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0 Arrow’s Impossiblity Theorem

e Formalizing Arrow’s Theorem in dependence and independence
logic

e Arrow’s Theorem as a dependency strengthening theorem
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Social Choice Theory
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Preference Aggregation

@ A set of alternatives: A= {a,b,c,d,...}
@ A finite set of voters: {vy,..., vy}
@ Aranking R C A x Ais a transitive and complete relation on A.

@ A linear ranking is a ranking that is a linear relation.
Denote by L(A) the set of all linear rankings of A.

year voter1 voter2 ... votern group
decision
2000 abc cab ... acb ?
2001 bac cba .. cba ?
2002 cba bca .-+ acb ?
2003 cab cba .- acb ?
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Condorcet Paradox (18th century)

Problem with the Majority Rule:

voter 1 voter2 voter3 grcI)ulp
decision
a c b
b a c ?
c b a

@ Does the group prefer a over b? Yes.
@ Does the group prefer b over c? VYes.
@ Does the group prefer a over c? No.

a>b>c>a
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Condorcet Paradox (with arbitrary rankings)

Problem with the Majority Rule:

voter 1 voter2 voter3 voter4 voter5 group

decision
a a c b b
b~c b a c c ?
c b a a

@ Does the group prefer a strictly over b? Yes.
@ Does the group prefer b strictly over c? VYes.
@ Does the group prefer a strictly over c?  No.

a>b>c>a
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Condorcet Paradox (with arbitrary rankings)

Problem with the Majority Rule:

voter 1 voter2 voter3 voter4 voter5 group

decision
a a c b b
b~c b a c c ?
c b a a

@ Does the group prefer a strictly over b? Yes.
@ Does the group prefer b strictly over c? VYes.
@ Does the group prefer a strictly over c?  No.

a>b>c>a

May’s Theorem (1952): When |A| < 2, the majority rule is the only

“fair" aggregation rule.
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@ The voters’ votes should completely determine the group decision.
@ The voters’ votes are not constrained in any way.

© The group decision should depend in the right way on the voters’ votes.

Dictatorship

Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

7/27



Arrow’s Impossibility Theorem
Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

Aé "z Nobel Prize in Economics, 1972
NOBH‘, X/

Kenneth Arrow

Nobel Prize in Economics, 1998
Amartya Kumar Sen
“Liberal paradox”
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Arrow’s Impossibility Theorem

Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

voter1 voter2 --- votern -

abc cab - acb abc
bac cha --- cba cba
cba bca --- abc bca

cab cbha --- acb cab
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Arrow’s Impossibility Theorem

Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

. 2 Z v U
apmf{ abc cab acb abc
| cab bca cba || cba| = F(R)
cba cab abc Dbca
cab bca acb cab
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Arrow’s Impossibility Theorem
Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

dom(F) = L(A)"
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Arrow’s Impossibility Theorem
Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

i v ovs U
c c c cba
c c ¢ bea

abc bac bca bac
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Arrow’s Impossibility Theorem
Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

i o vi o v R
abc --- acb --- acb acb
bca --- abc --- bac abc

cba --- cab --- bca cab
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Arrow’s Impossibility Theorem

Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)

(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

Goal of the talk:
Formalize & analyze Arrow’s Theorem in

Dependence and Independence Logic

Previous formalizations :

@ in propositional logic: [Tang, Lin 2009]

@ in first-order logic: [Grandi, Endriss 2013]

@ in modal logic: [Agotnes, van der Hoek, Wooldridge 2011], [Cina, Endriss 2015]
@ in higher order logic: [Nipkow 2009], [Wiedijk 2007]
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Formalizing Arrow’s Theorem in dependence and

independence logic
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Logics for expressing dependencies

Yu3dvvx3y ¢
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Logics for expressing dependencies

N\
Yu3dvvx3y ¢
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Logics for expressing dependencies

Henkin Quantifiers (1961): v, 3,3y
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Logics for expressing dependencies

Henkin Quantifiers (1961): vu 3v
( Vx dy >¢

Independence-Friendly Logic (Hintikka and Sandu, 1989):
Yuavwwx3y/{u}¢

Thm. (Enderton, Walkoe, Hintikka)
FO-+Henkin quantifiers = IF-logic= X!
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Logics for expressing dependencies

Henkin Quantifiers (1961): vu 3v
( Vx dy >¢

Independence-Friendly Logic (Hintikka and Sandu, 1989):
Yuavwwx3y/{u}¢

Dependence Logic (Vaanéanen 2007):
Yuavwx3y(=(x; y) A ¢)

A
3f
Independence Logic (Gradel, Vaananen 2013):

Yuavwwx3y(u L y A )
X
Inclusion Logic (Galliani 2012):

Yudx(u C X A @)

Thm. (Enderton, Walkoe, Hintikka, Vaananen, Gradel)
FO-+Henkin quantifiers = IF-logic = (In)dependence logic= £ =/ NP
Thm. (Galliani and Hella 2013) Inclusion logic = GFP™ =finite,« PTIME
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Functional dependency expressed in team semantics

Team semantics (Hodges 1997)

M e, =(V; u)?

51
S2
S3
S4

Vi
bac
bac
cab
cab

Vo
cab
cab
bca
bca

v U
abc abc
abc abc
acb cba
acb cba
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Functional dependency expressed in team semantics

Team semantics (Hodges 1997)

a team:
aset T of assignments

S1
S2
S3
Sq

Vi
bac
bac
cab
cab

M =1 =(v;u)iffforany s,s' € T,

s(V) =

V2
cab
cab
bca
bca

s' (V) = s(u)

w
abc abc
abc abc
acb cba
acb cba
s'(u).
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Functional dependency expressed in team semantics

Team semantics (Hodges 1997)

a team:

a set T of assignments Sy
So
S3
Sq

V4
bac
bac
cab
cab

M1 =(t,t)iffforany 5,8 € T,

s(f) = §/'(f) = s(t)

Vo
cab
cab
bca
bca

—

v U
abc abc
abc abc
acb cba
acb cba

—

s'(t')
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Functional dependency expressed in team semantics

Team semantics (Hodges 1997)

a team:

a set T of assignments Sy
So
S3
Sq

V4
bac
bac
cab
cab

M1 =(t,t)iffforany 5,8 € T,

s(f) = §'(f) = s(t') = §'(t)

The functionality of aggregation rule:

OF == =(v,

Vo
cab
cab
bca
bca

—

v U
abc abc
abc abc
acb cba
acb cba

—

N VS 0))

Define I'py = “dom(M) = L(A).”
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The signature £, consists of unary function symbols P, for each
(a,b) € Ax A.

@ forall > L(A), PM(>)=1 iff a>b;, PM(>)=0 iff a#b.
@ Define Moy :={Vx((Par(x)=1 A Ppe(x) = 1) = Pac(x)=1) | a,b,c € A} U ...

13/27



Independence of irrelevant alternatives (l1A)

lIA: The group decision on the relative preference between two alternatives a,
b depends only on how the individual voters rank these two alternatives. It is
independent of their rankings with respect to other alternatives.

Sq c c c cba
S C c ¢ bca

Ss3 abc bac bca bac

:(Pab(V1 )y vy Pap(Vn); Pab(u))

The signature £, consists of unary function symbols P, for each
(a,b) € Ax A.
@ forall > L(A), PM(>)=1 iff a>b;, PM(>)=0 iff a#b.
@ Define Moy :={Vx((Par(x)=1 A Ppe(x) = 1) = Pac(x)=1) | a,b,c € A} U ...
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Independence of irrelevant alternatives (l1A)

lIA: The group decision on the relative preference between two alternatives a,
b depends only on how the individual voters rank these two alternatives. It is
independent of their rankings with respect to other alternatives.

S1 c c c cba
S C c ¢ bca

s3 abc bac bca bac

— Ona = \{ =(Pab(v1), .- ., Pan(v); Pap(1)) | @ b € A}
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Independence

Universal domain: dom(F) = L(A)"

sy abc bac cab bca
S, acb acb bac cba
S3 acb bac cab acb
sS4, abc acb bac abc
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Independence

Universal domain: dom(F) = L(A)"

Sy abc bac cab bca

s S, acb acb bac cba
S3 acb bac cab acb
s” s, abc acb bac abc

e Mi=rt L tiffforalls,s’ € T, there exists s” € T s.t.
s"(f) = s(f) and s"(t') = /().

Independence: 6, := A\ {v; L (V)% |1 <i<n}

14/27



Inclusion

Universal domain: dom(F) = L(A)".

All ranking:

St
S2
S3
S4
S5
Se

Oar =

X
abc
acb
bac
bca
cab
cba

Vx(x C v;)

Vi
acb
bac
abc
cba
bca
bac

Vo
cab
bac
cab
acb
acb
acb

v [u

bac
abc
acb
abc
abc
bac

bca
cba
acb
abc
abc
bac

(Recall: dom(M) = L(A).)
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Inclusion

Universal domain: dom(F) = L(A)".

sy abc acb cab bac bca
S, acb bac bac abc cba
s3 bac abc cab acb acb
sS4 bca cba acb abc abc
Ss cab bca acb abc abc
Ss cba bac acb bac bac

@ Mi=rtc

?g i iff for all s € T, there exists s’ € T such that
s(t) = s'(t').
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Independence Logic & first-order formulas

Independence Logic = first-order logic + =(t;#") + t Lt/ + 1 C ¥
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Independence Logic & first-order formulas

Independence Logic = first-order logic + =(t;#") + t Lt/ + 1 C ¥

Def. For every formula « of first-order logic,
MEra < VseT: MkEsa.

vioove  ve U

c ¢ c abc
bca abc bac abc
c c c cab

@ Unanimity:

o= N\ ((Paolv) = 1A+ Paslv) = 1) > Pusf) = 1)
a,bcA
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Decisive sets and dictatorship

Vi Vo Va3 -
c ¢ cb abc
bca abc bac abc
c c c cab

0UN = /\ ((Pab(v1) =1 /\"'/\Pab(Vn) = 1) - Pab(u): 1)

17/27



Decisive sets and dictatorship

cba c¢ c abc
bca abc bac abc
cab c c cab
@ Unanimity:
buw =\ ((Pas(v1) = 1A+ A Pas(va) = 1) = Pap(u) = 1)
a,becA
@ The set {v;,..., v} is decisive:

5(Viso i) = N\ ((Pab(v,-1):1/\~-~/\Pab(v,-k):1) —>Pab(u):1)
a,beA
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Decisive sets and dictatorship
vi o v - v, IR

abc --- acb --- acb acb
bca --- bac --- bac bac
cba --- cba --- bca cba
@ Unanimity:
Ouwi=/\ ((Pao(v) =11+ A Pas(v) = 1) = Pap(u) = 1)
a,becA
@ The set {v;,..., v} is decisive:
6o vi) = N\ ((Pan(vi) =1 A+ A Pap(vy) = 1) = Pan(u) = 1)
a,beA
@ Oyn =9(V1,...,Vn)

@ Dictatorship:  0p := VI, §(v;)
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Formalization of Arrow’s Theorem in independence logic

Theorem (Arrow 1963)

If|A| > 3, then any preference aggregation rule F : D — L(A)
(D C L(A)") satisfying Universal Domain, Independence of Irrelevant
Alternatives and Unanimity is a Dictatorship.

Let T arrow = Tora U {0F, 01,04R, O1ia, Oun}-
° I_Arrow ': 9D

@ or rArrOWv ~ HD ': 1
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7.
M. C. Escher, 1960
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unanimity

_ non-dictatorship _ __

universal domain ==
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non-dictatorship _ _

unanimity
APl — b o o .

- independence of
irrelevant alternatives

sl

Local consistency vs. global inconsistency

universal domain
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A formal proof of Arrow’s Theorem

Let T arrow = {T ords OF, 0aR, 01, 0114, Ou }-
° rArrow ': 9D

® of Mapow,~0p = L

— I+ 6p (by Completeness Theorem, and by (Pacuit, Y. 2017))

Theorem ((Kontinen, Vaananen, 2012), (Hannula 2015), (Y. 2016))

For any setT U {6} of formulas of independence logic with 0
(essentially) first-order,
N0 < I =0.
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Proof idea (based on [Arrow 51], [Blau 72], etc.)

Lemma. If {v;,,...,v; } N {vj,...,V,} =0, then

rArrOWad(Vip"'vVl'wvjw"wvjm)l_5(Vi1""7vl'k)\/(5(‘//1>"'7‘//m)

Vioeoo Vi oo Vi VU
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Proof idea (based on [Arrow 51], [Blau 72], etc.)

Lemma. If {vj,,..., v, } n{v;,...,v,} =0, then

Camrow O(Vigs -+ s Vigs Vjgs o - Vi) F 6(Viy, o, Vi ) VO(Vy s -2, V)

Therefore,
Carrows 0(Viy -« oy Vn) B 0(vq) V (v, ..., Vp)
Fo(vi) Vo(va) Vi(vs,...,Vn)

.I— (Vi) V(vo) V- -V i(vp).
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Lemma. If {vj,,..., v, } n{v;,...,v,} =0, then
Camrow O(Vigs -+ s Vigs Vjgs o - Vi) F 6(Viy, o, Vi ) VO(Vy s -2, V)

Therefore,

Carrows 0(Viy -« oy Vn) B 0(vq) V (v, ..., Vp)
Fo(vi) Vo(va) Vi(vs,...,Vn)

.I— (Vi) V(vo) V- -V i(vp).

@ 5(Vi,...,V) ~ =(Vi,...,V;U)
N

a,beA
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Lemma. If {v;,,...,v,} Nn{vj,...,v,} =0, then

Camows =(Vigs s Vigs Vigs o -5 Vi U) F =(Vigs ., Vi )V =(Vjy s - - -, V)i U)
Therefore,
Carrows =(V4, .o, Vo U) E=(vq; U)V =

(Vo,...,Vn )
=(vi; U)V =(vo; U)V =(V3,..., Vn; U)

F=(vi;u) V =(va; U) V - - - V =(Vp; ).

@ 0(Vj,...,v;) ~ =(vi,...,v;u)
A
A ((Paolvi) =1 7=+ A Pap() = 1) = Pas(u) = 1)
a,beA
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Arrow’s Theorem as a dependency strengthening

theorem (work in progress)

29/97



A “dependency strengthening" theorem

=(v1,...,Vp; U) e, u=F(vi,...,Vn)
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A “dependency strengthening" theorem

r
=(v1,...,Vp; U) e, u=F(vi,...,Vn)

=(vi;u) V-V =(Vp; U) ie., u= G(v)

Vi Vi vp
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A “dependency strengthening" theorem

r
=(v1,...,Vp; U) e, u=F(vi,...,Vn)
:(V1;U)\/~-\/ :(V,-,; u) i.e, u=G(v)
(1) V-V (vp) i.e., v; is a dictator
Vi Vi vp
cab cab
cba cba
bca bca

cba cba
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A “dependency strengthening" theorem

r
=(v1,...,Vp; U) e, u=F(vi,...,Vn)

:(V1;U)\/~-\/ :(V,-,; u) i.e, u=G(v)

(u=wvi)Vv---V(u=wv) e, u=y

Vi Vi vp

cab cab

cba cba

bca bca

cba cba
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A “dependency strengthening" theorem

r
=(v1,...,Vp; U) e, u=F(vi,...,Vn)

:(V1;U)\/~-\/ :(V,-,; u) i.e, u=G(v)

(u=wv)V---V(u=vy) e, U=V

Vi Vi vp

cab cab

cba cba

bca bca

cba cba

Work in progress: Find in general I and «(x) s.t.
M =(a(v1),...,c(Vn); a(U)) F \/(a(v,-) + a(u)).
i=1

Arrow’s Thm and its generalizations (e.g., Kalai-Muller-Satterthwaite

Thm) are special cases. i



Analyzing Arrow’s Theorem

vio v vs U

acb bac cab bca
abc acb bac abc
bac bac cab acb
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Analyzing Arrow’s Theorem

V1

Ro(v1) Be(vi) Re(v4)

1

0

1 Vo V3
acb bac cab bca
abc acb bac abc
bac bac cab acb
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Analyzing Arrow’s Theorem

V4 Vo V3 X1Y1Z1  XoYoZo  X3Y3Z3 -
acb bac cab bca 101 011 100 010
abc ach bac  abe 111 101 010 111
bac bac cab ach 011 011 100 101

Judgement aggregation: (Dietrich, List 2007), etc.
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V4 Vo V3 X1Y1Z1  XoYoZo  X3Y3Z3 -
acb bac cab bca 101 011 100 010
abc ach bac  abe 111 101 010 111
bac bac cab ach 011 011 100 101

Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)
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V4 Vo V3 X1Y1Z1  XoYoZo  X3Y3Z3 -
acb bac cab bca 101 011 100 010
abc ach bac  abe 111 101 010 111
bac bac cab ach 011 011 100 101

XxXyz = F(Xiy1z1,...,XnYnZn)

Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)
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Analyzing Arrow’s Theorem

V4 Vo V3 X1Y1Z1  XoYoZo  X3Y3Z3 -
acb bac cab bca 101 011 100 010
abc ach bac  abe 111 101 010 111
bac bac cab ach 011 011 100 101

XxXyz = F(Xiy1z1,...,XnYnZn)
= f(X)g(¥)h(2)

Functionality: 0f :==(x1¥121, ..., Xn¥YnZn; XyZ)

HA: 0 :::(X1,...,Xn;X)/\ :(}/1,--w}’n?}’)A :(21,...,2,7;2)
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Analyzing Arrow’s Theorem

V4 Vo V3 X1Y1Z1  XoYoZo  X3Y3Z3 -
acb bac cab bca 101 011 100 010
abc ach bac  abe 111 101 010 111
bac bac cab ach 011 011 100 101

xyz = F(X1y121,..., XnYnZn)
= f(X)g(¥)h(2)
= XiyiZi

Functionality: 0f :==(x1¥121, ..., Xn¥YnZn; XyZ)

HA: Opa==(x1,.. ., X;; X) A =(V1, .-, Ym Y) N =(21,...,2n; 2)
n

Dictatorship:  0p := \/ xyz = xy;z;
i—1
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Analyzing Arrow’s Theorem

acb bac cab bca
abc acb bac abc xyz = F(Xy121,...,XnynZn)
bac bac cab ach = f(X)g(¥)h(2)
= Xi)iZi
Functionality: 0f :==(x1y121, ..., XnYnZn: XyZ)
HA: Opai==(X1,.... X X) A =(Y1,. ., Ym Y) N =(Z1,. .., 2n; 2)

Dictatorship:

Unanimity: fyy = x=71—

X
Ny

0p = Vi XyZ = Xiy;zi

—1)A(X=0x=0)
=Toy=1)A(y=0—=y=0)
ANZ=T5z=1)A(Z=0-2=0)

Fixed values
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Analyzing Arrow’s Theorem

acb bac cab bca
abc acb bac = abc Xyz = F(X1)121,. .., XnYnZn)
bac bac cab ach = f(x)g(¥)h(2)
= XiyiZi
Functionality: 0f :==(x1y121, ..., XnYnZn: XyZ)

HA: Opa==(x1,.. ., X X) A =(V1, . s Ym Y) N =(Z1,...,2n; 2)

Dictatorship:  0p := VL4 xyz = xiyizi

Unanimity: fyy:= (x=T-x=1)A(Xx=0-x=0)
ANy=1—=y=1)A (y*0—>y 0)
ANz=1—-2z=1)A(2=0—-2=0)

Fixed values

Universal Domain: 0yp :=/\{bibabs C xiyi2i | b1,b2,bs € {0,1}, b1 = bo — b3 = b1}
ANN\xyizi L (xyjzi | j# ) |1 < i< n}
Collective Rationality: g :=(x=1Ay=1-22z=1)A(x=0Ay=0-2z=0)
Excluded values and interactions
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Dependency strengthening theorems

Vi Vo V3
abc bac cab bca xyz = F(xi)121, ..., XnYnZn)
acb acb bac abc = f(x)g(¥)h(z)

acb bac cab acb
Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)
HA: Opa i==(X1, ... Xpi X) N =(Y1,.- - Ym Y) N =(Z1, ..., Zn; Z)

Dictatorship: Op = Vi, xyz =id(x;)id(y;)id(z)

Unanimity: 0y = (x=T—>x=1)A(x=0-x=0)

Ay=1-y=1 )A(y 0—y=0)
ANz = =1)A (sz—>z:0)

Fixed values

Universal Domain: 6yp :=/\{bibabs C xiyizi | b1,b2,bs € {0,1}, b1 =ba — b3 = b1}
ANNxiyizi L (xy;zi | j# i) |1 <i<n}
Collective Rationality: 0cg :=(x=1Ay=1—-2z=1)A(x=0Ay =0— z=0)
Excluded values and interactions
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Dependency strengthening theorems

Vi Vo V3

abc bac cab bga xyz = F(X1}121, . .., XnYnZn)

acb acb bac abc — {(X)a(V)h(z

acb bac cab acb (Ng(r)h(z)
Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)

HA: Opa i==(X1, ... Xpi X) N =(Y1,.- - Ym Y) N =(Z1, ..., Zn; Z)
Dictatorship: Op = Vi, xyz =id(x;)id(y;)id(z)

Unanimity: 6,y := (x =1 — x=id(1)) A (x = 0 — x = id(0))
ANy=1T=y=1)A({F=0-y=0)
ANz=1—-z=1)A(z2=0—-2z=0)

Fixed values
Universal Domain: 6yp :=/\{bibabs C xiyizi | b1,b2,bs € {0,1}, b1 =ba — b3 = b1}
ANNxiyizi L (xy;z; | j# D) |1 <i<n}
Collective Rationality: 0cg :=(x=1Ay=1—-2z=1)A(x=0Ay =0— z=0)
Excluded values and interactions
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Dependency strengthening theorems

Vi Vo V3
abc bac cab bca xyz = F(xi)121, ..., XnYnZn)
acb acb bac abc = f(x)g(¥)h(z)

acb bac cab acb
Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)
HA: Opa i==(X1, ... Xpi X) N =(Y1,.- - Ym Y) N =(Z1, ..., Zn; Z)

Dictatorship: 05 := iy xyz = id(x;)id(y;)id()

Unanimity: 69, := (x=1— x =id(1)) A (X =0 — x = id(0))
N7 =T—y=id1))A (7 =0—y=id(0))
ANzZ=1—=z=id(1))A(z=0— z=id(0))

Fixed values

Universal Domain: 6, :=/\{pib2bs € Xiyiz; | b1,b2,b3 € {0, 1}, b1 = b2 — bs = id(b1)}
ANNXiyizi L (xy;z; | #0) |1 < i< n}
Collective Rationality: 6'd; :=(x=1Ay=1-2z=id(1)) A(x=0Ay =0 — z =d(0))
Excluded values and interactions
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Dependency strengthening theorems

Vi Vo V3
abc bac cab bca xyz = F(xi)121, ..., XnYnZn)
acb acb bac abc = f(x)g(¥)h(z)

acb bac cab acb
Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)
HA: Opa i==(X1, ... Xpi X) N =(Y1,.- - Ym Y) N =(Z1, ..., Zn; Z)

. . ex(1) =0
Dictatorship: 05 = 1y xyz = ex(x;)ex(y;)ex(z) exEO% 1

Unanimity: 69, := ( — x =id(1)) A (X = 0 — x = id(0))

x=1
ANy =1=y=id(1) Ay =0 y=id(0)
ANzZ=1—=z=id(1))A(z=0— z=id(0))

Fixed values
Universal Domain: 6, :=/\{pib2bs € Xiyiz; | b1,b2,b3 € {0, 1}, b1 = b2 — bs = id(b1)}
ANNXiyizi L (xy;z; | #0) |1 < i< n}
Collective Rationality: 6'd; :=(x=1Ay=1-2z=id(1)) A(x=0Ay =0 — z =d(0))
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Dependency strengthening theorems

Functionality: 0 :==(x1¥121, ..., XnYnZn; XyZ)
HA: Opa i==(X1, ... X X) A =(Y1,-- - YY) N =(21, ..., Zn; Z)

Dictatorship: 05" := /2L, xyz = ex(x;)ex(y;)ex(2) ex(0) = 1

Unanimity: 69, := (x=1— x =id(1)) A (X =0 — x = id(0))
ANy =1=y=id(1))A(y =0y =id(0))
ANzZ=1—=z=id(1))A(Z=0— z=id(0))

Fixed values
Universal Domain: 69, :=/\{p1b2bs C xiyizi | b1,b2,bs € {0,1}, by = bz — by = id(p1)}
ANNxiyizi L (xy;z; | #0) |1 < i< n}
Collective Rationality: 6'd; :=(x=1Ay=1-2z=id(1)) A(x=0Ay =0 — z = d(0))
Excluded values and interactions

Thm. Forany f,g € {id,ex}, 0, 0ua,0%)p, 005,03 F 03,
C.f. [Tang, Lin 2009]
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Dependency strengthening theorems

Functionality: 0 :==(x1¥121, ..., XnYnZn; XyZ)
HA: Opa i==(X1, ... X X) A =(Y1,-- - YY) N =(21, ..., Zn; Z)

: , . 0
Dictatorship: 955 =\/7_| xyz = id(x))id(y;)ex(z)) ex(0) = 1

Unanimity: eiglv\ildﬁx;:()‘( =15 x=id(1)) A (X =0 — x = id(0))
Ay=1—-y=id1))A(y=0—y=id(0))
ANz=1—=z=ex(1))A(z=0— z=ex(0))

Fixed values
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C.f. [Tang, Lin 2009]

26/27



Dependency strengthening theorems

Functionality: 0 :==(x1¥121, ..., Xn¥YnZn; XyZ)
HA: Opa==(X1,.... Xn; X) A =1, Ym Y) N =(21,...,2Zp; 2)

i . idid,ex__\ /n . , ex(1)=0
Dictatorship: "=/ xyz = id(x;)id(y;)ex(z) ex(0) = 1

Unanimity: 5.9 .—(x i—>x_|d(1))/\(x_0—>x—|d(0))
ANy =1—y=id(1)) A (¥ =0y =id(0))
ANz=1—=z=ex(1))A(z=0— z=ex(0))

Fixed values
Universal Domain: 6, :=/\{pib2bs € Xiyiz; | b1,b2,b3 € {0, 1}, b1 = b2 — bs = id(b1)}
ANNxiyizi L (xy;z; | #0) |1 < i< n}
Collective Rationality: 6'd; :=(x=1Ay=1-2z=id(1)) A(x=0Ay =0 — z =id(0))
Excluded values and interactions

Thm. Forany f,g € {id,ex}, 0, 0ua, 0%, 005,03 F 03,

Thm. OF, Oya, Hngv 9?:);?’ 9|d id,ex - 9|d id, ex, 0, Oua, GUD7 egm eex ,ex,id - eex ,ex, |d
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Thank you!
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