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Abstract
We study operators f — K[ of the form (Kf)(t) = [g. k(t — s)f(s)ds, where f is a
vector-valued function and k an operator-valued singular kernel. Sufficient conditions for
boundedness on LP-spaces of UMD-valued functions are given in terms of a Hérmander-type
condition involving R-boundedness. The results cover large classes of kernels and also provide
new proofs of recent operator-valued Fourier multiplier theorems. Moreover, they give new
information about families of singular integral operators.

1 Introduction

Singular integrals have been the object of extensive study since the pioneering work of A. P.
Calderéon and A. Zygmund [4] in the 50’s. Their results showed that large classes of singular
integral operators are automatically bounded on the whole scale of the reflexive LP(R™) spaces (i.e.,
p €]1, 00]) as soon as they are bounded on L?(R™) and the kernels satisfy certain conditions which
hold and can be verified for many operators appearing in applications. Moreover, the required
L2-boundedness is obtained for free (and therefore goes often almost without being mentioned)
with the help of the Fourier transform and Plancherel’s theorem.

The first results of Calderén and Zygmund concerning convolutions by homogeneous kernels
k(t) = Q%) / [t|", t° := t/|t|, have been generalized in several directions by the same authors and
many others, and useful sufficient conditions for LP-boundedness are now known both in terms of
the kernel k (as in the original results) and in terms of the multiplier or the symbol m = k (Fourier
transform in the sense of distributions). A classical theorem giving sufficient conditions in terms
of the multiplier is due to S. G. Mihlin, and a generalization was later proved by L. Hérmander as
a corollary of his results on singular integrals [14]. In this connection Hérmander gave the world
the condition bearing his name, today usually formulated as

/ k(t — s) — k()] dt < A < oo, (1.1)
[t]>2]s|

and being a sufficient condition on k to boundedly extend the operator f — k * f, bounded on
LP(R™) for one p €]1,00[, to the whole scale of the spaces LP(R"), p €]1, c0l.

The question of whether these results could be extended to the Lebesgue-Bochner spaces
LP(R™; X) of vector-valued functions was taken up by several authors already in the 60’s. It was
observed by A. Benedek, A. P. Calderén and R. Panzone [2] that the boundedness on LP(R™; X)
for one p €]1,00][ of a convolution operator, together with Hérmander’s condition, implies the
boundedness on LP(R™; X) for all p €]1,00] also in the general situation of vector-valued func-
tions and an operator-valued kernel. However, to actually get the boundedness, without a priori
assumptions, even for the single p (something that was immeadiate for p = 2 in the scalar-valued,
or more generally, a Hilbert space setting) turned out to be a significantly more difficult task.

By the 80’s it was understood that the boundedness of vector-valued singular integrals, in
particular, the prototype example given by the Hilbert transform, is intimately connected with
the geometry of Banach spaces. Indeed, it was shown by D. L. Burkholder and J. Bourgain that
the boundedness of the Hilbert transform on LP(T;X), p €]1,00], is equivalent to the so called

*Supported by the Marie Curie Fellowship of the European Union.



UMD-property of the underlying Banach space X. Moreover, the boundedness of this one operator
could already be used to show the boundedness of large classes of multipliers. In particular, the
classical multiplier theorem of Mihlin was generalized (by F. Zimmermann [20] to the full generality
on R™, based on the deep results of Bourgain [3] in the one-dimensional case) to the setting of
scalar-valued multipliers acting on UMD-valued functions.

However, the general situation of operator-valued kernels or multipliers, which is of interest in
the theory of evolution equations, remained open until the turn of the millennium. As the nalve
generalization of the classical Mihlin condition by means of replacing absolute values by norms
was found, by G. Pisier (unpublished), to imply the desired boundedness only in the Hilbert space
setting, a new idea was required to build a condition strong enough to get the desired conclusion
but reasonable enough to cover a wide range of relevant applications. This idea turned out to
be the notion of R-boundedness, already implicit in the work of Bourgain and later Zimmermann
and explicitly formulated by Ph. Clément, B. de Pagter, F. A. Sukochev and H. Witvliet [5] and
by the second author [19] who first generalized the Mihlin theorem to allow for operator-valued
multipliers but requiring R-boundedness instead of norm boundedness in reformulating Mihlin’s
conditions. Clément and J. Priiss [6] showed that the R-boundedness of the range of the multiplier
is also necessary.

The realization of R-boundedness as the right notion for operator-valued multiplier theorems
has spurred significant activity in the field, leading to several generalizations and improvements of
the first results in this direction, as well as to applications in differential equations (see [7], [16] for
a survey). In the present paper, we make use of these modern ideas to attack the operator-valued
versions of the problems originally treated by Calderén and Zygmund, i.e., to search for conditions
on the operator-valued singular kernel & to yield a bounded operator f +— k x f from LP(R"; X)
to LP(R™;Y).

In the scalar-valued context it follows from Plancherel’s theorem that kx is bounded on L?(R")
if and only if k is bounded, and in the general situation we know from Clément and J. Priiss [6]
that the range of k& must even be R-bounded. Thus it is natural to impose the condition

R({k($)| £ €R"}) < A < o0, (1.2)

where R(T) denotes the R-bound (cf. Def. 3.2) of the set 7.

In the context of multiplier theorems, appropriate additional conditions are obtained by im-
posing Mihlin-type bounds, but replaced by R-bounds, for the derivatives of k (see [1], [11], [13],
[17], [19]). However, we now search for conditions directly on the convolution kernel &, and it
will be shown (Theorem 4.1) that sufficient conditions are obtained by incorporating the notion
of R-boundedness into the classical Hormander conditions so as to require that

/t|>2 liR({Q_nj(k(Q_j(t — S)) — ki(Q_jt))‘ Jj e Z}) ]og(z + |t|) dt < A]Og(z + |S|), (13)

Besides the R-bound, the new feature compared to the classical situation is the additional log-
arithmic factor, which arises from the use of a deep result of Bourgain concerning UMD-spaces.
Nevertheless, this condition is still satisfied by large classes of singular kernels (cf. Theorem 5.10),
and it also gives new information about collective properties (the R-boundedness) of families of
singular integral operators (Theorem 6.4).

Besides being of interest on their own right, the results for the convolution operators can also
be used to derive some recent operator-valued multiplier theorems (e.g. from [11], cf. Theorem 7.9).
This is not surprising in view of the historical fact that Hérmander used his results on singular
integrals to improve the theorem of Mihlin on Fourier multipliers. As a general remark, which will
be given more quantitative content in the body of the paper, it seems that the understanding of
the multipliers and convolution integrals greatly benefits from the interaction of the two different
points of view. As an additional illustration for its usefulness, we give an alternative proof of the
characterization (from [19]) of maximal regularity in terms of R-boundedness (Example 5.13).



2 A framework for vector-valued singular integrals

In this section we set up a convenient framework for vector-valued singular integrals of the form

Kf(t)= k(t —s)f(s)ds, teR", (2.1)
R’IL
that will allow us to use the basic tools of harmonic analysis.
In the scalar case it is customary to assume that k is a tempered distribution which agrees on
R™\ {0} with a locally integrable function. For ¢ € S(R™), one interprets (2.1) as

Ko(t) = (k+0)(t) = (k, 6t —)),  teR™

If one can prove an LP-estimate |[K¢|,, < C|¢|,, for all $ € S(R™), then by the density of
S(R™) in LP(R™), 1 < p < 00, the operator K can be extended to a bounded operator on L?(R™),
and we can think of this operator as formally given by (2.1).

In this paper we are typically interested in the case where k is an operator-valued function, say
t e R"\ {0} — k(t) € L(X,Y), and f is in LP(R"; X). To give a meaning to (2.1), we therefore
assume that k is an operator-valued distribution in

S'(R™ L(X;Y)) = LISR"); L(X;Y)). (2.2)

But to avoid annoying technicalities about the convolutions of vector-valued distributions, we
choose a special class of test-functions, namely X @ S(R™): for x € X and ¢ € S(R") we define
a linear functional z ® ¢ on S'(R™; L(X,Y")) by

[z @ ¢l(k) == (k,¢) @,

and extend this definition by linearity from X x S(R"™) to the algebraic tensor product X @ S(R™).
In particular, for f = 2 ® ¢, we can now interpret (2.1) as (k, ¢(t — -)) 2, which we may also write
as kx ¢(t)x or k* xd(t) or even k(-)x * ¢(t), which ever seems convenient in a particular context.
Recall that the convolution k * ¢(t) := (k, d(t — -)) of a tempered distribution k& with a Schwartz
function ¢ € S(R™) is an infinitely differentiable function with polynomially bounded derivatives
of all orders; the vector-valued situation does not bring any complications at this point, and one
can simply repeat the standard proofs from the scalar-valued theory.

Note that X ® S(R™) is dense in LP(R™; X) for 1 < p < oo, so that the class X @ S(R") is
sufficient to prove the boundedness of the operator K from (2.1) from L?(R™; X) to LP(R™;Y).

For that matter, it will be enough to consider the even smaller class X ® Do(R"), where

Do(R") := { € SR™)

b € D(R™), 0 ¢ Suppd?} :

This leads us to the following basic assumption for the kernel of a singular integral operator
as in (2.1):

Assumption 2.3. For every z € X, the distribution k(-)x € S'(R™;Y) (defined by (k(-)z, ¢) :=
(k, ¢) x) agrees away from the origin with a locally integrable Y-valued function, which we denote
by the same symbol k(-)z. That is, we have

(b(-)z, ) = / KBz () dt  for 6 € S(R™), 0 ¢ supp o.

n

Remark 2.4. By the definition of the convolution, and linearity, this gives
k*f(t):/ k(s)f(t—s)ds for f € X @ S(R™), t ¢ supp f.

It is easy to see that, for ¢ ¢ supp f, the representation ) z; ® ¢; of f € X ® S(R") can be chosen
in such a way that ¢ ¢ supp ¢; for any j.



We will often use duality arguments in which the adjoint distribution k¥ € &'(R™; L(Y', X))
plays a role. This is defined by (K, ¢) := (k, ¢)".

Let us now look at some examples.
Ezample 2.5. Repeating the argument for the scalar-valued situation, e.g. pp. 193-4 of [10], one
can show that the following prominent class of operators provide singular integrals in the sense
of the above definition: Let ¢t — k(t) € £(X;Y") be strongly locally integrable on R™ \ {0} and
satisfy the conditions

/ |k(t)z|y dt < Az forall r >0, z € X, (2.6)

r<|t]<2r

/ E(t)zdt| < Aglx|y foral R>r >0, z € X, and (2.7)
r<|t|<R v

lim E(t)zdt exists as a weak limit in Y for all z € X. (2.8)

10 Jr<t)<1

Then the operator p.v.-k defined on ¢ € S(R™) by

(p.v-k, ¢) x := lim E(t)z ¢(t)dt (2.9)
L0 Jit|>e

gives a well-defined tempered distribution p.v.-k € S'(R"™; L(X;Y)); actually

[(pvks ) ly < (241 IV ey + 11 SO ooany) + A2 [6(0)]) e (2.10)

It is obvious from the definition that this satisfies Assumption 2.3.

While the previous example showed that certain results simply carry over to the operator-
valued situation with essentially no modifications, the purpose of the next one is to illustrate the
new phenomena not present in the scalar-valued context.

Ezample 2.11. We show that the integrability conditions for ¢ — k(¢)x of the previous example
do not imply anything similar for ¢t — k(t) f(t), where f € L*(R"; X), even compactly supported
away from the origin. This fact motivates the procedure adopted above first to define our operators
on the rather restricted algebraic tensor products, where they make sense without any further
assumptions. It is then a different matter to search for conditions guaranteeing the boundedness
of these operators; it seems wise to do the hard work with the theorems and not the definitions.

Consider X := (P(Z), 1 < p < oo, which we identify with LP(R, ¢ ([0,1)+Z), ds) in the obvious
way, and let Y := K, the field of scalars. Note in particular that the example includes ¢?(Z), the
prototype of all separable Hilbert spaces, so that there is certainly nothing pathological in the
geometry of the Banach spaces in question.

For t > 0, log,t ¢ Z + 1/2, we set «a(t) := tan(mwlogy(t)); this map restricted to any of
the intervals (2/1/2,20%1/2) with j € Z is an increasing bijection onto (—o0,00). Let further
g € (7 (Z)\ 1*(Z). We can then define the operators k() : X — Y by

k(t)z = sgn(t) - z(a(|t]) - g(a(lt]) - o'(t])

for ¢ # 0, logy(|t]) ¢ Z + 1/2, and k(t)z := 0, say, for the countably many values of ¢ just
mentioned. Clearly these operators are linear, and moreover [|k(t)||y_y = |g(a(]t]))] &/(|t]) (or O
for the countably many special cases).

The kernel k(-) is manifestly odd, so that it satisfies (2.7) and (2.8) rather trivially, and
moreover

ﬂ%umww=</

o a(2r) oo
- (/( )+/ ) lz(s)] - |g(s)] ds:/ (s)] - [g(s)| ds < ||zl 1o 9]l o = 2] 5

0i+1/2

2i+1/2

+/ T )Ix(a(t))l~lg(a(t))|a’(t) di



where j is the unique integer such that log, r < j+1/2 < log,(2r) = log, r+ 1, and we have taken
into account that a(r) = «(2r) by the m-periodicity of the tangent.

Now we define our function f € L>®(R"; X). Let n € D(R) be =1 in [—1, 1], have range [0, 1]
and vanish outside [—2, 2], and define

) Ftos) {n(a(lt) [s)) i 6£0, logy(lf) ¢ Z+1/2
0 else.
This f is actually not only bounded, but it is C* in the regions (2/-1/2 2+1/2) j ¢ Z.
Since our integrability conditions concern compact subsets of R\ {0}, we can take f to be
compactly supported away from 0 by simply making a cut-off outside our domain of integration.
We then have

V2 V2
/ k(&) f()]y dt = / [f(t ()] - g(a(t))] o (t) dt
1/vV2 1/vV2

V2
- / n(a(t) — La(t)]) la(a(t)] o' (t) dt = / n(s — [s)) g(s)] ds = / l9(s)] ds = oo,
1/\/5 —0o0 —o0

o0

since g ¢ L*(R, ds), and this shows quite explicitly that k() f(-) is not integrable.

Note that the failure of integrability in the last computation in no way depended on the
singularity of k(-) at the origin. In fact, we could have defined k as above only in the annulus
1/v2 < |t| < v/2, say, and set k(t) := 0 elsewhere. Then we would have even global integrability
75 [k(t)z]y dt < c|z|y for every fixed z € X, and yet a blow-up of even the local integrals for a
function f € L*°(R; X) in place of z, as above.

3 Some estimates for random series

In this section we review some techniques related to vector-valued random series that have proved
to be fundamental for the vector-valued extension of classical results of harmonic analysis.

Denote by €5, j € Z, the Rademacher system of independent random variables on a probability
space (Q,%,P) verifying P(e; = 1) = P(¢; = —1) = 1/2. Let E := [(-) dP be the corresponding
expectation.

For a Banach space X, let Rad(X) be the closure in L?(Q; X) of the algebraic tensor product
X @ (£)>, equipped with the norm of L?(€2; X). By the Khintchine-Kahane inequality, any
p € [1,00) in place of 2 gives the same space (as a set) with an equivalent norm.

If X is B-convex, then various useful properties of Rad(X) follow readily from the boundedness
of the Rademacher projection

(Rf)(w) := > Elg; fle;(w); (3.1)

we recall that one possible characterization of B-convexity is to say that the operator R above is
well-defined and bounded on L?(Q; X). Also recall that every UMD-space is B-convex, so that we
do not get any new geometric restrictions, since the places where we exploit serious analytic (as
opposed to algebraic) properties of Rad(X) are such that the UMD-condition is required anyway.
Note that the boundedness of R implies the uniform boundedness of its partial sum projections
by the Banach—Steinhaus theorem.

Denoting by R(R) the range of R, it is obvious that X ® (¢;)>, C R(R). On the other
hand, the fact that the partial sums of the series in (3.1) (which are in X ® (g;)>,, by definition)
converge to Rf for every f € L?(Q; X) shows that R(R) C X ® (¢;)<,. Finally, since R as a
bounded projection has a closed range, we conclude that Rad(X) = R(R: L*(Q; X) — L*(Q; X))
whenever X is a B-convex space. This allows us to identify f = Rf € Rad(X) with the sequence
appearing in (3.1),

f=Rf =~ (Elg; )=, € X2



The density of finitely non-zero sequences in Rad(X) follows from the very definition of Rad(X)
as the closure of X ® (¢;)%.

Let us make a useful observation concerning the dual of Rad(X). Since the unit ball of
L?(€; X') is norming for L?(£2; X) D Rad(X), we have, for f = Rf € Rad(X),

[fllgaacx) = sup (9, Rf) (12(0:x7),.2 0%y | = SuP [{Rg, )] < sup |(h, £
llgll 2 xH <1 heRad(X")
1Rl 2 (0, xH <C

where the easily verified self-adjointness of R was used, and C' is the operator norm of R on
L?(2; X), thus also the norm of its adjoint. This shows that the unit ball of Rad(X") is equivalently
norming for Rad(X).

As a consequence of Fubini’s theorem and the equivalence of the definitions of Rad(X) in terms
of different exponents we also have

LP(T;Rad(X)) ~ Rad(L*(T; X))

whenever I' is a o-finite measure space. (We really need this only for I' = R™.)
The Rademacher classes Rad(X), Rad(Y) provide a straightforward but occationally useful
reformulation of the concept of R-boundedness, whose definition we recall:

Definition 3.2. A collection T C £(X,Y) is called R-bounded if, for some C < oo, the inequality

PN\ ¥ P\ ¥

N
E Z Ejle’j S C|E Z EjT; (33)
J==N Y / X

2

holds for all N € N and all z; € X, T; € T and some [equivalently, all| p € [1,00[. The smallest
constant C' [when p = 1, say] is called the R-bound of T and denoted by R(T).

With the understanding that z; = 0 for |j| > N,we can write (3.3) as

|(Tyz; < C||(x;)

)T HR,ad(Y) T HRad(X) )

and by the density of finitely non-zero sequences (z;)*,, € Rad(X), the condition is simply that
of boundedness of the diagonal operators (7)., from Rad(X) to Rad(Y").
The following permanence property of R-boundedness will be useful.

Lemma 3.4. Let X be a B-convex space and T C L(X;Y) be R-bounded. Then T' :={T'| T €
T} C L(Y'; X') is also R-bounded, and more precisely R(T') < CR(T), where C is a geometric
constant.

Proof. For g € L*(Q; X), we have

N N N N
E <Z sz}yﬁ-,g> =E> (5T}y},¢;Elzg]) = E <Z E5s, ZEiTiE[Ei9]>
-N —-N -N -N

1
2 2

RT) | E

1
2

2
<[E <|E RTDC N9l 2. x) -

2
X/

N

!
g €iY;
-N

2
X

N N
> e > _<iElejd)
N —N

recalling the uniform boundedness of the partial sum projections of the Rademacher projection
R. Taking supremum over g € L?(2; X) of unit norm, we find that R(T’) < CR(T), where C is
the same constant as above. O

X/



We also recall (e.g. from [19]) that the family T of canonical extensions (T'f)(t) := T[f(t)] of
TeTCLX;Y)to LP(T; X) — LP(I;Y) is R-bounded whenever T is, with the same R-bound
and without any geometric assumptions. (This is easy to see.)

An R-bounded collection is always uniformly bounded, but the converse is not true in general.
Perhaps the simplest example of a uniformly bounded, non-R-bounded family of operators is the
group of translations acting on LP(R"™), p # 2. However, there is a remarkable result due to
Bourgain [3] providing a partial substitute of this boundedness under appropriate restrictions on
the support of the Fourier transforms of the functions involved. This result plays an important
role in Bourgain’s paper [3], as well as in the present one. The difficult part of the proof, the case
n = 1 for the unit-circle T in place of R™, is given in [3], Lemma 10. The transference to R™ uses
standard methods and is detailed in [11], Lemma 3.5.

Lemma 3.5. Let X be a UMD-space and (f;)*,, C LP(R"; X) a finitely non-zero sequence such

that supp fj C B(0,27). Let (h;)>, C R™ be a sequence, lying on the same line through the origin
and such that |hj| < K277 for some constant K. Then

EHZEjfj(-—hj)‘ SCIOg(2+K)EH26jfj‘

Remark 3.6. Although we do not need it, we mention that one can get away from the assumption
that the h; lie on the same line, with the cost of getting log" (2 + K) in place of log(2+ K). While
the case n = 1 is obviously handled already, the case of n > 1 dimensions can be reached by
induction on n.

LP(R™;X) LP(R™X)

To ensure the support condition of the Fourier transforms for the application of Bourgain’s
lemma, we will exploit (a smooth version of) a Littlewood—Paley-type dyadic decomposition.
Let n € D(R™) have range [0,1], equal 1 for || < 1/4 and vanish for |{| > 1/2. Let then
G0(&) :=n(&) —n(2€), and $;(€) == 4(277¢). Then > ¢;(€) =1 for £ # 0 and ¢, is supported
in the annulus 2773 < |¢| < 2771, Moreover, <i>j = @j_1 + @; + P41 is equal to unity on the
support of ¢;, and is supported in the annulus 27=4 < |¢] < 27. Our indices are slightly shifted
from the usual choice, the sole purpose of which being to ensure the condition supp <i>j C [-29, 27"
so as to avoid playing with indices when applying Lemma 3.5.

The next lemma allows us to estimate deterministic LP-norms with randomized ones, i.e., to
incorporate the Rademacher functions ¢; into our equations. Slight variants of this lemma and
the next one appear in several papers, cf. e.g. Girardi and Weis [11], Cor. 3.3.

Lemma 3.7. Let X be a UMD-space, 1 < p < oo, and (g;)>% C (S'NLY)(R™; X) be a finitely
non-zero sequence. Assume further that §; is supported in the annulus || € 27(a,b] for some

0<a<b. Then
H 9i Lr(R™:X) €i9i

where the constant depends only on a and b (and the geometry of X ).

(3.8)

Lr(R7:X)

Proof. Let us first observe that we can assume that g; € LP(R™; X) for all j, since otherwise the
right-hand side is co. Indeed, let E,, := {t € R"| [t| < m, |g;(t)| < m for all j}. Then

l9i1E,, ”LP(R";X) < % gi + Zgj 1e,, + % i — Zgj lg,,
i LP(R™:X) e Ly (R7:X)
As m — o0, the left-hand side becomes the LP(R™; X)-norm of g;, whereas on the right-hand side
we have two terms appearing on the right-hand side of (3.8). Should we have Hgi”LP(R";X) = 00,
the right-hand side of (3.8) would also be oo, and there is nothing to prove.
Let us hence assume that g; € LP(R"; X) for all j. We choose N € N large enough so that
2NV > b/a. Then, by the triangle inequality,

i 9i < > g - (3.9)

j=—o00 LP(R™;X) k=0 ||j=k mod N L (R™:X)



The motivation for this rearrangement is the fact that the supports of §; for 7 = k¥ mod N are
disjoint for any fixed k.

Choose ¢ € D(R™) with range [0, 1], equal to unity in [a,b] and with support in [27b, 2™a].
Then §; = ¢(277-)g; and ¢(27%)g; = 0 for i # j. Thus, for (¢;)> € {—1,1}%,

> o€idi =) 6027y = (Z ei¢><2-i->> Y g=my g
=k =k i=k =k =k
and the Fourier multiplier m satisfies infinitely many of the Mihlin-type conditions
! D m(e)] < 3 lef 1271 [(D°9)(27¢)| < 2sup €] 1D°0(6)] < oo,
=k

where the factor 2 follows from the fact that at most two of the functions ¢(277-), j = k, are
supported at any given point.

The UMD-space version of Mihlin’s multiplier theorem (which is due to Zimmermann [20])
implies that

> €95
=k

and the inequality is readily seen to be two-sided by taking €;g; in place of g;. Then, taking
€j := £j(w) and integrating over w € Q, we have

<K g ;
i=k

L?(R";X) L?(R";X)

oo
Zgj < KE Zﬁjgj < KE Z €595 ;
j=k

LP(R7;X) =k LP(R7;X) J=—oo LP(R™;X)

where the last inequality follows from the the fact that (¢;y;), with y; € Y, is a monotone basic
sequence in L'(Q;Y) for any Banach space Y. (Here, of course, Y = LP(R"; X).)
Combining this with (3.9), we have the assertion with C' = NK. O

We also need to be able to get rid of the randomization, and for this we have the following:

Lemma 3.10. For f € LP(R™; X) we have

EHZaj@j *f’

Proof. Since F> ¢;®; « f = Z&?j(f)jf =:mf, and

Lr(R™;X) S C Hf”L”(R";X) .

€1 |Deme)] < 3 Jel! 2l

(D®)(277¢)| < 3sup [¢[
3

Da‘io(ﬁ)‘ < 00,

even a stonger result with the expectation replaced by the supremum norm over the random
variables ¢; is an immediate consequence of the Mihlin-Zimmermann theorem. O

4 A Hormander-type condition for singular integrals

The classical result for scalar-valued singular integral operators (see Hormander [14]) states that
the formal convolution (2.1), interpreted as explained in Sect. 2, defines a bounded operator on
LP(R™), 1 < p < oo, if k is bounded and k satisfies the Hérmander condition (1.1). Our main
result in this section is the following version of this theorem for operator-valued kernel functions:



Theorem 4.1. Let X, Y be UMD-spaces. Assume that k € S'(R™; L(X;Y)) and k' satisfy
Assumption 2.3 and that the Fourier-transform k coincides with a bounded function such that k(-)
and k(-)" are strongly measurable. Moreover, assume the following conditions:

R ({k(©)] € € R™}) < A, (4.2)

and
/|t>2 lR({Q—nj(k‘(Q—j(t—S)) —k(277t)| j € Z}) w(t) dt < Ayw(s), (4.3)

where w(t) = log(2 + |t|).
Then f € X ® Do(R™) — k * f extends to a bounded linear operator

felP R X)—kxfeLP(R"Y)
with norm at most C(Ag + A1), where C is a geometric constant.

Remark 4.4. (i) For X =Y and n = 1, the Hilbert transform H = (p.v.-1/mt)x, with k(t) = 1/xt,
k(&) = —isgn(€), is easily seen to verify the conditions of the theorem — note in particular that the
R-boundedness reduces to uniform boundedness for a scalar kernel — which shows that the UMD-
assumption is necessary in this case. On the other hand, if Z is a UMD-space, A € £L(X, Z) and
B € L(Z,Y), then the singular integral operator of the special form BHA : L?(R; X) — LP(R;Y)
satisfies the conclusion of the theorem for arbitrary Banach spaces X and Y.

(ii) The operator f — k x f can also be interpreted as a Fourier multiplier transformation
f — k f , with operator-valued multiplier ke L>*(R™; L(X;Y)). Thus a result of Clément and
Priiss [6] shows that the R-boundedness condition (4.2) of the operators k(€) is necessary.

(#4¢) The R-boundedness assumption in our version of the Hérmander condition enables us
to use the Littlewood—Paley decomposition, whereas the logarithmic factor is forced on us by
Lemma 3.5. Note that while the usual Hormander condition (1.1) is sufficient (also in the vector-
valued context) to obtain the boundedness on the whole scale p € |1, 0o[ as soon as the boundedness
is known for one LP, we do not assume any a priori boundedness.

(iv) For the verification of the weighted Hérmander condition (4.3) in concrete situations, it is
useful to note the estimate

/ =04 log(2 + 1) dt < C(6)r~°log(2+7)  forall 7,6 >0, (4:5)

r

whose verification is elementary calculus.

Theorem 4.1 will be a special case of Theorem 4.21 below. As a preparation for the proof, we
first give a somewhat technical condition for the boundedness of singular integral operators. It is
a version of Proposition 3.7 in Girardi and Weis [11].

Proposition 4.6. Let X, Y be UMD-spaces and k € §'(R™; L(X;Y)) and k' satisfy Assump-
tion 2.8. Define, for everyt € R™, an operator from Rad(X) to Rad(Y) by

K(t) = ((po % 27E(277) ()32 (4.7)

Jj=—00"

and assume that the Banach adjoints K(t)' : Rad(Y’) — Rad(X’), canonically extended to
L (R™;Rad(Y")) — L? (R™;Rad(X")), satisfy the condition

/ ||K(t)/g||LP/(R";Rad(X’)) w(t> dt< A ||g||LP/(R";Rad(Y’)) ’ (48)
with w(t) := log(2 + |t]), for every g € L” (R™; X) @ ()% -

Then f € X @ Do(R™) — kx f extends to a bounded linear operator LP(R"™; X) — LP(R™;Y),
of norm at most CA, where C' is a geometric constant.



Proof. We have Flk = f] = kf = > Ajl% f, where the sum contains only finitely many non-
zero terms for f € Dy. Moreover, we have nﬁjfff = ¢jl%<i>jf = F[(p;j * k) * (®; = f)]. Denoting
fj == @, = f, we have the decomposition k = f = > (¢, k) = f;.

As a last preparatory manipulation, we write

(%*k)*fj(t):/ (<Pj*k)(Q_jS)fj(t—2_j5)2_jnd3=/ 277" (o # k(2772))(s) f5(t —277s) ds,

n n

where a simple change of variable was performed, recalling that ¢; = $(277-), whence ¢; =
27mp(27.). A functional notation is used to denote the dilation of the distribution k for simplicity,
but this is defined by the duality (k(6-), ¢) := (k,6 "¢(61)).

We now invoke the UMD-property by means of the Littlewood—Paley decomposition (more
precisely, Lemma 3.7), which allows us to write

D (pjxk)= £ <SCE||> elps k) * f;
- Lr(R™X) - Lr(R™Y)
=CE Zgi/ 27 po x k(277)](s) f5(- —2775) ds
— o R7L

Lr(R™Y)

)

—o| [ K (62, as

Rad(L?(R";Y))

where we recalled the definition of our auxiliary sequence-valued kernel K from (4.7).
To estimate the norm on the right of the previous inequality, we pick an arbitrary g €
Rad(LP (R™;Y")). We have

(o [ KOG -209)7, as)
R" (L?" (R™;Rad(Y")),LP (R™;Rad(Y)))

_ / ds <K(8)’97 (fi(-=277) 7

> (L¥’ (R™;Rad(X)),LP (R™;Rad(X)))

< /R" ds ”K(s)/gHLP’(R";Rad(X’)) H(fJ< - 2_j8))iooo‘ (4.9)

Rad(LP(R™;X))

The second factor can be estimated with the help of Bourgain’s lemma to the result
(oo}
> el
—0o0

the last step being again a consequence of the Littlewood-Paley decomposition for UMD-valued
functions (more precisely, Lemma 3.10).

It remains to integrate over s in (4.9), invoke the assumption (4.8), and condider the supremum
over all appropriate g € Rad(Lp/ (R™; X)) of norm at most unity, to conclude that

& % fll ooy < CAFll Lo @)

for all f in the dense subspace considered. Thus the proposition is proved. O

E < Clog(2+ |s|)

LP(R";X)

Ze’:‘jfj(' — 27j8) S CN’IOg(Q + |3|) Hf”LP(R”;X) )

LP(R";X)

In the previous proposition, the boundedness of a singular integral operator acting on the space
LP(R"™; X) was related to a boundedness condition of another operator acting on the Rademacher
class Rad(X) and related spaces. The new kernel K(t) in (4.7) has some special structure, in
particular, the convolution with a nice test function ¢g. To be able to exploit this particular
structure, so as to find a sufficient condition more explicitly in terms of the original kernel k, we
need the following decomposition lemma, which is a variant of a similar result used by the first
author (in a rather different context) in [15].
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Lemma 4.10. Let ¢ € S(R™) have a vanishing integral. Then there exists a decomposition
@ =" ¥Ym with the following properties:

U € DR™),  suppihm C B(0,2™), / Um(y) dy = 0,

and for every pair of multi-indices a, 3 € N" and every M > 0 the sequence of Schwartz norms
[l g as well as H?ﬁmH 5 is O(27™M) a5 m — oco.
; o
In particular, for every p € [1,00] and every M > 0, the sequence of Lebesgue norms ||tm|| .,

as well as H@,,LHL ,is O27™M) as m — .

Proof. Fix n € D(R"™), with range [0,1], equal to 1 for |z| < 1/2 and vanishing for || > 1. We
set, for r > 0,

o) = wlafr) (90) + e [ o)1= /) ).

Then ¢, has a vanishing integral since ¢ does, and ¢, is supported in B(0,r) by the support
condition imposed on 7. Moreover,

n(z/r)

r(2) = pl@)l < ntw/r) =11 @)l + 2o

/ o(v)] (1 — n(y/r)) dy

< g1§>§|¢(y)| +cr*”/ le(y)| dy,

ly|>r

which tends to zero as r — oo; thus p, — ¢ uniformly.
We next set 1 := @1 and ¥, := @am — @om-1 for m > 0; whence Z;j:o Y = liMyy o0 Pom =
o, uniformly. Explicitly, for m > 0, we have

—m

B . o n(2~"z)
() 1= pla) (1(27"a) = 2" V) 4 I

_ p(27mVg)
2n(m=1) [n(y) dy

It remains to estimate the order of the size of the Schwartz norms of the terms appearing here.

Let us first have a look at the last two terms in (4.11). We have, by a simple change of variable,
m27" ), 5 = 2m(18]=lel) 7l .5, which looks a little bad for [3] > |a|. However, the thing that
settles the matters is the constant factor, whose size is estimated by

/@(y)(l -n(27™y)) dy

/ o)1 —n(2 "Dy dy. (411)

lo(y)| dy < C(M,mso)/l ) ly| M dy = G2~ Mm™,
Jl>2m

[lewia-neryas [

ly|>2m

We then turn to estimate the first term in (4.11) and denote for simplicity ¢(x) := n(x)—n(2x),
so that this term is ¢(x)¢p(27™x). Note that ¢ € D(R™) is supported away from the origin. By
Leibniz’ rule we have

27D (p(x)p(2 ") = > (3) 27D p(2)27 I DO G(27 ™). (4.12)
<a

Let us make a Taylor expansion of D?#(2~™x) at the origin; since D?¢(0) = 0 for all ¥ € N,
all we get is the error term:

27mM1,19 1
Dl )= Y ——— [ D""gu2mz)M(1—u)™ " du.
s VR

11



Now a typical term in the sum in (4.12) is estimated as

1
Z 2_’"M% ‘xﬁ"’ﬂDo‘_ega(x)’ / fD9+ﬂ¢(u2_mx)| M(1 - u)M_l du
|9|=M ’ 0

_ 1
<2 mM Z 31 lolla—o,+9 1Dlloro,0-
=M "

Summing over the finite number of bounds of this type, we have established the desired rate of
convergence of the sequence [[¢,], 5 as m — oo.

The assertion concerning the Schwartz norms of the Fourier transforms z/A)m follows from the
continuity of the Fourier transform on S(R™). The assertion concerning the Lebesgue norms
follows by estimating ||1.,||;, by a finite number of Schwartz norms. O

Remark 4.13. (i) The result is equally valid for vector-valued functions, with the same proof, but
we only need it here for scalar-valued ones.

(#4) The decomposition established is an atomic decomposition of ¢, and shows the well-known
fact that ¢ € S(R™) belongs to the Hardy space H!(R™) provided it has a vanishing integral.
However, more than this we are interested in the particular type of the decomposition, with the
rapid rate of convergence.

Lemma 4.14. Consider a mapping t € R" — L(X;Y) having the form
K(t) :=k*o(t)

where ¢ € S(R™) with [ p(y)dy =0, and k € S'(R™; L(X;Y)) is an operator-valued tempered dis-
tribution satisfying Assumption 2.3, and moreover k agrees with a function in L3, (R™; L(X;Y)).
In addition, suppose that

l%(g)HX . < Ay for a.e. £ € R, (4.15)
/ |(k(t —s) — k(t))z|y wo(t) dt < Aywi(s) |z for all s e R"\ {0} and z € X1,
It]>2]s|
(4.16)

where wy and wy are positive, measurable and polynomially bounded functions, and X1 C X.
Then, for every x € X7,

/ K (£)zly w(t) dt < (AoC(i,w0) + 41C(p,wn)) [zl

where the C'’s are finite quantities depending only on the objects indicated.

Proof. We apply Lemma 4.10 to write ¢ = Z;’:zo ¥, where the ¢, have the properties stated
in that lemma. Then we devide K (t) into the pieces

Km(t) =k * 7/)7n(t)a

and investigate each of them separately. - -
Recall that ., is supported in the ball B, := B(0,2™). We first investigate the integral of
| K (t)z|y, with € X1, well away from this ball, i.e., outside the larger ball B, 1:

/_ [ K (8) ]y wo (1) dt = . dt wo(t)

B7n+1 m-+1

/_ E(t — s)z1m(s)ds
B,

Y

12



Since the integral of v, vanishes, we can continue with

Z/BC dt wo(t)

m+1

< / ds [n(s)] ((k(t — ) — K(£))ly wo(t)

B, [t]>2]s|

< /B ds [t (3)] Arn (5) |2l xc < Ar [[9mll e 1 (Bon) [2]x

m

/ (k(t —s) — k(t)x Ym(s)ds

m Y

where we have denoted dvy(t) := wy(t)dt.
Inside the ball B,,11 we argue as follows, with the obvious definition of vy:

/B Kty w0(t) d < vo(Bons1) [1Kom ()l e (o
m+1

< (B [EonCha, = 0Brs) [ [6© b)) e
< Aovo(Brm+1) Lo lelx
Summing over the estimates, we have
[ 1K@yl wlt) < 3 (4B Wil + Ao Burs) [, ) o

The convergence of the series follows from the properties of the decomposition ¢ = > o Um.
Indeed, the at most polynomial growth of w; guarantees that v;(B(0,7)) < Cr™ as r — oo; hence

vo(Bma1),v1(Bm) < C2™N | but we have ltomll oo s ‘ Q/A}m . < Cp27™M for any M > 0, so it
suffices to take M > N. This completes the proof. O

Remark 4.17. (i) The result of the lemma is rather general, since no conditions on the Banach
space geometry are required.

(i) Although our application of the lemma is to the boundedness of operators acting on the
usual Boéchner spaces with respect to the plain Lebesgue measure, where a specific choice of the
weight w is relevant, the above result itself has some taste of a more general weighted norm
inequality. The assumption that the weights w; be polynomially bounded is exploited via the
growth condition of the size of the balls B(0,r) in terms of the measures dv;(t) := w;(t) dt. Such
a growth estimate would also follow from the doubling condition v(B(x,2r)) < Cv(B(z,r)), which
is the usual regularity assumption when dealing with more general measure spaces.

The following corollary simply specializes Lemma 4.14 to the spaces Rad(X) and Rad(Y)
in place of X and Y. The subset X; C X that appeared in Lemma 4.14 will now be the set
X ® (g5)%°, of finitely non-zero elements of Rad(X).

Corollary 4.18. Consider a mapping t € R" — L(Rad(X);Rad(Y)) having the form
K(t) := (kj * () %
where p € S(R™) with [ p(y)dy =0, and k; € S'(R" L(X;Y)) are operator-valued tempered dis-
tributions satisfying Assumption 2.3, and moreover k] agrees with a function in L, (R™; L(X;Y))
for every j € Z. In addition, suppose that
< Ag for a.e. £ € R", (4.19)

i (6) ‘
‘ (k5 (€))% Rad(X)—Rad(Y) —

/ 0= 0) = 15022 o8 < A0 el (4.20)
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foralls € R"\{0} and z € X®(g;), where wy and wy are positive, measurable and polynomially
bounded.
Then

J IR @2l i 00(8)dt < (A0Cov0) + ArCli0)) el
forallz € X @ (¢;).

Combining Corollary 4.18 with Proposition 4.6, we have the following result, which contains
Theorem 4.1 as a special case, as shown below:

Theorem 4.21. Let X, Y be UMD-spaces, p €]1,00][, and k € S'(R™; L(X;Y)) and k' satisfy
Assumption 2.3, and moreover k coincide with a bounded function such that k(-)', is strongly
measurable. Let the following conditions be satisfied:

< Ap for a.e. £ € R™, (4.22)

k(27¢))=
(k( 5))J——°0 Rad(X)—Rad(Y)

and

/I | ‘ H( ](k( ]( ))/ k(2 Jt)/)gj)j—— H Ra ( J(Rn;}i /)) 'lU( )
t|>2|s >0 d(LP t) di
<— 1’[1}(5) Hg HRad(l p’ (R";Y’)) (423)

for all s € R*\ {0} and g € LV (R™;Y") @ (£;)>,, where w(t) := log(2 + [t]).
Then f € X @ Do(R™) — k * f extends to a bounded linear operator

felP R X)—kxfeLP(R"Y)
with norm at most C(Ag + A1), where C is a geometric constant.

Proof. By the permanence properties of R-bounds (see Lemma 3.4 and the paragraph after it), we
also have analogue of conditions (4.22) valid for the extensions of the adjoint operators k(£)’ to
LV (R™Y') — LP (R™; X'). Let us then define k;(t) := 27/ k(277t)’, whence (4.23) is the same
as (4.20) with LP' (R"; Y”) in place of X and L” (R"; X’) in place of Y. Moreover, k;(£) = k(2/¢)’,
so that (4.22) implies the analogue of (4.19) with the same substitutions. Thus Corollary 4.18
shows that the kernel K (t) defined in (4.7) satisfies the assumption (4.8) of Proposition 4.6, and
hence that proposition implies the assertion of the theorem. U

Now we can also give

Proof of Theorem 4.1. Clearly the assumption (4.2) implies (4.22). As for the condition (4.3),
we can again use the permanence properties of R-bounds to obtain the same condition first for
k(-)' : Y' — X' in place of k(-), and finally for the extension k(-)' : L* (R™";Y') — L? (R"; X").
Thus (4.3) implies the operator norm version of the strong condition (4.23), and hence Theorem 4.1
follows as a special case of Theorem 4.21. O

Remark 4.24. As we saw in the proof of Theorem 4.21, the Hérmander condition (4.3) with
operator norms could be used to deduce the more technical condition (4.23). While it is nice to have
the sufficiency of the strong condition (4.23) for its own sake, the sufficiency of strong estimates
becomes essential when applying Theorem 4.21 to prove multiplier theorems. Namely, as soon
as our Banach space X has a Fourier-type ¢ > 1 (and a UMD-space always has), the Hausdorff—
Young inequality allows us to pass from estimates for ||f/:HLq(Rn;X) to those for Hf||Lq/(Rn;X),
i.e., we are able to transform strong estimates for the g-norm in the frequency domain to strong
estimates for the ¢’-norm in the spatial domain. However, the operator spaces £(X) only have
trivial Fourier-type, and thus the transference of norm conditions does not work.
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5 Application to special classes of singular integrals

For the application of Theorem 4.21 to classical operator-valued kernels (see Theorem 5.10,
Cor. 5.12), we first provide criteria for checking the condition (4.22) without the need to know the
Fourier tranform k of the distribution of interest. This is done in the following lemma, the core
of whose proof is simply a repetition of the classical argument. Nevertheless, we need to consider
several technical points to reduce the considerations to this classical situation.

Lemma 5.1. Let Y be a UMD space, and consider a distribution p.v.-k € S'(R™; L(X;Y))
as in (2.6)—(2.9), whose related sequence valued kernel K(t) = (27™k(279t))>®, wverifies the
analogues of the properties (2.6)—(2.7). More precisely, assume that, for every finitely non-zero
z = ()% € Rad(X) we have

/ 1K gaaeyy 4t < Allelpaax,  for allr >0, (5.2)
r<|t]<2r
/ K(t)z dt < Allelpaax,  for al R>71>0, (5.3)
r<|t|<R Rad(Y)
and moreover
/u o N9~ KOl @< A elaac (5.4)
>2|s

Then the Fourier transform k (taken in the sense of distributions) is identified with a bounded
strongly measurable function, and actually

K(€) == (k(27€)>, satisfies <cA for £ e R", (5.5)

Rad(X)—Rad(Y)

K(©)|

where ¢ is a numerical constant.

Remark 5.6. (i) Of course, the assumption of the conditions (2.6)—(2.7), which are related to the
existence of the principal value integral (2.9), is superfluous, since they follow from the stronger
estimates (5.2)-(5.3). On the other hand, the analogue of (2.8),

HE)I K(t)xdt exists as in Rad(Y) for finitely non-zero x € Rad(X), (5.7)
r r<|t|<1

already follows from (2.8), since we have the existence of the finite number of non-zero limits

lim 27" k(277 t)z; dt = lim k(t)x; de,
10 Jr<t)<1 10 Jo—ir<|t|<2-i

and we just add them up.

(#4) The assumption (5.4) obviously follows if we have (4.23). The conditions (5.3) and (5.7)
are trivial if k£ is odd, or slightly more generally, if its strong integral vanishes over almost every
origin-centered sphere rS™ 1.

(#i¢) Tt is not exactly UMD but some weaker geometric properties implied by it that are relevant
in the present context; however, we will only use the lemma for UMD spaces.

Proof of Lemma 5.1. The same classical argument, which could be repeated to show that the
conditions (2.6)—(2.8) imply that (2.9) gives a well-defined tempered distribution p.v.-k : X X
S(R™) — Y verifying the estimate (2.10), can equally well be used to give from (5.2), (5.3) and
(5.7) the analogous estimates with X and Y replaced by Rad(X) and Rad(Y). Thus we have

p.v-K € 8'(R™; L(Rad(X); Rad(Y))).
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We then make a cut-off to define
KB (t) .= K(t)l.cjyy<r ~ for R>e> 0.
We claim that

(KR, ¢)x T (K,¢)x  in Rad(Y) forall g € SR") and z € X @ (£;)%%.  (5.8)

Indeed, for a finitely non-zero x € Rad(X),

(KF ¢ Jc—z / 27k (27 )z (t) dt = Zej/ k(s)x; ¢(27s)ds

<\t|<R Je<|s|<27IR
— Zgj p.v.- /Rn k(s)z; ¢(27s)ds = Zsj p.v.- /Rn 2727 )z p(t) dt = (K, @) @

since we can separately take each of the finite number of limits whose existence we know, and add
them up.

With these technicalities out of the way, we are effectively in the classical situation, and the
proof of [10], pp. 206-7, can merely be reproduced to estimate the integrals defining the Fourier
transform of K&%(\)z with z € X ® (£;)%, to the result

—0Q7

Ko H <cA :
|50, eary < A Raacny

By the obvious estimate, this implies for ¢ € S(R™)

[ree6) “"0)a]

and it follows from (5.8) that the same inequality holds with K% replaced by K. But this means
that ¢ € S(R") — (K,¢)z € Rad(Y) extends to a bounded linear operator ¢ € L'(R") —

<K, ¢> z € Rad(Y), of norm at most cA|[|z||g,q(x)-

Now we use the fact that Rad(Y’), when Y is UMD, is also UMD, hence reflexive, thus has
the Radon—Nikodym property. We exploit this by means of the equivalent condition of validity
of the vector-valued Riesz Representation Theorem; see [8], Theorem III.1.5. (It is easy to see
that the finiteness of the measure space, assumed in the theorem cited, can be replaced by o-
finiteness.) This gives, for every = € X ® (£;)°,, an essentially unique K,(-) € L>°(R"; Rad(Y))

such that <K7¢>x = wa $(€)dE. Tt is clear that # — K,(-) is linear from X ® (€)% to

L>*(R™;Rad(Y)) and maps X ® e, to Y ® ¢, for every .
Let then ¢, = m"¢(m-) € D(R™) be a usual approximation of the identity, and A € (£>°) a
Banach limit. For ¢ € R™ and = € X ®(¢;)>,,, we define an element K (¢)z € Rad(Y)” = Rad(Y')

by
(v &)= A [y (Koot 0)a) = (v [ R+ ouman)

It follows at once that ’<y’,f((§)x>’ < Ay |Raayy [1%]lRaa(x): and hence by density there is
a unique K(§) € L(Rad(X),Rad(Y)) which still satisfies the above equality. Moreover, if £ is a
Lebesgue point of K, then <y’, K’(ﬁ)m> = <y’, KI(§)>, thus K (&)x = K,(£). This shows that for
any € X ® (g;)%, K(€)z agrees for a.c. £ with the measurable function K, (¢). In particular

<K,¢)> r = ff((f)x o(€)dé. With x = xpeq, this gives the coincidence of k with a bounded,
strongly measurable function. O

<cA ||33||Rdd(x ||¢||L1(R") )

Rad(Y) - H< Rad(Y)

With Theorem 4.21 and Lemma 5.1 at our disposal, it becomes a routine task to obtain
operator-valued generalizations of classical results on the boundedness of singular integrals, with
the recipe “replace any boundedness assumption by R-boundedness”. In this spirit, we have the
following:
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Lemma 5.9. Suppose that for k € C(R™\ {0}; L(X;Y)) and some § > 0, the collection
o= {1t 1577 (k(t = 5) = k() : [t] > 2[s] > 0}

is R-bounded. Then the Hormander condition (4.23) holds with a constant c¢(n,§)R(T).

Proof. We have

R{27 (k277 (t = 5)) — k(277))}52 o)
= RO )™ @77 |s) k(27 (¢ = 5)) = k@ TI)IZ) 117 sl <R 7 sl
and with this estimate, (4.23) follows by integrating in the polar coordinates and using (4.5). O

Theorem 5.10. Let X and Y be UMD-spaces and suppose k € C(R™\ {0}; L(X;Y)) is a kernel
satisfying the existence of the limit (2.8), as well as

R{IE™ K(2), [t 170 (k(t — s) — k(1) : [t] > 2|s| > 0})
R k(t)dt: R>r>0p) =: A < 0.
+—({X;H<R(0 t:R>r> }) <

Then k gives rise to a tempered distribution p.v.-k in the sense of (2.9), and f € X @ S(R™) —
p.v-kx f extends to a bounded mapping from LP(R™; X) to LP(R™;Y), for all p €]1, 0], of norm
at most C A with C geometric.

Proof. By Lemma 5.9, k satisfies the condition (4.23) of Theorem 4.21. It is also not difficult to
verify the assumptions of Lemma 5.1, which then yields the desired bound (4.22) for the Fourier
transform. Concerning the strong measurability of 12:()’ , just note that the assumptions of the
theorem imply their analogues for k’. O

Remark 5.11. (i) With X =Y = C, Theorem 5.10 is classical. Observe that, despite its general
geometric setting and the complications on the way here, our theorem is strong enough to recover
the classical result, since R-boundedness then reduces to uniform boundedness.

(#1) A generalization to the vector-valued situation, with ¥ = X a UMD-space, but with a
scalar-valued kernel, is first due to Bourgain [3], who considers the periodic domain T.

As in the classical case, Theorem 5.10 has the following immediate corollary which is sufficient
for many concrete examples of kernels.

Corollary 5.12. Let X and Y be UMD-spaces, and k € C*(R™\ {0}; L(X;Y)) satisfy the limit
condition (2.8) as well as

RO k() [H" VE() ¢ £ 0}) + 91({/ k(t)dt: R>r > 0}) = A < oo

r<l|t|<R
Then k satisfies the conclusion of Theorem 5.10

Ezample 5.13 (R-bounded semigroups). The maximal regularity question for the abstract Cauchy
problem (cf. [9, 19])
u(t) = Au(t) + f(t) fort >0, u(0) =0,

with A the generator of a bounded analytic semigroup and f a given function, leads one to consider
the mild solution given by the variation-of-constants formula

t
Au(t) = / AT % f(s)ds. (5.14)
0
This is obviously a (singular) convolution integral with the kernel
AT t>0
k(t) = ’
0 t <0,
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When (T?) is bounded and analytic, R(T*) C D(A) for t > 0, and the AT* are bounded
operators whose norm behaves like 1/t; thus tAT*® are uniformly bounded operators for ¢ > 0.
If we assume a little more, i.e., R-boundedness of T% and tAT" instead of uniform boundedness,
then |t| k(t) is obviously R-bounded, and in this special case, this already implies that |¢|° & (t) =
t2A%Tt = 4(t)2)2A%(T?/?)? = 4(t/2 AT?/?)? is also R-bounded. Moreover,

R R t
dr .
/ATtdt:/ —dt=TF -1,

T T dt

from which we get the remaining R-boundedness condition required in Cor. 5.12 by the R-
boundedness of T, as well as the existence of the limit (2.8), noting that T"x — z as r | 0.

Thus we have shown that, on a UMD-space, the mapping f +— Au defined by (5.14) maps
LP(Ry; X) to LP(R4; X) [and hence the Cauchy problem has maximal LP-regularity] whenever
A is the generator of the analytic semigroup (7) for which the sets {T*| ¢t > 0} and {tAT*| ¢t > 0}
are R-bounded. Thus our results on singular integrals provide a direct approach to the recent
maximal regularity results, allowing one to work with the variation-of-constants formula (5.14)
instead of Fourier multipliers.

6 R-boundedness of families of singular integral operators

An interesting general phenomenon in the world of vector-valued inequalities is that they almost
immediately self-improve to give related statements for large families of kernels; cf. e.g. [10], p.
493. In the more specific context of R-boundedness, this was observed by Girardi and the second
author [12], and following these ideas, we next show how Theorem 5.10 can in fact be used to
derive not only boundedness of certain singular integrals but in fact R-boundedness of families of
singular integral operators which satisfy the assumptions of the theorem in such a way that the
ranges of the kernels belong to the same R-bounded set T.

The precise formulation of the result vaguely described above requires Pisier’s notion of the
property («) from the geometry of Banach spaces. We exploit this notion via the following lemma
which is essentially in [5], Lemma 3.13. The “traditional” definition of the property (a) can also
be found in this same article (Def. 3.11), but actually, for Y = X, one could (equivalently) take
the assertion of the lemma as the definition of X having the property («). While the property
() is independent of the UMD-condition, it is also satisfied by the most common reflexive spaces
appearing in analysis; cf. [5], [12].

Lemma 6.1. Let X and Y be Banach spaces with property (o). Then

N N
EE/ Z e’:‘ié‘;-Tija?ij < Oé(X)Oé(Y):R(‘.T)E E/ Z €iE;$i]‘
N

ij=— v ij=—N "

whenever N € N, z;; € X, Ty € T C L(X;Y), and the (¢;) and (£;) are two independent systems
of Rademacher functions, the related expectation operators of which are denoted by E and E/,
respectively. Here a(X),a(Y) < co are geometric constants.

Corollary 6.2. Let T C L(X;Y) be R-bounded, where the Banach spaces X and Y have the
property (o). Then

T := {(T})®,, finitely non-zero, Tj € T} C L(Rad(X); Rad(Y)) (6.3)

is R-bounded, and in fact R(T) < a(X)a(Y)R(T).
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Proof. For N € N, T; = (T;;)%2 €T and &; = (245)2

Jj=—00 j=—o00

€ X ® (g5)°, we have

N
E Z €iTii'i =EF ZEiES‘Tijxij
i=—N Rad(Y) 2 Y
N
< X)a(YV)RDEE' | eidjzi;| =aX)a)RDE|| > i ,
iJ X i=—N Rad(X)
as a direct consequence of Lemma 6.1. O

Now we are ready for the theorem. For simplicity of statement, we restrict ourselves to odd
kernels, but the reader will find no difficulty in replacing this by a more general cancellation
condition in the spirit of Theorem 5.10.

Theorem 6.4. Let X and Y be UMD-spaces with property (a), and ky € C(R™\ {0}; L(X;Y)),
where X € A (any index set), be odd kernels which satisfy

{1 Ba(®), 77 1) (Ra(t = 5) = ka (D)) | [t] > 2[5 > 0} € 7,
where T C L(X;Y) is R-bounded. Then the family
{kxx: LP(R™; X) — LP(R™Y)] A€ A}
is R-bounded for all p €]1, 00].

Proof. Let k; := ky, for some \; € A when [j| < N, and k; := 0 otherwise. Consider the
sequence-valued kernel K(t) := (k;(t))32_,,. With T defined as in (6.3), it is clear that

{1t K(2), [t [s|7° (K (t - s) — K(t)} ¢ T.

But then by Corollary 6.2 and Theorem 5.10, the operator f € Rad(X) ® Do(R") — K x f
extends to a bounded linear operator from LP(R™;Rad(X)) =~ Rad(R"; X) to LP(R™;Rad(Y)) =~
Rad(LP(R™;Y)), of norm at most CR(T). But this boundedness means, by definition, that

N N

E Z 5jk)\j * fj < CCR(‘I)E Z €jfj

j=—N j=—N

LP(R™;Y) Lr(R";X)

forall f; € X ® @O(R"). In the above argument, the N € N and the A\; € A were fixed but
arbitrary, and hence the result obtained is exactly the asserted R-boundedness of the collection
{kx*| A€ A}. O

Let us note some immediate consequences of this theorem:

Remark 6.5. (i) The conclusion of the theorem follows in particular if
(" kx(®), [t Vka(8)] £ £ 0} € T.

(it) If X and Y are Hilbert spaces, the R-boundedness assumptions reduce to the norm-
boundedness of T.

(#i¢) If all the kernels k) are scalar-valued (but the spaces X and Y are any UMD-spaces with
property («)), then again the R-boundedness means just norm-boundedness of 7.

If X =Y = C, then it is well-known that R-boundedness of operators on LP(R") is equivalent
to square-function estimates (see [7], Prop. 3.3, or [16], Sect. 2, for details). Therefore Theorem 6.4
implies classical results of the following kind (cf. [10], pp. 494-5):
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Corollary 6.6. For all A € A (any index set), let ky € C(R™\ {0}) be odd kernels satisfying

)
|s]

A
[FA(t)] < T [FA(t =) = ka(8)] §A|t|”+5

for all |t| > 2|s| > 0. Then the family
{kxx: LP(R") — LP(R™)| A € A}

is R-bounded for all p €)1, 00[; equivalently, we have the square-function inequality

H@ s, £0°) " <oa H(Z 508)"

for all f; € LP(R™; X) and \; € A.

(6.7)

Lr(R® Lr(R™)

7 Application to Fourier multipliers

We can also use Theorem 4.21 to obtain sufficient conditions for the LP-boundedness of an oper-
ator f — k* f entirely in terms of the symbol k=:m. We present a Héormander-type multiplier
theorem in a rather general form, with a continuous smoothness parameter ¢. The Holder conti-
nuity assumptions (7.12) and (7.13) of the highest derivatives, which can be used to relax by one
the number of classical derivatives required, is introduced in the classical context by Stromberg
and Torchinsky [18]. An operator-valued multiplier theorem with the slightly stronger assump-
tions (7.3) and (7.4) for all |a] < |n/q] + 1 is proved by Girardi and the second author [11] as
a consequence of a general multiplier theorem assuming Besov norm estimates for the multiplier
function. Instead of using this result, we follow here an alternative approach which is closer to the
classical proof of these theorems in the scalar setting, as found e.g. in [10], and which sheds some
light on the interplay of multiplier theorems and singular integrals.

We first formulate a somewhat technical result, nevertheless containing the essential flavour of
the actual theorem which is then readily derived from this intermediate result.

Proposition 7.1. Let X and Y be UMD-spaces and Y have Fourier type q € |1,2]. Let £ > n/q,

meCLlR"\ {0 L(X;Y))  and  M(€) := (m(27€))% (7.2)

j=—o0r

Suppose further that

[ME)llRaacx)—Raaey)y <A fora.e. § €RT, (7.3)
1 1/q
(n/ ||DaM(f)IQHqRad(Lq(Rn;X/)) df) < Ar~lel ||9||Rad(Lq(Rn;y/)) for |af < L],
r r<|€|<2r
(7.4)
and finally
1 1/q
<n / (DM (€~ ¢) — DaM(f)/)g||qRad(Lq(Rn;X/)) d§>
r r<|é|<2r

Y,
< Ar—figlt 90l Raa(e @iy for la| = 4], |¢| <r/2, (7.5)

where (7.4)—(7.5) are assumed for all r €]0,00[ and all finitely non-zero g € Rad(L1(R™;Y")).
Then f € X @ Do(R") — F~L[mf] extends to a bounded linear mapping

feLP(R™X) — F Ymf] € LP(R™;Y)

for all p € [¢', 00|, with norm at most CpA, where C), is a geometric constant.
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Remark 7.6. (i) From the “periodicity” of the sequence-valued multiplier M [in the sense that the
sequence M(2'€) = (m(217€))52_ is just the sequence M(§) = (m(27€))32_, with indexing
shifted by ¢ steps|, it follows easily that the conditions (7.4) and (7.5) for a general r €]0, co[ are
already implied by the corresponding conditions for (say) r = 1.

(#4) Using, as in the proof of Theorem 4.21, the permanence properties of R-bounds, it is
immediate that the conditions (7.4) and (7.5) are verified if instead of (7.4) we assume

1/q

1 _

( LG df) <Al or o] < |1,
r<|§|<2r

Tn

and instead of (7.5) a similar modification obtained in the obvious way.

(#i7) Recall that UMD-spaces automatically have some Forier-type ¢ € |1, 2].

Tt is also possible to verify (7.4) and (7.5) by strong integral conditions instead of operator norm
conditions, yet avoiding considerations of the extended operators acting on LI(R"™;Y”). Indeed,
assume

1 1/q
(/ ||DaM(€)/y/||qRad(X’) df) < Ar~lel ”y/HRad(Y’) : (7.7)
r<|é|<2r

/r’I'L

Then

1/q
1 (03
<n/ ”D M(ﬁ)/g(')||§{ad(Lq(Rn;X/)) df)
r r<|é]<2r

1/q
1 N ,
(n r<|é|<2r /n 1D M(E) g(t)Hf{ad(X/) dt) df)
<C

\ /\

( DM (€)' 9(t) | Raacxry 4 ) >
r<|é]<2r

/g
< (/R (A1 (1) paar)? dt) < CAr1 gl cir ey

where we used the isomorphism of Rad(L” (R™; Z)) and L? (R";Rad(Z)) in the first and last
steps, Fubini’s theorem in the second, and the assumption (7.7) in the third. What we have
proved is that (7.7) (for all |o| < [£]) implies (7.4), and exactly the same reasoning yields out of

1/q
1 _
(rn / gy NP ME = O = DM ) dg) < A T gy (78)
(for appropriate o and () the condition (7.5).

These remarks lead us to the following refinement of Corollaries 4.9 and 4.10 in Girardi and
Weis [11], where one takes £ = |n/q] + 1 so that the difference estimates below are replaced by
having some more derivatives, and moreover the pair of strong conditions as in (7.10), (7.11) is
replaced by a single norm condition.
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Theorem 7.9. Let X and Y be UMD-spaces with Fourier-type q €]1,2]. Let £ > n/q, and
assume (7.2), (7.3), and moreover the conditions [for all z € X ® (¢;)%, ¥ € Y @ (g;),]

/ MO 4 S A ey o 0] 14 (7.10)
<|§I<

1D M)y gy 46 < AN [pary 7 (7.11)
1<[€]<2

- 1

| N0 =0 = DMl gy, 46 < ATl 1T for ol =1, 16] < 5
1<je]<2

(7.12)

£|<2 d q q 1—|2])q \ .
‘/1< ‘< ||( M(f C)I l) M(é)/)y/HRqad(X/) g S A Hy/”R d(y/) K_‘( L J)

Then f € X ® @0(R”) — 3"’1[mf] extends to a bounded linear mapping
fELp(R”;X)Hff_l[mf] e LPR™Y) for allp €]1, 00|

with norm at most CpA, where Cp, is a geometric constant.

Proof. By the computations before the statement of the theorem, (7.11) implies (7.4) and (7.13)
implies (7.5). Using Remark 7.6(i), Proposition 7.1 yields the assertion for p € [¢’,00[. On the
other hand, the conditions (7.10) and (7.12) are the analogues, respectively, of (7.11) and (7.13) for
the dual multiplier &€ — m(&)’ € L(Y’, X"). Moreover, the condition (7.3) already implies its ana-
logue for m(-)" by the permanence properties of R-bounds. Thus we also obtain the boundedness
of

g€ LPRYY') = F ' [m() fle LP(R™X')  forp € [¢,00]

By a well-known duality argument, the boundedness of the operator corresponding to the
multiplier m(-)’ from L (R™;Y”) to L¥' (R™; X') is equivalent to the boundedness of the operator
with multiplier m from LP(R™; X) to LP(R™;Y). Thus we also obtain the assertion of the theorem
for p €]1,q]. If ¢ = 2, we have already covered all p €]1, 00[, and otherwise the boundedness for
the remaining exponents p € ]¢, ¢'[ is obtained by interpolation. O

Remark 7.14. Combining Theorem 7.9 with results by the first author [15] shows that the same
assumptions already imply the boundedness also from the Hardy spaces HP(R"; X) to HP(R™;Y)
for all p € |(1/¢’ + ¢/n)~%, 1], in particular, from H'(R"; X) to H'(R™Y) since £ > n/q =
l/n+1/q¢ >1/q+1/q¢ = 1. Namely, it is shown in [15] that a multiplier operator satisfying (7.10)
and (7.12) [somewhat weaker conditions without randomization will do], and which is bounded
from LP(R"™; X) to LP(R™;Y) for some p €]1, 00|, extends boundedly to the scale of the Hardy
spaces mentioned. See also [11], Cor. 4.6.

As a very particular case of Theorem 7.9, we state the following corollary which was already
proved in [11].
Corollary 7.15. Let X,Y be UMD-spaces and Y have Fourier type ¢ > 1. If m € CL”/‘UH(R" \
{0}; L(X;Y)) satisfies
R({[*' D*m(&)| € e R*\{0}) <4 for all || < [n/q] +1,
then m is a Fourier multiplier from LP(R™; X) to LP(R™;Y") with norm at most C,A.

We then return to prove our Proposition 7.1 [which was already used to prove Theorem 7.9].
The proof becomes a simple modification of the reasoning in the scalar-valued context (cf. [14]
or [10], §IL.6), as soon as one realizes the right way to make these modifications. Let us elaborate
a little on this.
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In the scalar-valued case, the R-boundedness-type assumptions (7.3)—(7.5) are unnecessary,
and one simply assumes the same conditions with m in place of M. The idea of the proof is to
smoothly cut the multiplier m into pieces, say m;, which are well-behaved enough so that they
correspond to Fourier transforms of integrable functions k;. It remains to investigate how the
multiplier conditions (7.3)-(7.5) transform to the properties of the kernels k;, so that results on
singular integral operators (classical analogues of Theorem 4.21) can be applied.

In the present situation, the assumptions involve the sequence-valued multiplier M, and also
in the case of singular integral, the sequence-valued kernel K. Yet the actual operators of interest
are defined in terms of the multiplier m and the kernel k. To make sense of our passing from the
Fourier domain to the non-transformed domain, some truncations are to be first performed, as in
the scalar-case. However, it is not at all the same whether we first truncate m and then form the
corresponding sequence-valued multiplier, or if we first form the sequence M, and perform a cut-
off (in the variable £) on this sequence. In fact, we shall need to apply both types of truncations
mentioned, in the appropriate order.

In the following lemma, the new features compared to the classical situation are the Fourier-
type condition required to use the Hausdorff-Young inequality (which is, of course, a mere addi-
tional statement), and the weight function log(2+t) arising from Bourgain’s lemma (which is also
easily dealt with).

Lemma 7.16. Let X have Fourier type ¢ > 1 and let £ > n/q. Let k € (LY'°°NS")(R"™; X) and
let its Fourier transform be CLY) and satisfy

(L.

Then, with w(t) := w(|t]) := log(2 + |t]), we have

R ) 1/q
Dok(e =)~ DO ) <A for fal = Le) ¢l <5

/ k()| w(t)dt < CAr™/T=*w(r)  forr > 1
It]>r 40

Proof. Observe that Y., [sin(7t;)| = 0 if and only if ¢ € Z™. Thus, for 0 < a < [t| < b < 1, we
have, by compactness, > ., [sin(wt;)| > ¢(a,b) > 0. Thus, when the variable ¢ is appropriately
restricted, we can majorize unity by the sum of sines, and we use this idea to estimate

n

k(t wt)dt < C
/|| ()] w(t) 3

=1
n
e > ()
2ir<|t| <29ty

i=1 Ja|=l¢)

/er<t|<2j+17- ’k‘(t) Sin(ﬂfi/2j+2r) ’X w(t) dt

2ty

, 1/q' 1/q
j q
£k (t) (27 ei /2 “T—l)‘x dt) ( / wq(p)p“”"‘ldp) :
2.

Jr

Using the assumptions and the Hausdorff-Young inequality, the first factor is estimated by

A

provided 27772r=1 < §, which holds for j € N, since r > 1/44, and the second factor is easily
seen to be bounded by ¢(1 4 j)w(r)27(/a=0pn/a=¢,

Summing over j € N we get the desired conclusion, since the series Y 7% (1 + §)2i(n/a=0)
converges to a finite quanitity for n/q — ¢ < 0. O

A . A 1 ,
Dk(& —e;/272r) — D"‘k(f)‘i dg) < A2

In the next two lemmata, we present the two kinds of cut-offs we perform on the multiplier. The
proofs involve straightforward computations, and we merely mention the new features compared
to the classical situation. It is convenient to adopt the abbreviations

U:=LI{(R" X', V:=LIR"Y'), (7.17)
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since for the proof these are just two Banach spaces, whose “internal structure” is of no interest to
us. Note, however, that the spaces U and V' (as well as Rad(U) and Rad(V')) have Fourier-type
q €]1,2] whenever X and Y have.

Lemma 7.18. For m as in Proposition 7.1 and ¢ € S(R™), the multipliers m(-)¢(d-), 6 > 0,
satisfy the assumptions of Proposition 7.1 uniformly in §. More precisely, the inequalities (7.3)—
(7.5) hold with M(€) = (m(277€))32_, replaced by (m(277€)p(0277€))32 ., with a constant
C(@)A in place of A.

Sketch of proof. The proof uses straighforward estimates. The only new feature related to the
sequence-valuedness of the kernel is the use of Kahane’s contraction principle: Leibniz’ rule yields
terms of the form

(DE[m(27€))(62) 171 D06 (627 €)a) >, (7.19)

and since the scalar quantities (627 |£])1*1=11 D=0 (§277¢) are bounded by a constant C(¢), the
contraction principle gives a bound of the form C(¢) |£|‘9Ha‘ Dg(m(2j§) : for the

'93)% H
7=l Rad(U

Rademacher norm of the quantity in (7.19). Using estimates of this type, the proof is a routine

computation along entirely classical lines. O

Lemma 7.20. For M as in Proposition 7.1, and Zzozioo $0(27H€) = 1 the partition of unity used
in the radial Littlewood-Paley decomposition, denote M, (&) := M (&)¢o(27#€). Then we have the
inequalities

1/q
(/ 1D My (€)' 9l fmaor) d£> < cA2aloD gl pay  for lal < (4], (7.21)

and

1/q
([ 10236 = ¢ = DM€ ol )
< CA2 O T g lpgy Sor ol = (€] (7.22)

as well as

1/q
o i27s- q
(10880067 = g )
< CAPITID g lgll ) for ol < 1), |s| <27, (7.23)

and finally

A

where C is a numerical constant, and the inequalities hold for all finitely non-zero g € Rad(V) :=
Rad(L? (R™;Y")).

q 1/q
(D[M,,(-) (€27 ) — 1)](€ = ¢) — D[M,,(-)' (27 0) — 1)](5))9“ : df)

Rad(U

< CA /=D 15| T g gy for lal = L2, [s] <27, (7.24)

Note on proof. The proof is straightforward and entirely classical. The fact that M and M, are
sequence-valued plays no role here. A direct computation only gives (7.22) and (7.24) for |¢] < ¢2#
[with ¢ a numerical constant| but for |(| > ¢2" one can obtain the corresponding estimates by the
triangle inequality from (7.21) or (7.23), respectively. O

As the final preparatory step towards proving Proposition 7.1, we note the following reduction:
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Lemma 7.25. Without loss of generality, the multiplier m is compactly supported in R™ \ {0}.
Thus, without loss of generality, m is strongly integrable and k := 1, taken in the strong sense, is
a strongly measurable, essentially bounded function.

Proof. To see this, let n € D(R™), as before, have range [0, 1], be 1 for [¢] < 1/2 and 0 for |¢] > 1.
Then n(-/R) — n(-/¢) will have the same range, be 1 for ¢ < |§] < R/2 and 0 for || < €/2 or
|¢] > R. Thus, mE(&) := m(¢)(n (§/R) — n(&/€)) is compactly supported in R" \ {0}, and for
any f € X ® Do(R"), we have mf = mPEf as soon as € is small and R large enough. Moreover,
by Lemma 7.18, the multipliers m®F satlsfy the same conditions as those assumed for m, with a
constant C'A in place of A. Thus, prov1ded we can prove the assertion of Proposition 7.1 with the
additional support condition on m, then for a general m and f € X ® Do (R™), we have

|7 md)
and hence also the general form of the assertion follows.

That m is strongly integrable is clear, since it is strongly measurable [being even strongly
continuous by (7.2)], essentially bounded [by (7.3)] and compactly supported. O

=, dim.[lF e
LP(R™;Y) le,lngoo ¢]

Le(R: Y) cA ||¢HLP(R" X))

Now we are ready to prove the multiplier theorem, and with Lemma 7.25 at our disposal, it is
reduced to showing that k := rh satisfies the appropriate conditions required for an integral kernel
to give a bounded operator.

Proof of Proposition 7.1. We need to show that k := 1 satisfies the Hormander condition (4.23) of

Theorem 4.21. Denote K (t) := (27" k(277t))32_; i.e., K = M, and moreover K, := M,,, where

the M, are the pieces of M from the radial thtlewood Paley decomposition, as in Lemma 7.20.
We derive two different estimates for

/t|>2 | (KL (t =)' = Ku(®) )9l gaaqer) w(t) dt; (7.26)

which are useful for different ranges of s and pu:
As a first case, we can make the crude estimate by

2 [ VUl wO)
>|s

The Fourier transform of K,,(t)'g is M, ()’g, which satisfies (7.22), and so Lemma 7.16 gives the
bound
CA |5 w(s) lgllaar) - (7.27)

As a second case, we observe that the Fourier transform of t — K,(t —s)'g — K,(t)'g is
M, (€)' (e!?™s¢ —1)g, which satisfies (7.24); whence Lemma 7.16 gives the bound

C A2 [ 5™ T w0 (s) || gll vy - (7.28)
Using one of the two estimates (7.27) or (7.28) for (7.26) when appropriate, we have

S [ = = Kt )l wlt)

o 1t1>21s]

< CAWS) lglgaay | S0 @ 1s)™e 4+ S0 (2n s/t
w2k |s| 21 e 2m s <1

We recall that n/q — ¢ > 0 by the assumption in Proposition 7.1. On the other hand, since
the assumptions of Proposition 7.1 are the stronger the larger ¢ we have, we may assume that

25



¢ <nfqg+1,ie,n/g—L+1>0. When this is the case, the two geometric series above are
bounded by finite quanities depending only on n, ¢ and £.

The estimate established shows that the sequence-valued kernels K := ZZ:—:/ K, satisfy
uniformly the weighted Héormander condition
/t| " 1K (t =) = K*(8) )9l aaqw) w(t) dt < CAw(s) lIgllgaacv) - (7.29)
>2|s

The Fourier transform of K”(t)'g is

v 1% 1% o
> Mu&)'g= > M) o2 "E)g = (m(?’&)’ > @0(2—“5)%)
p=—v p=—v p=—v j=—00
We recall that m is compactly supported away from 0; hence also & — m(27¢)’ has the same
property. Thus, for any finitely non-zero g = (g;)®. € Rad(V) := Rad(L” (R";Y")), we observe
that Z::ﬂ, $0(27#€) =1 for £ on the union of the supports of m(27¢)'g;, as soon as v is large
enough. Whence for all large enough v (depending on g), K¥(-)'g = K(-)'g, and we find that the
weighted Hérmander condition (4.23) (with p’ = ¢), which we need in order to apply Theorem 4.21,
is already contained in the uniform estimate (7.29). Thus the assertion for p = ¢’ follows from
Theorem 4.21.

To show the assertion for p € ]¢’, 0o[, we invoke the classical theory of singular integrals. We
take in the estimate 4.23, which we already proved, g = goeo, where go(-) = ¥(-)y’ for some
non-zero 1 € L%, and some ¢y’ € Y’. In this case, (4.23) reduces to

/ (k(t — 5 — k()| dt < CAL |y s
[t|>2]s]

we also dropped the weight w, as we clearly can, since the weighted condition is stronger than the
unweighted one. But this is just the vector-valued generalization of the usual Hérmander condition
for the kernel k(-)’. Moreover, it is well-known (from a duality argument) that the operator k(-)x
belongs to £(L? (R™; X), LY (R™;Y)) if and only if k(-)'* belongs to £(LI(R™;Y"), L1(R"; X"))
and the operator-norms agree.

So we conclude, by the duality argument, that k(-)"x is bounded from L4(R";Y”) to L4(R™; X'),
and from the fact that k(-)’ satisfies Hormander’s condition that it is bounded from L¥ (R";Y")
to LPI(R”; X') for p' € ]1,¢], with a constant C,,A. Finally, again by duality, we have that k(-)*
is bounded from LP(R™; X) to LP(R™;Y) for p € [¢’, 0o[, and this completes the proof. O
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