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ABSTRACT. Positive operator measures (with values in the space of bounded
operators on a Hilbert space) and their generalizations, mainly positive sesqui-
linear form measures, are considered with the aim of providing a framework
for their generalized eigenvalue type expansions. Though there are formal
similarities with earlier approaches to special cases of the problem, the paper
differs e.g. from standard rigged Hilbert space constructions and avoids the
introduction of nuclear spaces. The techniques are predominantly measure
theoretic and hence the Hilbert spaces involved are separable. The results
range from a Naimark type dilation result to direct integral representations
and a fairly concrete generalized eigenvalue expansion for unbounded normal
operators.

1. INTRODUCTION

There is a long history of various approaches to the mathematical clarification
and justification of the well-known and heuristically appealing formulation of Quan-
tum Mechanics due to P. A. M. Dirac [8]. Rather than try to recount this history,
we refer to the recent article [13] for references to, and a unification of, several
classical approaches based on the notion of rigged Hilbert spaces, and to [11] for a
completely different framework of trajectory spaces. In Dirac’s work, the notions of
an “eigenvalue” X\ and a corresponding “eigenvector” |A) of an operator representing
a physical observable are in a key role. In general these notions cannot be under-
stood in their conventional mathematical sense, and it is the task of the ancillary
mathematical theories to create a rigorous framework for their interpretation.

The present article contributes to this line of study by providing a relatively
easily accessible setting for the analysis — spectral in a wide sense of the word — of
a class of mathematical objects generalizing the positive operator measures which
have been successfully used to represent physical observables in situations where
the more traditional self-adjoint operators and their spectral measures have proved
inadequate [2, 3, 6, 14, 15, 18]. These generalizations, the so-called sesquilinear
form measures or generalized operator measures were introduced in [23] in order
to describe measurement situations where only a restricted class of state prepara-
tions are available. They also arise naturally in the quantization of classical phase
variables [23].

Despite the physical background, our study is mathematically motivated and
addresses e.g. some technical measurability issues interesting in their own right.
The organization of the paper is as follows. In Sec. 2 we introduce sesquilinear
form measures in an abstract (“test”) vector space and give an illustrative concrete
example. Sec. 3 contains a general representation theorem for positive sesquilinear
form measures. Some further analysis leads to a pointwise representation theorem in
Sec. 4, and we relate this result to so-called direct integral representations in Sec. 5.
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In Sec. 6 we show that the operations in the previous sections naturally extend from
the original test space to a larger space with a Hilbert structure. Positive operator
measures in a Hilbert space are then considered in Sec. 7. This section deals with
a special case of the abstract results, but we also give an alternative approach. In
Sec. 8 we further specialize our results to spectral measures of normal operators,
showing that the functionals in our general direct integral expansion indeed admit
the interpretation as generalized eigenvectors in this case. The concluding Sec. 9
addresses the question of the relationship between the spectrum of an operator
and the set of complex numbers eligible as generalized eigenvalues in some natural
sense. An example is provided showing that even in the case of bounded self-adjoint
operators complications arise thus indicating the need for further analysis.

When compared with much of the earlier work in this field, our approach appears
as predominantly measure theoretic and, in particular, avoids any consideration of
nuclear spaces. Inherent in the measure theoretic setting and especially in the use
of direct integrals is the separability of the Hilbert spaces involved. As a byproduct
of the constructions of Sec. 3 we obtain a generalization of the (separable Hilbert
space version of) the Naimark dilation theorem.

2. PRELIMINARIES ON SESQUILINEAR FORM MEASURES

Let V and W be vector spaces. The scalar field of all vector spaces will be C. A
mapping @ : V xV — W is said to be sesquilinear, if it is antilinear (i.e., conjugate
linear) in the first and linear in the second variable. If, in addition, W = C, we call
O a sesquilinear form. It is positive, if V (¢, ¢) > 0 for all ¢ € V. We let S(V) (resp.
PS(V)) denote the set of sesquilinear forms (resp. positive sesquilinear forms) on
V x V. It is sometimes useful to observe that S(V)) may be naturally identified
with the space of all linear maps from V to V* where V* is the space of antilinear
functionals on V.

Any sesquilinear map ® on V x V satisfies the polarization identity

3
B(6,) = 3 SR8+ 0,6+ i),
k=0

A positive sesquilinear form ® : V x V' — C also satisfies the equation ®(¢,v) =
®(1p,¢) and the Cauchy-Schwarz inequality |®(¢,v)|?> < ®(¢p, ¢)@(1h,)) for all
o, eV.

Let (Q,3) be a measurable space, i.e., ¥ is a o-algebra of subsets of Q.

Definition 2.1. Let £ : ¥ — S(V) be a mapping and denote F(X) = Ex for
X € 3. We call E a sesquilinear form measure if the mapping X — Ex(¢,v) is o-
additive, i.e. a complex measure, for all ¢, v» € V. If, in addition, E(X) C PS(V),
E is called a positive sesquilinear form measure (or a PSF measure or just a PSFM
for short). A PSF measure E : ¥ — PS(V) is called strict, if Eq(¢,$) > 0 for all

¢ € V\{0}.

In view of the polarization identity, in the above definition it suffices to require
that X — Ex (¢, ¢) be o-additive for all ¢ € V. For any positive sesquilinear form
measure E : ¥ — PS(V), the set N = {¢ € V| Eq(¢,$) = 0} is, by virtue of
the Cauchy—Schwarz inequality, a linear subspace of V, and the mapping F : ¥ —
PS(V/N) which is (unambiguously) defined by the formula

is a strict PSFM. It is sometimes convenient to assume that a PSFM is strict. In
view of the above observation, in many situations this assumption does not detract
essentially from generality.
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Positive sesquilinear form measures may be viewed as a generalization of some
notions which we now recall. The inner product of any Hilbert space in this paper
is linear in the second variable and usually denoted by (-|-). We let L(H) denote the
space of bounded linear operators on H, and L, (H) = {T € L(H)|T > 0}. We
shall later also encounter (the space of) the trace class (operators) on H, denoted
by L£'(H), and its positive cone £ (H). The Hilbert space of the Hilbert-Schmidt
operators on H is denoted by £2(H). For a possibly unbounded operator A in H,
we denote by D(A) C H its domain of definition, and by R(A) = {A¢|¢ € D(A)}
its range.

Definition 2.2. Let H be a Hilbert space and Ey : ¥ — L4 (H) a mapping. We
call Ey a positive operator (valued) measure or a POM for short, if it weakly o-
additive, i.e. the mapping X — (¢|FEo(X)v) is o-additive for all ¢, v € H. If
here Eo(X)? = Eo(X) = Eo(X)* for all X € 3, Ej is called a projection (valued)
measure. A POM Ey : ¥ — L(H) is called normalized if Ey(2) = I, the identity
operator on H. A normalized POM is also called a semispectral measure and a
normalized projection measure a spectral measure.

Every POM Ej can be identified with a PSF measure E by setting Ex (¢, 1) :=
(¢l Eo(X)p).

Next we exhibit a concrete example of sesquilinear form measures. We show
that, for any weighted shift operator, there exists a unique (shift covariant [4, 23])
sesquilinear form measure on the circle which is determined by a unique complex
matrix. From the structure of the matrix one can easily see when the corresponding
sesquilinear form measure is positive and defines a POM. This is the case exactly
when the shift operator is contractive. As a byproduct we get the well-known result
that the powers of a contractive shift operator are the moment operators of a unique
semispectral measure [21, p. 235].

Example 2.3. Consider a Hilbert space H with an orthonormal basis (e, )nez
and a weighted shift operator S : e, — c¢,_1e,—1 where (¢u)nez C C. Let
V = lin(en)nez and define a matrix (¢mn)mnez bBY Cmm = 1, ¢mn == 7:7111 q
and Cpm = Cmp for all m < n. For any sesquilinear form @ : V xV — C
we use the formal notation meez D(em, en) |em) {(€n] which we understand as
Zm,nGZ D(em, en)(plem)(enlth) = @(p,¢) for all ¢, p € V.

Let B(T) be the Borel o-algebra of the unit circle T, and let v : B(T) — [0, 1]
be the normalized Haar measure of T. Define a sesquilinear form measure Eg :
B(T) — S(V) by

Es(X):= > cmn/X)\m’”dz/(AHem) (en|, X € B(T),

m,n€Z
and, for all k € Z, the kth moment form by
B = 3 e / NAT =T () lem) (en] € S(V).
m,n€z T

Since [ A*A™~"dy(X) = 1 when k +m —n = 0 and 0 otherwise, it is easy to see
that, for all p, ¥ € V,

(plS*y), k>0,
EP (0,0) = { (pl(S) k), k<0,
(), k=0,

so that the moment forms of Fg can be (uniquely) extended to the powers of S
and S*. By analyzing the structure of Eg one can derive the following result:
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Proposition 2.4. Eg is positive if and only if S is a contraction, i.e., |c,| < 1
for allm € Z. In this case Eg has a (unique) extension to the semispectral measure
B(T) — L(H) which is a spectral measure if and only if |cp,| = 1 for alln € Z (if
and only if S is unitary).

Proof. It can be shown (see, e.g. [4] or [23]) that Egs is positive (and, moreover,
has a unique extension to a semispectral measure) if and only if the Hermitian
matrix (¢my,) is positive semidefinite. Since (¢y,) is positive semidefinite if and
only if the principal minors of (¢;,,,) are nonnegative, it is easy to show that (¢y)
is positive semidefinite if and only if S is a contraction. Indeed, let s € {2,3,4,...}
and {k1, ko, ...,ks} C Z where ky < kg < ... < ks. Since ¢y = H?:_WIL ¢, m <n, by
induction (see [19, Theorem 4.1]), the principal minor can be computed as

1 Cky,ko N Cky ks
Cky ks 1 cov Chok, s—1 9
. : = H [1 - ‘C’Cl,kz+1| ] .
‘ ‘ =1
Cky ks Cky ks . 1
Hence, (¢mn) is positive semidefinite if and only if |c;n,| = ?:_nll ler] <1 for all
m < n, and the claim follows. If Eg is positive, then its extension is a spectral
measure if and only if |¢,| =1 for all n € Z [4, Proposition 3]. O

3. REPRESENTING POSITIVE SESQUILINEAR FORM MEASURES

For the rest of the paper, unless otherwise specified, we assume that (e,)2,
is a (countably infinite) Hamel basis of V', indexed by N = {0, 1, 2,...}, and
E : ¥ — PS(V) is a positive sesquilinear form measure. We fix a sequence of
positive numbers «,, with ZZO:() a, < oo and write

wX) =" anEx(en,en)[l + Ealen, en)) ! (3.1)

n=0

for all X € ¥. Then p is a finite positive measure, and an application of the Cauchy—
Schwarz inequality shows that for X € ¥, u(X) = 0 if and only if Ex(¢,¢) =0
whenever ¢, ¥ € V. The Radon—Nikodym theorem thus yields for any ¢, ¢ € V a
unique element C(¢, 1)) € L*(p) such that

Ex($,4) = /X C(6,9) du

for all X € . Clearly the mapping (¢,v) — C(4,%) on V x V is sesquilinear, and
C(¢,¢) >0 in the L'-sense for all ¢ € V.

We let F denote the vector space of X-simple V-valued functions on Q. If A C Q,
X4 is the characteristic function (indicator) of A, and for any ¢ € V', we denote by
x4 the function x — ya(x)d.

Lemma 3.2. There is a unique sesquilinear form 6 : F x F — C satisfying

O(dxa,¥xB) = /A i C(o,v)dp
N

for all A, B€ X, ¢, € V. Forany f =37" ) ixa, and g = 3 i_, ¥jxa,, there
holds

009 =33 [ Clony)dn (33

and 6 is a positive sesquilinear form.
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Proof. For f, g € F, choose representations f =Y ;" ¢;xa, and g = Z?Zl YiXB,;
with e.g. all the ¢; distinct and the A; disjoint, and define 6(f, g) by the formula
(3.3). Then 0 is well defined, and obvious refinement arguments yield the remaining
statements. ([

We denote N = {f € F|0(f,f) = 0}. Then N is, by the Cauchy—Schwarz
inequality, a vector subspace of F, and we get a well-defined inner product of F /AN
via

(Fllgh) = 0(f, 9)

where e.g. [f] = f+N. We let K denote the Hilbert space completion of this inner
product space and use the notation (:|-) for the inner product of K.

We refer to K as the associated Hilbert space of the PSF measure E (relative to
the basis (e,,) and the sequence (ag)).

Lemma 3.4. For each X € ¥ there is a unique bounded linear operator F(X) :
K — K satisfying

(XAl F(X) bxs]) = / C(6,9) du

XNANB

for all A, B € X, ¢,9 € V. Moreover, F(X)? = F(X)* = F(X) and F(X)[f] =
[xxf] forall X €X, f € F.

Proof. f X € ¥, f € F and g € [f], then

Oxxf—xx9.xxf—xx9)<0(f—g,f—9g)=0,

and so the definition Fo(X)[f] = [xxf] is unambiguous. It is also clear that
(Fo(XD[MNEo(XOID < ([f1IIf])- Thus Fy(X) extends uniquely to a bounded linear
map F(X): K — K. The remaining statements are immediate. (]

Lemma 3.5. The map X — F(X) on ¥ is a spectral measure.

Proof. Clearly F(Q2) = I, and since ||F(X)| < 1, for weak o-additivity it is suffi-
cient to note that the map

X e ([x )l F(O)[xs]) = / C(6,9) du

XNANB
on X is o-additive for all for all A, B€ X, ¢, v € V. O

We now define J : V — K by the formula J¢ = [¢xq]. Then J is a linear map.
We collect and complement the above arguments in the following theorem.

Theorem 3.6. Let E: X — PS(V) be a PSFM.
(a) There is a Hilbert space K with a spectral measure F' : ¥ — L(K) and a
linear map J :' V — K such that

(JO|F(X)JY) = Ex (¢, )
forall X € ¥ and ¢, v € V, and moreover, the linear span of the set {F(X)J¢| X €
Y, ¢ €V} is dense in K.

(b) This representation of E is essentially unique in the sense that if the triple
(K1, Fy1,J1) gives another representation with these properties, there is a unique
unitary map U : K — Ky such that UF(X)J¢ = F1(X)J1¢ for all X € 5, ¢ € V;
in particular, UJ¢ = J1¢ for all ¢ € V. Moreover, UF(X) = Fi(X)U for all
X el

(¢) In the situation of (a), J is injective if and only if E is strict.



6 TUOMAS HYTONEN, JUHA-PEKKA PELLONPAA, AND KARI YLINEN

Proof. (a) In the above construction,

(JOIF(X)J6) = ([xal F(X)[dxal) = /X C(6, ) du = Ex (6,)).

The density statement is also an immediate consequence of the construction.
(b) The uniqueness of U is clear since it is determined on a dense subspace of
K. On the other hand, if X7,...,X,, € ¥ and ¢1,...,¢, € V, then

||ZF )il
—ZZ Xi)J il F(X;) T b5)

=1 j5=1

=3 S USIF(X N X;)Té5)
i=1 jfl

7ZZEX nx, (®i, ¢5) *||ZF1 ) T2
1=1 j=1

Thus there is a well-defined isometric linear map sending each Y ., F(X;)J¢; to
S Fi(X;)Ji¢s, and this map extends by continuity to a unitary U : K — Kj.
In particular, UJ¢p = UF(Q)J¢ = F1(Q)J1¢p = J1¢ for all ¢ € V. More-
over, UF(X)F(Y)J¢ = UF(X NY)J¢ = Fi(X NY) 1o = Fi(X)FL(Y)]1¢ =
F(X)UF(Y)J¢ for all X, Y € ¥, ¢ € V, from which the equation UF(X) =
F1(X)U follows.

(¢) Suppose first that the triple (K, F,J) is obtained by the measure theoretic
construction preceding the theorem. Then

1761 = l[éxalll? = 8(éxar dxa) = / C(6,6)du = Bald,d),  (37)

so in particular J¢ vanishes if and only if Fq(¢,¢) does, and the claim follows.
In the case of another triple (K1, Fy,J1), let U : K — K be as in (b). Since
UJ¢p = Ji¢p and U is bijective, J¢ = 0 if and only if J1¢ = 0. O

Remark 3.8. The uniqueness part of the above result shows, in particular, that
the choice of the basis (e,) and the sequence (o) does not essentially influence
the resulting structure. In fact p could be replaced by any finite positive measure
v such that every complex measure X +— Ex(¢,1) is absolutely continuous with
respect to v.

Remark 3.9. Let H be a separable Hilbert space, (e,)%, an orthonormal basis
of H, and V := lin(e,)32,, its linear span. Suppose that Ey : ¥ — L(H) is a
semispectral measure and let FE : ¥ — PS(V) be the PSFM defined by Ex (¢, 1) =
(p|Eo(X)) for X € X, ¢, ¢ € V. Retaining the notation of the general case, now
J 1V — K is isometric, because ||Jo|* = Eq(¢,¢) = ||¢]|* by (3.7).

In this case the spectral measure F': ¥ — £(K) is the minimal Naimark dilation
of Ey (see e.g. [22]). It follows form an observation made in [20, p. 171] that the
original semispectral measure Ej is a spectral measure if and only if J(V') is dense
in K, or equivalently, (Je,)S, is an orthonormal basis of K.
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4. POINTWISE REPRESENTATION

In the previous section we obtained the representation

Ex (1) = /X C(6,9)dn,

where C' : V x V — LY(p) is sesquilinear and C(¢,¢) > 0 in the L(u) sense. As a
step towards the main result of this section, let us now provide a pointwise version
of this formula. We use the notion of y-measurability as in [9] and often call it just
measurability. Since p is a finite measure, for scalar function this simply means
measurability with respect to the Lebesgue extension of ¥ with respect to u.

We say that Q@ 3 w — C, € PS(V) is a (u-)measurable family of forms if
w i C,(¢, 1) is p-measurable for all ¢, ¢ € V.

Lemma 4.1. For a PSF measure E : ¥ — PS(V), there is a measurable family of
forms Q3w C, € PS(V), such that for all , 1 € V, the function w — C, (¢, )
is a representative of C(¢,v) € L*(u).

Proof. For all m, n € N, let us pick a function representative g, € C(em,en). For
every w € () and any ¢, ¢ € V, we define

Cw((baw) = Z amgmn(w)bna (42)

m,n=0

where ¢ = Ef::o AmCm, P = Z;’LOZO bne, are the unique expansions in the Hamel
basis (€,)5%, and only finitely many of the coefficients a,,, b, € C are non-zero.
Then it is immediate that C,, : V' x V — C is a sesquilinear form, and the (measur-
able) function w — Cy, (¢, 1) is a representative of C(¢, ). In particular C,, (¢, ¢) >
0 for p-a.e. w € Q. If we only consider the countable set W := lingyq(en)2,, we
can choose a single p-null set Z C 2 such that C,(¢,¢) > 0 for all w € 2\ Z and
¢ € W. But for a general ¢ € V, we may approximate the finitely many non-zero
coefficient a,, in (4.2) by complex rationals, getting the same result for all ¢ € V.
Thus C, € PS(V) for all w € Q\ Z. If we redefine C, (¢, ) := 0 for w € Z (which
is achieved by changing, if necessary, the functions g,,, to have the value zero in
Z), we have C, € PS(V) for all w € Q, and w — C,, (¢, ) is still a representative
of C(¢,) for all ¢, ¢ € V. O

We now introduce some notational conventions which depend on the choice of
the fixed Hamel basis (e,)52, of V. If ¢, ¢ € V have the basis expansions ¢ =
oo g anen and ¥ =Y bye,, (with only finitely many non-zero terms), we write

(@le) =D anby.
n=0

Then V becomes an inner-product space, and each ¢ € V gives rise to the linear
form ¢ — (p[1)), denoted by (¢|, and to the antilinear form ¢ — (1|¢), denoted
by |¢). Clearly, the space of all linear functionals on V, i.e., the algebraic dual
V* of V, is in a bijective antilinear correspondence with the vector space of all
complex sequences (d,,), when d = (d,,) is made to correspond to the functional
=30 bpen — > or o dnby, denoted also by (d| in the sequel; we may write this

as
00

() = dyb.

n=0
In this kind of situations we also allow the notation

Wldy = 3 buddn,
n=0
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so that (1|d) = (d[4)). These notations are consistent when we use the identifi-
cation of a vector ¢ = EZO:O anen, € V with the sequence (a,) of its coefficients.
Extending this identification, we sometimes consider V' embedded (linearly) in the
space of all sequences (a,)22, and identify a sequence (ay)5>, with the formal
series Y7 anen. In particular note that (e, | is the linear functional on V' which
maps ¢ = ZZOZO axer into a,. It is sometimes convenient to denote by the for-
mal series > a, (€, the element of V* corresponding in our convention to the
sequence (a,). If ¢ = ZZO:() anen, € V), ie., the series is not just formal, then
(6] = S0 o (el

If (d1], (da] € V*, we denote by |d;) (dz| the sesquilinear form (¢, 1) — (p|d1)(da|t));
it can equivalently be viewed as the antilinear map ¢ +— (¢|d1) (da| from V to V*.
Note that |d) (d| € PS(V) for any (d| € V*.

In the sequel, we make various measurability assertions concerning vector-valued
functions. When saying that a V-valued function w — F(w) is measurable, un-
less otherwise specified, we mean weak measurability with respect to the dual pair
(V,V*), i.e., that the scalar-valued functions w — (d|F(w)) are measurable for all
(d| e V*.

Lemma 4.3. A V-valued function w — F(w) is measurable if and only if all the
coordinate functions w — (ey|F(w)), n € N, are measurable.

Proof. One direction is clear, since (e, | € V*. But if the coordinate functions are
measurable and (d| = >°p2, ¢ (ex] € V*, then also (d|F (w)) = >0, ck{ex| F(w)) is
measurable as the sum of an everywhere convergent series of measurable functions.

O

Lemma 4.4. For a pu-measurable family of forms C,, € PS(V), w € §, there exist
p-measurable mappings w — n(w) € NU {oo} and w — gi(w) € V, k € N, such
that for all w € Q:

o Cu(gr(w), 9e(w)) = ke {uw k<n(w)} (W)-
n(w)—1

Z Coo (¢, g (@) Co (gr (W), ) for all ¢, € V, and only

finitely many terms are non-zero for fived ¢ and ¢ even when n(w) = co.
o w— Cu(gr(w), @) is u-measurable for every ¢ € V.

Proof. For every w € Q, we denote N, := {¢ € V|C,(d,¢) = 0}. In complete
analogy with the space A of the previous section, we see that this is a linear
subspace of V', and on V/N,, we get a well-defined inner-product ([¢]|[¢)]w)w =
Cw(¢77/))’ where €.g. [¢]w = ¢ +Nw-

We now apply the Gram—-Schmidt procedure on (V/N,,(:|),), starting from
the spanning sequence ([ep]w )22 . Instead of doing this at the completely abstract
level, however, we work with concrete representatives in V' in order to keep track of
the p-measurability of our operations. We also do not discard possible zero-vectors
in the first place.

Denote {6} := C.(¢, ¢)~ /26 if [p]., # 0 and {¢}°, := 0 otherwise. Then let

0

fow) = {eo}ds  fulw):={en — ZC (frw),en)fe@)},, n=1,2..

It is easily seen (for all n € N and w € ) that f,(w) € lin{eg,...,en} and
lin{fo(w),..., fa(w)} + M, = lin{eq, ..., en} + MN,.

Moreover, the functions w — f,,(w) are p-measurable.
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Next, we remove the possible zero-vectors in a measurable way: Let ng(w) := —1
and
ng(w) :=inf{n € N|n > ny_1, fn(w) # 0} € NU {0}, keN,
n(w) :=1+sup{k e NU{-1}|nix(w) < oo} € NU {0},

where inf () := oo. Finally, we set gi(w) := fp, (w)(w) for 0 <k < n(w). These are
the non-zero vectors from the Gram-Schmidt procedure, and hence ([gx (w)]w)z(:“a)_l
is an orthonormal Hamel basis of (V/N,, (:]).,). This implies the first two claims

after setting gi(w) := 0 for k > n(w). The last claim follows from the formula

ng(w)—1

Cw(gk(w)a¢) = Z fnk(w),j(w>cw(eja¢)7
§=0
where f,, (.,;(w) stands for the jth coordinate of f,, (.)(w), and from the measur-
ability of sums and products of measurable functions. O

In the above representation, ¢ — C,,(gr(w), ¢) is a linear functional on V. There
is a unique complex sequence dj(w) such that this functional equals (dj(w)| € V*.
By the measurability of V*-valued functions, we understand the weak* measura-
bility, i.e., the measurability of their pointwise duality pairings with all ¢ € V.
By an argument similar to, but even easier than, Lemma 4.3, this is seen to be
equivalent to the measurability of all the coordinate functions, i.e., it suffices to
test the pairings with all ¢ = e,, n € N. For w — (di(w)| this measurability
condition is precisely the last claim of the previous lemma. With these remarks,
and a combination of Lemmas 4.1 and 4.4, we have the following result, in which
E:Y — PS(V)is a PSFM, and all our earlier choices and notations apply.

Theorem 4.5. There are p-measurable mappings w — n(w) € NU {oo}, w
gr(w) €V andw — (dp(w)| € V*, k € N, such that {di(w)|ge(w)) = SreX{w |k<n(w)} (W)
for all w € Q, and the following representation holds for all ¢, ¢ € V:

n(w)—

1
Ex(60) = /X (Ol () {di () ) dp(w),

k=0
where only finitely many terms in the sum are non-zero for each w, even when
n(w) = oo. In particular,
n(w)—1
Ex(0.6)= [ Y lde@o)Pdue) (46)
X k=0
5. RELATION TO DIRECT INTEGRALS

In this section we make some comments on the relation of Theorem 4.5 to the
direct integral representations which are popular in some of the related literature.
We use the following notational conventions. As usual, ¢ is the Hilbert space of
square summable sequences (a,,)%, and L2(€, u, £?) is the Hilbert space consisting
of the (u-equivalence classes of) p-measurable £2-valued functions f for which the
function w +— || f(w)]|? is p-integrable. For any k € NU {co} we denote

2 ={(an) € | ay =0 for all n > k}.

In particular, £ = {0} and (2 = (2.

Let now w — n(w) be a py-measurable map from Q into N U {oo}. We de-
note by Li(,)(Q,u,fz) the subset of L2(f, u,¢?) consisting of those f for which
flw) e Ki(w) p-almost everywhere. A routine argument based on the fact that a
sequence converging in L?(Q, i, ¢?), and hence in p-measure, contains an almost
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everywhere convergent subsequence shows that Li(_)(Q, w, %) is a closed subspace
of L?(Q, p, £?).
The above construction of the space Li(.)(Q, u, £%) is a relatively simple way of

making rigorous the heuristic idea of an L? space of functions taking their pointwise
values in Hilbert spaces of different dimensions. This type of space is often referred
to as the direct integral of Hilbert spaces, and denoted by

D
/ 2 )
Q

We now return to Theorem 4.5 and its notation; in particular, let w — n(w)
henceforth stand for the fixed map appearing in that Theorem. If ¢ € V, define
Ji¢ to be the element w — ((dr(w)|$))2, of L2 (€ w,%). This produces a

linear map J; : V — L2 )(Q u,0?). For X € E let F1(X) be the restriction
of the multiplication map f +— xxf to the invariant subspace Li(,)(Q,u,EQ) of
L?(Q, 1, €2). Then Fy : X — L(L2 (1, €%)) is a spectral measure.

Theorem 5.1. The linear span of the set {F1(X)J1¢| X € X, ¢ € V'} is dense in
K, = Ln( )(Q,u, ??), and
(19| F1(X) 1Y) = Ex(,9)

for any X € ¥ and ¢, v € V.. Thus the triple (K, F1, J1) is unitarily equivalent to
the triple (K, F,J) in the sense of Theorem 3.6.

Proof. To prove the density statement, let G = [w — (Gi(w))72,] € Li(_)(ﬂu,(z)
be orthogonal to Fy(X)Jie,, for all m € N and X € . This means that

/ Z Gr(w w)|em)du(w) =0 for all X € ¥, m € N.
X k=0
But this implies that
n(w)—1 -
Z Gr(w){dg(w)lem) =0 for all m € N and pra.e. w € Q,
k=0

where the exceptional p-null set, say Z, may be taken independent of m € N.
Recall that g;(w) € V = lin(e,,)5°_,. By linearity, we obtain

n(w)—

Z Gr(w){dr(w)|ge(w)) =0  forall e Nand all w e Q\ Z.

But the left-hand side is G¢(w), and hence we have shown that G vanishes as an
element of Lfl(,)(Q, u,£?). This proves our first claim. If X € ¥ and ¢, 1 € V, then

n(w)—1

BelRX)R) = [ > (Ol (M) = Bx(o.0)

by Theorem 4.5. The asserted unitary equivalence now follows from Theorem 3.6.
O

As a consequence of Theorem 5.1 and Remark 3.9, we have:

Corollary 5.2. Let Ex(¢,v) = (¢|Eo(X)) for a semispectral measure Ey. Then
Ey is a spectral measure if and only if

— ((dr(w)len))ieg, n €N, is an orthonormal basis of Li(_)(Q,u,ﬁ). (5.3)
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6. EXTENSION OF THE TEST VECTOR SPACE

Our considerations so far have taken place in the space V', which only has an
algebraic vector space structure. We now show that the operations on V' that we
have been dealing with actually extend to a Hilbert space completion of this initial
space that we started with. Let us denote

Hi={y= 2 buen | Il 1= 32 I < o},

Then H is a Hilbert space with the orthonormal basis (e,,)5 , whose linear span
isV.

Recall the definition of the measure p from (3.1). We use the same quantities
from this definition to introduce the linear operator A : H — H, given by

82

T E e (6.1)

A= Zﬁn|€n><en‘7 /gn .
n=0
This operator is positive and injective, and its range is dense in H. We shall also
use the functional calculus of A, i.e., the operators n(A) :=Y>" n(8n)|en) (€| for
functions 7 : Ry — C. Note that n(A)V C V.
Let us now consider the form C,,(AY/2.,AY/2.) € PS(V). We define its trace by

tr(Cu (A2 AV2)) i= 3 " CL(A?e,, AV Pen) = Y BuCllen, €n).
n=0 n=0
Integration over an arbitrary X € ¥ gives

/X tr(Cu (A2, AV2))dp(w) = 3 BuBx (ens €n) = u(X).

n=0

This means that tr(C,,(A'/2-, AY/2.)) = 1 for p-a.e. w € Q, say for w € Q\ Z, where
w(Z)=0.

Let us momentarily restrict ourselves to a finite dimensional space Viy := lin(e,,)Y_,
which we make into a Hilbert space such that (e, )_g is an orthonormal basis. The
restriction of C,,(AY/2-, AY/2.) to Viy x Viy belongs to PS(Vy) and defines a positive
operator, say Ty (w), on Viy in a natural way. The computation of the previous para-
graph implies that the (usual) trace of Ty (w), and hence its norm in £(Vy), is at
most 1, for allw € Q\ Z. This uniform estimate, and the density of V = [J;7 Va in
H, imply by a standard limiting argument the existence of an operator T'(w) € L(H)
such that (p|T(w)y) = C,(AY2¢, AY/?4)) for all ¢, ¢ € V, and this operator is pos-
itive with trace 1. For definiteness, let us define T'(w) := 0 € L(H) for all w in the
exceptional set Z.

We now have the equations

Co(9,9) = (ATV2GT(W)A2y),  Ex(¢,9) = /X<A’1/2¢IT(W)A’1/2¢>du(W)

for all ¢, ¢ € V, but we can see that the right-hand sides are meaningful for all
b, ¥ € D(A~/?) = R(AY/?) =: H}, where we define

H, := {d) = ianen
n=0

Since 3! [(di(@)[0)]? = Cu(9,0) = (A™1/26|T(W)A™1/2) < [A~1/29)|2,
we also find that the functionals (di(w)| € V* in fact extend by continuity to

- |an|2
IollEz, == > 5 <o}, yER (62
n=0 n
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continuous linear functionals on H;. Observe that under the natural duality of
sequence spaces we have Hf =~ H_;. In particular, the coordinate sequences satisfy

((dr(w)len) By )o2g € €. (6.3)
We collect the results from the above discussion in the following:

Proposition 6.4. The sesquilinear forms Ex,C, € PS(V), X € ¥, w € Q, and
the functionals (di(w)| € V* extend continuously to the Hilbert space completion
Hy of V (defined in (6.2)), which is associated with the PSFM E.

On the larger Hilbert space H = Hy, which is canonically related to V and
independent of E, they admit representations as unbounded forms with common
dense domain:

Ex(¢,9) = /X Co(d,)dp(w), Cu(d,¥) = (AT2G|T(W)AT ), ¢, ¢ € R(AY?) = Hy,

with an injective A € LY (H) (defined in (6.1)) and

n(w)—1 n(w)—1
Tw)= Y APJdp) (de@) A2 = Y7 () (hi(w)] € L4(H),
k=0 k=0

where hg(w) € H is defined with the help of the Riesz representation theorem in
terms of the linear functional (hy(w)|¢) := (dp(w)|AY/2¢), ¢ € H. Moreover,
n(w)—1
trT(w) = Z |hr(@)||F =1, rankT(w) = n(w) for a.e. weQ,
k=0
and the maps Q > w — T, € LY(H) and Q > w — hg(w) € H are Béchner
w-measurable.

Rest of the proof. What remains to show is in the last two lines of the assertions.
Concerning the rank of T'(w), we know that

SreX(wrealk<n(w} (W) = (dk(@)lge(w)) = (hr(w)|A™2ge(w)),

where go(w) € V C R(AY/?) so that A='/2g,(w) € H. This shows that the vectors
hi(w), 0 <k < n(w), are linearly independent.

As for measurability, we know that w +— (hy(w)[¥)) = (dj(w)|A~1/%9) is mea-
surable for all ¢ € V. By the density of V' in H, the measurability extends to all
1 € H, and the weak measurability thus established is equivalent to the (strong)
Bochner measurability in the separable Banach space H by the Pettis measurabil-
ity theorem (see e.g. [7, Theorem II1.1.2] or [9, Theorem III.6.11]). This implies the

measurability of the finite sums Z?;%(N’n(w)_l) |hi(w)) (hi(w)| convergent to T'(w)

(pointwise in the norm of £!(H)), which is hence measurable also. O

7. POSITIVE OPERATOR MEASURES

In this section we consider an important special case of the above theory, where
the PSFM is defined on the whole Hilbert space H from the beginning. Now
()22, is an orthonormal basis of H, but we continue to denote V' = lin(e,, )52, as
in the previous sections. Every POM E; : ¥ — L(H) can be identified with a PSF
measure E by setting Ex (¢, 1) := (¢|Eo(X)¢). Thus the general results give:

Proposition 7.1. Given a POM Ey : ¥ — L(H) and defining a measure pu by
(3.1), there exists the following representation:

(G| Eo(X ) = /X (A2 T@A 2 du(w), 6, € RAV),
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where A € L1 (H) is injective,
n(w)—1
T(w) = Z \hi(w)) (he(w)] € LL(H), trT(w)=1, rank(T(w))=n(w),
k=0
and all functions of w are Bochner u-measurable in their natural range spaces.

Proof. While the result is a specialization of what we showed for general PSF
measures, we provide another proof, which is considerably shortened by the use of
the well-established Hilbert space operator theory.

Let us define A € £ (H) by (6.1), and consider the positive trace class operator
valued measure F(X) := AY2Ey(X)AY2. The total variation of F is

sup » | F(Xo)llcrcmy =sup Y _tr F(X;) = tr F(Q) < tr A - || Eo(Q)]),
=1 =1

where the supremum is over all finite partitions Q = |J_; X;, and we made use of
the positivity of F(X;) and A, and basic properties of the trace.

Thus F is of bounded total variation. It also has the same null-sets as Ey, which
in turn has the same null-sets as the measure y constructed in (3.1). Since £*(H),
as a separable (for a reference and an easy direct proof see e.g. [16, p. 794]) dual
space has the Radon—Nikodym property (e.g. [7], Theorem II1.3.1), we may apply
the vector-valued Radon-Nikodym theorem to deduce the existence of an L£1(H)-
valued Bochner-integrable density w — T'(w) such that F(X) = [ T(w)dp(w) for
all X € X. Since F'(X) is a positive operator, also T'(w) must be for a.e. w € €; this
follows in our separable situation from the corresponding result for scalar-valued
measures and densities, since the positivity of an operator A € L(H) can be tested
in terms of the positivity of (¢|A¢), where ¢ goes through a countable dense subset
of H. Moreover,

/XtrT(w) dp(w) = tr F(X) = ; T <en‘E"O(Q)en> (en|Eo(X)en) = pu(X),

and this implies that tr T'(w) = 1 for a.e. w € Q.

What remains is the decomposition of T'(w). For each single operator, this of
course is well known from the Hilbert space operator theory, but the point is now
to have this in a measurable way. Such a measurable decomposition is proved
in [5], Proposition 1.8, based on a classical theorem on measurable selectors [17].
The result in [5] also gives the additional properties |[hg—1(w)|| > ||hr(w)]] > 0 for
1 <k < n(w) and (hi(w)|he(w)) = 0 for k # £, in addition to those stated in the
assertions. (|

Remark 7.2. Part of the information in the above Proposition was obtained in a
different way in [1], Proposition 27, Remark 28, and the proof of Theorem 79.

8. GENERALIZED EIGENVECTORS OF NORMAL OPERATORS

Here we make a further specialization of the general theory to the case of a
spectral measure associated to a normal operator T in a Hilbert space. We are
going to show that in this situation the functionals |di(w)) may be interpreted as
generalized eigenvectors of T', in a precise sense to be defined below. Results of this
kind have a long history; instead of attempting a comprehensive record, we would
only like to mention the general setting for much of the early theory provided by
C. Foiag [12] and the more recent approach due to S. J. L. van Eijndhoven and
J. de Graaf [10], from which we borrow an auxiliary result. The technique based on
the use of the measure y and the Radon—Nikodym theorem in our approach bears
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a certain resemblance to some ideas already present in [12]. Operator densities in
connection with positive operator measures are also used in [1], but the generalized
eigenvalue problem is not treated there.

Now, let H be a Hilbert space and V' a dense subspace of H. Every ¢ € H
determines a continuous antilinear functional ¥ — ()|¢). We denote this functional,
and also its restriction to V, by |¢). Thus |¢) belongs to V>, the linear space of all
antilinear complex functionals on V, and the mapping ¢ — |¢) is a linear injection
from H into V*. We often write simply V C H C V' *.

In the following definition we assume that 7' : D(T) — H is a densely defined
linear map in H and let T* : D(T*) — H be its adjoint. We assume that V' C D(T™)
and T*(V)) C V. Let us denote by T :V* — V* the linear map defined by

(TF)(¥) == F(T*), FeV* yeV. (8.1)
With F = |¢) € D(T) and ¢ € V, this yields
(T |9)) () = (T*$l¢) = (¥IT9)

Thus T may be regarded as an extension of 7" under the interpretation V' C H C
V=,

Definition 8.2. If F' € V> \ {0} and X € C satisfy
TF = \F,

then F' is called a generalized eigenvector of T belonging to the generalized eigen-
value X of T (relative to V).

The discussion preceding the definition justifies this terminology: any eigenvalue
of T is a generalized eigenvalue.

Let then T : D(T) — H be a normal operator. According to the well-known
spectral theorem (see e.g. [24]), associated to T there is a uniquely determined
spectral measure Ey : B(C) — L(H), supported on the spectrum of T', such that

(GITY) = /C NOIEo(dNY), e H, ¥ € D(T). (8.3)

The following result is based on (8.3) and the application of our diagonalization
results to Fy. The existence of invariant subspaces V for T" and T™, as required in
the theorem, is always guaranteed by results at the end of the section.

Theorem 8.4. Let T : D(T) — H be a normal operator as in (8.3) with V. C
D(T)ND(T*) and TV C V, T*V C V. Then there exist a finite positive Borel
measure 1 on o(T') having the same null-sets as Ey, and a sequence of p-measurable
mappings A — |dg(N)) € V* such that, for u-almost every A € o(T) and every
k € N, |dp(X\)) is either zero or a simultaneous generalized eigenvector of T and
T* relative to V belonging to their generalized eigenvalues A and N, respectively.
Moreover,

n(A)—1

(@) = / FRD SR A R )
k=0

o

Proof. From (8.3) we have in particular

(GIT) = (T"0l) = /(c MOEo(dNY), b w eV,

On the other hand, we know the existence of p and |di(\)) so that
n(A)—1

(Gl EBo(dN)g) = D (Slde(\)deN)[D)dp(Y), ¢, 9 €V,

k=0
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and hence
n(A)—1

)
(@ITy) = (T*¢ly) = /(C A (AN deW)du(), ¢, V. (8:6)
k=0

Since Ey(C) = I, we also have
n(A)—1

@) = [ 3 GG, eV (87
k=0

Comparing (8.6) and (8.7) with ¢ replaced by T*¢ (still in V' by the assumption

that 7"V C V), and recalling that the functions A — ((di(N)|¥))52,, ¥ € V, are

dense in Lfl(,)(Q7 u, £?), we deduce that there must hold, for u-a.e. A € C,

(T*¢ldr(N)) = M¢ldr(N), ¢ €V (8.8)
By choosing a null-set N such that (8.8) holds in its complement for all ¢ = e,,
n € N, it also holds, by linearity, for all ¢ € V. Thus, for y-a.e. A € o(T), we have
the generalized eigenvector equations

T |di(N)) = Xldk(N)) -

Making a similar comparison of (8.6) and (8.7) with ¢ replaced by TW (where the
assumption TV C V appears), and proceeding analogously, we deduce the adjoint
equation

T* |de(A)) = Adi(N)) ,
which completes the proof. [l

Remark 8.9. In the construction of the measure p in (3.1), any positive sequence
()32 € £* could be chosen. For a spectral measure Ey, we have (e,,| Eo(C)e,,) = 1
for all n € N, so that the eigenvalues 3, of the operator A € £ (H) in (6.1) are
just B, = a,/2. Since we know that the action of the |di(\)) can be extended

boundedly to R(A/2), and since (3,)3%, — (82/*)2, is a bijection between the
positive cones of ¢! and 2, we have the following information concerning the size
of the generalized eigenvectors (cf. (6.3)): For any positive (0,)5%, € ¢2, for a.e.
A € o(T) (with respect to the spectral measure of the normal operator T'), there
exist |di(N\)) € VX, 0 < k < n()\), which are simultaneous generalized eigenvectors

of T and T, and satisfy
(gn<en\dk()\)>)oo e .

n=0
The generalized eigenvector equations can be used, at least in principle, to solve
for the di()), from which one may try to construct the spectral decomposition of
T. We illustrate this in a toy example below, but also point out in the following
section some intrinsic problems related to this approach.

Example 8.10. Consider, as in Example 2.3, a Hilbert space H with an or-
thonormal basis (e,)nez and the simplest shift operator S : e, — e,_1 (hence
S* :en — ept1). Clearly S is unitary, in particular normal, so that the theory de-
veloped in this section applies to it. Writing |d) = Z;‘;_Oo d;|e;) for |di(N)), (8.8)
reads for ¢ = e,, as d,+1 = Ad,, giving the unique (up to normalization) solution
d;j = doN, except for the case A = 0, where d; = 0 is the only solution. Thus,
for every A € C\ {0}, there corresponds a one-dimensional generalized eigenspace
spanned by [d(A)) = 72 N [ej).

The eigenvector equation for the adjoint S* gives similarly d,,_; = Ad,,, yielding
the solution d; = A\"7dy. This can only coincide with the generalized eigenvector
of S if A = A~!. Thus the only simultaneous generalized eigenvectors of S and

S* are, up to normalization, |d(e')) = 372 e [e;). Hence the general theory
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guarantees that, for some finite positive measure p on the unit circle T, the spectral
measure of S is given by

(G Es(X)) = / GOV, ¢, p eV

XNT
Testing the equality (¢|Es(T)y) = (p|v) with ¢ = e, 1 = e, we find that

/ ATTAp(A) = Omn, m,n € T.
T

This shows that the Fourier coefficients of the measure p coincide with those of the
normalized Haar measure v of T, and hence

(6l Es(X)) = / G [Bdv() = 3 /X ) e e )

XNT m,nez

gives the spectral measure of S.

We finally address the question of invariant subspaces as required in Theorem 8.4.
Following [10], we define the joint C*°-domain of linear operators A; : D(A;) C H —
H,i=1,... k, as follows:

C>®(Aq,..., Ap)
={y e H|forall N eNand e {l,...,k}", ¥ € D(Ar1)An(2) Ar(i)) }-
We quote the following result and deduce an immediate consequence:

Theorem 8.11 ([10]). Suppose that C*(A;,...,Ay) is dense in H. Then there
exists an orthonormal basis (e,)22, such that each A;, i = 1,...,k, maps V =
lin{e, |n € N} into itself.

Corollary 8.12. Let T : D(T) C H — H be normal (or bounded). Then there
exists an orthonormal basis (e,)22, such that both T and T* map V into itself.

Proof. If T is normal, let Ej be its spectral measure and Dy, the disc {¢ € C||¢| < k},
every ¢ € H satisfies Eo(Dy)¢p € C(T,T*) for all k € N and Ey(Dy)¢p — ¢ as
k — oco. Hence C*°(T,T*) is dense in H, and we can apply the previous theorem.

If T is bounded, then C*°(T,T*) = H, and we derive the same conclusion. [

9. A COUNTEREXAMPLE CONCERNING GENERALIZED EIGENVECTORS

In Theorem 8.4 we proved that almost every (with respect to the spectral mea-
sure) point A in the spectrum of a normal operator T is a generalized eigenvalue of
T, and moreover Remark 8.9 showed that the associated generalized eigenvectors
are in a sense not very far from being vectors in the Hilbert space H. In this sec-
tion we show that the converse statement fails: even if some A € C is a generalized
eigenvalue of T with a “nice” associated generalized eigenvector, this A need not
be in the Hilbert space spectrum of 1", and this can already happen for a bounded
(in fact, Hilbert—Schmidt) self-adjoint operator 7". The following technical lemma
is the key to the counterexample:

Lemma 9.1. There exists an infinite matriz (m;;)75_, having entries in [0, 1] and
with the following properties:
o my; =my; foralli,j €N,
o for alli € N, the sequence (mij);?‘;o has only finitely many non-zero mem-
bers,
e for alli € N, there holds Z;io mi; =1, and

oo 2
° Zi,j:o my; < 1.

o, P eV,
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Proof. We start with a sequence (a;)$2, of positive integers, to be chosen later.
Denote 0_1 := 0 and 0; := >, _,ax for i € N. Let ¢(j), for j = 1,2,..., be the
unique 7 € N such that ;1 < j < 0y. Since 0;_1 > i (as ax > 1), we have ¢(j) < j.
Then we define a sequence (b;)32, € [0, 1]V inductively as follows: by := 1/ag, and
bj := (1 —bg(;))/a; for j =1,2,.... Finally, the matrix entries m;; are defined: We
set my; 1= 0, and for j > ¢ we let m;; :=b; if 0,1 < j < 0y (i.e., ¢(j) = 1), and zero
otherwise. The entries m;; with j < i are defined so as to satisfy the symmetry
requirement.

That (mij)g‘;o has only finitely many non-zero members is clear from this defini-
tion. In fact, for j > i, there are o; — 0;_1 = a; entries equal to b; = (1 —by(;))/ai,
the others being zero. For j < 7, an entry m,;; = m;; can only differ from zero if
J = ¢(i), in which case it is equal to b; = by(;). Thus

o0

Zmij = b¢(i) +a; X (1 — b¢(i))/ai =1,

§=0
as we wanted. To compute the square sum of the entries m;;, observe that there
are exactly 2(o; — 0;_1) = 2a; entries for which we gave the value b;; hence

Z mfj = ZQaibf = ZQai(l — b¢(i))2/a? < Z2/ai,
i=0 i=0 i=0

4,j=0
and this is easily made to satisfy the final requirement by a suitable choice of
(a;)Zo- O

We now provide the announced counterexample. Once again, let H be a Hilbert
space with an orthonormal basis ()%, and V :=lin(e,)52 ;. We define an oper-
ator T' € L(H) in terms of the matrix (m;)$5_o, i.e., we set

T(iaiei) = Zi:; (;—OO mijaj>ei (9.2)

Since the matrix is real and symmetric, the operator T is self-adjoint, and hence
o(T) C R. Moreover, T is in fact a Hilbert—-Schmidt operator, and

Aeo (T) i,j=0
In particular, T has a discrete spectrum, and its eigenvalues A satisfy
—“l< A <A< A <

However, let us consider the generalized eigenvalue problem for T. The fact
that every column and row of the infinite matrix (m;;)75_, has only finitely many
non-zero entries is equivalent with the properties TV C V and T*V C V. Thus the
generalized eigenvector formalism of the previous section is applicable.

Observe that the same extension 7 on VX is obtained by using the original

defining formula (9.2), which also makes sense for an arbitrary Z;io a;le;) € VX,
We may use this remark to compute T |e), where |e) = >0 lej)- Fr(ir/n self-
adjointness and the fact that 3=, m;; = 1, it follows at once that T'|e) = T* |e) =
le), and hence |e) is a generalized eigenvector of T and T* corresponding to the

generalized eigenvalue 1. By the remarks concerning the spectrum of 7" above, this
generalized eigenvalue is not in o(7"). Summarizing, we have shown the following:

Proposition 9.3. There ezists a self-adjoint operator T' € L2(H) such that TV =
T*V C V, and hence extending to T : V* — V> by (8.1), such that

o |Tlz2¢my < 1; in particular, o(T) C (A, Ay] C |—1,1], but
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o Tle)=T*e) = |e) where |e) = 320 |e;).
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