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Our setup

In this talk, we work in ZFC.

Our setup

Let k be an uncountable cardinal that satisfies the condition K<F = k .

We consider the Generalized Cantor space (“2, 7), where 7}, is the
bounded topology, i.e. the topology generated by the sets

Ns("2) :={x€"2 | sCx}, s € "2,

We denote by Bor(x™") the x"-algebra generated by 7.

We recall that the Bor(x™)-sets admit a stratification into
T2(kT),M(kT) and A(kT) sets, 1 <& < k™.
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Wadge (or continuous) reducibility
Definition
Let X, Y be topological spaces. Given AC X, BCY
XY
A<XY B

if there exists a continuous f : X — Y such that f~1(B) = A.

@ Continuous reducibility is a transitive and reflexive relation, that is, a

preorder (or quasi-order).
o We set:
o A<{ Biff A<y, B and B £ A.
° AE\)vaifngﬁBand Bg\),f,A.
The equivalence classes induced by g{,‘v are called Wadge degrees:

AR = {8 A=Y B}
@ The preorder <{¥ induces a partial order on P(X)/E\);V we call this

partial order the Wadge hierarchy on X.
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Wadge Hierarchy on “2

Wadge's Lemma
For all A, B € Bor(¥2),

Aév\/B or ﬁB:wQ\ngA.

We call this the Wadge Semi-Linear Ordering principle for <, (SLO).
Given T, we write SLO(T) if SLO holds for any A,B € T.

By SLO, for every A C “2:
o either A < —A, then A (or [Alw) is selfdual,

@ or A and —A are <y-incomparable, then A is called non-selfdual and
{[Alw, ["A]w} is a maximal antichain, called a non-selfdual pair.
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Wadge Hierarchy on “2

Wadge's Lemma
For all A, B € Bor(¥2),

ASV\/B or —|B:w2\B§V\/A.

We call this the Wadge Semi-Linear Ordering principle for <, (SLO).
Given T, we write SLO(T) if SLO holds for any A,B € T.

By SLO, for every A C “2:
o either A < —A, then A (or [Alw) is selfdual,

@ or A and —A are <y-incomparable, then A is called non-selfdual and
{[Alw, ["A]w} is a maximal antichain, called a non-selfdual pair.

Recall: there is no x™-Borel determinacy when x > w!
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Wadge Hierarchy on “2

The Wadge hierachy on Borel subsets of “2 has the following properties:

@ it is semi-well-ordered;

o selfdual degrees and nonselfdual pairs alternate, starting with the
nonselfdual pair {[“2]w, [/]w} at the bottom, followed by the selfdual
degree of all nontrivial clopen subsets;

@ at limit levels there is a nonselfdual pair.

»
Lk stog
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Boldface and Wadge pointclasses

Let X topological space. A boldface pointclass I in is a subset of P(X)
downward closed under <%,. The dual of [is ' = {-A| A€ T}
We say that [ is nonselfdual if [ # [, and selfdual otherwise.
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Boldface and Wadge pointclasses

Let X topological space. A boldface pointclass I in is a subset of P(X)
downward closed under <%,. The dual of [is ' = {-A| A€ T}
We say that [ is nonselfdual if [ # [, and selfdual otherwise.

A boldface pointclass I'(X) is a Wadge class if it is of the form
Alx={BCX|B<wA}

for some A € [(X); When I'(X) = A |x, A is called complete (for I),
and we say that I is generated by A.
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Boldface and Wadge pointclasses

Let X topological space. A boldface pointclass I in is a subset of P(X)
downward closed under <%,. The dual of [is ' = {-A| A€ T}
We say that [ is nonselfdual if [ # [, and selfdual otherwise.

A boldface pointclass I'(X) is a Wadge class if it is of the form
Alx={BCX|B<wA}

for some A € [(X); When I'(X) = A |x, A is called complete (for I),
and we say that I is generated by A.

By SLO, every non-selfdual boldface pointclass I'(X) is a Wadge class:
Let I be a non-selfdual boldface pointclass. If SLO(I) holds, then

A'is T-complete <= A € [(X)\ F(X).

N.B not all selfdual boldface pointclasses in X are Wadge classes.
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Wadge pointclasses

The Wadge hierarchy is isomorphic to the structure of all Wadge classes
ordered by inclusion: [Alw — A |.
In particular:

o If I = A |x then I is selfdual if and only if A (or [A]w) is selfdual.

@ A nonselfdual pair {[A]lw, ["A]w} corresponds to the pair of distinct
nonselfdual Wadge classes (I',T), with F = A | x.

@ If SLO(T) holds, then for every ', T" C T,
Fcrof’ Cr

@ For every Wadge class I', we can consider the coarse Wadge class
M =rur. If SLO holds and g@ is well founded, then C on coarse
Wadge classes is a well-order.
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Difference Hierarchy

Definition
Let & > 1 be an ordinal. If (C,),<¢ is a decreasing sequence of subsets of
a set X, we define C = Dy ((G;)n<0) € X by

XEC(:>{xeﬂn<9Cn\/min{n<0|x¢Cn} isodd  for 6 odd

x ¢ (g Gy Amin{n <0 |x¢ Cy} isodd  for § even

Or (=) Ce le&’lcu\: (@ DBK(‘D'('“("L\ = v Gy

D (€)=

@ @ @ v (o)

Beatrice Pitton
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Difference Hierarchy

Definition
Let & > 1 be an ordinal. If (C,),<¢ is a decreasing sequence of subsets of
a set X, we define C = Dy ((GC;)n<s) C X by

v C e x€(Nyep Gy Vmin{n <6 [x¢ Cy} isodd  for ¢ odd
x & (Nycop Gy Amin{n <6[x¢C} isodd for f even

For # > 1, X a topological space and I'(X) boldface pointclass, we let:
Dify (F(X)) = {Do ((Cy)n<o) | Gy € T(X),n <0}

We also define Dify (F(X)) to be the dual class of Dify (F(X)).
e Dify (') is a boldface pointclass.
e Dif, () U Dify (I') C Dify 1 (I') N Difg, 1 (1)
e if Y C X, then Dify (F(Y)) ={AN Y | A€ Dify (I'(X))}.
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Difference hierarchy on “2

1. For every a < wjy, the difference hierarchy over I'Ig(w2) has length w;.

2. The first wi-many nonselfdual levels of the Wadge hierarchy on “2
are occupied by the difference classes Dify (M9(“2)) and their duals.

3. The Hausdorff-Kuratowski theorem holds:

Theorem (Hausdorff, Kuratowski)
In every polish space X and for any 1 < o < wy,

Al (X)= | Difg (M(X)).

1<0<w;
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Difference hierarchy on "2

Recall: Given X topological space, if [(X) is selfdual, then there is no
X-universal set for I'(X).

Proposition

Let X be a topological space of weight < k, I' a boldface pointclass.

If F(X) has a "2-universal set, then Dify(F(X)) has a “2-universal set for
every 1 < 0 < kT,

In particular, Dify (M2 (k1)) # Dify (N (k7)) is nonselfdual for every
l1<f<ktanda<ck™.

As a consequence:
o The difference hierarchy on MY(x*) has length x™.
e Dify (NY(x*)) N Dify (N9(x1)) C Dify (M(xT)) C
Difg1 (M3(xT)) N Difgyq (MY(kT))
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Difference hierarchy on "2

Are the difference classes Dify (ﬂ(l)(m+)) (and their duals) Wadge classes ?

Wadge classes in GDST T



Complete canonical sets for Dify(M%(x™))

Let C(Y) be any proper I'I(l)(/#)—set. Recursively, for every 1 < o < k™
clat1) _ JUazx 0(®) ~(1) ~ (@) for a odd;
Uge,r 021y ~C® U {05} for a even.
and for a < k™ limit ordinal we define

C(a) _ Ul<cof U,B n o(cef()-+i)~ < >mc(a;) if COf(a) K,
a Ul<cof('y) 0( )A< > C(a’) if COf(a) K.

where (a; | i < cof(a)) is cofinal in o and for every i < cof(«),
C(*) is complete for Dif,, (I'IO( ).
We also define 24(®) = 2 \ C(@) for every 1 < a < k™.

Proposition

For every 1 < a < r*, C(®) is complete for the Dif,(M%(x)), hence 24(®)
is complete for Dif ,(M?(x)).
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SLO along the difference hierarchy

Theorem
For every 0 < kT, SLO(Difg(NI(xT))). J
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SLO along the difference hierarchy

Theorem

For every 0 < kT, SLO(Difg(NI(xT))).

The proof is by induction on § < k™. We will use the following fact:
Fact

Let T be a non selfdual boldface pointclass. If:
1. SLO(Frnf)

2. Ais l-complete <= Ac T \T
then, SLO(T).
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SLO along the difference hierarchy

First, assume 0 = 1.

o SLO(AY(xT)).

kk ABe AT(K). Asee ABgp 2] = 3Ibe

Seh £ =2 JeetnB

xes Qo F xehA
< otharuwise
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SLO along the difference hierarchy

First, assume 0 = 1.

o SLO(AY(xT)).
o Let CC®2. If CeNY(kT)\ Z9(xT), then C is MY(kT)-complete.

b €€, CeTIWINZT(K) aud DeTi(w). &k %x<2C .
We woud DzeC. Gnwdar Gy, (L)
. As eng os I tlays voes Ne —13/
T plons kol egwneaks of X.

. If T owr tedus tedp,
T picks am etewden y of s Eroveus ployy sb. g¢C
aud  pnys cibiod sequrauts &Y -
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SLO along the difference hierarchy

First, assume 0 = 1.

o SLO(AY(kT)).

o Let CCr2. If CeMI(kT)\ E9(xT), then C is MY(kT)-complete.

Fact

Let I be a non selfdual boldface pointclass. If:
1. SLO(Frnf)
2. Ais M-complete <= Ac T \T

then, SLO(I).

By the Fact: SLO(X9(x)) and SLO(NY(x1)).
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SLO along the difference hierarchy

Now, assume 6 > 1. If # = 3 + 1 successor ordinal:

o SLO(T) for I = Difg(NY(xT)) N Difg(NI(xT)).

o Every proper Difs(N9(k1))-subset C C #2 is Dify(MS(k))-complete.
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SLO along the difference hierarchy

Now, assume 6 > 1. If # = 3 + 1 successor ordinal:

o SLO(T) for I = Difg(NY(xT)) N Difg(NI(xT)).
o Every proper Difs(N9(k1))-subset C C #2 is Dify(MS(k))-complete.

Theorem

For any 8 < k* and for any decreasing sequence (C;)i<p of closed subsets
of "2, TFAE:

1. there exists x € 9Cs for every a < k Dgy1((Ci)i<p) N Nyjo ¢ Difs.
2. Dg11((Gi)i<p) is Dif g1-complete.
3. Dg11((GCi)i<p) is a proper Dif g1 1-set
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SLO along the difference hierarchy

Now, assume 6 > 1. If # = 3 + 1 successor ordinal:

o SLO(T) for I = Difg(NY(xT)) N Difg(NI(xT)).
o Every proper Difs(N9(k1))-subset C C #2 is Dify(MS(k))-complete.

Theorem

For any 8 < k* and for any decreasing sequence (C;)i<p of closed subsets
of "2, TFAE:

1. there exists x € 9Cs for every a < k Dgy1((Ci)i<p) N Nyjo ¢ Difs.
2. Dg11((Gi)i<p) is Dif g1-complete.
3. Dg11((GCi)i<p) is a proper Dif g1 1-set

By the Fact: SLO(Difg(N9(x1))) and SLO(Difs(NI(x1))).
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SLO along the difference hierarchy

Now, assume 8 > 1. If 8 is a limit ordinal:

o SLO(T) for T = Dify(N9(x1)) N Difa(NI(kT)).
o Every proper Difs(N9(x1))-subset C C *2 is Dify(M9(x))-complete.

Theorem

For § < k™ limit and for any decreasing sequence (C;);<¢ of closed subsets
of "2, TFAE:

1. there exists x € 9([;y Ci) for every a < r and 3 < v,
Dp((Ci)i<a) N Ny} ¢ Difps.

2. Dy((Ci)i<p) is Difg-complete.

3. Dy((GC)i<p) is a proper Dify-set.

By the Fact: SLO(Difg(N9(x))) and SLO(Difs(N9(x1))).
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Difference hierarchy on "2

Are the selfdual boldface pointclasses Difs(M9(x1)) N Difg(N9(xT))
Wadge classes?
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Difference hierarchy on "2

Are the selfdual boldface pointclasses Difs(M9(x1)) N Difg(N9(xT))
Wadge classes?

@ 0 is a successor ordinal: yes. This implies that:
Dify(N3(x ")) U Difg(N3(xT)) & Difgy1(MY(~T)) N Difpy1 (N3 (7))
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Difference hierarchy on "2

Are the selfdual boldface pointclasses Difs(M9(x1)) N Difg(N9(xT))
Wadge classes?

@ 0 is a successor ordinal: yes. This implies that:
Dify(N%(x™)) U Difg(N3(x*))  Difg41(N2(xT)) N Difg1 (N3 (x ™))
e O is a limit ordinal, cof(f) < x: yes.
@ 0 is a limit ordinal, cof(0) = &:
e If k is not weakly compact: yes .
o If r is weakly compact: no, indeed |J;_, Dif 3 = Dify N Dif,.
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Difference hierarchy on "2

Are the selfdual boldface pointclasses Difs(M9(x1)) N Difg(N9(xT))
Wadge classes?

@ 0 is a successor ordinal: yes. This implies that:
Dify(N%(x™)) U Difg(N3(x*))  Difg41(N2(xT)) N Difg1 (N3 (x ™))
e O is a limit ordinal, cof(f) < x: yes.
@ 0 is a limit ordinal, cof(0) = &:
e If k is not weakly compact: yes .
o If r is weakly compact: no, indeed |J;_, Dif 3 = Dify N Dif,.

NT URALY  GRERCT K oweaWly  @HPACT

° ® L]
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Hausdorff-Kuratwoski theorem

Does Hausdorff-Kuratwoski theorem hold when k > w?

We recall:

Theorem (Hausdorff, Kuratowski)

In every polish space X and for any 1 < o < wy,

A%, (X)= |J Difs (NY(X))

1<0<wy
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A counterexample to Hausdorff-Kuratowski in GDST

Theorem

Let X, Y,Z C *2 nonempty. If Y N Z is dense and codense in Y, then
1. Z ¢ Difg(NY(Y,xT)) for any § < k.
2. forall § < k7t and all A€ Dy(NY(X,xT)), A<l Z.

Wadge classes in GDST il



A counterexample to Hausdorff-Kuratowski in GDST

Theorem

Let X, Y,Z C *2 nonempty. If Y N Z is dense and codense in Y, then
1. Z ¢ Difg(NY(Y,xT)) for any § < k.
2. forall § < k7t and all A€ Dy(NY(X,xT)), A<l Z.

Counterexample 1
Consider the sets:

Y ={xe"2| {a<k|x(a) =1} < No}
Yo ={x € "2 | In < wl|{a < k | x(a) = 1}| = 2n}.

Then Yo € AY(k1), but not in Difg(M%(x1)) for any 8 < k.
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A counterexample to Hausdorff-Kuratowski in GDST

Theorem

Let X, Y,Z C *2 nonempty. If Y N Z is dense and codense in Y, then
1. Z ¢ Difg(NY(Y,xT)) for any § < k.
2. forall § < k7t and all A€ Dy(NY(X,xT)), A<l Z.

Counterexample 2
Let A < k be a limit ordinal.

YrX={xe®2|{a<k|x(a)=1} < A}
Y = {x €"2|3a < M{a < k| x(a) =1} =20}

Then Y3 € AS(x™), but not in Difg(N9(xT)) for any 6 < s+
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Above the Difference hierarchy

o Yp and Y;' are non-selfdual;
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Above the Difference hierarchy

o Yp and Y;' are non-selfdual;
o Yo <w YOA for every limit ordinal w < A\ < &, YO)‘ Lw Yo.
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Above the Difference hierarchy

o Yp and Y;' are non-selfdual;
o Yo <w YOA for every limit ordinal w < A\ < &, YO)‘ Lw Yo.

Theorem
The difference hierarchy over Yy lx3 has length k™. J
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Above the Difference hierarchy

o Yp and Y;' are non-selfdual;
o Yo <w YOA for every limit ordinal w < A\ < &, YO)‘ Lw Yo.

Theorem
The difference hierarchy over Yy |x> has length k™.

Proof:
@ Forevery AC "2, A<w Yp if and only if A <, Y.

@ Let I'("2) be non-selfdual and generated by a set A. If
r("2) ={B | B <L A}, then I'("2) admits a “2-universal set.

o If [(*2) has ®2-universal sets, then for every 1 < § < s there is a
#2-universal set for Dify(F(*2)).

Wadge classes in GDST il



Above the Difference hierarchy

e Yy and Y3 are non-selfdual;

@ For every limit ordinal w < A < K, Yy <w Y0>‘.

Theorem

The difference hierarchy over Yy |«2 has length k.

Theorem

Let A C "2 such that A <y Yy. Then, either A € Dify(Ni(x)) for some
0 < kT or Yo =w A. Therefore, Yy is minimal above the difference
hierarchy over closed sets.
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Yo minimal above the difference hierarchy over closed sets.

For any closed set X C %2 and A C "2, let Ox(A) = c/(X NA)Ncl(X \ A).
The Hausdorff-Kuratowski derivative of X w.r.t. A is defined as:

x\M = x

X = Oy (A)

XA = () X if v is limit.
a<y

The A-Hausdorff-Kuratowski rank of X is the least § < 1 such that
X(s(A) = 5(+)1 If X(A) = (), we say X is A-scattered.

Proposition
Let A C %2 such that A <w Yo.

o If ®2 is A-scattered, then A € Difs(N§(kT)) for some 6 < k7.
@ If 2 is not A-scattered. Then, Yy <w A.
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Above the Difference hierarchy

Counterexample 3
Let Y ={xe€"2| {a <k |x(a) =1} <N} and S C k.

Ys = YoU U N,
ted Ty ,|t|eS

Then Ys € AY(x1), but not in Difa(NI(kT)) for any 6 < k.

Note that Y = Yo.
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Above the Difference hierarchy

Theorem

Let cofl) = {y < k| cof(y) = w}. Given S, 5" C cof’:
o If SAS' is stationary in &, then, Ys €w Ys and Ys: Lw Ys.
o If SAS’ is non-stationary in k, then Ys =w Ys'.
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Above the Difference hierarchy

Theorem

Let cofl) = {y < k| cof(y) = w}. Given S, 5" C cof’:
o If SAS' is stationary in &, then, Ys €w Ys and Ys: Lw Ys.
o If SAS’ is non-stationary in k, then Ys =w Ys'.

Therefore, given S C cof;:
e If S#10, Ys is non-selfdual (because =Ys =w Ys with S’ =\ S).
o If S is stationary in k, then Ys and Yy are <w-incomparable.
o If S is non-stationary in &, then Ys =w Yo.
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Above the Difference hierarchy

Theorem

Let cofl) = {y < k| cof(y) = w}. Given S, 5" C cof’:
o If SAS' is stationary in &, then, Ys €w Ys and Ys: Lw Ys.
o If SAS’ is non-stationary in k, then Ys =w Ys'.

Therefore, given S C cof;:
e If S#10, Ys is non-selfdual (because =Ys =w Ys with S’ =\ S).
o If S is stationary in k, then Ys and Yy are <w-incomparable.
o If S is non-stationary in &, then Ys =w Yo.

Theorem

—SLO(A2(k™T)). In particular, we have antichains of size 2.
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Above the Difference hierarchy

Theorem

Let cofl) = {y < k| cof(y) = w}. Given S, 5" C cof’:
o If SAS' is stationary in &, then, Ys €w Ys and Ys: Lw Ys.
o If SAS’ is non-stationary in k, then Ys =w Ys'.

Therefore, given S C cof;:
e If S#10, Ys is non-selfdual (because =Ys =w Ys with S’ =\ S).
o If S is stationary in k, then Ys and Yy are <w-incomparable.
o If S is non-stationary in &, then Ys =w Yo.

Theorem

—SLO(A2(k™T)). In particular, we have antichains of size 2.

Any stationary S C cof[} is the disjoint union of stationary (5;);<x.
For any A C k, let SA = Uica Si-
Given A, B C &, if A# B then SAASE is stationary.
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Additional results for X5(x*)

Theorem

Assume V = L. Then, there are proper £3(x*)-sets which are not
FI(kT)-complete.

Theorem

Let A > k be an inaccessible cardinal. For any Col(k, < \)-generic filter G
over V, in V[G] every proper E3(kT)-set is £3(xT)-complete.
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Additional results for X5(x*)

Theorem

Assume V = L. Then, there are proper £3(x*)-sets which are not
FI(kT)-complete.

Theorem

Let A > k be an inaccessible cardinal. For any Col(k, < \)-generic filter G
over V, in V[G] every proper £3(x1)-set is £3(k1)-complete.

v

It follows from the an analogue of the Kechris-Louveau-Woodin dichotomy
by Schlicht, Sziraki: For all disjoint definable subsets X, Y C "k,

either there is a £9(k1)-set A separating X from Y,
or
there is a homeomorphism f from 2 onto a closed subset of “k such that
f(Qr) € X and f("2\ Qx) C Y,

where Q,, = {x € "2 | Va < k30 > a(x(5) = 0)}.
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Side note: when & is singular

Theorem

Let x be a singular cardinal. Then (P(cof(x)), C) embeds into the Wadge
hierarchy on the AJ(xT) subsets of 2.
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In conclusion

@ The difference hierarchy over M%(x*) has length st .
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In conclusion

@ The difference hierarchy over M%(x*) has length st .
o SLO(Difs(N9(kT))) for every § < s™.
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In conclusion

@ The difference hierarchy over M%(x*) has length st .
o SLO(Difs(N9(kT))) for every § < s™.

@ The first k-many nonselfdual levels of the Wadge hierarchy on 2
are occupied by the difference classes Difs(N9(x1)) and their duals.
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In conclusion

The difference hierarchy over MY(x) has length st .
SLO(Difa(MY(x))) for every 6 < xt.

The first x-many nonselfdual levels of the Wadge hierarchy on 2
are occupied by the difference classes Difs(N9(x1)) and their duals.

(]

@ Hausdorff-Kuratowski theorem fails, hence there are sets in
A3(r7) \ Upe, Difg(MY(xT)).
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In conclusion

The difference hierarchy over MY(x) has length st .
SLO(Difa(MY(x))) for every 6 < xt.

The first x-many nonselfdual levels of the Wadge hierarchy on 2
are occupied by the difference classes Difs(N9(x1)) and their duals.

(]

Hausdorff-Kuratowski theorem fails, hence there are sets in

A3(51) \ Uge,+ Difg(MY(x1)).

Yo is minimal above Dif,(M%(x%)) and the difference hierarchy over
Yo lxo has length k.
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In conclusion

@ The difference hierarchy over M%(x*) has length st .

o SLO(Difs(N9(kT))) for every § < s™.

@ The first k-many nonselfdual levels of the Wadge hierarchy on 2
are occupied by the difference classes Difs(N9(x1)) and their duals.

o Hausdorff-Kuratowski theorem fails, hence there are sets in
A3(57) \ Uper+ Difp(NR(x7)).

o Yp is minimal above Dif,(MY(x%)) and the difference hierarchy over
Yo lxo has length k.

o —SLO(AY(x)).
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In conclusion

@ The difference hierarchy over M%(x*) has length st .

o SLO(Difs(N9(kT))) for every § < s™.

@ The first k-many nonselfdual levels of the Wadge hierarchy on 2
are occupied by the difference classes Difs(N9(x1)) and their duals.

o Hausdorff-Kuratowski theorem fails, hence there are sets in
A3(57) \ Uper+ Difp(NR(x7)).

o Yp is minimal above Dif,(MY(x%)) and the difference hierarchy over
Yo lxo has length k.

o —SLO(AY(x)).
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In conclusion

@ The difference hierarchy over M%(x*) has length st .
o SLO(Difs(N9(kT))) for every § < s™.

@ The first k-many nonselfdual levels of the Wadge hierarchy on 2
are occupied by the difference classes Difs(N9(x1)) and their duals.

@ Hausdorff-Kuratowski theorem fails, hence there are sets in
A3(r) \ Up< e+ Difg(NY(x)).

o Yp is minimal above Dif,(MY(x%)) and the difference hierarchy over
Yo lxo has length k.

o —SLO(AY(x)).

Thank You!
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