VECTOR-VALUED WAVELETS AND
THE HARDY SPACE H!'(R", X)

TUOMAS HYTONEN

ABsTrRACT. We prove an analogue of Y. MEYER’s wavelet characterization
of the Hardy space H!(R") for the space H!(R™, X) of X-valued functions.
Here X is a Banach space with the UMD property. The proof uses results of
T. F1cieL on generalized Calderén—Zygmund operators on Bochner spaces and
some new local estimates.

1. INTRODUCTION

A wavelet basis of L?(R™) is a complete orthonormal system (¢y)xea, where A
is the set of dyadic n-vectors of the form A = k277 + 2771 (j € Z,k € Z",n €
{0,137\ {0}), and ¢ (x) = 297/2¢p" (272 — k), where ¢ € L*(R™), n € {0,1}"\ {0},
are the 2" — 1 mother wavelets. The basis is called r-regular if |0*¢"(z)| < Cp, (14
|z[)~™ and [2%¢"(z)dz =0 for all |a| <r, all m € N and all n € {0,1}" \ {0}.

Y. MEYER [9] has proved the following characterization of the Hardy space
H'(R™) in terms of wavelets:

1.1. Theorem ([9]). Let (¢z)rea be a l-regular wavelet basis of L*(R™). The
following conditions are equivalent for the distribution
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where

o the first supremum in (1.3) is taken over all finite subsets F' of A,
e Q) :=279([0,1[" + k) for A\=k279 + 027971 and
o R(\):=279(A" + k), where A" is any non-degenerate cube.
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Our purpose is to give an analogue of this result in the context of the Hardy
space H!(R"™, X) of X-valued functions, where X is a Banach space with the so
called UMD property (unconditionality of martingale differences), a UMD-space for
short. Related results in this generality are known for the martingale Hardy spaces,
and in particular for the dyadic Hardy space on R", as we next recall.

Observe that Theorem 1.1 can be viewed as a wavelet analogue of B. DAvIS’
inequality for martingales [4], as both of them assert that the L' norm of a certain
square function gives an equivalent norm on H'. In fact, if we could, for n = 1,
take our wavelet basis to be the Haar system on L?(R), then the function appearing
n (1.4), as well as that in (1.5), would be the martingale square function of f with
respect to the dyadic filtration of the real line. However, the Haar system, although
a wavelet basis, is not 1-regular, and actually the square function condition just
described does not characterize the membership of f in H'(R) but in the smaller
dyadic Hardy space, which indeed coincides with the martingale Hardy space related
to the dyadic filtration (cf. [9]). Thus, while the results are analogous, they do not
cover each other.

As for the vector-valued setting, on the one hand, P. F. X. MULLER and
G. SCHECHTMAN [11] have proved that DAVIS’ inequality, with the square func-
tion rewritten in terms of a Rademacher average, remains valid for UMD-valued
martingales. On the other hand, T. FIGIEL [5] has established results for wavelet
bases in LP spaces (p € ]1,00[) of UMD-valued functions. The starting point of
his approach is the unconditionality of the Haar system in LP(R™, X), which is
almost instantly seen to be equivalent to the UMD condition. However, a similar
transference of martingale estimates cannot be applied to H*(R", X) as such, since
the Haar system no longer spans the whole space but only its dyadic analogue, as
already pointed out. On the contrary, our analysis of H'(R", X) will be more con-
cerned with the Calder6n—Zygmund-theoretic properties of UMD spaces, and the
proof is quite different from [5] or [11].

We now come to the statement of our main theorem. As in MULLER and
SCHECHTMAN’s formulation of the UMD-valued DAVIS’s inequality, and in many
other results of analysis of vector-valued functions, we replace the square functions
in (1.4) through (1.6) by Rademacher averages. We denote by ¢ independent ran-
dom variables on some probability space € with distribution P(ey = +1) = P(e) =
—1) =1/2. E. denotes the corresponding expectation. Then we have:

1.7. Theorem. Let X be a UMD-space, let (¢x)ren be a 1-regular wavelet basis
of L*(R™), and a € X*. The following conditions are equivalent for the X -valued

distribution
z) =Y axpa(x)
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where F, X\, Q(\) and R(\) = 279(A" + k) have the same meaning as in Theo-
rem 1.1.
Moreover, each of the expressions (1.9) through (1.12) define equivalent norms

of HL(R"™, X). Consequently, the wavelet series of f converges unconditionally to
f in the HY(R™, X)-norm.

Note that the condition (1.12) a priori depends on the choice of the cubes A"
defining the R(\)’s. However, the proof of the Theorem will show that the validity
of this condition for any one choice of the A"’s already implies it for all possible
choices.

To simplify the matters, note that it suffices to establish the equivalence of the
different norms in the case of (ay)rea finitely non-zero. The general case then
follows by standard arguments, using the density in H'(R", X) of such functions.

The definition of the Hardy space H!(R™, X), which we use, is in terms of atoms:
We have, by definition, f € H'(R", X) if and only if f has an expansion of the

form
o

f(z) = Z a;(x), suppa; C B;, /ai(x) dr =0,
i=1

where the B; are balls in R”, and we have
oo -
(1.13) Z ”aiHLP(R",X) |Bi| "< o0,
i=1

where some value of p € ]1,00[ is fixed, and p’ denotes the conjugate exponent,
1/p+1/p" = 1. The norm | f|l ;1 (g~ x) is defined as the infimum of the above
series taken over all such decompositions. It depends, of course, on the choice of
p € ]1,00], but it is well-known that each p € |1, 0] (actually also p = oo) gives
the same space H!(R™, X) with an equivalent norm. This will also follow from our
theorem and its proof, since the conditions (1.9) through (1.12) do not contain any
explicit or implicit reference to the parameter p.

It is known that this atomic definition of H'(R", X) agrees with one given in
terms of various maximal functions for any Banach space X, and actually one can
check that the proof of this fact in the scalar case, as given e.g. in STEIN’s book [12],
goes through word by word in the general setting. For n = 1, the “conjugate Hardy
space”, defined as the domain of the Hilbert transform on L*(R, X) with the graph
norm, is always (i.e., without any conditions on the Banach space X) contained
in the atomic Hardy space, and agrees with it exactly when X is a UMD-space.
(See the papers of O. BLasco [1], J. BOURGAIN [2] and D. L. BURKHOLDER (3]
in this connection.) None of these results is used in the proof of Theorem 1.7, but
we always work with the atomic definition.

The main arguments which show that (1.8) implies the other conditions are
based on results concerning generalized Calderéon—Zygmund operators on UMD-
Bochner spaces, due to T. FIGIEL [6]. The reverse direction involves some new
local estimates.

1.14. Remark. The validity of Theorem 1.7 on H'(R,X) actually characterizes
the UMD-property of X. Indeed, let X be any complex Banach space and let
the conclusions of Theorem 1.7 be satisfied. Let (¢x)xea be the Littlewood—Paley
wavelet basis of Y. MEYER [9]. Then, since Uy € D(R) and is supported away from
the origin (where the multiplier of the Hilbert transform has a discontinuity), and
since the Hilbert transform is an isometry on L?(R), it follows that (H1)y)xea, too,
is an infinitely regular wavelet basis of L?(R).

But then, according to our assumption, the H!'(R, X)-norms of both f(z) =
Saxa(x) and Hf(z) = > axHyx(z) are comparable (with constants indepen-
dent of f) to the quantity (1.11). In particular, | H f{|g1r x) < C |l 1 (r, x)- and
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so H is bounded on H'(R, X). This is equivalent to its L?(R, X)-boundedness (a
result due to Brasco [1]), and thus to the UMD-property of X. Since BLASCO’s
proof is given in the slightly different periodic setting, let us briefly indicate the ar-
gument for the present case: For an operator with a standard kernel, the H (R, X)-
boundedness implies boundedness from L5° (R, X) [compactly supported L> func-
tions with vanishing integral, equipped with the norm of L>*(R, X)| to BMO(R, X).
See [8], p. 49, for an argument valid in the vector-valued setting. Then we just use
interpolation; again cf. [8].

Acknowledgments. I wish to thank Dr. HANS-OrAv TyLLI who brought the
results of T. FIGIEL to my knowledge, Prof. TADEUSZ FIGIEL himself, who kindly
supplied me with further pieces of his work, and Prof. OSCAR BLASCO who asked me
a question which lead me to investigate the validity of Remark 1.14. The anonymous
referee urged me to elaborate the connections of this paper to earlier work in related
questions. I acknowledge financial support from the Magnus Ehrnrooth Foundation.

2. IMPLICATIONS USING CALDERON—ZYGMUND OPERATORS

In proving Theorem 1.7, we will need to apply several transformations of the
wavelet series. All these transformations will have the generic form of an integral
operator

Tf(@) = [ hle)f(0)dv

where the kernel k is actually bounded and integrable. What is important is to
obtain appropriate uniform bounds for operator norms of different operators T' of
this kind.

T. FIGIEL [6] has generalized the famous 71 theorem of G. DaAvVID and J.-L.
JOURNE to the setting of X-valued L? spaces. (See also [7], where an intermediate
estimate omitted in [6] is proved in detail.) A rather general formulation of this
result is given in [6]; for our purposes, the following version is sufficiet:

2.1. Proposition ([6]). Let k(z,y) € L*(R™ x R") satisfy the standard estimates
k(zy) < klz—yl™",  |[Vek(z,y)l + [Vyk(z,y)| < mle—y[ "7

Assume, moreover, that T is bounded on L*(R™) with operator norm at most k.
Then T is also bounded on LP(R™, X), where X is any UMD space, with norm
< Cp(X)k, for all p € 11,00, and it is bounded from H'(R™, X) to L'(R", X) with
norm < Cy(X)k. If, in addition,

[T'1](y) := k(z,y)dx =0,
R"

then T is bounded on H'(R™, X) with norm < Co(X)s.

This proposition is essentially a statement of the fact that for an operator defined
in terms of a kernel which verifies the standard estimates, the conditions of the T'1
theorem are necessary and sufficient: Since T is bounded on L?(R™), it satisfies these
conditions, but then the vector-valued version applies to give the boundedness on
LP(R™, X). For our purposes, we would actually only need a special T'1 theorem,
i.e., the case T1 =0=T"1.

It is a well-known fact, in which the vector-valued situation brings no complica-
tions, that an integral operator satisfying the standard estimates and bounded on
LP(R™, X) is also bounded from H*(R", X) to L'(R", X). As for the H'(R", X)-
boundedness under the additional assumption, see Y. MEYER and R. COIFMAN
[10], Th. 3 of Ch. 7. (This is also an extension argument, which goes through in
the vector-valued setting without modifications.)
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2.2. Corollary. Let (ax)xea, (bx)aea be orthogonal sets in L?(R™) satisfying
onj/2 v o onj/2+j
(1+ 202 — k)™’ Va(@)] < (14292 — k|)™

for all X = k279 +1n279~1 and all m € N, with similar estimates for the (bx)aen-
Consider the integral operators with kernels given by

k(z,y) = > vaax(@)ba(y),
AEF
where F C A is any finite set and vy € C, |vy| < 1.

These are uniformly bounded on LP(R™, X), and from H'(R", X) to L}(R", X),
with the operator norms depending only on p € |1,00|, the UMD-constant of the
space X, and the quantities C,,, m € N. If the ay’s have vanishing integral, then
we also have boundedness on H'(R™, X) with a similar estimate for the norm.

lax(2)] < Cp,

Proof. From the assumed pointwise estimates, it easily follows that |ax|l, < C,
which depends only on the C,,’s, and similarly ||by||, < C. Then a bound depending
only on the Cy,’s is easily derived for the operator norm of f >, _pvaax (ba, f)
on L?(R™), using the orthogonality of the two sets (ay) and (by).

It is also a routine exercise to verify the standard estimates for the kernel k,
with the constant only depending on the C,,’s. Then the assertion follows from
Prop. 2.1. ]

Now the first steps in our main theorem follow at once:

Proof of (1.8) = (1.9) = (1.10). The first implication is immediate from the fact
that, for any F' C A, £ € {£1}4,

Z exta(z)¥a(y)
AEF
are kernels of the kind considered in Cor. 2.2. Clearly the integral operator with
the kernel given above maps f to Yy pexanyx(:).
The second implication is obvious, since the L' norm on the probability space
is dominated by the L norm. |

For the proof of further implications, we will need regular wavelet bases with the
mother wavelet non-vanishing at a preassigned point. This is a somewhat untypical
need, since usually it is the cancellation and vanishing properties of the wavelets
which are desired.

2.3. Lemma. For every x € R, there exists an infinitely regular wavelet 1 on R
such that (z) # 0.

Proof. The proof is based on a modification of MEYER’s construction of the Little-
wood—Paley multiresolution analysis ([9], §2.2), and the related wavelet ([9], §3.2).
In that construction, one starts with an even, non-negative function § € D(R), such
that 0(¢) = 1 for |£] < 27/3, 6(¢) = 0 for |¢| > 4m/3, and 6%(&) + 6% (2m — €) = 1 for
¢ € 10,27]. Our modification consists of choosing an n € C*°(R), which is required
to be 0 on [~27/3,27/3] but otherwise arbitrary, and taking (&) := 6(&)e(€). We
set ¢ := 0, the inverse Fourier transform.
It follows, for m(&) := 3 crpe*s, that

oo

[Sewste =0 = o @@ = 5= 3 [ Im@ote + 2 a

27
=5 [ P as =Y lal.
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since Y [9(€ +2mj)|* = 1, as is easily verified, and so ¢(- — k), k € Z, are the
orthonormal basis of a closed subspace Vy of L?(R), which gives rise to a multires-
olution analysis of L*(R).

We then pass to the construction of the corresponding wavelet 1. Following [9],
§3.2, we compute the auxiliary coefficients

o= [~ 50(5) de+ e = - [ vrom@ia = 5o (5).

since ¥(§) = 1 on the support of ¥(2¢).

Then - .
mo(&) := Za;&‘ké = Zﬂ(—?(f + 2km)).

by POISSON’s summation formula, and 9(£) := e~€/29, (¢), where

9(&/2) & € +[4n/3,87/3]
D1(€) = mo (/2 + mI(E/2) = { D(—€ £ 2m) € € +[2m/3, 4n/3]
0 else,

where the last equality follows readily when taking into account the sets on which ¢
equals 1 or 0. Note that 91 |+[2r /3,47 /3] is Obtained from V1[4 (4x /3,873 by reflecting
and scaling about the point +4/3; in fact

D)3 —€) = D@r/3+€), Dr(dn/3+26) = V(2r/3+€) for € € [0,27/3),
and similarly on the negative axis. Thus

1

(2.4) Y(x+1/2) = o [w EET/2)o=18/29, (£) dg

2n/3 ) .
= / (19(27r/3 + &)l /3707 4 29(2m /3 + g)e1<4ﬂ/3+2€>r) d¢
0
+ an integral over the negative half-line.

Now the phase of ¥ on £[47/3,87/3] is in our control; moreover, it can be adjusted
independently on the positive and negative line segments. By symmetry, it then
suffices to show that we can make the integral f02 /3 (...) d¢ above non-vanishing

with an appropriate choice of this phase. We choose this phase in such a way that

27 /3 . 27
Re/ V(27 /3 + £)elm/3+29z q¢ > %/ [9(2m/3 + )| d&;
0 0

then the integral in (2.4) is estimated by

27/3 27 /3
/ 11(€) de| - / 1(6)] de
0 0

27 /3
> (; — 1) /0 |9(27m/3 4+ &)| d§ > 0.

Thus, for an arbitrary z € R, we have constructed a wavelet ¢ such that ¢ (z +
1/2) # 0; in fact, one with |¢»(x 4+ 1/2)| > ¢, where ¢ > 0 does not depend on z. O

27 /3
/0 (1(€) + TT(€)) dé

>

The n dimensional version follows readily by a tensor product construction. Re-
call that the 2" — 1 mother wavelets in the n-dimensional setting are naturally
indexed by n € {0,1}"\ {0}. We denote by ¢ := (1,...,1) the n-vector, all of whose
entries are 1.

2.5. Corollary. For any x € R"™, there exists an infinitely regular wavelet basis of
L*(R™) such that 1*(z) # 0.
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Proof. Let ;o := ¢;, ¥ 1 := ¢; be (infinitely regular) father, resp. mother, wavelets
onRfori=1,...,n. Fornpe{0,1}", y € R", denote

V(y) = H Vi, (Yi)-
i=1

Then 97, n € {0,1}™\ {0}, is the set of (infinitely regular) mother wavelets for a
multiresolution analysis of L?(R™). By choosing the 1-dimensional wavelets ;1 in
such a way that ¢; 1(x;) # 0 for a given x = (z1,...,2,), we clearly ensure the
condition ¥*(x) # 0. O

Proof of (1.8) = VA" : (1.12) = (1.11). Let A7, n € {0,1}™\ {0}, be non-degene-
rate cubes, and denote
A= U An:

n€{0,1}\{0}
this is a compact set.

For every x € A, we choose an infinitely regular wavelet basis (5, x)rea such
that ¢%(x) # 0. By continuity of %, we have ¢’ (U,) Z 0 for some neighbourhood
U, of z, and then by compactness we can choose finitely many, say m, infinitely
regular wavelet bases (¢; x)xea such that > 1" |[¢4(z)] > ¢ > 0 for all z € A. Now
the kernels

S 22 (200 — k)da(y)
AEF:m=no
satisfy the assumptions of Cor. 2.2; hence they define uniformly bounded integral
operators from H!(R", X) to L*(R", X), and thus

ZEE/ ‘ D enan2 2y (20 — k)‘x dz < Clfll i me x) -
i=1 R

AEF

The contraction principle permits replacing 1¢(27z — k) by its absolute value above,
and using the fact that >°/", [04(272 — k)| > clan (272 — k) = clpn)(x) and the
contraction principle again, we finally deduce

Ee [ |3 eran @)™ 1re )] de < Ol ae x) -
Rn X ’
XEF
The fact that (1.12) for all A" implies (1.11) is evident, since (1.11) is just the
special case of (1.12) with A7 = [0, 1[". O

Proof of (1.10) = 3A" : (1.12). Tt suffices to observe that necessarily |¢7(z)| > ¢ >
0 for all  in some cube A"; then the expression in (1.12) can be dominated by that
in (1.10) according to the contraction principle. O

Now we have shown that
(1.8) = (1.9) = (1.10) = 3A" : (1.12), and
(1.8) = VA" : (1.12) = (1.11) = A" : (1.12)

(where the last implication was not mentioned explicitly before, but it is trivial).

3. CONSTRUCTION OF THE ATOMIC DECOMPOSITION

To complete the proof of Theorem 1.7, we need to show that the condition (1.12),
for any cubes A" whatsoever, implies the existence of an atomic decomposition for
f; moreover, the H' norm of f computed in terms of this decomposition should be
controlled in terms of the expression in (1.12). Note that, without loss of generality,
we may take the A" to be dyadic cubes of side-length < 1, since the expression in
(1.12) decreases when the sets A" (and hence R(\)) decrease. When this is done,
it follows that the R()) are dyadic cubes as well.
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To achieve the atomic decomposition, we are going to modify the construction
used by MEYER [9]. Certain parts of the proof are in almost one-to-one correspon-
dence with the scalar-valued case; however, there are also significant and essential
departures from MEYER’s reasoning.

Let us fix an 79 € {0,1}" \ {0}, and consider f = 7, _ ~axix(z), where the
notation means that the summation runs over all A of the form k277 4 n2=7~1,
where 7 = 1. It clearly suffices to decompose each of the 2" — 1 series of this
kind. Then we can use a different indexing system which is more convenient in the
present context: Let R be the collection of all the cubes R(\) = 277 (A" + k) such
that n = ng. Then, instead of A, we can use R as our index set, and we write e
instead of €5. Moreover, write ap := a) for R = R(X\) and n = 9. Since |Q(A)] and
|R(M\)| only differ by a multiplicative constant independent of A (as long as n = ng
is fixed), we can further replace the factor \Q()\)FI/Q 172,
Following [9], we denote

. 172
o(z) = E‘ > erarlBl 1a(@)] .
ReR

in our equations by |R|™

and we have o € L'(R™) by the standing assumption (1.12).
We further adopt the following notations:

Ep:={z:0(x)>2"}, C.:={ReR:|RNEy| >8R}, Ar:=Ci\Crsi1,

where we fix some € |0, 1[. Note that, if ag # 0, then o(x) > |ag|y for all z € R.
Thus R C Ej, and hence R € C, for all small enough k.

The maximal members of C; will be denoted by R(k,¢), where ¢ runs over an
appropriate index set, and

Ak, £):={Re Ap:RC R(k,0)}.

Note that

(3.1) D IRk OI <Y 87 Rk ) NER| < B [Ex|
¢ ¢

and

(3.2) S Byl < 2ol e

We then come to a key estimate in the proof of (1.12) = (1.8). The statement of
this estimate is little more than a vector-valued analogue of the corresponding step
in [9]; however, the proof is substantially longer and very different in spirit. The
proof in [9] (where p = 2) exploits the Hilbert space structure of the scalar-valued
L? space, which at first seems to give little hope of extending the result beyond
Hilbert space framework. In view of this, it is perhaps surprising that the argument
given below actually requires no geometric restrictions on the underlying Banach
space X. The proof is very local in spirit; it essentially involves going through every
cube R € R one by one, in sharp contrast to the “global” argument in [9] in terms
of the orthogonal expansions.

3.3. Lemma. With the notation adopted above, we have the estimate

e

=1/
—_— E
1= B JR(k,0\Epsr )

P
Z EROR |R|71/2 13(90)‘)( dz
REA(K,)

~1/2 P 20+ Up
> erog|RTV 1g(x) Ao < ©T—F |R(k,0)|.

REA(k,L)

IN
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Proof. The second inequality is clear from KAHANE's inequality E. |Y &;2;% <
cp (E- > eimi| )" and the fact that o(z) < 28! for x ¢ Ejpy1. We will then
concentrate on the first inequality.

Observe that if Ry N Ry # O, then necessarily Ry C Ry or Ry C Ry, since Ry, R
are dyadic cubes. If R € A(k, ) is minimal, in the sense that R ; R= R¢ A(k,0),

then for z € R we have

(3.4) E. Z ERaR\er/Z 1R(m)’X =FE. Z EROR |R|71/2 X’
ReA(k,0) ReA(k,0),RDR

Le., this expression is constant for z € R.
More generally, if R € A(k,¥), and

(3.5) Ry:=R\ |J R
REA(K,L)
RCR
#

then (3.4) holds for all z € Ry.

It suffices to establish the assertion of the lemma in the case when only finitely
many «(Q) are non-zero, since the general case then follows from the monotone
convergence theorem. Then the summations involved are finite, and we can avoid all
convergence problems in the following. Replacing A(k, £) by {R € A(k,¢) : ar # 0},
if necessary, we can assume that A(k, ¢) is finite.

Let R be one of the maximal members of A(k, £). It clearly suffices to prove, for
all such R, that

~ p
/ EE‘ Z ERO(R|R|_1/21R(.’I})‘ dx
R ~ - X
REA(k,0),BCR
1

<
1= R\Ey 11

(3.6)
E.

. P
Z epap|RI7Y 1 5(x) Xd:v.
ReA(k,0),RCR

To prove this inequality, we need to introduce some notation. We say that Ris
a A-subcube of R if R % R and R € A(k,¢). We say that R is a first order A-

subcube of R if, in addition, the following property holds: there is no Re Ak, L)
with R ; R ; R. We label the first order A-subcubes of R by R;, where 7 runs over

an appropriate finite index set. The first order A-subcubes of R;, which are labelled
R;;, are called the second order A-subcubes of R, and so on, in an obvious fashion.
The mth order A-subcubes of R will be denoted by R,, where @ = aj...qn
is a string of m indices. We further denote Rno := Ry \ UR4;, which is obviously
equivalent to the earlier definition (3.5). For convenience, we also denote E := Ej_1.

Since the proof of the inequality (3.6) in the general situation involves a very
large amount of indices, it is helpful first to consider a special case in which only
first and second order A-subcubes of R are involved. If S C R, we denote by
I(S) the integral over S of the same integrand as in (3.6), and u(S) := I(S)/|S] if
|S] > 0, and u(S) := 0 otherwise.

Now in our special situation, the cube R is decomposed into disjoint parts as
follows:

(3.7) R=RyU|JRiUJ [RjouU |J Rjx |

i€l jeJ kEK;
where R;, ¢ € I are those first order A-subcubes of R which have no further A-
subcubes, whereas R; = Urc(oyuk,; Rjk, j € J, are those first order A-subcubes of
R which do have some further A-subcubes, namely the R, k € K.
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Now

I(R\E)=I(Ry\E) + > I(R;\E)+ Y _ | I(Rjo\E)+ Y_ I(Rjx\ E)

i€l jeJ keEK;
= [Ro\ E|u(Ro) + Y |Ri \ E| p(R:)
el

+Z [Rjo \ E| u(Rjo0) Z|Rjk\E|M( Rjk) |

jeJ keK;

since the integrand is constant on each of the sets Ry, R;, Rjo, R, as was observed
above.

We want to show that the above displayed quantity is at least (1 — 8)I(R) =:
tI(R), denoting t := 1 — (3. To see this, observe that |R N E| = |R n Ek+1| <p |R|,
hence |R\ E| > (1 — ) |R| for all R € Aj, C Cj; by the definition of C41. Now

tI(R) =

t|Ro| p(Ro) +Zt|R\M +Z t|Rjol u(Rjo) Zt\ngW k) |
el jeJ keK;

and hence

I(R\ E) = tI(R) = (|Ro \ E| = t |Ro[) pu(Ro) + 3 (|Ri \ B| = t|Ril) ()

+) | (Rjo \ Bl = t|Rjol) (Rjo) + Y (IRjx \ B — t|Rji]) w(Rji) |

Jjed keK;

and denoting 7(S) := |S \ E| —t|S| (whence 7(R) > 0 for all R € Ay), this can be
further written as

= |T(Ro) + Y (R + > Y 7(Rjr)| u(Ro)

iel i€ ke{0}UK,
+y T(R p(Ro) + > m(R) p (u(Rjo) — n(Ro))
iel il \ | kefojuk;

+ > T(Ryn) (n(Bye) — pl(Rjo))

keK;

Noting that the quantity in brackets [- - -] is simply 7(R), whereas that in the braces
{---} is 7(R;), we find that all the terms appearing above are non-negative, and
hence I(R\ E) > tI(R), which we wanted to prove.

The special case treated above already contains the essence of the matter, and
it is essentially the notation which is more difficult in the general case where A-
subcubes of higher orders are allowed. Now R is disjointly decomposed as

(3.8) R=RoU|J | |JRai Ul JRajo |,
«@ 7 7

where « runs over an appropriate set of strings of indices, and ¢ and j over ap-
propriate sets (possibly different for different «) of single indices. Note that the
possibility of « being the empty string is allowed. The decomposition (3.8) should
be compared with the special case in (3.7).
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We have
I(R\ E) —tI(R) = (|Ro \ E| —t|Rol) u(Ro)

+ Z Z [Rai \ E| = t|Rail) p(Rai) + Z (lRaJ'O\E‘ - thajODN(RajO)

= T(RQ),U(R()) + Z Z ( oﬂ Rai + Z aj() a]O)

We claim that this is equal to

(o) + 3 | Do m(Rai) + Z Rajo) | ¢ 1lfo)
+ Z Z T(Rai) ((Rai) — u(Rao))

+Z Z T(Rajo) + Z <Z T(Rajpr) + ZT(RajBZO)> ((Rajo) — p(Rao)) -
a g B k

1

In the expression above, the quantity in the braces {--- } is 7(R) > 0 and that in the
brackets [- - -] is 7(Rq;) > 0, so that all the terms appearing above are non-negative.
Hence it suffices to verify the claimed equality, i.e., the vanishing of the expression

(3.9)
Z RO + Z agO - Z T(Rai)ﬂ“(RQO) - Z T(RQJO)M(RCXO)

o, a,j

+ (Z Rajok +Z amw) 1(Rajo)
a,j,B
- <ZT(Raﬁﬁk) +ZT(Rameo)> 1(Rao)
k

a,j,B L
When « runs over all strings, and j over all single indices, aj clearly runs over all

strings except for the empty string. Hence the second-to-last term in (3.9) is equal
to

> [Z Rogpr) + Z Rapeo) | 1#(Rao) = Y T(Rar)i(Ro) = > 7(Rpuo)i(Ro)

a, B,k B¢

Similarly, replacing the pair (4, 3) by 3 alone in the last term of (3.9), we find that
this last terms is equal to

I PILTIRS ST

(RaO) + Z T(Rak),u(RaO)
ak
+ Z aZO )

Now it is clear that the different terms in (3.9) cancel each other, so our claim, and
hence the assertion of the lemma, is verified. O

Now we denote

A o(z,€) = Z erar |R|7? 15(2);
REA(k,0)
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note that

o0
S Apulwe) =) erog IRI™? 15(2).
k=—oo ¢ RER
A modification of this series will give us the required atomic decomposition of f.
Observe that supp Ay ¢(-,€) C R(k, £) by the definition of A(k,?).
Moreover, by Lemma 3.3, we have

(310) > 1Akl pogxrn x) | R(E O
k4

<N el - )T P2 R (K, 07 [R(k, )7
k.0

(3.1)
<2)/P(1=B)" PN 2PN IRk, 0] < 2e)/P(1— )BT 28 By
k V4 k

G2 yeliv -1/pg-1
< 4e/P(A=8)"PB ol pa gy -

The quantity on the left of this estimate should be compared with the definition of
the H' norm in (1.13).
Now we are ready to finish the proof of Theorem 1.7.

Conclusion of the proof of (1.12) = (1.8). Now we construct the atomic decompo-
sition of f, or more precisely, of each of the subseries

fro(@) =" > aaa(z) = Y arham)(@)
AeAm=no RER
where A\(R) := 277k + 27971y for R =279 (A" + k).

Consider a basis (U))rea of compactly supported, 1-regular wavelets. The exis-
tence of such wavelet bases is well-known, see [9]. Now that A™ is a non-degenerate
cube, we have supp Wo—jo . 12-j0-1,, = SUPP 270n/2y0 (200 . —kg) C A" for some
suitable jo > 0 and ko € Z".

Let us denote V7, := W, for A = 277k 4+ 27771y, and set ¢ := L

n
and
bjk = an/2¢(2j —k) = 2”(j+j0)/2\1/770(2j0 (27 - —k) — ko) = \I,?ijmmk%o.

Since jo > 0, we see that (¢;k);jecz kezn is a subset of (1x)rea, thus orthonormal

(but not complete, of course) in L?(R™).
Now that ¢ is bounded and supported on A™, we have

[$(@)] < C1A™ 7 1ano (),
where C' = ||¢]| |A’70|1/2, and then by scaling
[6r(2)] = [6;4(2)] < C|R|™/* 1(a)
for R =277(A" + k). Then the contraction principle gives
P _ P
/ E. Z sRaRgéR(x)‘X de < C E. Z erar |R| 1/2 1g(x) de.
Rn

ReA(k,0) R» REA(k,0)
Now we apply Cor. 2.2 with

Z erRNUA(T) PR (Y)

AEAM=n0
to the result

/n‘ Z 04,\1#,\(96)‘; dr < /n‘ Z EROCR|R|71/2 1r(x) i{dx

AeA:m=no, ReA(k,0)
R\ eA(k,L)
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Taking the expectation E. of the right-hand side and combining this with the pre-
vious inequality, we have shown, for

age(x) = Z ax(x),
AEAm=no,
R(N)€A(K,L)

the estimate

(3-11) ||ak,€||LP(R"L_’X) <C ||Ak,€||LP(Q><R"L7X) :

Since each of the wavelets 1, has a vanishing integral, so does ay . Consider
two cases:

The case of compactly supported wavelets. Since A" is a non-degenerate
cube and ¢" has compact support, we have supp¢” C (A")* where Q* denotes
the cube concentric with ¢ and having g times the side length of @, where g
is a sufficiently large constant. Then 1/1;77]6 = Yo-ipqo-i-1y = 20/ 29 (27 . —)
satisfies suppw;”k = 279 (supp " + k) C 279((A")* + k) = (279(A" + k))*, ie.,
suppx C R(N)*.

Thus, if R(A\) € A(k,£), hence R(A) C R(k,£), we have supp ¢y C R(k,¢)*. This
means that supp ag e C R(k,£)*, and then

«11/p
1ol e xy < D kel o g ey 1RO €)1
k.4

( (3.

3.11) , (3.10)
< O Akl o ) [BE O[T <7 Cllol g -
k.l

Thus we obtain a norm estimate for f,,, and then for f = Zne{o,l}"\{o} fn, of the
desired form.

The general case. By the special case considered above, we obtain
H ZOD“IIAH < C”U”Ll(Rn)v
XEA HI(®R",X)

where (¥))xea is a compactly supported 1-regular wavelet basis, as above. Then
it suffices to apply the H!(R", X)-boundedness assertion of Cor. 2.2 to

> (@) Pa(y)

to conclude the desired norm estimate for f = Y ajtx, where (¢x)xea is any
1-regular wavelet basis.

This completes the proof of the implication (1.12) = (1.8), and with it the proof
of Theorem 1.7. ]

4. ON BMO(R™, X) AND DUALITY

One can also generalize the wavelet characterization of the space BMO(R™)
from [9] to the UMD-valued situation. This generalization is not as exciting as that
of the characterization of H!(R™): In essence, we just need to replace classical L?
estimates used in [9] by the application of Cor. 2.2, but otherwise the proof follows
the same lines as in [9].

4.1. Proposition. Let X be a UMD-space and (Yx)ren a 1-regular wavelet basis.
Ifbe BMOR™ X) and a, := <b,1,/),\>, then

(42) /Rn E. Z E)\a)ﬂb)\(ﬁ)‘i dx < kP |Q‘ VE C {)\ eA: Q()\) C Q},

AEF
where k < Cyp [|b]| grromn,x), and p € |1, 00[.
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Conversely, if (4.2) holds for some set of coefficients (ax)rea C X and all finite
sets F' as above, then the series
Z axa(z)

AEA

converges unconditionally in LY (R™, X)/X, to a function in BMO(R", X) with
norm at most Cpk.

By convergence in L} (R™,X)/X we mean the following: For every compact
K C R", the exist “renormalization constants” ¢y € X such that ), (cax®a() +
¢x) converges in LP (K, X).

Proof. We give the proof in the case of compactly supported wavelets, since the
additional considerations required by the general case do not involve the vector-
valuedness of the functions in any way. The required modifications are left as an
exercise for the reader in MEYER’s book [9], and we follow the same line here. Thus,
under the additional assumption, we have supp ¢, C Q(N\)*.

Necessity of (4.2). Writing b := (b—bg+)1g- +(b—bg+)1(g)e +bo+ =: bi+by+bs,
where bo- == |Q*| ™" fQ* b(z) dz, we find that (by,1x) = 0 if Q(A) C Q (since then
supp ¥y C @Q*), and <b37z/;>\> =0 for all A € A, since [¢x(z)dz = 0. Thus, when
Q(\) C Q, we have

ax = (b,r) = ((b—bg-)1g+,¥xr),

and so

Ju
RTL

This completes the first half of the proof.

P
Lr(R",X)

p
> aanta@)| de < CJl(b—bo-)lor
oleyjae

<C01Q7 ”bH%MO(R",X) :

Sufficiency of (4.2). Let B be a ball of radius r. We investigate separately the

two series
Z axtx(x) and Z axtx(x).
lRMVIL|B| lQ(N)|>|B|

Concerning the first series, if # € B and = € suppy C Q(A\)* for some x, then
BNQ(A\)* # O, and from the size assumption |Q(A)| < |B] it follows that Q(\) C
B*, where the % designates expansion about the same centre by a sufficiently large
factor which only depends on the expansion factor implicit in the notation Q(A)*.

Thus

P P
(4.3) /Rn Eg‘ 3 7 5Aa>\w>\(x)’xdx§/ml Es’ > ...‘de
AEF:QV)ILI B, AEF:Q(\)CB*
BnNsupp Y #D
< ckP ’B| .

From this estimate, which is uniform for finite sets F' C A, and the fact that
co ¢ X for X UMD, it follows that the series Y exax®(-) (summation over
A€ A:|QN)| < |B|, BNsupp ¥y # @) converges almost surely (with respect to the
ex’s) in LP(R™, X). But due to the LP(R™, X)-boundedness of the integral transfor-
mations with kernels >~ exthx (2)1(y), it actually converges surely, i.e., > axvy(z)
(summation restricted as above) converges unconditionally. For z € B, this series

agrees with
Z (1/\¢>\($),
XeA|Q(N)I<|B|
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which hence converges unconditionally in LP(B, X).

We then consider summation over |Q(A)| > |B|. For each fixed size 277" =
|Q(A)], there are at most a bounded number, say m, of dyadic cubes Q(\) such that
Q(\)* N B # @. Moreover, denoting by zo the centre of B, we have for x € B

[tha () — ha(z0)| < |(m — @) - Vapa(€)] < €27/ 4y,

where r is the radius of B and A = 277k + 277715, From (4.2) it follows that
lax|x < CKk27™/2. Combining these observations, it follows that

(4.4) Z laa| x [a(x) — a(zo)| < Z mr2"/209nI /2y
QN I>|B|.Q(N)*NB£D 2-in>| B
<cK Z 2 < ¢k,
20 <r—1

and this shows that ZIQ(A)\>|B| ax(¥a(x) —a(xo)) converges absolutely in X, uni-
formly on B; thus Z\Q(A)\>|B| ax(z) converges unconditionally on LP(B, X)/X.

The asserted convergence of > a¥)(x) has now been established. Moreover,
the estimates (4.3) and (4.4) combined give

/— ‘ Z ana(x) + Z ax (Pa(z) — a(xo)) idx < CkP ’B

)

B o< 8| Q> B
which shows the membership of the limit element in BMO(R™, X), and the asserted
norm estimate. U

Finally, we wish to exploit the wavelet framework to give a new point-of-view
to the H'-BMO duality in the UMD-valued situation. It should be noted that
FEFFERMAN’s duality theorem holds in the vector-valued situation under much
milder geometric assumptions (see O. BLASCO [1]), but requires a different approach
then.

4.5. Proposition. Let X (and then also X') be a UMD-space and (Yx)ren (and
then also (¥x)xen) a 1-regular wavelet basis of L?>(R™). Let
b(x) =Y aj\va(x) € BMOR",X'),  af = (b) € X,
AEA

where the convergence is unconditional in Lj, (R™, X")/X’. Then

(4.6) A = A( Y axwn) ==Y ah(an)
AEA AeA
converges unconditionally for every f = ) aathx € HYR", X), and defines an
element of H*(R™, X)" with Al 1 rn xy < C bl garo@n,x7)-
Conversely, every A € H*(R™, X)' is of the form (4.6), where Y, ., aA¥x con-
verges in Lf, (R",X')/X" to b € BMO(R", X), which satisfies ||b grromn x) <

Cll Al g mn x) -
Proof. Let F' C A be finite. Then

(4.7) > ah(an) = /

AEF Rn

<Z O/)\QZA(I')a Z %%(x)> dzx.

AEF HEF

According to Prop. 4.1, the BMO(R™, X )-norms of bp := Y, p @A are bounded
by C HbHBMO(Rn,X) for all F' C A. On the other hand, from Theorem 1.7 it follows
that the H!(R", X )-norms of fp := > per @ty are uniformly bounded, and also
that HfF”Hl(Rn’X) can be made smaller than any positive € as soon as ' C Ff,
where F, is a sufficiently large set.
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Now fr has an atomic decomposition Y a;, where suppa; C B;, Ja;, =0,
and 3 llai| . (rn x) |Bi|1/p < 2|[fll g1 (mn x)- Since the atomic series converges in
LY(R", X), and bp € L=°(R"™, X'), we have

— 1/
Bi| : ”aiHLP'(R",X)

|(br, fr)] < Z (b, ai)| < Z 1brll Erro@mn, X1y
=1

i=1

<20 ||b||BMo(Rn,X') ||fFHH1(Rn,X) )

where a standard estimate for the pairing of a BMO-function and an H'-atom was
used in the second step.

From this estimate and the unconditional convergence of fr to f in H'(R", X) as
F 1 A, it follows readily that ), _, o\ (ax) converges unconditionally to a complex
number of absolute value at most ||l g romn, x7) [/l 711 (r7, x)- This proves the first
assertion.

The converse implication. Let now A € H'(R", X) be arbitrary. Define
oy € X' by o\(x) := A(z¢n) for x € X. Since ), axthx converges uncondition-
ally to f in H'(R",X), we have that >, A(axthr) = > \cp @5 (an) converges
unconditionally to A(f). Denote br := ), . @\t for finite F' C A.

We estimate the BMO(R", X )-norm of bp. Let B be a ball, and f € L*' (B, X).
Then

(br — (br) g, f) = (br, f — fBla) — ((bF)pls, ) + (br, fElE),

and the last two terms are both equal to |B| ((br) g, fg)- Furthermore, note that
(br,g) = (bp,gr) = A(gr) for any g € H(R™, X). Thus

(br = (0r) 5, N = 1AW = f315)P)| < 1Al g o xy 1 = F518) Pl (e )
=1
<Al g g xy I1f = FB1B] o (e x) | B .

Taking the supremum over all f € L?' (B, X) of norm at most 1, and observing that
the unit ball of L' (B, X) is norming for L?(B, X’), we deduce

— 1/
1(br = (7)) 15l o (re ) < 21 A e x| B

and thus [[br| prromn,x) < 21| All g1 wn, x)- From Prop. 4.1 it follows that this
uniform estimate for br implies that by — b as F' T A, unconditionally in the space
LY, (R™, X") /X", and [|b]l gpromn x1y < C||A||P£1(RH7X). Then, by the first part
of the proof, b defines via duality an element A € H LR™, X). Tt is clear that
A(f) = (br, f) = A(f) if f = > \cparty and F C A is finite; since such f are

dense in H'(R", X), we see that A = A, i.e., A is of the asserted form. O

The previous proposition shows the fact that H'(R", X)" = BMO(R", X’) for
X UMD, which, as mentioned, actually holds under more general conditions. While
restricted to the UMD-setting, the present approach has the virtue of providing the
explicit formula (4.6) for the evaluation of the duality pairing (b, f). Note that the
wavelet coefficients o/ of b and a of f are uniquely determined by the functions
b and f, and moreover explicitly given by the formulae oy = (b,¥y), ax = <f, 1/3A>
On the other hand, the atomic decomposition of f, in terms of which the H'-BMO
duality is often defined by (b, f) = > .=, (b,a;) is far from being unique.

From the previous proof we also readily see the following, recalling that UMD
spaces are reflexive:
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. Corollary. Let X be a UMD space, and (¥\)rea a l-reqular wavelet basis.

Then, for every b € BMO(R™, X), the wavelet expansions ), p <b7 1/;>\>1/)>\ con-
verge unconditionally to b in the weak® topology c(BMO(R"™, X), H*(R", X")) as

F1A.
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