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ABSTRACT. We study conical square function estimates for Banach-valued
functions, and introduce a vector-valued analogue of the Coifman—Meyer—Stein
tent spaces. Following recent work of Auscher—MC¢Intosh—Russ, the tent spaces
in turn are used to construct a scale of vector-valued Hardy spaces associated
with a given bisectorial operator A with certain off-diagonal bounds, such that
A always has a bounded H *°-functional calculus on these spaces. This provides
a new way of proving functional calculus of A on the Bochner spaces LP (R™; X)
by checking appropriate conical square function estimates, and also a conical
analogue of Bourgain’s extension of the Littlewood-Paley theory to the UMD-
valued context. Even when X = C, our approach gives refined p-dependent
versions of known results.

1. INTRODUCTION

Since the development of the Littlewood-Paley theory, square function estimates

of the form . )
() lovaeeas2)”

have been widely used in harmonic analysis. When dealing with functions which
take values in a UMD Banach space X, such estimates have to be given an appro-
priate meaning. This is done through a linearisation of the square function using
randomisation, which gives (see [14])
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where the integral is a Banach space-valued stochastic integral with respect to a
standard Brownian motion W on a probability space (Q2,P) (see [25]), or, in a
simpler discrete form,
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where (g;,) is a sequence of independent Rademacher variables on (€2, P). The latter
was proven by Bourgain in [6], thereby starting the development of harmonic analy-
sis for UMD-valued functions. In recent years, research in this field has accelerated
as it appeared that its tools, and in particular square function estimates, are of
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fundamental importance in the study of the H*°-functional calculus (see [20]) and
in stochastic analysis in UMD Banach spaces (see [24]).

To some extent, even the scalar-valued theory (i.e. X = C) has benefited from
this probabilistic point of view (see for instance [16, 22]). However this fruitful
linearisation has, so far, been limited to the above “vertical” square functions esti-
mates, leaving aside the “conical” estimates of the form
(1.2)

dydins  \3
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In the meantime, such estimates have attracted much attention as it was realised
that they could be used to extend the real variable theory of Hardy spaces in a
way which is suitable to treat operators beyond the Calderén-Zygmund class (see
[3, 9, 13]). Indeed, elliptic operators of the form —divBV, where B is a matrix
with L°° entries, are not, in general, sectorial on LP for all 1 < p < oo. Their
study thus requires the LP-spaces to be replaced by appropriate Hardy spaces, on
which they have good functional calculus properties (in the same way as L' has
to be replaced by H! when dealing with the Laplacian). To define such spaces,
conical square functions have to be used, since the use of vertical ones would im-
pose severe restrictions on the class of operators under consideration (namely, LP
(R-)sectoriality).

The present paper gives extensions of (1.2) to the UMD-valued context. This
starts with the construction of appropriate tent spaces, which is carried out in
Section 4 by reinterpreting and extending [11] using the methods of stochastic
analysis in Banach spaces from [19, 24, 25]. Relevant notions and results from this
theory are recalled in Section 2, while the crucial technical estimate is proven in
Section 3. Following ideas developed in [3], we then prove appropriate estimates
for operators acting on these tent spaces in Section 5. After collecting some basic
results on bisectorial operator in Section 6, this allows us in Section 7 to define
Hardy spaces associated with bisectorial operators of the form A ® Iy, where X is
a UMD Banach space, and A acts on L?(R", CV) and satisfies suitable off-diagonal
estimates. We prove that A ® Ix always has an H°-functional calculus on these
Hardy spaces. Finally, in Section 8, we specialise to differential operators A, and,
in particular, give a conical analogue to Bourgain’s square function estimate (1.1).

Specialising to the case X = C, our approach allows to define Hardy spaces (as-
sociated with operators) using a class of functions which is wider than in [3]. This
is due to the fact that our estimates (see Proposition 7.5) are directly obtained for
a given value of p (and actually depend on the type and cotype of LP), instead of
using interpolation.

To conclude this introduction, let us now point out the possible uses of our
results. First, one can deduce the boundedness of the functional calculus of an
operator A®Ix from conical square function estimates. For instance, with Theorem
8.2, we recover the well-known fact that, if X is UMD and 1 < p < 00, A ® Ix
admits an H*-calculus on LP(X). Note that this characterises the UMD spaces
among all Banach spaces and thus indicates that it cannot be expected that the
results presented here extend beyond the UMD setting.

Another application is to deduce conical square function estimates for functions
with limited decay from such estimates for functions with good decay properties.
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In their formulation we use the notations
Sy ={2 € C\ {0} : |arg(2)| < 6},
WE(SH) = {f € H¥(S}): 3C [f(2)] < Cmin(|2]", |2 7%) ¥ = € 5] }.
Let 6, > 0, and assume that either

b eWPTE(SH) and 1<p< HQ—”
or

(RS \II}L/HE(SJ) and % <p < o0.
Theorem 8.2 together with Theorem 7.10 give the following estimates:

/Rn (//lqu [ (VA u(y)|? ffﬁt)m dz = Jull%,.

Acknowledgments. This paper was started while Hytonen and van Neerven vis-
ited the Centre for Mathematics and its Applications (CMA) at the Australian
National University (ANU), and it was finished during Portal’s visit to the Depart-
ment of Mathematics and Statistics at the University of Helsinki. Hytonen was
supported by the Academy of Finland (SA) project 114374 “Vector-valued singular
integrals”, and by the CMA while in Canberra. van Neerven was supported by the
VIDI subsidy 639.032.201 and VICI subsidy 639.033.604 of the Netherlands Organ-
isation for Scientific Research (NWO). Portal was supported by the CMA and the
Australian Research Council as a postdoctoral fellow, and by the above-mentioned
SA project while in Helsinki. He would like to thank Alan M°Intosh for his guid-
ance. The authors also wish to thank Alan MC¢Intosh for his kind hospitality at
ANU, and for many discussions which motivated and influenced this work.

2. PRELIMINARIES

In this section we establish some terminology and collect auxiliary results needed
in the main body of the paper.

Let X and Y be Banach spaces and let £ (X,Y") denote the space of all bounded
linear operators acting from X into Y. A family of bounded operators .7 C
ZL(X,Y) is called v-bounded if there is a constant C' such that for all integers
k>2landall Ty,..., T, € & and &, ...,& € X we have

k 9 k 9
(2.1) EH Z%‘ijjH < C2EH Z%‘ﬁj” -
j=1 j=1
Here, ~1,...,7 are independent standard normal variables defined on some prob-

ability space (2,.%,P) and E denotes the expectation with respect to P. The least
admissible constant in (2.1) is denoted by (7).

By the Kahane-Khintchine inequality, the exponent 2 may be replaced by any
exponent 1 < p < co at the cost of a possibly different constant.

Upon replacing the standard normal variables by Rademacher variables in (2.1)
one arrives at the notion of R-boundedness. Every R-bounded family is y-bounded,
and the converse holds if Y has finite cotype. Since we are primarily interested in
UMD spaces Y, which have finite cotype, the distinction between y-boundedness
and R-boundedness is immaterial. We prefer the former since our techniques are
Gaussian and therefore the use of Gaussian variables seems more natural.
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Let H be a Hilbert space. A linear operator R : H — X is called y-summing if
k 21
| R 500 (#1,x) = sup (EH Z’ijth ) < 00,
j=1

where the supremum is taken over all integers & > 1 and all finite orthonormal
systems hi,...,hr in H. The space v°(H, X), endowed with the above norm,
is a Banach space. The closed subspace of v*°(H, X) spanned by the finite rank
operators is denoted by y(H,X). A linear operator R : H — X is said to be
~v-radonifying if it belongs to v(H, X).

A celebrated result of Hoffman-Jgrgensen and Kwapieri [12, 21] implies that

VOO(H’X) = 7(H7X)

for Banach spaces X not containing an isomorphic copy of c¢g.

If H is separable with orthonormal basis (hy)n>1, then an operator R: H — X
is y-radonifying if and only if the sum > -, v, Rhy, converges in L?(Q; X), in which
case we have

1
1Bl = (B[] S ving| ).
j>1

The following criterium for membership of v(H, X) will be referred to as covari-
ance domination.

Proposition 2.1. Let S € X(H,X) and T € v(H, X) satisfy
157 < CIT™¢7], € e X7,
with C independent of §*. Then S € v(H, X) and ||S||yx,x) < Cl|T ||+, x)-

For more details we refer to [19, 24] and the references therein.

Let (A, X, u) be a o-finite measure space, and X a Banach space. In the for-
mulation of the next result, which is a multiplier result due to Kalton and Weis
[19], we identify X-valued functions f ® &, where f € L?(A) and ¢ € X, with the
operator Ryge € 7(L*(A), X) defined by
(2:2) Rpgeg = (f,9) @& g€ L*(A).
where (f, h) denotes the scalar product on L?(A).

Lemma 2.2. Let X be a Banach space, let (A, X, 1) be a o-finite measure space,
andlet M : A — Z(X) be a function such that a — M (a)& is strongly j-measurable
for all € € X. If the set
M ={M(a): ac A}
is y-bounded, then the mapping
fO &&= f()@M()E,
extends to a bounded operator M on y(L?(A), X) of norm ||M|| < v(4).

Let us also recall that for all 1 < p < co the mapping f +— [h — f(-)h] defines
an isomorphism of Banach spaces

(2.3) LP(A;~(H, X)) = v(H, LP(4; X)).
This follows from a simple application of the Kahane-Khintchine inequality; we

refer to [24, Proposition 2.6] for the details. Here, H and X are allowed to be
arbitrary Hilbert spaces and Banach spaces, respectively; the norm constants in



CONICAL SQUARE FUNCTIONS IN UMD BANACH SPACES 5
the isomorphism are independent of H.

Let v = (Yn)n>1 be a sequence of independent standard normal variables on a
probability space (Q,.%#,P). Recall that a Banach space X is called K-convex if
the mapping

Ty f e Z’YH]E(’Ynf)a S LQ(Q;X)’
n>1
defines a bounded operator on L?*(€2; X). This notion is well-defined: if 7., is
bounded for some sequence v, then it is bounded for all sequences v. A celebrated
result of Pisier [26] states that X is K-convex if and only if X is B-convex if and
only if X has nontrivial type.

If H is a Hilbert space and X is a K-convex Banach space, then the isometry
L, :v(H,X)— L*(Q; X) defined by

LR:=Y ynRhy,
n=1

maps y(H, X) onto a complemented subspace of L?(2; X). Indeed, for all R €
~v(H, X) we have

L, R= 7By Y vjRhj =Y vuRhy =L,R.
n>1 j=1 n>1

Hence, the range of I, is contained in the range of m,. Since the range of m, is
spanned by the functions v, ® £ = I,(h, ® &), the range is 7., is contained in the
range of I,. We conclude that the ranges of 7, and I, coincide and the claim is
proved. As an application of this we are able to describe complex interpolation
spaces of the spaces v(H, X).

Proposition 2.3. If H is a Hilbert space and the Banach spaces X1 and Xo are
K -convez, then for all 0 < 6 < 1 we have

[Y(H,X1),v(H, X2)lg = v(H, [X1, X2]p) with equivalent norms.

Proof. In view of the preceding observations this follows from general results on
interpolation of complemented subspaces [5, Chapter 5]. O

3. MAIN ESTIMATE

The main estimate of this paper is a y-boundedness estimate for some averaging
operators, which is proven below.

We start by recalling some known results. The first is Bourgain’s extension to
UMD spaces of Stein’s inequality [6] (see [7] for a complete proof).

Lemma 3.1. Let 1 < p < oo and let X be a UMD space. Let (Fp)mez be a filtra-
tion on a probability space (Q,.F,P). Then the family of conditional expectations
E={E(:|Fn): mel}

is y-bounded on LP(Q; X).

Let us agree that a cube in R™ is any set @ of the form z + [0,¢)" with € R™
and £ > 0. We denote £(Q) := ¢ and call it the side-length of Q. A system of dyadic
cubes is a collection A = J; ., Agr, where Aqx is a disjoint cover of R™ by cubes

of side-length 2%, and each @ € A, is the union of 2" cubes R € Ayi—1. We recall
the following geometric lemma of Mei [23]:
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Lemma 3.2. There exist n+1 systems of dyadic cubes A%, ..., A™ and a constant
C < oo such that for any ball B C R™ there is a Q € |J;_, AF which satisfies
BCQ and |Q| < C|B|.

The following results can be found in [16]:

Lemma 3.3. Let X be a UMD space and1 < p < co. Letr € Z"\{0} and zqg € X
for all @ € A. Then

EHZE’“ Z 1Q+M(Q)xQHpSC’(l—i—logM)]EHZsk Z 1QxQHp.
keZ  Qel,i keZ  QeA,x

Lemma 3.4. Let X be a UMD space, 1 < p < oo, and m € Z4. For each Q € A,
let Q',Q" € A be subcubes of Q of side-length 2=™Q. Then for all £ € Z and all

rQ € X
EHZEk Z 1Q1/$QH SC]EHZ&]C Z 1Q/J}Q‘
QEA i p

k=¢ k=¢ QEAk

p7
where k = £ is short-hand for k = ¢ mod (m + 1).

The previous lemmas will now be used to prove our main estimate.
Proposition 3.5. Let X be a UMD space, 1 < p < 0o, and let LP(X) have type T.
For a > 1, let o7, be the family of operators

fr—ASf = 1aB][ fdz,
B
where B runs over all balls in R™. Then <, is y-bounded on LP(X) with the
~v-bound at most C(1 + log oz)oz"/T and C' depends only on X, p, T and n.
Proof. We have to show that

k k
EHZ{:‘jlaij fjd:z:H gCEHZsjfjH .
j=1 B; P j=1 p

By splitting all the balls B; into n + 1 subsets and considering each of them sep-
arately, we may assume by Mei’s lemma that there is a system of dyadic cubes A
and Q1,...,Qr € A such that B; C Q; and |Q;| < C|B;|.

Let m be the integer for which 2! < a < 2™, Let Q; € A be the unique cube
in the dyadic system which has side-length 2™¢(Q;) and contains ;. Then aB; is
contained in the union of @} and at most 2" — 1 of adjacent cubes R € A of the
same size. Writing g; = 1p, f;, we observe that

Q]
fide = —— g; dx.
]{9]» ! 1Byl Jo, ™

Since |Q;]/|B;| < C, by the contraction principle it suffices to show that
k k
EHZ&lej][ g; dz SCIEHZEjng ,
j=1 Qi b j=1 b

where R; = Q + r¢(Q;) for some |r| < n. Thanks to Lemma 3.3, it suffices to
consider r = 0.
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We next write ) as the union Uf\il Qji, where Qj; € A are the M := 2"
subcubes of Q} of side-length £(Q;). Let us fix the enumeration so that Q;1 = Q;.
Writing x; := fQ' g; dz for short, it follows that

k Mk

M k T 1/7
SO(ZEHZEle”IJ p)
i=1 j=1

where the first estimate follows from the Khintchine-Kahane inequality and the
disjointness of the @;; for each fixed j, and the second from the assumed type-7
property.

If we assume, for the moment, that all the side-lengths 250) .= 0(Q;) satisfy
k(j) = k(j') mod (m+1), we may apply Lemma 3.4 to continue the estimate with

M k T 1/7 k
< C(ZEH ZElejl'j p) < CMl/TIEH ZElei ][Q 9; dpr
i=1  j=1 j=1 i

M k
!
‘ E €, E EleﬂxjH
i=1 =1 p

)

k
<CM1/T]EH e ’
> J; 79j »

where the last estimate applied Stein’s inequality, observing that the operators g —
g, fQj g dx are conditional expectations related to the dyadic filtration induced by
A. Since M = 2™ < 2™a"™, we obtain the assertion even without the logarithmic
factor in this case.

In general, the above assumption may not be satisfied, but we can always split
the indices j into m + 1 < ¢(1 + log @) subsets which verify the assumption, and
this concludes the proof. [

Remark 3.6. The proof simplifies considerably in the important special case a = 1.

4. THE VECTOR-VALUED TENT SPACES TP2(X)

In order to motivate our approach, we begin with a simple characterisation of
tent spaces in the scalar-valued case. We put R:‘_‘H :=R"™ x R, and denote

P(z) = {(y,t) e R 2 |z —y| <t}

Thus (y,t) € I'(z) & y € B(z,t), where B(z,t) = {y €¢ R": |z —y| < t}. We shall
write

dy dt
tn+1

dy dt

LP = LP(R"),  L*( W)’

) _ L2 (]R'r+LJr17

where dy and dt denote the Lebesgue measures on R™ and R,.. Similar conventions
will apply to their vector-valued analogues. The dimension n > 1 is considered to
be fixed.

For 1 < p,q < oo, the tent space TP9 = TP’Q(RSL_H) consists of all (equivalence
classes of ) measurable functions f : RT‘l — C with the property that

dydt\ &
q
/n (/r(m) £y, 1) th) da
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is finite. With respect to the norm

| fllrwa == H (/F(.) |y, )] (;i/erlt)%

TP is a Banach space. Tent spaces were introduced in the 1980’s by Coifman,
Meyer, and Stein [8]. Some of the principal results of that paper were simplified by
Harboure, Torrea, and Viviani [11], who exploited the fact that

T f (20 (1) = g () F(y, 1)]]

maps T?7? isometrically onto a complemented subspace of LP (Lq(
p,q < 0.
We now take ¢ = 2, and extend the mapping J to functions in C. ® X by
J(g®¢§) := Jg®¢& and linearity. Here, C,. denotes the space of continuous functions
R"H with compact support. Note that by (2.2), J(g ® £) defines an element of

LP(vy (L2( dvdl), X)) in a natural way.

e’

dEY) for 1 <

Definition 4.1. Let 1 < p < oo. The tent space TP?(X) is defined as the completion
of C. ® X with respect to the norm

[fllre2x) = HJf”Lp(A,(Lz(dvdt) X))

n+1

It is immediate from this definition that J defines an isometry from T?2(X) onto
a closed subspace of LP(y(L?( ffﬂt), X)). In what follows we shall always identify
TP2(X) with its image in LP(y(L?($4%), X).

Using the identification ~y(L?( ?T?erlt), C) = L gﬂdf) we see that our definition
extends the definition of tent spaces in the scalar-valued case.

Our first objective is to prove that if X is a UMD space, then TP2(X) is com-
plemented in LP(v(L?($£%), X)).

Proposition 4.2. Let 1 <p < oo, and X a UMD space. The mapping

1B(y.1)(7)
N = d
et = Tt [ st

initially defined for operators of the form (2.2), extends to a bounded projection in

LP(y(L2 (), X))

whose range is TP?(X).

Proof. We follow the proof of Harboure, Torrea, and Viviani [11, Theorem 2.1] for
the scalar-valued case, the main difference being that the use of maximal functions
is replaced by a y-boundedness argument using averaging operators.

First we prove that N is a bounded operator. In view of the isomorphism (2.3)
it suffices to prove that N acts as a bounded operator on ~y(L*( ?,?ﬂt),Lp(X)).
This will be achieved by identifying N as a pointwise multiplier on L?(X) with
~v-bounded range, and then applying Lemma 2.2. In fact, putting

By
N(y,t)g:= g(2)dz, g€ LP(X),
( B0 Jooe

and f, +(z) == f(z,y,t) == f(y,t) ® g(x), we have
Nf('7y7t) = f(f%t) & N(y,t)g = f(y,t) ® AB(y,t)g-
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The y-boundedness of {N(y,t) : (y,t) € R’} now follows from Proposition 3.5.

Knowing that N is bounded on LP(y(L?( i{’ﬂt),X)), the fact that it is a pro-
jection follows from the scalar case, noting that the linear span of the functions
of the form 1p 4 ® (f ® §), with f € C., » € R", and t > 0, is dense in

LP(y(L2 (), X)) .

For a > 0 the vector-valued tent space T%(X) may be defined as above in terms
of the norm

£l 2200y = M afllpn (s (ra( ey, x))
where Jaf = [Z‘ = [(yvt) = 1B(:c,at) (y)f(y7t)u

Theorem 4.3. Let 1 < p < oo, and X a UMD space such that LP(X) has type T.
For all o > 0, a strongly measurable function f : Ri"’l — X belongs to TP?(X) if
and only if it belongs to TP2(X). Moreover, there exists a constant C = C(p, X)
such that

(4.1) £ llzrzcx) < Ifllppex) < O +loga)a™ || fllrrax)
for f € TP?(X) and a > 1.

Proof. 1t suffices to prove the latter estimate in (4.1). On LP(y(L?(443), X)), we
consider the operator

1
MJ@&J%szMW”A%ﬂﬂayww.
Y,

[B(y1)]
Simple algebra shows that N,Jf = J,f, and hence
[Nod ]

o2y = || a _
I llzzece = Mol et v L (y(L2(228h) x))
< [ Nal dy dt 17 £l dydt, o -

L(Le(v(L2(gnFr ) X)) L (y(L2(Frgr ) X))
By the isomorphism (2.3), we may consider the boundedness of N, on the space
y(LA( f,ﬂdlt), L?(X)) instead, and here this operator acts as the pointwise multiplier

Na(f(g) g)('7yat) = f(y7t) Y AaB(y,t)g'

So, its boundedness with the asserted estimate follows from Proposition 3.5. (]

Remark 4.4. If X = C, then one can take 7 = min(2, p) in Theorem 4.3. Except
possibly for the logarithmic factor, (4.1) gives the correct order of growth of || f{| 7».2
in terms of the angle o > 1.

To see this, consider functions of the form f(y,t) = 1j1 9)(t)g(y). Then

1Fllzz2 = [ (na * 191) 2],

where the 7, are functions having pointwise bounds clp(g,a) < 70 < Clp(o,ca) for
some constants C' > 1 > ¢ > 0 depending only on n.
2 2
Let us take g = |g|” = 1p(o,1). Then (n,  [g|*)'/?
similar function, and hence

gz = [[Ga) /2], = 07 = /7] fln

This proves the sharpness for p < 2.
Let us then choose g = go = 1p(0,a)- Then

= ila, Where 7, is another

2 n— 2
No * |gal|”™ = "7y, m*lgal” =1,

(6%
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where 7],,7  are yet more similar functions as n,. Writing fo(y,t) = 11,2)(¢)ga(y),
we have

Vallzgs = @) Y2]], = a2 @)Y 2], = 02|, ) 2], = a2 fallrs-.

This proves the sharpness for p > 2.

In fact, for p = 2, a simple application of Fubini’s theorem shows that we have
the equality || f[l;22 = a2 f|lz2> for all f € T%? and o > 0, so the logarithmic
factor is unnecessary in this case.

Sometimes it is useful to use tent space norms defined with a smooth cut-off
instead of the sharp cut-off 1p(;4)(y). Given a function ¢ € CZ°(R) such that
p(w) = 1if |w| < § and ¢(w) = 0 if |w| > 1, we are thus led to consider the

mapping Jyf = [z — [(y,1) — 6(252) f(y,1)]] and

1Fllzp2(xy = ||J¢fHLP('y(L2(%)1X))

Proposition 4.5. Let 1 < p < 0o, and X a UMD space. A strongly measurable
function f : R’}rﬂ — X belongs to TP%(X) if and only if it belongs to Tq’:’Q(X).
Moreover,

£ llrp 2y = I Fllzr2(x)
for f € TP2(X).
Proof. The proof is the same as that of Theorem 4.3. Consider the operators

o)
N, =
N 1B@.4)
N t) = 2
O 50 D] o

We have J, = NyJ and J% = J\Nf% Jg. Moreover the operators Ny and J\Nf% act as
the pointwise multipliers

No(f @ 9)(, 1) = fly,t) @ My A, 19,
Ny (f®9)(oy,1) = fly,1) © Ay, 19

where M;ﬁtg(:n) = ¢(@)g(m) By Lemma 2.2 and Theorem 4.3 the result follows
from Proposition 3.5 and Kahane’s contraction principle. O

fz,y,t)dz.

If X is a UMD space, and 1 < p,q < oo satisfy % + % = 1, we have natural
isomorphisms

(LP(V(LP(F559), X)) = LU(V(LP($551), X)) = LIV (LA ($55), X7))).
The first of these follows from the fact that X, and therefore ~(L?( f,ﬂdlt),X ), is
reflexive, and the second follows from the K-convexity of UMD spaces. Denoting
by N the projection of Proposition 4.2, it is easily verified that under the above

identification the adjoint N* is given by the same formula. As a result we obtain
the following representation for the dual of T??(X):

Theorem 4.6. If X is a UMD space, and 1 < p,q < oo satisfy %—i—% =1, we have

a natural isomorphism
(TP2(X))" = T (X7).
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As an immediate consequence of Proposition 2.3 we obtain the following result.

Theorem 4.7. Let 1 < pg < p1 < 00, and let Xg and X1 be UMD spaces. Then
for all 0 < 0 < 1 we have

(1702 (Xo), T#2(Xa)ly = T (Ko, Xa), =+ 4+ 2

Po Po b1
Proof. The result follows by combining (2.3) with the following facts: (i) if X is a
UMD space, then LP(X) is a UMD space for all 1 < p < oo, (ii) UMD spaces are
K-convex, (iii) for 1 < pp < p1 < 0o we have [LP°(Xy), LP* (X1)]s = LP? ([Xo, X1]s)
with pg as above. O

We conclude this section with a result showing that certain singular integral
operators are bounded from LP(X) to T??(X). This gives a Banach space-valued
extension of [11, Section 4].

Theorem 4.8. Let X be a UMD space. Consider the singular integral operator
defined by

Sttt = [ kil fe)d:

for f € C.(R™) and a measurable complez-valued function (t,y,z) — ki(y,z). As-
sume that
(1) S e 2(L*1%?),
(2) There exists a > 0 such that for all y,z € R™ and t > 0 we have
toé
k(y, 2)| S 7———————,
| t(y )| ~ (|y72'| +t)n+a
(3) There exists B > 0 such that for all t > 0 and all y,z,2" € R™ satisfying
|z =yl +t > 2|z — 2/| we have
8|z — 2|
k —k NS
| t(y,Z) t(yaz)|z\/ (|y—2|+t)”+1+ﬁ’

(4) For allt >0 and y € R™ we have

/ ki(y,z)dz = 0.

Let1 < p < oo. Then S®Ix extends to a bounded operator from LP(X) to TP?(X).

Proof. We consider the auxiliary operator T" taking X-valued functions to ones with

values in v(L2($4%), X), given by

Tf(x)= | K(z,2)@f(2)dz, [ e C(X),

Rn

ffﬁt)-valued kernel defined by

where K(z, z) is the L*(

K(w2): 1) = (2 Dkt 2)
for some even ¢ € C°(R) such that ¢(w) = 1 if |w| < %, p(w) = 0 if |w| > 1,
and fol é(r)r"=tdr = 0. The claim of the theorem follows if we can show that T
extends to a bounded operator from LP(X) to LP(y(L?( fnyﬂt); X)). This is proved
by applying a version of the T'(1) theorem for Hilbert space -valued kernels from [15]
(which, in turn, is based on results from [17, 18]). We first remark that the condition
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T(1) = 0 follows directly from (4), whereas the vanishing integral assumption on ¢

guarantees that T7(1) = 0, too. It remains to check the following L?( ?fﬂt)—valued

versions of the standard estimates:

(4.2) sup fo - 2P IK (@ 2), agar. 1.
z,zER™ L ( tn+1 )
(4.3) 2 = 2" (2, 2) = K (&, 2)] <1
. su T,z x',z <1,
e re— RTE )

|lz—z|>2|z—=z’|

.%‘—Zn+1
| | <17

(4.4) sup =

z,z,2' €ER™ |Z - Z,|

|z —z|>2|z—2'|

||K(:17, Z) - K(.’L’, Z/)HL dy dt

2( tn+1

and the weak boundedness property: for any 1,77 € C°(B(0, 1)) which satisfy the
bounds ||||sos [Mloos IVloos [ V7lleo < 1, one should have

/ K(x,z)n(x—u>ﬁ(z—u)dzdx‘
nfjn

4.5
( ) Sup r r rn

(u,r)ER™XR4

<1
dydt, ~
L2( tr;y+1

Proof of (4.2): Using (2) and noting that we have qb(ly;w ) =0 for y & B(z,t),
2 dy dt

o0
y—x
/ / (b(g)kt(ywz)‘ tn+1
/'I Z'/ 2dydt+/°° / dy dt
B(z,t) tn-i—l |z—2z| J B(x,t) t3n+1

I dt
5/ 7dt+/ e
o ‘.T _ Z‘2n+2a o2 t2n+1

Proof of (4.3): Using (2) and the mean value theorem and reasoning as above, for
x, &, z satisfying |x — z| > 2|z — 2’| we have

x—z|+t—|y—x|)”+0‘

o \y |y xll 5 dy gt
/0 /" ((b( ) g t ))kt(y,z)‘ 1
h jz—a/[t* N\2dydt |
<
- /0 B(z, t) t(ly — 2| + t)n+a> g1 + similar

</|I Zl/ ( |z — 2|t~ >2dydt
- 0 B(w,t) t(|,’L‘ - Z| +t— |y — x|)"+0z tn+1

* 112 dt CI
+ - |z — a'| S+ + similar

|z—2z| t20‘73|x71:"2 |x7‘,1:/‘2
< dt simila
N/o |z — z[2n+2a + |z — 2|2+ + similar

|z — 2’}
~ ‘x _ Z‘2n+2’

where the words “similar” above refer to a copy of the other terms appearing in
the same step, with all the occurrences of z and z’ interchanged.
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Proof of (4.4): Using (3), for z, z, 2’ satisfying |x — z| > 2|z — 2’| we have

e ly — x| 2 dydt
/0 /Rn ‘d)( t )(kt(yaz) - kt(y7zl))’ tn_;,_l
</°°/ ( 8|z — 2| )2 dydt
~Jo Iy Nz —ylH A gt

|z—z| By _ o 2 o 2
ST ey ) e [
0 B Mz —z[+t =y — 1) t lo—z| U

lz—z| 128—1], _ /|2 oo 2 2
5/ t |z — 2| dt+/ |z — 2| dt < |z — 2| .
o 2 — z|2n+2+2B sy £20F3 |z — z|2n+2

Proof of (4.5): Using the Cauchy-Schwarz inequality and (1) we have

Tt ey

T rhn
1 [ ly — x| 2= U 2 dydtdx
<
~ TTLA /n\/n ¢( t )/Rn kt(yvz)n( r )dZ’ e+l
1 = ~
S SIS e S Nl < 1.
This concludes the proof. ([l

5. OFF-DIAGONAL ESTIMATES AND THEIR CONSEQUENCES
We start by recalling some terminology.

Definition 5.1. Let M,t > 0. An operator T' € .Z(L?) is said to have off-diagonal
estimates of order M at the scale of t if there is a constant C' such that

1T £ L2y < CU(E, F) /)M fll L2y
for all Borel sets E,F C R™ and all f € L?(R") with support in F. Here, (a) =

1+ a| and d(E,F) = inf{|lz —y|: = € E, y € F'}. The set of such operators is
denoted by ODy(M).

Note that a single operator belongs to OD;(M) if and only if it belongs to
OD.(M) whenever s,t > 0. However, the related constant C' will typically not be
the same. The scale of the off-diagonal estimates becomes very relevant when we
want uniformity in the constants for a family of bounded operators. Thus we say
that (T.).es C L2, where ¥ C C, satisfies off-diagonal estimates of order M if
T. € ODy, (M) for all z € ¥ with the same constant C.

Theorem 5.2. Let 1 < p < 00, X be a UMD Banach space, and LP(X) have
type 7. Let (Ty)¢>0 be a uniformly bounded family of operators on L? satisfying off-
diagonal estimates of order M for some M > n/T. Then the operator T, defined
on C.® X by

T(g®&)(y,t) :=Ti(g(- 1) (y) ®E,
extends uniquely to a bounded linear operator on TP?(X).

Proof. Let us consider a function f =5 ¢; ® ¢ € C. ® X. We define the sets

Co(z,t) := B(x,2t),
Cp(z,t) := B(x, 2™ %)\ B(x,2™,t), m=1,2,...,
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so that there is a disjoint union (J;s_, Cpn (z,t) = R™. Let (um)55_, be the functions

U T [(yat) = ]-B(a:,t)(y),Tt(lCm(:c,t)f('vt))(y)]7
where

Tt(lCm(m,t)f('at))(y) = ZTt(lCW(x,t)gi('at))(y) ® gl

We then have the formal expansion J(T'f) = > >°_ t,, and for a fixed z € R", we

m=0
separately estimate the ~v(L?( f,?flf), X)-norms of each ().

Fix £* € X*. Let us also write (f(y,t),&*) := Zgl-(y,t)@i,f*). For m = 0 we

3
estimate, using the uniform boundedness of the operators T; on L2,

dy dt
||’LL ( ) f H2 dydt = ‘/]R‘”‘Fl 1B(m,t)(y)|Tt(1B(x,2t)<f(at)7£*>)(y)|2 tr,:'jJrl

( tn+1 )

dy dt
*\ [2
</ o ot € G

Hence, by covariance domination (Proposition 2.1),

lwo(@)II_ . dyd (4:8) = 120 (y)f (v, D)l

, S
V(L2 (S5, X)

dy dt
y(L3( t’IZL{FI )’X)7
and we conclude that

||U0HLP( (2t v, S M llzp2 ) S W llzee -

For m > 1, the off-diagonal estimates of order M imply

. o dydt
Jim @ €1, e, = [ Lm0 Lo, 60,60 W] 5
2(gorT) RiJrl
o 2 dydt
<2 [y W 0.6 L

n+41
Ry
Hence, by covariance domination,

||’U,m(l‘)||’y(L2( derdt) x) ™~ S27 mM”( ) = 1B(:r,2m+1t) (y)f(yvt)H
tn+1

Y(L2 (S8 x)’
and from Theorem 4.3 we conclude that

lumll dydt S 2_mM||f||T;f+1(X) < 27M 2T Fll e x)-

L (y(L2 (mFr ), X)) ™

Keeping in mind that M > n/7, we may sum over m to see that the formal
expansion J(Tf) = Y_7°_, u,, converges absolutely in L?(y(L?( ?fff), X)), and we
obtain the desired result. (]

Remark 5.3. The T?2(X)-boundedness of the operator T as considered above can
be seen as a (p and X dependent) property of the (parametrised) operator family
(T})i>0 € Z(L?). Let us call this property tent-boundedness. A simple example of
a tent-bounded family consists of the translations T; f(z) = f(x + ty), where y is
some unit vector. Indeed, these are obviously uniformly bounded in L? (and in L?
as well) and satisfy off-diagonal estimates of any order. In contrast to this, even
when X = C, it is well known that this family is not y-bounded in LP unless p = 2.
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We next consider operators of the form
o ds
(Tf)t = Tt)sfs?, f € Cc ® X,
0

where T} s € £(L?). This is first done separately for upper and lower diagonal
“kernels” T s.

Proposition 5.4. Let 1 < p < oo, X be a UMD space, and let LP(X) have type
7. Let (Ups)oct<s<oo be a uniformly bounded family of operators on L? such that
(Ut,s)s>t € ODs(M) uniformly in t for some M > n/1. Let further & > n/2. Then

<t ds
(UF)t:/ ()Utss
¢
extends to a bounded operator on TP?(X).

Proof. Let ' € C. ® X be arbitrary and fixed. It suffices to estimate the norm of
the functions uy € LP(v(L*( ?fﬁt), X)) defined by

E], E=0,1,...

)
S

© tia
wea o [0 L [ (5 Vsl FIO)
t
where Cy(z,s) := B(z,2s), and Cg(z, s) := B(z,281s) \ B(x,2%s) for k >
Let z € R™ be fixed for the moment. To estimate the relevant v(L?( fnfl ), X)-
norm at this point, we wish to use covariance domination. Hence let £* € X*| write

fs == (Fs(-),&*) € L? for short, and consider the quantity
<t ds

((ur(2))(y,1),€7) = lB(z,t)/ (5) Us(er@a )W)

¢ S

Its norm in L?($43) is dominated by

o0 [ele] dS 2 dt 1/2
(/() {/t ( ) HlB z,t) U, G(lck(gﬂ S)fS)HLQ } tn'H)
00 0o 2¢ ds ¢t 2(a—e) ds dt 12
<() 1] <5> T Mot 11 2] )
(a—e d de 1z
/ / ) (27 lellg(z,zkHs)fsHLQ)QjStnﬁ)

_ ds
<2 ([T g £l o)

where in the last step we exchanged the order of integration and integrated out the
t variable; the convergence required that 2(« — €) > n, which holds for sufficiently
small € > 0, since o > n/2.

The right-hand side of our computation is 27** times the L?(<43t)-norm of
1(a,20+15) (Fs(y),£¥), so that covariance domination gives us

[[un ()]

< 9—kN )
e 0 S 2 N FYON, g oy

Taking LP-norms and using Theorem 4.3 yields

” kH dydt < 2_kM||F||TP 2 LX)~ < 2= kM(]. + k)?kn/T”FHTp 2(X)-

T),X)) ™
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Recalling that M > n/7, we find that the formal expansion J(UF) = Y77 uy

converges absolutely in LP(y(L?( fnyflt),X )), and we obtain the desired estimate

NUF|rr2xy S 1 F 72 (x)- 0

Proposition 5.5. Let 1 < p < oo, X be a UMD space, and let LP(X) have
type 7. Let (Lis)o<s<t<oo be a uniformly bounded family of operators on L* such
that (Lys)i>s € ODy(N) uniformly in s for some N > n/7t. Let further § >
n(l/7 —1/2). Then

(LF)t:/O (t) Lts-FsE

extends to a bounded operator on TP?(X).

Proof. The proof follows a similar approach as the previous one. This time, we
expand J(LF) in a double series > /° o Uk m, Where

27"t
S\ 8 ds
Ok 2 > [(y, 1) — (g) 1B,y (W) Lt,s (Lo (.0 Fs ) (y) —

2—(m+1)¢ S

Again, we wish to estimate the v(L?( ?fff ), X)-norm of vy, () by covariance dom-

ination, for which purpose we take £* € X*, write fs := (Fs(-),£*), and compute

[[r,m (), €, (dudt,
I
o] 2= Mg
ds12 dt \1/2
< —mﬂlstlmFQ}i)
B (/O' |:/2*(7n+1)t H B t t ( Ck( t) )||L S thrl

[e’e] 27M¢ 1/2
—mB —kN 2ds _dt )
S, 2 (/0 /2*(m+1)t (2 HlB(szHt)FSHLQ) s tntl

ds \1/2
S 27m(5+n/2)2*k1\/'(/ ||lB(w ok+m+2g )F ||L2 n-il) .
0

This is 27™(0+7/2)2=FN times the L2(+
hence by covariance domination

ok (@), dpar, 272Ny 2 F) (@)

’Y(L2( tn+1 ))X) ~
Taking LP-norms and using Theorem 4.3 we get

) -norm of 1, ortmi2g) (y)(Fs(y),€);

dy dt .
7(L2( t}j«#l )X)

< 27 m(B+n/2)9—kN
||’Uk,mHLp( (L2( ?3+dt) X)) 2 2 [ F'l| 7,2 B2 g2 (X)
<9- m(B+n/2)9— kN(l+k+m)2(k+m)n/7||F||Tp,2(X),

and we can sum up the series over k and m since 3 +n/2 > n/r and N > n/7. O

Combining the previous two propositions with a duality argument, we finally
obtain:

Theorem 5.6. Let 1 < p < oo, X be a UMD space, and let LP(X) have type T
and cotype y. Let (Tt s)o<t,s<co be a uniformly bounded family of operators on L?
such that:

(1) (Ti,s)s>t € ODs(M) uniformly in t,

(1) (Tt,s)t>s € ODy(N) uniformly in s.
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Then
ds

o . t @ S
TPy = [ min{(5)°(5) YT
0 s t s
extends to a bounded operator on TP2(X) if at least one of the following four
conditions is satisfied:
(a) M >n/r,a>n/2, N>n/T, and > n(l/7 —1/2),
(b) M >n/t, a>n/2, N>n(l—-1/y), and > n/2,
(¢) M>n(1-1/7), a>n(1/2=1/v), N>n/7, and 8 >n(l/T —1/2),
(d) M >n(l—1/v), a>n(1/2—-1/v), N >n(l—1/7), and 8 > n/2.

Proof. We split T into a sum U+ L of upper and lower triangular parts as considered
in the previous two propositions. Part (a) is an immediate consequence, since the
conditions on M and « guarantee the boundedness of U and those on N and 3 that
of L.

For part (b), the boundedness of U follows as before. As for L, we observe that
its (formal) adjoint on T%-2(X*) is the upper triangular operator

s [T (BB o ds
(L G)t_/t (S) Ts,tGSs7

where T, € OD,(N) and L (X*) = (LP(X))* has type v = v/(y — 1). We know
that this operator is bounded on T%"2(X*) under the conditions that N > n/+' =
n(l —1/v) and g > n/2.

Parts (¢) and (d) are proved similarly by considering U* and L, and U* and L*,
respectively. [

The most important case for us is when N = M, and we record this as a corollary
for later reference. In this situation, the condition (b) of Theorem 5.6 becomes
redundant, since it is always contained in condition (a).

Corollary 5.7. Let 1 < p < oo, X be a UMD space, and let LP(X) have type T
and cotype y. Let (Tys)o<t,s<co be a uniformly bounded family of operators on L?
such that Ty s € O Diaxqt,s} (M) uniformly in t and s. Then

(5.1) (TF), = /Ooo min {(4)". ()" 11,.5, 2

s
extends to a bounded operator on TP2(X) if at least one of the following three
conditions is satisfied:
(a) M >n/t, a>n/2, and 3 >n(l/T —1/2),
(¢) M >n-max{l/7,1—1/v}, a >n(1/2—-1/v), and > n(1/7 —1/2),
(d) M>n(l—1/v), a>n(1/2—-1/7), and > n/2.

Remark 5.8. If X = C (or more generally a Hilbert space), then one can take
T = min(2,p) and v = max(2,p) in Corollary 5.7. For p € [2,00) (so that 7 = 2),
part (a) provides the following sufficient condition for the T?-2-boundedness of (5.1):
M,a > n/2, and 8 > 0. For p € (1,2] (so that v = 2), part (d) in turn gives
M,3 > n/2, and a > 0. This recovers the corresponding result in [3] in the
Euclidean case for p € (1,00). Note that in [3] the end-points p € {1,000} are also
considered; in fact, the proof for p € (1,2) goes via interpolating between estimates
available in the atomic space TH? and the Hilbert space T2%2. See also [1], where a
weak type (1, 1) estimate is obtained.
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6. BISECTORIAL OPERATORS AND FUNCTIONAL CALCULUS

In this section we collect some generalities concerning bisectorial operators and
their H*°-calculus. We denote by Sp the (open) bisector of angle 6, i.e. Sy =
Sy US, with Sy = {z € C\{0}: |arg(z)| < 0} and S, = —S, . We denote by I'y
the boundary of Sy, which is parametrised by arc-length and oriented anticlockwise
around Sy.

A closed, densely defined, linear operator A acting in a Banach space Y is called
bisectorial (of angle w, where 0 < w < im) if the spectrum of A is contained in
S, and for all w < 6 < éﬂ' there exists a constant Cp such that for all nonzero
zeC \ So
||

-1 < )
I+ 24) 7 < Coge gy

For a, 8 > 0 we set
Wo(Se) = {f € H*(Sp) : 3C |f(z)| < Cmin(|z]*,1) for all z € Sp},
TP (Sp) = {f € H*(Sp) : 3C |f(z)| < Cmin(L, |z|~") for all z € Sy},
TP (Sy) = {f € H®(Sp): 3C |f(2)| < Cmin(|z|*,|2|77) for all z € Sy}

and \I/(Sg) = Ua,6>0 \PQ(SQ)
Let w < 6 < 3 be fixed. For ¢ € U(Sp), we define

b4 = — [ 9 - At

211 Ty

The resolvent bounds for A imply that this integral converges absolutely in .Z(Y").
If one has, in addition, the quantitative estimate

[z S 1¥llso
then A is said to have H*(Sy)-calculus on Y.

Lemma 6.1. Let A be bisectorial of angle w and let 6 > w.

(1) For ¢1,02 € U(Sp) we have ¢1(A)d2(A) = (é1 - P2)(A); this is also true if
po € H®(Sy) is a rational function, in which case ¢po(A) is defined in the
usual way by using the resolvents of A.

(2) For all 1 € ¥(Sy), 12 € H>®(Sp), 3 € U(Sp) we have

1(A)(Yat)3)(A) = (Y112)(A)3(A).

Proof. The first claim is the well-known homomorphism property, which in both
cases can be proved by writing out the definition of ¢1(A)p2(A), performing a
partial fraction expansion, and using Cauchy’s theorem. The second claim follows
from the homomorphism property for o € W(Sp), and the general case can be
obtained from this by approximation (cf. [20, Theorem 9.2(i)]). O

Lemma 6.2. Let A be bisectorial of angle w and let § > w. Let D(A) and R(A)
denote the domain and range of A, respectively. Then,

R(A) =R(A)ND(A) =R(A(I + A)~2) = U R(¢¥(A)).
e (Sq)
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Proof. Tf f = ¢(A)g € R(¥(A)), let f. := A(e + A)~1f € R(A). Then

fofomeet A (A= = [ —E )z A) lgde.

%F€+Z

The integrand is bounded by |¢(z)z7!| € LY(T',|dz|) and tends pointwise to zero
as € — 0. Hence f. — f by dominated convergence.

Next we observe that f¢ = (I +eA)"'f — f as e — 0. Indeed, if f € D(4),
then f — f¢ = - (I + eA)"tAf has norm at most Ce, since the second factor
stays uniformly bounded. Since the operators (I +¢A)~! are uniformly bounded
and D(A) is dense, the convergence remains true for all f. If now f € R(A), then
fe e R(A)ND(A).

To complete the chain, let f € R(A) N D(A). Then for some g € D(A2) we
have f = Ag = A(I + A)72(I + A)%g = ¢(A)h, where ¥(2) = z/(1 + 2)? € ¥ and
h = (I + A)?g. This completes the proof. O

We say that ¢ € W2(Sy) is degenerate if (at least) one of the restrictions ’(Msgi
vanishes identically; otherwise it is called non-degenerate. The following two lem-
mas go back to Calderdn, cf. [27, Section IV.6.19]. For the convenience of the
reader we include simple proofs.

Lemma 6.3 (Calderén’s reproducing formula, I). Let 1) € W?(Sy) be non-degen-
erate. If &' > o and 8’ > (3, there exists ¢ € \Ifg, (Sp) such that

(6.1) / w(tz){z?(tz)% =1, z¢€58y.
0
Proof. Let 1(z) := 1(Z). Let m > max(a’ — a, ' — ) and denote

(k)™ dt
= —— ()Y (Et
er = | G R
By non-degeneracy, ¢ > 0. Hence the function ¢(z) = et 2™ (1 4 22)7™)(Z) for
z € S;t has the desired properties. (I

Lemma 6.4 (Calderén’s reproducing formula, IT). Let 1, ¢ € W(Sy) satisfy (6.1).
Then

> ~ d¢ —
[ wteaieas S —r. R,
0
where the left side is defined as an indefinite Riemann integral in L?.

Proof. Let first f = ¢(A )g for some ¢ € ¥(Sy). Then
dt

| venieass - /w(w(t)i(t)cb())(A)QT

= | 5 [ vt >¢<z><zfA>*1gdz$
i Jr,,

27”/ // W(t2)h(tz) (b( )(z—A)"lgdz
$(2)(z — A)lgdz = ¢(A)g = f

2’/TZ Ty

by Lemma 6.1, absolute convergence and Fubini’s theorem. To conclude, we re-
call from Lemma 6.2 that functions as above are dense in R(A), and notice that
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f;d)(sz)z/)(sz) ds/s are uniformly in H*(Sp) so that the corresponding operators

obtained by the formal substitution z := A are uniformly bounded by the func-
tional calculus. From this the convergence of the indefinite Riemann integral to the
asserted limit follows easily. |

7. HARDY SPACES ASSOCIATED WITH BISECTORIAL OPERATORS

We now move on to more specific spaces and operators. We are concerned with
systems of N2 operators on L?, which we shall view as single operators on (L?)V.
Off-diagonal estimates for families of such operators can be defined by the same
formal requirement as in the case N = 1 above. It is easy to see that off-diagonal
estimates for a family of operators in (L?)"™ are equivalent to off-diagonal estimates
for the N? families of operators in L? corresponding to the entries in the matrix
representation of the original operators.

In the vector-valued context we shall frequently use the natural identifications

LY eX=CLeCV)eX =L (C"eX)cL*X").

Under these identifications, the elementary tensor (0,...,0, f,0,...,0) ® z (with
f at the n-th entry) is identified with elementary tensor f ® (0,...,0,z,0,...,0)
(with z at the n-th entry).

Throughout this section we fix a UMD Banach space X and an exponent 1 <
p < 00, and suppose that the following assumptions are satisfied:

Assumption 7.1. The numbers 1 <7 < 2 and 2 < v < oo are fized in such a way
that LP(X) has type T and cotype ~.

Assumption 7.2. The operator A in (L*)N is bisectorial of angle 0 < w < /2.
For w < 0 < 0 < m/2, it also has an H*>(Sp)-calculus on (L?)N. Moreover,
the family (I + CA) cec\s, satisfies off-diagonal estimates of order M, where
M >n-min{l/7,1—1/~}.

With only the above assumptions at hand, A may fail to be bisectorial even for
N =1, and in particular to have an H-calculus, in LP for some values of p # 2.
The tensor extension A ® Ix may already fail these properties in L?(X). To study
problems involving operators f(A) in such spaces, we are thus led to define an
appropriate scale of Hardy spaces associated with A. When A is the Hodge—Dirac
operator or the Hodge-de Rham Laplacian on a complete Riemannian manifold,
this has been done in [3]. We build on the ideas of this paper.

Lemma 7.3. Forw <0 <7/2 ande >0, let g € H>(Sp), and let 1) € U5, (Sp).
Then {(g - ¥(t-))(A) }r=0 satisfies off-diagonal estimates of order M, and the off-
diagonal constant has an upper bound which depends linearly on ||g||c-

Proof. Let us denote by § := d(E, F) the ‘distance’ of two Borel sets E and F' as
defined previously. Then, using the fact that (I—z"1 A)~! € ODy )| (M) uniformly
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in z € Sy,

11e(g - (T ) (AL
= H%/ /9( 2)Y(tz)1g(I - *A 1Ff7H

| dz|
E

1/t d o d
S / tM+€TM+€ 57M?"7M||f||l +/ ¢ 5*M7~*M||f||l
0 r 1/t r

~ MM £l

and this proves the claim. ([

S / min { (¢]z[)M2, (t]z) =1 (61 f]
Ty

Lemma 7.4. Let o, 3,e > 0, and

Ve ‘I’ri:i{M—B,a}Jrs(S@)’ 1; € \I]?n:i{M—a,ﬂ}-&-s(SG)’ ¢ € Cle ¥(Sp).
Then

YA A)(s4) = min{ (5)*, (3)} 51

where (Sy.)t.s>0 is a uniformly bounded family of operators acting on (L?)N such
that St s € ODraxqt,s} (M), uniformly in t and s.

Proof. We have
Y(tA)G(A)P(sA) = (/) Po(tA)B(A)dbo(sA) = (s/8)741 (tA)$(A) 1 (s A),

where
to(z) =27 P(z) € Pt Po(2) = 29 (2) € Wipe,
P1(z) = 251/}( ) € Wisryes U1(2) = 27(2) € WO,
The case s > t of the claim follows from Lemma 7.3 (with s in playing the role of

¢ in that Lemma) with g(z) = vo(t2)¢(2) and Yy in place of v, while for the other
case we take g(z) = ¢(2)11(sz) and 9 in place of . O

It is immediate to check that TP2(XY) = (TP2(X))N. Just as we extended
the action of some operators on L? to TP2(X), we may use this isomorphism to
extend operators on (L?)N to T?2(X™) by using their matrix representation and
the extension procedure already discussed when N = 1.

Proposition 7.5. Let 1,1 € U(Sy) and ¢ € C1 ® U(Sy). Then

(TF), = / " ueA( AR Y

extends to a bounded operator on TP2(X™N) if at least one of the following conditions
is satisfied:

(@) M >n/7, € \1;2512/;—1/2)#, and 1 € \1/2{12;671/2) e
(¢) M >max{n/7,n(1 -1/7)}, ¥ € \I/Z(/lz/;;ri{ai){—;j'y’fl/'r@}+s’
~ n(1/2—1/v)+e
and w € \Ijn/2+n max{1/7—1/~/,0}+¢&’

n/2 (1/2-1
(d) M >n(1=1/3), ¢ € WrZE o and € Wil 0%,

where € > 0 is arbitrary.
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Proof. This is directly, if slightly tediously, verified as a corollary of Lemma 7.4
and Corollary 5.7, so that the different conditions of Proposition 7.5 correspond to
those of Corollary 5.7. As for the application of Corollary 5.7, we simply apply this
to the N2 matrix elements of the full operator, each of which acts on TP2(X). 0O

Definition 7.6. We say that a pair of functions (¢, 1)) € W(Sp) x ¥(Sp) has sufficient
decay if they verify at least one of the conditions (a), (¢), or (d) of Proposition 7.5.

Remark 7.7. (i) Note that the notion of sufficient decay as defined above assumes
that the parameters appearing in Assumptions 7.1 and 7.2 have been fixed. Also
observe that if the parameters are such that for instance n(1 — 1/7) < M < n/T,
then only the condition (d) above is applicable.

(7)) If (¢,0) € ¥(Sp) x ¥(Sp) has sufficient decay, by Calderén’s reproducing
formula there exists a 1) € W(Sy) which satisfies (6.1) and decays as rapidly as
desired; in particular, we may arrange so that the pair (1/),1/;) also has sufficient
decay. A similar remark applies if we start from a ¢ € U(Sy) such that (0, 1&) has
sufficient decay.

For f=3 g ®& € (L?)N @ X and ¢ € ¥(Sp) we shall write
(Quf)(y,t Zw tA)gi(y) ® & = Y(tA) f(y).

Definition 7.8. For 1 < p < oo and a non-degenerate ¢ € ¥(Sy), the Hardy space
Hﬁ’w(XN) associated with A and 1 is the completion of the space

{feERA X C(LAHN @ X : Quf € TP*(XM)}
with respect to the norm
[l xvy = 1Qu flle2(xx)-

It is clear that [ - || ,(x~) Is a seminorm on R(A) ® X; that it is actually a
norm will be seen shortly.
By definition, the operator

(Quf)(5t) == »(tA)f

embeds the Hardy space Hfl’w(XN) isometrically into the tent space TP2(XY).
Of importance will also be another operator acting to the opposite direction. For
¥ € ¥(Sp), we define S f € (LN @ X by

ds
s

(7.1) SyF = /wA F(s,-)—

for those functions F' € L. (R4; (L?)V) ® X for which the integral exists as a limit
in L2(CY) of the finite integrals f;, where @ — 0 and b — oo.

By Calderén’s reproducing formula, for a given ¢ € W(Sp), there exists a Ve
U(Sp) such that the defining formula (7.1) makes sense for all F' € Q4 (R(A) @ X),
and we have

(7.2) S;Quf=f feRMA X
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Hence, if || f|| gz SXN) = 0 for some f € R(A) ® X, this means by definition that
Quf =0, and the identity (7.2) yields immediately f = 0. Thus || - ||Hp LNy I8
indeed a norm.

Proposition 7.9. Let (1), 1;) € U(Sp) xU(Sy) be a pair with sufficient decay. If f €
TP2(XN) is such that the defining formula (7.1) is valid, then Sif € Hf‘ﬂb(XN),
and the mapping f — Sqlf extends uniquely to a bounded operator from TP2(XN)
to HY ,(X™).

Proof. Write g := S@f. First we check that ¢ € R(A) ® X: this is clear from

the defining formula, since 1(sA4)f (-, s) € R(A) for each s > 0 by Lemma 6.2, and
Bochner integration in the Banach space (L?)" preserves the closed subspace R(A).
By Proposition 7.5,

(1) = (tA)g( / YA (4) (5, 5)

defines an element 1(-A)g of TP2(X*) and we have

ds

”S@JCHHZW(XN) = ||1/)('A)g||Tp2(XN) ~ Hf||TP2(XN)
The subspace of TP2(X) where the defining formula (7.1) is valid contains e.g.
(Ce)N ® X and is therefore dense in 77%(X ). Hence the mapping Sj; has a unique
extension to a bounded operator from T72(X™) to fo’w(XN). O

Next we show that Hi’w(XN) is independent of ¢ € U(Sy), provided (¢,0) has
sufficient decay. A typical function with this property is

Y(z) = (V227 le v

where v denotes the cotype of LP(X). This gives the classical definition by the
Poisson kernel when X = C and 1 < p < 2, taking v = 2.

Theorem 7.10. Let 1, € ¥(Sp) be two functions such that (¥, 0) and (1,0) have
sufficient decay. Then:

(1) Hj o (XY) = HY ,(X7Y) = HR(XY).
(ii) A has an H®-functional calculus on HY(XN).

Proof. Let ¢ € C1@¥(Sp) be arbitrary and fixed. Let f € R(A)®X. By Calderén’s
reproducing formula, there exists ) € U(Sy) (with any prescribed decay) such that

Af = [ weasasaweas
0
Thus
16(A) fllar,, (xvy = ITQy flle2xvy,
where T is the operator on TP2(X ") given by

- / T A AV (A F(y, 5) 22

s
From Proposition 7.5 we deduce that

lo(A) flles, , (xvy SNQu fllzeaxny = [1Fllay , xv)-
Taking ¢ = 1, this gives (i). Taking ¢ € ¥U(Sp), we obtain (ii). O
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The following, by now quite simple result has some useful consequences:

Proposition 7.11. If (0,v) has sufficient decay, then the bounded mapping S@ :
TP2(XN) — HE(XN) is surjective.

Proof. By Remark 7.7, we find a ¢ € ¥(Sy) such that (7.2) is satisfied and (@/},{/;)
has sufficient decay. Now let f € HA(XY) = H} ,(XV) be arbitrary and let

lim, o frn = f in Hz,w(XN) with f, € R(A) ® X. The functions g, = Qufn
belong to TP2(XN) and |[gn — gmllre2(x~) = | fn — fmllme LX) for all m,n. It

follows that the sequence (f,,) is Cauchy in T?2(X") and therefore converges to
some f € TP2(XN). From f, = 9n and the continuity of SzZ it follows that
f = S&g. O
Corollary 7.12. Let (0, QZ) have sufficient decay. An equivalent description of the
Hardy space is

HY(XN) = B,

A,J(XN) ={S;F: FeTr*(XxV)},

and an equivalent norm is given by

Wz ony = B[ Fllzwecony = f = S5F}-

As a further consequence we deduce an interpolation result for Hardy spaces from
the following general principle (see Theorem 1.2.4 in [28]): Let Xo, X; and Yy, V1
be two interpolation couples such that there exist operators S € Z(Y;, X;) and Q €
Z(X;,Y;) with SQz = « for all z € X; and ¢ = 0,1. Then [Xg, X1]p = S[Yo, Y1]o.
Here we take (v, QZ) as in the Calderén reproducing formula with sufficient decay,
S:SJ andQ:Qd,.

Corollary 7.13. Let X be a UMD space. For all1 < py < p1 < 00, 0 <0 <1,
and N > 1 we have

[H (XN), HE (X))o = HY (XT)

with equivalent norms, where - = =9 4 ¢
2 Po P1

8. HARDY SPACES ASSOCIATED WITH DIFFERENTIAL OPERATORS

The construction described in Section 7 is particularly relevant when dealing
with differential operators A = Dp in L? @ (L?)", where

b (L)

with B a multiplication operator on (L?)"™ given by an (n x n)-matrix with L
entries. Such operators have been considered in connection with the celebrated
square root problem of Kato, which was originally solved in [2]. A new proof based
on first order methods was devised in [4], where it was shown that Dp is bisectorial
on L?(C @ C") and satisfies off-diagonal estimates of any order.

In [16], the H*-functional calculus of Dp ® Ix in LP(X) & (L (X)) = LP(X &
X™) is described in terms of R-boundedness of the resolvents. Although these
resolvent conditions, and hence the functional calculus, may fail on LP(X @ X™) in
general, it follows from Section 7 that these operators do have an H°°-functional
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calculus on Hp, (X @ X™), which in particular implies Kato type estimates in this
space.
To express these estimates, observe first that R(Dg) = R(divB) @ R(V). Let us
hence write a function f € R(Dg) ® X as (fo, f1), where
fo€ERWVB)® X CL*®X, feERV)@XC(IH)"®X=L"eX"
denote the X-valued and X™-valued parts of f, respectively. Defining
HY (X ©X"):=HY (X &X")

by means of the (even!) function ¥(z) = (\/zi?)Ne"/;2 with N large enough, we
note that (tDp) = ¢(t2D%), where ¢(z) = \/ENe_ﬁ and the operator

Dy = ( _diBBV fvgivB )

and hence ¢(t2D%), is diagonal with respect to the splitting f = (fo, f1). In
particular this shows that

1Cfos Fllay, (xexmy = [1(fo,s Ollay,  (xexny + 100, f)ll ey, (xexr)-

Hence also the full space Hp, (X©X™) (constructed as the completion of R(Dp)®X
with respect to the above-given norm) has the natural direct sum splitting into “X-
valued” and “X™-valued” components. Let us denote these components by H %B (X)
and Hp, (X™), so that
||f0\|HgB(X) = H(fO»O)”H%B(X@X")v

HleHgB(X") = I(0, fl)”HgB(X@X")-
Then we are ready to state:
Theorem 8.1. Let X be a UMD space, 1 < p < oo, and Dg be as above. Then

IV=aVBVuluy, (x) = [Vulug, (xn)
forallueD(V)® X C L?® X.

Proof. We know from [4] that (I + zDp)~! satisfies off-diagonal estimates of arbi-
trary order and that Dp has an H>(Sy)-calculus on L? & (L?)".

Consider the function ¢(z) = z/V22 € H>(Sy). By the boundedness of the
H®-calculus and the identity 1/¢(z) = ¢(z),
(8.1) ||¢(DB)fHH'gB(XeaXn) ~ ||f||HgB(X®X”)a fE€R(Dp)® X.

Observing that

B 0 —divB(—VBdiv) /2
oDp) = <V(—divBV)‘1/2 0 )

and using (8.1) for f = (fo,0) gives
(8.2) ||V(—divBV)*1/2f0||HgB(Xn) ~lfollan, x): fo € R(divB) ® X.

Let then v € D(V) ® X. By the solution of Kato’s problem we have D(V) =
D(v/—divBV). Substituting

fo = V—=divBVu € R(WV—divBV) ® X C R(—divBV) ® X C R(divB) ® X
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in (8.2), we obtain the assertion. We used above the inclusion R(v/A) C R(4),
which is true for all sectorial operators (see [10], Corollary 3.1.11). O

Let D = D; be the unperturbed operator. Observe that D?(f,0) = (Af,0) and
then, whenever v is even, ¥)(tD)(f,0) = (¥(tv/A)f,0). The space HY(X) is then
the classical Hardy space.

Theorem 8.2. Let X be UMD. Then HY (X) = LP(X) for all1 < p < oo.

Proof. Let us denote by N the smallest integer greater than 4 and, for functions
f e ., define

S1w.0 = [ k.25

where

by ) =¥ 2 (rp(W=2)),

otN t
and p(w) = 1/(1—|—w2)";1. For a fixed ¢t > 0, f — Sf(-,t) is thus a Fourier
multiplier with symbol m; (&) = (t[¢])Ne €. This implies assumptions (1) and
(4) in Theorem 4.8. Assumptions (2) and (3), with a = 8 = 1, follow from direct
computations of the N-th derivative of ¢ — t‘”p(m) and the mean value theorem.

?
Now, for f € LP(X), letting

Pf(y,t) = o (tD)(£,0)(y) = (tVA) Ve VA 1(1),0)
and applying Theorem 4.8, we thus obtain that

£ ez ) S W flleex)

for all f € LP(X). Now let f € LP(X) and g € L¥' (X*), and denote by (f,g) their
duality product. By Calderén’s reproducing formula there exists ¢ (with arbitrary
decay) such that

o= [ st deaye
Therefore
LS I collal e oy S IF e o9l x)s
and hence | fl|r»(x) S Iflla7,x)- 0

9. EXTENSIONS

It is possible to incorporate a Hilbert space -parameter in the definition of the
tent spaces in such a way that the results of the previous sections concerning Hardy
spaces may be generalised to deal with operators in L?(H), with H possibly infinite-
dimensional. In fact, the mapping J : C, ® X — LP(y(L?( ?,ﬂdlt);X)) can also be
defined on C.(H)® X with the same formal expression, and then we let TP2(H; X)
be the completion of this space with respect to the norm

[ fllze2cmx) = [T £]

Lo (v(L2 (S ), X))

The so-far considered space T?2(X) is seen to be the special case with H = C.
It is also easy to check that for finite dimensional H = CV we simply get

(9.1) TP2(CN; X) = TP2(XN).
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The proofs in the special case treated above carry over to show that also the gen-
eral T%2(H; X) becomes a complemented subspace of LP(v(L?(<5: H), X)); it is
equivalent to the spaces TP2(H; X) with different apertures o € (0,00); and so
forth.

Given a bisectorial operator A acting in L?(H), satisfying off-diagonal resolvent
bounds and with a bounded H°-calculus on this space, we define the associated
Hardy space Hﬁﬁw(H; X) as the completion of R(A) ® X with respect to the norm
|Qu fllrr2(m;x)- Due to (9.1), this is equivalent to what we did before. The various
results concerning these spaces, such as the independence of 1 under sufficient
decay, carry over to this generality with the same proofs. In fact, the proofs are
even slightly more streamlined in the general framework, since with H built inside
the tent space, we can treat the operators on L?(H) as a whole, instead of breaking
them down to the matrix entries as we did in the finite-dimensional case.
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