example 5. The child seeks to share a “chocolate bar” fairly among 3 “kids”. He says,
“There are three kids, | need to cut the chocolate into three pieces”. He places his hand
where he estimates the first piece ends. He looks at the options without removing his hand.
Then he selects the correct option and says, “This is one third of your chocolate”.

To summarize, two variations of the taught procedure Indirect Partitioning-IS were
identified in children’s solution processes; in both, children did not use any concrete
representation to keep track of the number of multiple units, or iterations of a single
unit. Three solution strategies involving direct partitioning of A occurred via one-to-
one and many-to-one correspondence; and partitioning A without using a concrete
representation to keep track of the number of parts. Indirect partitioning was employed
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mainly, but not exclusively, in the continuous case; and vice versa for Direct
Partitioning. We note that all children used both indirect and direct partitioning
processes but only Group A children used the ones that we consider more advanced—
Indirect Partitioning with unit iteration, and Direct Partitioning.

DISCUSSION-CONCLUSIONS

The findings of this study indicate that prior to the intervention, successful solving of
the tasks was scarce and confined to “halving” in fair-sharing contexts, After the
intervention, all Y2 and few Y1 children completed all tasks, across quantity types and
relationships. A smaller group succeeded consistently for “half” but inconsistently for
“thirds” and “fourths”; they did better in the fair-sharing task; and slightly better in the
continuous, than in the discrete case. These findings agree with literature highlighting
greater facility with “one half” and “fair sharing” situations (Fitzpatrick & Hallett,
2019); and are consistent with findings indicating that it is procedural, rather than
conceptual difficulties that young children face with division tasks in continuous
contexts (Kornillaki & Nunes, 2005).

Our findings also indicate that the children appropriated and varied the taught
procedure in productive ways; and were not discouraged from developing and
advancing their own strategies. We note that none of the variations of the taught
procedure or any of the direct partitioning strategies were introduced by the researcher;
rather, the children contributed, shared and developed these strategies, starting with
exhaustive one-to-one correspondence, the most elementary one (Park & Nunes, 2001).
A common feature of more advanced solution processes is less reliance on concrete
representations of the number of parts; in addition, there appear to emerge important
components of multiplicative reasoning such as identifying and using composite units
and measuring with unit iteration (Sophian, 2008; Steffe, 2013).

Overall, the findings suggest that pre-primary children can engage meaningfully with
multiplicative relationships for both discrete and continuous quantities when
instruction foregrounds relational meanings, and key multiplicative notions such as
measurement. At the same time, the limited participation of most Year 1 children in
the posttest raises certain concerns. These children were willing to participate in
classroom activities but needed peer support to complete the submultiples task.
Apparently, they were unwilling to engage in an one-to-one testing situation, probably
because they perceived these tasks as overly challenging. Further design iterations are
needed to explore whether and how such instructional approaches can be adapted to
better support younger children’s engagement with multiplicative notions.
The present study was conducted within the framework of the research project
HFRI' RECONCEPTUALISE, which is implemented under the HFRI (ELIDEK)

Hellenie Foundation for  action: “3% Call for HFRI Research Projects for Faculty Members and
Research & Innovation  Researchers™ (H.F.R.I. Project No. 26442)
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UPPER ELEMENTARY STUDENTS’ PERFORMANCE AND
REASONING ON FUNCTION-GRAPH TASKS

Marios Pittalis®, Susanne Strachota?, Maria Chimoni!, Mathias A. Lopez?
tUniversity of Cyprus, 2Tufts University

This study examines Grade 5 and 6 students’ performance on and reasoning about
function-graph tasks. Drawing on a synthesis of frameworks, we designed tasks
addressing five conceptual categories. Data from 271 students were analyzed using
mixed methods. Results show stronger performance on coordination of quantities
tasks, particularly with quantitative values, and substantial challenges with tasks
requiring functional inferences. Performance on covariational and graph-as-object
tasks was more variable. Findings include a framework for analyzing upper
elementary students’ reasoning of function graphs, with insight on how task categories
foreground distinct reasoning.

INTRODUCTION

Functional thinking is a core dimension of algebraic thinking across grade levels (Pinto
& Cafadas, 2021; Stephens et al., 2017). It encompasses multiple conceptions of
functions (Doorman et al., 2013), including functions as input—output assignments,
dynamic processes of covariation, correspondence relations emphasizing input and
output pairings, and mathematical objects (Pittalis et al., 2020). Developing these
conceptions requires coordinating representations, including equations, tables,
diagrams, and graphs (Kieran, 2022). Among these representations, graphs play a
central role in functional thinking (Radford, 2025; Tasova & Moore, 2025), as they
uniquely support all major conceptions of functions, enabling coordinating changes in
input and output quantities, interpreting direction and magnitude of change, and
translating between representations (Carlson et al., 2002). Despite these affordances,
little is known about how students—particularly in upper elementary grades—interpret
and reason with function graphs. Addressing this gap, the present study examines how
Grade 5 and 6 students perform on and reason about function-graph tasks.

THEORETICAL CONSIDERATIONS

To investigate performance related to function graphs, we draw on complementary
theoretical perspectives. Central to our approach is the framework proposed by
Strachota et al. (2024), originally developed with Grades K-2 students and grounded
in Sfard’s (1991) object—process theory. This framework conceptualizes reasoning
about function graphs as dynamic and context-dependent, with multiple forms of
reasoning potentially coexisting. It distinguishes qualitatively different ways of
engaging with graphs, ranging from attention to individual graph components and
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coordination of quantities represented by points to generalized functional inferences
and reasoning with the graph as a mathematical object.

To further interpret students’ performance, we align this framework with research on
graphical reasoning that distinguishes between local, quantitative approaches—such as
reading exact values, choosing scales, or plotting points—and global, qualitative
approaches, which emphasize interpreting overall trends, direction of change, and
relative relationships (Duijzer et al., 2019). In addition, we draw on research on
functional thinking that characterizes students’ reasoning as covariation. Carlson and
colleagues’ (2002) define this reasoning as the mental coordination of the direction and
magnitude of change in two quantities. This nuanced characterization of functional
thinking allows us to differentiate reasoning about how quantities vary together from
reasoning that attends only to successive values. Together, these perspectives provide
a coherent theoretical lens for developing and analyzing function-graph tasks with
upper elementary students, a key goal of this research.

METHODS
Participants and Background Knowledge

The sample comprised 271 students (130 Grade 5 & 141 Grade 6 students), selected
through convenience sampling from public primary schools in Cyprus. Data were
collected during the final days of the school year, ensuring completion of the grade-
level curriculum. Grades 5 and 6 were selected because they represent consecutive
stages in upper primary education at which students have accumulated substantial
experience with early algebra concepts. According to the Cypriot mathematics
curriculum, students at these grade levels engage with algebraic ideas, such as pattern
recognition and generalization, symbolic representation of quantitative relationships,
functional thinking, and equation solving. Function graphs are introduced sporadically
within relevant units.

Instrument Design and Content

To assess students’ performance on function-graph tasks, we developed a 12-item test.
Most tasks included subquestions, resulting in a total of 29 scored items. The items
were designed to reflect the five conceptual categories summarized in Table 1. The test
included both multiple-choice and open-ended items. The categories in Table 1 are not
intended to represent a developmental hierarchy but rather to characterize the
conceptual demands of function-graph tasks.

Scoring Procedures - Analysis

Student responses were evaluated for correctness and strategy. Correct responses were
awarded one point, partially correct responses were awarded 0.5 points, and incorrect
or no response received zero points. For items requiring an explanation, responses were
analyzed via deductive qualitative content analysis. Explanations were coded
according to theoretically grounded categories rather than derived inductively from the
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data (e.g., Chimoni et al., 2018). That is, each explanation was assigned to the category
that best represented the student’s strategy. For example, in Task 2A (i.e., toy train
task), responses were coded as (1) Recursive Inferences when students used step-by-
step addition (e.g., “He adds 2 blocks each time”); (2) Condensed Coordination of
Quantities when students coordinated values (e.g., “Point C (2, 5)”); (3) Functional
Inferences when students identified a correspondence rule (e.g., “Multiply the number
of extensions by 2 and add 1”); or (4) No obvious strategy when an answer lacked a
clear or valid explanation.

Table 1. Example tasks for each conceptual category

Conceptual Category

| Task Characteristics

Example Tasks

Coordinate
Quantities —
quantitative

Identifying, plotting,
or coordinating
specific discrete data
points on a graph.

Task Ala: The graph Gostefnetebonts
represents the cost of

buying notebooks
from a bookshop.

Total Cost (euro)
o

What does point C

show? (a) The cost of buying 10 notebooks is 2 euro;
(b) The cost of buying 2 books is 6 euro; (c) The cost
of buying 1 book is 10 euro; (d) Someone can buy 2
books; (e) Someone paid 6 euro.

Coordinate
Quantities -
qualitative

Interpreting the
meaning of a specific
data point on a
quantitative graph.

Functional
Relationships

Generalizing
correspondence
relationships,
applying rules, or
making predictions
for large values.

Liam is building a toy train using wooden blocks. He
starts with a locomotive and adds a number of blocks
to the train each time he extends it.

The graph shows the

Number of wooden blocks for building

total number of atoytrain
blocks based on the .
number of

extensions.

Task A2b: What . °°

does Point A

represent? ‘ o

(coordinate
quantities-qualitative)

Task A2c: How many wooden blocks are needed for
building a train with 71 extensions? Explain your
thinking. (functional relationships)
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Covariational Task Adc: The graph presentsthe ., ™™
relationships growth in the height of a plant for =

5 weeks. To calculate the height

of the plant in Week 10, Ann

wrote down the following:

80 + (6 % 20). Explain Ann’s

thinking.

Identification of unit
rates or changes in
one variable to
explain changes in
another.

Graph as Object ~ Task Ada: Three friends, EMMa,  \umoorof jumps por minute
Liam, and Sophia, decide to have

Utilizing qualitative ; o a8
or quantitative graphs & JUMP rope competition: Emma e
to reason about the &N JUMp rope 25 times per -

graph as an abstract minute; Liam can jump rope _ _
mathematical object. MOre times than Emma per minute; Sophia can jump

rope less times than Emma per minute.

The graph presents the number of jumps per minute for
the three friends. Which graph corresponds to each
friend? Explain your thinking.

To examine performance, tasks were grouped by the conceptual category they
addressed. Responses were scored with a maximum of one per task group. Mean scores
were calculated, and performance was classified into three bands based on the
proportion of correct responses: low (below 50%), moderate (50-74%), and high
(75%+). These bands were used to compare performance patterns across task groups
rather than to represent developmental levels of understanding.

RESULTS

Students’ performance varied across task groups (see Table 2). Mean scores indicated
clear differences in how students engaged with these task types. Performance was
highest on condensed coordination of quantities—quantitative tasks (M =.70, SD =.24),
followed by covariational tasks (M = .55, SD = .33), graph as object tasks (M = .54,
SD =.28), and condensed coordination of quantities—qualitative tasks (M = .52, SD =
.25). In contrast, students’ performance on functional inference tasks was substantially
lower (M = .28, SD = .24), indicating particular difficulty with tasks involving
generalizing functional relationships.

Examining performance distributions across bands further illustrates differences. On
qualitative condensed coordination tasks, nearly half the students (46.5%) were in the
low-performance band, while approximately one quarter (24.1%) were in the high-
performance band. In contrast, performance on quantitative condensed coordination
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tasks was stronger, with only 17.2% of students in the low band and nearly half (47.8%)
in the high-performance band.

Table 2. Performance distribution across low, moderate, and high bands

Performance Cond.- Cond.-  Functional Covariation Object
bands qualit. quant. relations relations
Lessthan50% 46.5% 17.2% 75.9% 33.2% 39.6%
50%- 74% 29.4% 35% 18.8% 34.7% 35.3%
75% and above 24.1% 47.8% 5.3% 321% 25.1%

Functional inference tasks posed most challenging for students. More than three
quarters (75.9%) of students fell in the low band, and only 5.3% reached the high band.
Performance on covariational reasoning tasks was more evenly distributed, with
roughly one third of students in each band: 33.2% in the low band, 34.7% in the
moderate band, and 32.1% in the high band. A similar pattern was observed for tasks
addressing the graph as a mathematical object, where 39.6% of students were in the
low band, 35.3% in the moderate band, and 25.1% in the high band. Overall, these
results indicate that students were generally more successful on tasks requiring
coordination of quantities, particularly when quantitative values were foregrounded,
than on tasks requiring generalizing a functional relationship. Covariational reasoning
and reasoning about the graph as a mathematical object showed intermediate
performance, with substantial variability across students.

Table 3 summarizes students’ strategies and correctness across two parts of the toy
train task. In the condensed coordination—quantitative part (Task A2a), 159 of 237
responses were correct. Among correct responses, functional inference was the most
frequent strategy (81; 51%), followed by recursive (18; 11%) and condensed
coordination strategies (14; 9%). Forty-six correct responses (29%) were provided
without explanation. Incorrect responses (78) were primarily associated with no
explanation (47; 60%) and the multiply-only-by-2 strategy (18; 23%). This strategy
indicates recognition of a recursive rule (each extension adds two blocks) but failure
to coordinate this rule with the initial value, resulting in an incorrect answer. No
incorrect responses involved functional inferences. Although the answer could be
directly read from the graph, many students relied on functional inferences, suggesting
that they attended to the underlying quantitative relationship rather than relying solely
on perceptual graph reading.

In the far extension task (Task A2c), performance declined (98 correct; 139 incorrect).
Correct responses were predominantly supported by functional inference (81; 83%).
Few correct responses involved other strategies (5; 5%) or no explanation (12; 12%).
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Incorrect responses were mainly characterized by no explanation (79; 57%) and
multiply-only-by-2 strategies (38; 27%). As in the previous task, these responses
reflect recognition of a recursive rule without accounting for intercept, insufficient to
determine the far extension. While recognition of a recursive rule supported partial
reasoning in both tasks, only functional inferences supported successfully generalizing.
Tasks requiring extrapolation thus more clearly distinguished students who reasoned
covariationally from those who reasoned recursively.

Table 3. Students’ strategies in Task A2a & A2¢c

Strategy

Correctness Recurs.  Cond. Funct.  Multiply  Other No

Coord. Infer. by 2 Strat. Explan.
Task A2a
Wrong - - - 18(23%) 13(17%) 47(60%)
Correct 18(11%) 14(9%) 81(51%) 0 0 46(29%)
Task A2c
Wrong - - 8(6%) 38(27%) 14(10%) 79(57%)
Correct 81(83%) 0 5(5%) 12(12%)

In the covariation task involving plant growth, which required identifying the rate of
change from a linear graph showing the height of a plant over five weeks (see Table
1), 176 of 237 were correct and 61 were incorrect. Most responses, including the
majority of correct ones (133; 76%), were provided without explanation. Among
responses that included an explanation, correct responses most commonly reflected
recursive reasoning (27; 15%), indicating recognition of step-by-step additive change
across equal intervals (e.g., “the plant grows 20 cm each week from one week to the
next”). Fewer responses referenced a specific point on the graph (11; 6%). Incorrect
responses were predominantly associated with no explanation (52; 85%). The high
proportion of correct responses without explanation suggests that many students
inferred the rate of change from the graph’s structure without explicitly articulating a
recursive or covariational strategy. This distinction matters because, although both
attend to change, recursive reasoning focuses on successive values, whereas
covariational reasoning reflects a generalized coordination of change in variables.

In the graph-as-object task, 162 of 237 students (68%) correctly matched graphs to
verbal descriptions. Among correct responses, most students provided no explanation
(93; 57%) or relied on informal comparisons (e.g., identifying the graph with more or
fewer jumps per minute) without explicit reference to slope (46; 28%) or contextual
quantities (23; 14%). Notably, no students referred to slope or rate of change. These
findings suggest that students relied primarily on global visual comparison, with visual
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features supporting correct matching while masking a limited conceptualization of
slope as a quantitative measure.

DISCUSSION

Students were generally more successful on tasks requiring coordination of quantities,
particularly with quantitative values, consistent with research showing productive
engagement with graphs through local, point-based, and correspondence-oriented
reasoning (Duijzer et al., 2019). In contrast, tasks requiring generalizing functional
inferences posed challenges. Although many students recognized recursive patterns of
change, such reasoning was often insufficient for extrapolation or for coordinating rate
and initial value, aligning with prior work distinguishing recursive reasoning from
more advanced functional and covariational approaches (Carlson et al., 2002; Duijzer
et al., 2019; Pittalis et al., 2020). Performance on covariational and graph-as-object
tasks was more variable, with students frequently relying on global features of graphs
without explicitly articulating rate-based or covariational relationships. This pattern
reflects findings that learners may attend to overall trends before conceptualizing slope
as a quantitative measure (Leinhardt et al., 1990) and supports views of functional
thinking as dynamic and context-dependent, with multiple forms of reasoning
coexisting rather than developing linearly.

Beyond documenting student performance patterns, a key contribution of this study
lies in synthesizing complementary theoretical frameworks into a coherent set of task
categories that capture distinct ways upper elementary students reason with function
graphs. The results indicate that function graphs are a powerful tool for investigating a
wide range of students’ conceptions of functions and their understanding of functional
relationships. At the same time, the findings reveal that certain features of function
graphs—particularly their visual nature—can sometimes cue correct responses that are
not grounded in conceptual understanding. By combining quantitative performance
data with qualitative analyses of students’ explanations and strategies, the study makes
visible this distinction between surface-level success and deeper functional reasoning.

Taken together, these findings show how different task categories foreground distinct
reasoning demands and illuminate students’ functional thinking. By operationalizing
theoretical perspectives through a structured set of task categories appropriate for
Grades 5 and 6, the study offers a practical analytic framework for research and
instruction that supports nuanced interpretation of students’ engagement with function
graphs (Kieran, 2022), across varied classroom contexts.
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WHAT IS 3+50%7? VARIOUS STUDENTS’ MEANING ABOUT %
Jérdme Proulx
King’s College London

This Research Report presents preliminary findings on a study about students’ ways of
making-sense of %. Grade-8 students’ strategies for solving one arithmetic task is
looked into: the 3+50% task. The initial analyses of students’ strategies for ‘3+50%’
represent a first step in better understanding varieties of conceptions of % that students
engage with, as well as the (implicit or explicit) roles they give to the %-referent.

INTRODUCTION

Although % is recognized as one of the most useful mathematical concepts in everyday
life, it is also frequently “oversimplified in instruction [...where] the richness of the
topic has often been left unexplored, while heavy instructional emphasis has been
placed on percent procedures” (Parker & Leinhard, 1995, p. 429). As such, studies
have been reporting, and for a long-time, on challenges students of all ages face with
%, especially concerning their overreliance on formulas and techniques at the cost of
understanding (see Erdem et al., 2023). These challenges do not only concern students,
and other studies have focused on e.g. consumers’ misunderstanding of how %
combine (Chen & Rao, 2007); on workers’ incorrect use of operations with % (Hahn,
1999); on specialists” misuses of % in various reports (Packard & Boardman, 1988);
and the list could go on. Although made more than 30 years ago, Lembke and Reys
(1994) assertion that “percent is one of the most difficult topics for students and adults
to conceptualize and to develop facility in using” (p. 237) seems to continue to be apt
and current. As such, beyond these above calculational challenges, what meanings do
students give to %? In what ways do they engage with % tasks? These questions are
core to our research objectives. This RR presents preliminary findings about students’
meanings given to % when solving a task concerned with arithmetical operations.

THEORETICAL STEPS TOWARD CONCEPTUALIZING %

As presented at CERME (Proulx, 2025), the literature dedicated to % defines it along
numerous conceptions: ratio, fraction, decimal number, operator, index, etc. Taken as
a whole, this puts forth a large variety about what % are and can be; something to
subsequently reinvest for analyzing students’ sense-making and engagement with %.

% as ratio: relations. The ratio conception is probably the most natural one, with its
historical origins in taxation practices (Parker & Leinhardt, 1995). Literally, an
assertion like 22% is to be read “22-per-cent”, pointing to a comparison between two
quantities (here, 22 and 100 or cent). Presented as a “specific sort of rate” (Champlain
et al., 1996) or a “special ratio involving parts per hundred” (Glatzer, 1984), % is read
as “for every 100”: 22% is 22-for-each-100. Heuvel-Panhuizen (1994) phrase % as a
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ratio of so-many-out-of-so-many, hence so-many-out-of-hundred, leading to transform
a situation in relation to 100. For 215 kids in a group of 860 persons, this requires
asking “what if it were for 100 persons?”, leading to 25% of the group being kids.
Establishing % implies finding equivalent ratios through proportions, where e.g. 215
is to 860 as 25 is to 100, represented symbolically by 22 = 2= That it be a ratio with

860

100, a special relation to 100, or other comparisons with 100, the ratio conception
emphasizes the relation between two quantities (one being 100).

% as fraction: partitioning. If the ratio conception is more ‘natural’, the fraction
conception may be the most encountered one, found in vocabularies and symbolisms
linked to fractions for expressing % (e.g. fraction on, fraction of, numerator,
denominator, a/100). Here, transformations to 100 at the denominator are grounded in
equivalent fractions. Another way is to see % as fractions part-of-a-whole, where a
whole is partitioned in 100 pieces and the numerator represents the number of pieces
taken: 28% means that 28 pieces were taken from a whole cut into 100 pieces, hence
28/100. This conception points to % as a partitioning, a part of something.

% as decimal number: numerical representations. The decimal number conception
leads to convert % into a manipulable form for operating. Converting 35% in decimal
form gives 35+100=0.35, leading to the equality 35%=35/100=0.35. Transformed as
such, the % can be treated as a number, e.g. by placing it on the number line: 35% as
0.35 is between 0.3 and 0.4. This conception focuses on the numerical representation
of %, its number dimension, and the possibilities it offers for operating with it.

% as operator: calculating. This conception focuses on seeing the % sign as a request
for undertaking calculations. The % symbol e.g. in 27% leads to multiply 27 by 1/100
or 0.01, or divide it by 100: it becomes 27x1/100, 27x0.01 or 27+100. This operator
conception is mostly focused on calculations, on how to do them and their results.

% as index: indicating. Another number conception is one where % is conceived as an
index, linked to a referent (Berry et al., 1999). The % represents here an indication of
the part to be taken from that referent. As index, the % does not have a predetermined
value without that referent, and it is not possible to operate without it: e.g. 4% is not a
number per se on the number line, nor is it necessarily equivalent to 4/100 or 0.04,
because 4% can take many values, from 12 (4% of 300), 3217 (4% of 80425), etc. The
focus is here on % as a relative object, through its connection with its referent-number.

Complementarity and flexibility between various conceptions of %

Although presented separately, these conceptions of % are however strongly entwined.
One finds tons of equalities of the sort “20%=20/100=1/5=0.2", with mentions of the
necessary index-link of these % to their referent. Beyond numerical conversions, this
points toward the complementarity existing between conceptions, which allows to
address % in flexible ways. Each conception is not isolated and is opened to a transition
toward other conceptions: a connectedness enabling the passage from number,
operator, fraction, index, etc., to any other one, depending on what is at stake. Inspired
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by Janvier’s (1983) star metaphor to conceptualize complementary modes of
representation of functions, conceptions of % can also be envisaged as each
representing points of an immersed star (Figure 1). When one conception of % is put
forward, the other conceptions are there, connected to it, waiting and wanting to be
made salient if need be. This %-star aims to illustrate an array of possibilities, through
the complementarity between conceptions when working and interpreting %.

Figure 1: The %-star with its various complementary and interconnected conceptions

The absolute|relative interplay with %

Schoolwork focusing on conversions between %, fractions and decimal numbers has
received ample critiques, particularly since it frequently ends up becoming a
mechanical endeavor rid of meaning (see e.g. at PME: Streefland & Heuvel-Panhuizen,
1992). Throughout these critiques, an argument is often raised that % is not a topic
reducible to technical matters, and that % do not exists in the absolute, that is, without
the consideration of referents. This situation is complex and filled with nuances,
because % may be “empty” without its referent, to reuse Gauvrit (2014) expression,
but it is nonetheless hardly interpretable without undergoing some conversions toward
fractions, ratios, decimal numbers and operations to establish its value. For example,
finding 31% of 728 can imply, first, to numerically convert 31% in something
malleable for operating (e.g. multiplying by 0.31 or 31/100). But, in this conversion,
31% is not equivalent to 0.31 or 31/100 in the absolute, but is 0.31 of something or a
relation of 31 parts for each 100. Once converted, this 0.31 or 31/100 can be multiplied
by 728 to get the value looked for. Working with % can engage in an interaction
between numerical conversions of % and the relativity of the % to its referent; a back-
and-forth interplay between both absolute and relative dimensions when managing %.

METHODOLOGICAL DIMENSIONS

To investigate ways in which students give meaning to %, eight 75-minutes sessions
were held in four different Grade-8 classrooms (26-27 students, 13-14 years old). This
study is part of a wider research programme in which the methodology used is referred
to as “mental mathematics” (see PME report in Proulx, 2019). The research sessions
were conducted by the PI, following a structure similar to that described by Douady
(1994): (1) The PI offers a task orally or on the board; (2) The students have about 15
seconds to solve the task mentally, without access to paper-and-pencil or any other
material aid; (3) The students are invited to describe their answer in detail; (4) The PI
take notes on the board or students come to the front board to explain their solution;
(5) The Pl invites other students who may have solved differently (and step (3) repeats).
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The tasks given in the sessions were chosen to cover a large array of issues, inspired
by Barrata et al.’s (2010) classification, implying arithmetic operations, comparisons
and estimations about %. Additionally, task selection was guided by the fact that
mental mathematics environments impose specific constraints of time on students, and
thus tasks have to be directly accessible, with simple numbers and context (which in
turn could lead students to avoid plunging head-first in long-calculations). This RR
offers preliminary results by reporting on the arithmetic task “What is 3+50%7?”. This
task, frequently found in textbooks, was chosen for two main reasons. First, both 3 and
50% are accessible, which could potentially avoid students’ errors of conversions and
calculations. Second, it is deliberately ambiguous, where the referent of the % is not
explicit. Both reasons could augment accessibility to the meanings students give to %.

Strategies engaged in all classrooms were similar, if not identical, so no distinction is
made in the analysis. Students’ strategies (as verbal explanations and front board notes)
generated the data for the study. Data is analyzed through the components of the frame
presented above, that is, the %-star and the absolute|relative interplay. Following
Douady (1994), the goal is not to report on all students’ strategies, nor to discuss the
long-term outcomes of this work on them. Aligned with the research objectives, the
analyses focus on the meanings students gave to % through engaging in tasks.

PRELIMINARY ANALYSES OF STRATEGIES - WHAT 1S 3+50%7?

A large variety of strategies were offered by students, which in turn led to an additional
variety of answers. Through these, students engaged in what can be called “Readings”
of the task. These offer initial illustrations of meanings students gave to %.

Reading #1 — 3 + 50% calls for conversions: In this Reading, students transform
elements of the task, be it the 50%, the 3, or both, in order to give their answers.

One student mentioned that 50% is 50/100, which “if you take the zeros out” is equal to
5/10, so is 5 tenths or 0.5. The answer is thus 3 + 0.5 = 3.5.

One student expressed that 3 is 3 units, which is 300% plus 50%, that gives 350%.
One student said that 50% is half of 100, it is one half. And 3 is 3 units, giving 3 and a half.

The % are converted to numbers: 50% is made equal to 0.5, 3 is converted to 300%.
Different types of answers were given with these conversions, from 3.5, 350%, to 3 Y.
Direct equivalences are made between %, fractions and decimals, where students
fluidly navigate from one to the next to find an adequate representation, and then
produce an answer. As well, no referent is explicitly mentioned, making the % appears
to be worked on in an absolute sense: 50% is 0.5; 50%=50/100; 3 is 300%, etc.

Reading #2 — 3+50% calls for linking the % to its referent-number: In this Reading,
students determine a value of 50%, by linking it to 3 as its referent. The 50% does not
have a precise value itself, but needs to be connected to its referent.

One student asserted that 3 plus “3 divided by 2”, which is 50% of 3 amounts to 4.5.
One student explained that 50% is 50% of 3, so 3 plus half of 3 gave 3+ 1.5=4.5.
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One student said that 3 is 3 units, hence 300%. Adding 300% to 50% of 300% gives 450%.

In these, the % has no value per se, and is relative to its referent. In other words, 50%
is relative to the number 3 taken from the question. There is also a fluidity between
50%, half, and 1.5, where these are linked through the relativity and attachment of 50%
to 3 (or 300%). The % is here conceived as an index-number.

Reading #3 — 3+50% calls for linking the % to a unit: Here, the % is again connected
to a referent, which is 3. However, it is not the number 3, but mainly 3 taken as the
complete or whole-unit in itself. The 50% is thus linked to one unit of 3.

One student said that 3 is 3/3, and so it is 100%. Adding 100% and 50% gives 150%.

One student explained that “3 is one” and that “3 is equal to a unit”. Converting 50% in
fraction gives %, and so the answer is 1 and Y.

The answers 150% and 1 % insist on the relative value of %. These are not numerical
values like 1.5, 4.5 or 3.5, but indicators of what ‘3+50%’ represents. As the unit, the
3 is taken as a thing, an entity, and not a numerical value. While in Reading #2 it is
used to calculate the value of 50%, here the 3 acts as the unit of reference, representing
100%, but not for making definitive calculations. One could surmise that if the task
had been ‘8 + 50%’, 150% and 1 %2 would still hold as answers. The conception of %
is of an index-number; and, to some extent, the answers 150% and 1Y% are too.

Reading #4: 3+50% calls for clarification: In this Reading, students react to the task
itself, asserting that information is missing, and that a precise answer cannot be given.

One student uttered “you do not say what you are talking about, it could be 50% of 8, 50%
of I-don’t-know”, adding that an answer cannot be given since “the sentence is not finished,
because you can say 3+50%, but 50% of what? 50% of bananas, 50% of the number”.

One student explained that the answer would be obtained by adding 3 and “a number
divided by 2”, which was expressed as (?/2). Hence, the answer is unknown.

Here, the % is asserted relative, calling for knowing explicitly its referent (for then
being able to produce an answer). Lack of information prevents from doing so. The 3
is not conceived as a plausible option for that referent since, as one student said: “You
cannot use 50% of 3, because it does not say so”. There is a feeling of dismay in
reaction to the task, and even some frustration: “I don’t know what the number is”;
“you do not say what we are talking about”. The % is conceived as an index, related to
a referent ‘to be known’, hence the process does not yet lead to a definitive answer.

Reading #5: 3+50% calls for calculations: In this Reading, students explain operating,
converting, and establishing equivalences to get an answer.

One student explained that 50% can be obtained by 50 + 100, because it is 50 over 100, so
it is 50/100, which is also 0.5. Thus, 3 + 0.5 = 3.5. And, “to put it back in %, | did times
100", leading to 3.5 x 100 = 350, and so to 350/100, which is also 350%.

One student explained doing equivalences and “took the % away, and did 3/1 + 50/100”.
Proportions were established to find “3/1 is how much for 100?” by asking “1 times

PME 49 - 2026 1-1191



Proulx

something equals 100, so it is 300”, and “doing the same thing” with “50/100 is how much
for 100?” gave 50. One “here has 300 and here 50, which equals to 350” with 300+30

100

When questioned, students appeared in doubt as to their definitive answer (is it
350/100? 3507 350%7? 3.57). It might be “all of it’, where the calculations, techniques,
values, and equivalences as a whole appear to act as their answer to ‘3+50%’. Their
operations do end at one point, but could have ended before: actions are undertaken to
“take the % away”, leading to equivalences and additional operations, which are
retransformed, giving other answers, etc., in a continual sequence. Focusing on the
operator conception, these answers showcase fluidity and ease of calculations with %.

Reading #6: 3+50% calls for thinking of exams and grades: In this Reading, students
position the task in a context of examination related to grades obtained at school.

One student expressed that the answer is 80%. To get it, “I told myself that 50% is a little
like ‘5 over 10, so 5/10, and then 3/10”, which added gives 8/10, “so 80%".

One student said 53%, because “it’s logical, for example if you had 50% in an exam and
you tell your teacher that 3 points are missing, he will add 3 points and do 3 + 50”.

The answers 80% and 53%, while unusual, are at the same time well-justified in their
exam context (one might say that this mostly represents students’ experience with %).
The 50% denotes a grade, where the 3 is brought into the 50%: it becomes 3 points or
3% leading to 53%, or a ‘3 out of 10’ to match the 5/10. The % are here operated on as
numbers (while assuming a same referent, something addressed below).

DISCUSSION & FINAL REMARKS ON STUDENTS” MEANING ABOUT %

On issues of complementarity. Although preliminary and only about one single task,
student appear to make uses of different conceptions of %, and in a variety of ways and
ease. As for complementarity between different conceptions of %, it can be said to
have been maintained implicit in students’ ways of solving. There obviously were
moments where students explicitly mentioned a sequence of equivalences between %,
decimal numbers and fractions (e.g. with 50% being a half made equal to 0.5, 5/10 and
50/100, or with 3 being 3/1, 300% or 3 for 1 as ratio). This said, most strategies focused
on one unique conception, without explicitly navigating to the next. This might open
ways for the future design of tasks that can trigger complementarities between
conceptions, for investigating students’ engagement with these.

About the role of the %-referent. These preliminary analyses also point to reflections
on students’ ways of addressing the role of the %-referent. Each Reading does not
address issues of %-referent in the same manner, some making it explicit whereas other
keeping it implicit (or even absent). As such, entwined with their %-conceptions,
students” ways of handling (or not) the referent appeared instrumental in the answer
they offered and engaged with. In Reading #1, when students convert % directly in
numbers (with 50%=0.5 or 3=300%), the % is conceived in the absolute, as a direct
numerical equivalence where no explicit consideration of the referent is made. Being
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usual in schoolwork, these conversions might assume an implicit referent of 1 or ‘1
unit’, leading e.g. to 50% of 1 and then 0.5 of 1. The same for Reading #5 about
calculations, where the operations conducted did not make apparent links with a %-
referent. Reading #6, with 53% and 80% as answers, also seems to keep issues of
referent implicit, treating the 3 and 50 as numbers that can be added directly (what
Parker & Leinhard, 1995, call “ignore % sign”). When questioned, however, some of
these students mentioned that the % sign is present, but simply lacking from the 3 and
that it was the Pl “laziness” that led to write it as such: making thus their answer a
3%+50%=53%. As Gauvrit (2014) explains, this equality is true in rare cases where all
% have the same referent. Here, again, the implicit nature of the referent comes to the
fore, this time through an assumption that all % share the same referent and so can be
operated on directly. On the opposite, Readings #2, #3 and #4 make explicit the
presence of the %-referent. In Reading #2, this referent is taken as the value 3, in
Reading #3 it is taken as a unit of 3, and in Reading #4 it is ‘needed, but unknown’.
The impact of these various engagements with the %-referent is salient in these
Readings, raising in turn considerations about the absolute|relative interplay.

Beyond the absolute|relative interplay. The issue of implicit or explicit referent brings
forth a triplet of perspectives on %, going beyond the above absolute|relative interplay.
At one extreme, Readings #1, #5 and #6 consider the % in the absolute, as a number or
something to operate on as a number. At another extreme, in Readings #3 and #4, the
% is presented as fully-relative. For Reading #4, the % is ‘maintained’ relative,
asserting that until its referent is made explicit, it cannot be known. Similarly, for
Reading #3, when students say that 3 “is its 100%”, it is not about 3 as a value, but
about ‘one’ unit of 3; hence the answers 1 %2 and 150% are relative (i.e. index) with no
definitive values. And, in between, lies Reading #2, navigating both extremes of
absolute and fully-relative views of %, where the 50% is read as 50% of 3. Reading #2
appears midway, since the %-referent is relative but this relativity is acted on, with a
referent pinned-down to ‘3’. This midway perspective offers a temporary state, one
viable for the task at hand. When 3+50% is read as ‘3+50% of 3’, the value 1.5 is not
universal for all cases of 50%; it is for now, for this precise task. It also makes possible
different operations, since % become linked to the same referent (e.g. 25%<50% and
50%+25%=75%, for the same %-referent). These perspectives (Table 1) go beyond the
absolute|relative interplay, and offer a rich panorama of students’ ways of handling %.

Table 1: Three perspectives for working with %

Absolute perspective on %

Midway perspective

Relative perspective on %

Implicit referent (or not mentioned)

Referent fixed temporarily

Variable referent

% as number, its value is obtained
by converting it (for operating)

Value of % linked to a fixed unit

% as index-number, its value is
relative to a referent (to be known)

50% = 50/100 = 0.5
50% > 25%
50% +25% = 75%

D
o I s s

50% of is (|

50% of is

50% of "1 js
50% > 25% and 50% + 25% = 75%

The added dotted square in

is both an addition of
50% or 33.3% of the new whole.

John spent 50% of his money. Mary
spent 25%. Who spent more?

Reading #1, #5, #6

Reading #2

Reading #3, #4
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All in all, although preliminary and only about one task, students’ engagements with
3+50% brought forth their various uses of %-conceptions, leading to considerations of
their complementarity. And, the Readings of the 3+50% task gave rise to an additional
variety of ways in which students gave meaning to the role of the %-referent, enlarging
considerations of the absolute and relative takes on % and its output value. These
varieties raise enthusiasm for continuing further research, for deepening
understandings about ways in which students give meaning to % and engage with them.
References

Baratta, W. et al. (2010). Percentages. Proceedings of MERGA-33 (pp. 61-68). MERGA.

Berry, J. et al. (1999). Dictionary of mathematics. Fitzroy Dearborn.

Champlain, P. et al. (1996). Lexique mathématique. Triangle d’Or.

Chen, H., & Rao, A.R. (2007). When two plus two is not equal to four. Journal of Consumer
Research, 34, 327-340.

Douady, R. (1994). Ingénierie didactique et évolution du rapport au savoir. Reperes, 15, 37-61.

Erdem, E., Gokkurt, B., & Soylu, Y. (2023). Seventh graders’ strategies for shading the
percentages of geometric shapes. Int. J. of Math. Ed. in Sc. and Tech., 54, 801-826.

Gauvrit, N. (2014). Statistiques, méfiez-vous! Ellipses.
Glatzer, D. (1984). Percentage: ideas and suggestions. Arithmetic Teacher, 31, 24-26.

Hahn, C. (1999). Proportionalité et pourcentage chez des apprentis vendeurs. Educational Studies
in Mathematics, 39, 229-249.

Heuvel-Panhuizen, M. (1994). Improvement of (didactical) assessment by improvement of
problems. Educational Studies in Mathematics, 27, 341-372.

Janvier, C. (1983). Représentation et compréhension. Bulletin AMQ, 23, 22-28.

Lembke, L., & Reys, B. (1994). The development of and interaction between intuitive and school-
taught ideas about percent. Journal for Res. in Math. Ed., 25, 237-259.

Packard, G., & Boardman T. (1988). The misuse of ratios, indices and percentages in
ecophysiological research. Physiological zoology, 61, 1-9.

Parker, M., & Leinhardt, G. (1995). Percent: a privileged proportion. Review of Educational
Research, 65, 421-481.

Proulx, J. (2019). Mental mathematics as oral mathematics. Proceedings of PME-43 (vol. 3, pp.
249-256). PME.

Proulx, J. (2025). Toward a conceptualization of %. Proceedings of CERME-14 (pp. 789-796).
CERME.

Streefland, L., & Heuvel-Panhuizen, M. (1992). Evoking pupils’ informal knowledge on percent.
Proceedings of PME-16 (vol. 3, pp. 51-57). PME.

PME 49 - 2026 1-1194



SIXTH-GRADE STUDENTS’ SENSE-MAKING OF RATIO
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This study explores how sixth-grade students make sense of ratio situations, as
reflected in the problems they pose in response to a given context. Adopting a sense-
making perspective that views understanding as the process of structuring a situation,
we analyze students’ posed problems and interviews in a familiar mixture context. The
analysis shows that different framings and interpretations of the same situation can
lead to different forms of ratio reasoning and shape the ratio structure students
construct. In particular, some framings afford multiplicative and unit-rate reasoning,
while others remain oriented toward direct quantitative comparison grounded in the
context. These findings contributed to ratio learning by showing how problem posing
reveals both the possibilities and limits of students’ emerging sense-making of ratio.

INTRODUCTION

Problem posing has received considerable attention, particularly in facilitating
students' understanding of mathematical concepts and ideas (Liljedahl & Cai, 2021;
Cai & Hwang, 2020) It refers to activities that engage students in formulating (or
reformulating) and expressing problems or tasks based on a given context (Cai & Rott,
2024; Silver & Cai, 2005). It requires students to interpret situations meaningfully,
identify relevant mathematical relationships, and translate their interpretations to
formulate new mathematical problems (Ran et al., 2025; Possamai & Allevato, 2024).
In this way, problem posing is closely connected to students’ sense-making (Christou
et al., 2024; Walkington & Bernacki, 2015)

This study adopts McCallum’s (2023) sense-making stance, which emphasizes
students’ active efforts to interpret and structure mathematical situations. Sense-
making involves students’ cognitive strategies for giving or extracting mathematical
meaning from situations, concepts, or representations (Pinto, 2018). In the domain of
ratio learning, this perspective is particularly salient for sixth-grade students. It is
because ratio involves more than simply performing multiplication calculations
(Cengiz & Rathouz, 2018). Instead, understanding ratios requires students to reason
about relationships between quantities, to coordinate covarying measures, and to
distinguish multiplicative structures from additive ones (Lobato et al., 2010). Problem
posing, therefore, offers a promising avenue for examining students' sense-making of
ratios, as suggested by previous research (Cai, 2022). When students create their own
problems from a given situation, they must decide which quantities are important, how
they relate to each other, and what mathematical structure underlies the situation
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(Zhang et al., 2022; Bevan & Capraro, 2021). This process may reveal how students
conceptualize ratios, whether they notice multiplicative relationships, and how they
interpret comparison or proportionality embedded in a context. However, posing
problems to specific contexts requires high cognitive abilities (Chen & Cai, 2020; Xu
et al., 2020), especially for sixth-grade students who are still developing basic
proportional reasoning (Sawatzki et al., 2019). Consequently, it remains unclear how
students’ interpretation of a given situation shapes the ratio structures they construct
when posing problems.

There remains a limited understanding of how students’ distinct ways of framing the
same context shape the ratio structures that emerge in their posed problems. This study
addresses these gaps by examining how sixth-grade students frame familiar ratio
situations and how these framings are reflected in the problems they pose. In particular,
this study aims to clarify how sense-making in ratio learning is manifested through
different framings of the given mixture context.

METHOD
Research Design

This study uses a qualitative approach to examine sixth-grade students' sense-making
of ratios through problem-posing activities. Following McCallum’s sense-making
stance (McCallum, 2023), we treat students’ posed problems as situated expressions of
how they understand and structure the ratio situation. Therefore, we focus on what
students choose to ask, compare, and connect in the problems they pose, as it will
reflect their understanding of ratios. Participants were 40 sixth-grade students from a
primary school in Palembang, Indonesia. The class included in this study had
previously studied ratio topics but had not previously engaged in a formal problem-
posing experience. Data were collected during a 90-minute session and included
students’ posed problems, students’ written responses, and semi-structured interviews
with selected students conducted after the problem-posing activity.

Task and Context

Students were provided with a familiar context in line with the principle of Realistic
Mathematics Education (RME), which is grounded in meaningful situations that
actually occur and can be imagined by students (Van den Heuvel-Panhuizen &
Drijvers, 2020; Zulkardi et al., 2020). We presented students with situations close to
their everyday lives and asked them to pose a ratio problem based on the context,
following Carmona-Medeiro et al. (2024) and Cai & Hwang (2023). The context was
designed to potentially allow multiple interpretations of ratio relationships (e.g., unit
rate, invariant ratio, part-to-whole), so that students' choices in problem formulation
could reveal how they structured the situation. No explicit constraints were imposed
on problem type, level of difficulty, or expected numerical operations to preserve
students’ autonomy in interpreting the situation. The following is a prompt given to
students.
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Figure 1: Prompts and Contexts of Problem Posing Given to Students

Making Juice

Mother is making juice at home. To make the juice, she mixes several ingredients,
such as tomatoes, carrots, and oranges. The amount of each ingredient used will
affect the amount of juice produced and also its taste.

Create at least one math problem about ratios based on the context.

Data Analysis

Data analysis focused on how students framed the given context and how these framing
were reflected in the expressed ratio structure in their posed problems. We define
‘framing’ as students’ way of structuring what they consider mathematically important
to the situation as evidenced by the quantities chosen, the relationships highlighted,
and the form of the questions posed. The analysis was conducted iteratively. First, we
examined the problems to identify students’ ways of framing the context. Second,
within each framing, we analyzed ratio structure expressed (e.g., unit rate,
multiplicative ratio, part-to-part or part-to-whole relationship) to examine how
particular framings enabled or constrained the emergence of multiplicative reasoning.
Third, interviews were used to refine the researchers’ interpretation by clarifying the
students’ intended meanings.

RESULT
Students’ Framing of the Context in Their Posed Problems

The analysis of students’ posed problems shows that students made sense of the given
mixture context in qualitatively different ways. The first framing (see Figure 2) treats
the context as a direct comparison of quantities. S01’s question focused on identifying
two quantities (tomatoes and carrots) and asking for their ratio without referring to the
juicing process or the resulting product. The juicing situation itself plays no structural
role in establishing the mathematical relationship. The student simply asked about the
ratio of tomatoes to carrots after determining their amount. Subsequent interviews also
confirmed that SO1 understood ratio as a comparison between two quantities. In this
case, the student’s sense-making of ratio focused on constructing ratio as a relationship
between two quantities, but had not yet used the context to structure it. The following
is S01’s posed problem:

Figure 2: Student (S01) Posed Problem — Direct Comparison of Quantities

Soa) 2 1) ik loo Bices Mepnga 4 womo, dan 6 worter, T ranslation: If Mrs. Pinces has 4 tomatoes and 6

Tengon 150 tamat, den worys carrots, determine the ratio of tomatoes to carrots.
Thay: (i o vl = 64% Answer: Ratio of tomatoes to carrots=4:6=1: 3.
()
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The second framing interprets the context as a mixture situation affecting quality.
Student (S02) framed question with the idea that ratio of the ingredients affect the taste
or quality of juice. This indicates how the student made sense of ratios as a relationship
whose significance lies in its influence on the whole. In explaining his reasoning, S02
noted that his primary concern was ‘how the juice will taste’ if one ingredient is used
significantly more than the other. As a result, S02’s question focused on unbalanced
ratios rather than calculating or directly comparing quantities. This frame of thinking
explains an understanding in which the student coordinates quantitative relationships
with qualitative consequences embedded in the context. The following Figure 3 shows
the problem the student created.

Figure 3: Student (S02) Posed Problem - Mixture Situation

& e 99 Lerjad g perndigonyn i Sorky Translation: What happens if the ratio is not
o o) s g o b1 balanced (8 oranges/2 carrots)?

s kot s Answer: The juice will be too sour.

Ratio Structures and Relationships Expressed in Students’ Posed Problems

An analysis of the questions posed by students shows that the meaning of ratio is
constructed through several different quantitative structures. From the students’ work,
several dominant ratio structures emerged, including unit rate, multiplicative
comparison, and part-to-whole.

One of the problems students successfully designed included the concept of unit rate
and the invariant multiplicative structure of a ratio (see Figure 4). First, student (S03)
normalized the ratio of ingredients into a per-unit relationship. Based on the student’s
initial information that 200 ml of juice requires 2 tomatoes and 1 carrot, the student
explicitly reconstructed the situation in 100 ml units, stating that 100 ml of juice
requires 1 tomato and 0.5 carrots. We asked students about why the quantities were
stated per 100 ml in the interview results below.

Interviewer: Why do you state 100 ml for each juice in your problem?

S03: Because every 100 ml of juice always uses the same amount of tomatoes
and carrots, it is 2 tomatoes and 1 carrot.

The interview results reveal how the student views ratios as a relationship between two
quantities through the unit-rate relationship. In the following steps, SO3 created a table
that expanded the per-100 ml relationship from 100 ml to 2000 ml, showing the ratio
as an invariant multiplicative structure. Each increase in volume was always followed
by a proportional multiplicative scaling of the number of tomatoes and carrots.

Interviewer: Does the amount of tomatoes and carrots you use per 100 ml of juice affect
the desired outcome of this problem?
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S03: Yes. Since the ratio of tomatoes and carrots per 100 mlis 2 to 1, if | double
the juice, the ingredients must also be doubled to maintain the same ratio.

The interview result confirms S03’s interpretation of the ratio as an invariant
multiplicative structure that governs how quantities scale simultaneously. Figure 4
shows the S03’s posed problem.

Figure 4: Student’s (S03) Posed Problem

= Qika Setel 290U 35 iy Lhen 1w Lomat don (woreel Translation
Vs The student's question: If every 200 ml of juice requires 2 tomatoes and 1 carrot,
he 30rigk {8kt g uariel Spion Lol gniion i (o S | gt 6 how many tomatoes and carrots are needed for every 100 ml of juice? Then,
~ I G e 2L Peten Lt e VATEL 1tk can vt ql:f:nmc the number of tomatoes and carrots needed from 100 ml to 1,000 ml of
W gy wareel Yoy dipet Pef bl okl ik Seput! Student answer: If every 200 ml of juice requires 2 tomatoes and 1 carrot, then to
di @ lon g, (4 find out the tomatoes and carrots used per 100 ml, divide as follows: 2 tomatoes
PR o (480 oln 6 coriel 3y fiegi 2 divided by 2 equals 1, if 1 carrot divided by 2 equals 0.5
Soredegn | 100:1:05
. 200:2:1
o1 ‘;ﬁitguxm; 300:3:1.5
100 ;1 104 0§ |So for every 100 ml of juice you need 1 tomato and 0.5 carrots
oo::L Volume of juice (per mililiter) | Number of Tomatoes | Number of Carrots
Bo0: %16 100ml 1 0.5
200ml 2 1
300ml 3 15
400ml 4 2
500ml 5 2.5
600ml 6 3
700ml 7 35
800ml 3 4
900ml 9 4.5
1000m! 10 5

Another problem in Figure 5 shows that the student was able to construct involved
part-to-whole problems. In this problem, the student (S04) compared two parts of an
orange and a carrot, then framed the situation as the distribution of a predetermined
total of 24 pieces. S04 was also able to determine the ratio 3:5 as a basis for dividing
the two quantities into two proportional parts. S04 reconstructed the ratio as a division
operator with respect to a whole. S04 then verified that the total remained 24 pieces by
adding the results (9 oranges and 15 carrots) again.

Interviewer: Why did you need to consider the total before determining the number of
oranges and carrots?

S04: It is because a ratio only applies if they all come from the exact total, and
the ingredients must be adjusted together so the total remains unchanged

The interview shows that she viewed ratios as determining proportional relationships
within a unit. S04 also explained that quantities must be adjusted together so that ‘the
total remains unchanged,” indicating that ratios were treated as fixed structures that
govern the distribution of parts within the same whole. In this case, sense-making is
evident in the students’ process of interpreting the ratio in terms of part-to-whole
relationships, revealing student’s early proportional relationships. Figure 5 shows the
S04’s posed problem and answer.
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Figure 5: Students (S04) Posed Problem
1) Rebssdigen attam fea dun werel oot 35 e Translation: The ratio between oranges and

Snbege odola, 14 b, Teowkan banat itak e veril ¢ carrots is 3:5. If the total number is 24,
i § determine each number of oranges and carrots.
2ox N Sxup, o .
S e e A3nswer. ;
- 3 — %X 24 = =x 24 = 9 oranges
Py W S (¢ otiel 3;5 g
e FXH S wor
T . — %X 24 = =% 24 = 15 carrots
=-Jomlak banget Jervk odolol, 9 bl 3+5 8 i
P b o 5 The number of oranges is 9
- Jumlah Mg . " Hy .
L The number of carrots is 15
Total =15+9 =24
DISCUSSION

This study demonstrates that problem-posing activities facilitate sixth-grade students’
sense-making of ratios by structuring situations. The main finding is that differences
in students’ meanings of the same context prompt have direct implications for the
structure of the ratios that emerge in the problems they pose. This suggests that
students’ sense-making processes in learning ratios are reflected in the problems they
pose, the procedures of solution they use and how they determine what is considered
mathematically relevant (Christou et al., 2024). The role of context in this sense-
making process is selective and depends on how students interpret the situation. This
finding supports previous research showing that problem-posing can reveal how
students construct meaning through framing situations (Walkington & Bernacki, 2015)
and confirms that such framing can differ substantially even in simple and familiar
contexts. Students frame mixture contexts differently, for example, by making direct
comparisons of quantities and by considering situations that affect quality. In the
student’s framing of ‘mixture situation affecting quality,” context is invoked by linking
ratios to qualitative consequences, but it has not been mathematized multiplicatively.
This finding aligns with previous research showing that students’ high cognitive
abilities are required in problem-posing (Chen & Cai, 2020; Xu et al., 2020). Further
findings show that the ratio structures expressed in students’ problems were also
varied, including unit rates, invariant multiplicative relationships, and part-whole
relationships. This suggests that the same context prompt can produce different
mathematical structures depending on how students frame it (Bevan & Capraro, 2021).
These structures reflect how students coordinate quantities and the relationships
between quantities in their self-constructed problems. These results align with the
relational understanding of ratios that involves the coordination of quantities that
change together (Cengiz & Rathouz, 2018; Lobato et al., 2010). Unlike studies that
focus on students’ ability to solve ratio problems, this research presents that these
structures can be identified through the way students formulate their own questions.
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CONCLUSION

Problem-posing activities provide space for sixth-grade students to actively construct
the meaning of ratios through how they interpret and structure given situations. The
problems posed by students demonstrate how their understanding and sense-making of
ratios can emerge from the diversity of the context framing and structure of ratios. This
suggests that problem-posing activities become a process by which students determine
what is ‘mathematically important’ in a situation. In this case, the ratio concepts that
emerge in students’ posed problems indicate that proportional reasoning develops from
procedural exercises and opportunities to structure ratio relationships themselves in
meaningful contexts. Some of the ratio framings and structures that emerge lack
explicit multiplicative relationships and remain limited to comparisons of quantities.
This limitation is not seen as a failure but rather as a representation of how students
currently structure ratio situations based on their experiences and understanding.
Future research should design more responsive learning interventions to students’
understanding by giving attention to how students frame contexts and the mathematical
structures they express, in order to gain a more in-depth picture of students’ sense-
making processes.
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