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Abstract. We improve the vector-valued Marcinkiewicz multiplier theorem in a subclass of
UMD spaces (introduced by Berkson, Gillespie and Torrea), where Rubio de Francia’s general-
ized Littlewood–Paley inequality is valid.

The aim of this note is to provide sufficient conditions, in terms of the s-variation of the symbol
m on dyadic intervals, for boundedness of the Fourier multiplier operator Tm = F−1mF acting
on Banach space valued functions. The underlying space X is required to have the so-called
Littlewood–Paley–Rubio property.

We recall this notion and the basic related facts in Sec. 1. Our main results for multipliers in
the mentioned class of spaces are stated and proved in Sec. 2, and in Sec. 3 we further improve
these multiplier theorems in certain interpolation spaces.

1. The Littlewood–Paley–Rubio property of a Banach space

Let F be the Fourier transform on R, let I ⊂ R be an interval, and 1I its indicator function.
We denote by ∆[I] the spectral projection

∆[I]f := F−1(1IFf),

where f ∈ Lp
X(R) and X is some Banach space. These are known to be bounded operators if and

only if 1 < p < ∞ and X is a UMD space (cf. [4]).
By εi (with various index sets), we designate the Rademacher functions on some probabil-

ity space (Ω,Σ, P ). These are random variables with P (εi = +1) = P (εi = −1) = 1/2, and
two such functions with different indices are always assumed independent. E :=

∫
Ω
(·)dP is the

mathematical expectation.
E. Berkson, T. A. Gillespie and J. L. Torrea [2] (cf. also [7]) have introduced the following

Banach space notion:
1.1. Definition. Let X be a Banach space and 2 ≤ p < ∞. The space X is said to have the LPRp

(Littlewood–Paley–Rubio) property if there is a constant C < ∞ so that for every collection I of
disjoint intervals I ⊂ R and every f ∈ Lp

X(R) the following inequality holds:

(1.2) E
∥∥∥ ∑

I∈I

εI∆[I]f
∥∥∥

Lp
X

≤ C ‖f‖Lp
X

.

For X = C the previous estimate is the remarkable Littlewood–Paley inequality for arbitrary
intervals proved by J. L. Rubio de Francia [11]; hence the name. An alternative approach to this
inequality is due to J. Bourgain [3].

Several results concerning the classes LPRp were established in [2]: A space X having any
LPRp is necessarily UMD, and also satisfies

p(X) := sup{t : X has Rademacher-type t} = 2.

Each LPRp is a super-property, i.e., every Banach space Y which is finitely representable in X
satisfies LPRp if X does. In [7] it is shown that (1.2) is equivalent to a similar inequality for
periodic functions f ∈ Lp

X(T).
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At the present, the LPRp property is only known for a fairly restricted class of spaces, for which
it is deduced with standard techniques from Rubio de Francia’s original scalar-valued inequality:
An application of Fubini’s theorem shows that Lp

X(µ) inherits the LPRp property from X whenever
µ is a σ-finite measure; in particular the usual Lebesgue spaces Lp(µ) have LPRp when 2 ≤ p < ∞.
On the other hand, the original proof of Rubio de Francia is perfectly valid in arbitrary Hilbert
spaces, showing that each Hilbert space H has LPRp for every 2 ≤ p < ∞. Interpolation between
the LPRp estimates for L2(µ) and Lp(µ) proves the LPRp property of Lq(µ) for 2 ≤ q ≤ p < ∞.

These are essentially all the examples known today; no general sufficient geometric condition
is known for checking the LPRp property, and also the dependence of the classes LPRp on the
parameter p is unclear.

2. Multiplier theorems from the Littlewood–Paley–Rubio estimate

R. Coifman, Rubio de Francia and S. Semmes [5] observed that the inequality (1.2) for X = C
can be exploited to yield a substantial improvement of the classical Marcinkiewicz multiplier
theorem on Lp(R), 1 < p < ∞. Our purpose here is to obtain an extension of their result to the
spaces Lp

X(R) where X has LPRp (or X ′ has LPRp′).
The extensions of Marcinkiewicz’ theorem to Lp

X(R) by J. Bourgain [4] (for scalar multipliers)
and L. Weis [12] (for operator multipliers) have provided powerful tools e.g. in the theory of
evolution equations (see [9] for recent survey lectures). These results are valid under the condition
that X have UMD. While the present assumptions on the space are rather more restrictive, they
still cover a range (depending on p) of the reflexive Lebesgue spaces, which are the most important
concrete spaces in the typical applications like Lp-Lq-type estimates for solutions of differential
equations.

The following result is central in extending the Coifman–Rubio de Francia–Semmes theorem to
the vector-valued situation:

2.1. Proposition. Let X be a Banach space with finite cotype. Let K and Jk, for all k ∈ K, be
disjoint finite index sets, and let J :=

⋃
k∈K Jk. For all j ∈ J , let xj ∈ X and λj ∈ C. If the

scalars satisfy

max
k∈K

∑
j∈Jk

|λj |2 ≤ M2,

then the following estimate holds with some finite C depending only on the space X:

E
∥∥∥ ∑

k∈K

εk

∑
j∈Jk

λjxj

∥∥∥
X
≤ CME

∥∥∥∑
j∈J

εjxj

∥∥∥
X

.

Proof. Under the assumption that X have finite cotype, the randomized norms with Rademacher
functions εj are bounded from both sides by similar norms, where the εj ’s are replaced by an
independent sequence γj of standard Gaussian random variables (see [6], 12.27). Thus it suffices
to show that

E
∥∥∥ ∑

k∈K

γkyk

∥∥∥
X
≤ ME

∥∥∥∑
j∈J

γjxj

∥∥∥
X

, yk :=
∑
j∈Jk

λjxj .

This follows from∑
k∈K

|〈yk, x′〉|2 =
∑
k∈K

∣∣∣ ∑
j∈Jk

λj 〈xj , x
′〉

∣∣∣2 ≤ ∑
k∈K

( ∑
j∈Jk

|λj |2
)( ∑

j∈Jk

|〈xj , x
′〉|2

)
≤ M2

∑
k∈K

∑
j∈Jk

|〈xj , x
′〉|2 = M2

∑
j∈J

|〈xj , x
′〉|2 , x′ ∈ X ′,

where X ′ is the dual of X, and [10], Proposition 3.7. �

We next introduce a vector-valued version of a function class considered by Coifman, Rubio de
Francia and Semmes [5]:
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2.2. Definition (The space R2
Y ). Let J ⊂ R be an interval and Y a Banach space. We say that

a function a is in R2
Y (J), if there is a collection I of disjoint subintervals I ⊆ J and elements

cI ∈ Y such that

a =
∑
I∈I

cI1I ,
( ∑

I∈I

|cI |2Y
)1/2

≤ 1.

We define R2
Y (J) as the atomic space generated by these atoms, i.e., f ∈ R2

Y (J) if there are
ak ∈ R2

Y (J) and λk ∈ C so that

f =
∞∑

k=1

λkak,
∞∑

k=1

|λk| < ∞.

The R2
Y (J) norm of f is defined as the infimum of these sums taken over all such representations.

If B ⊂ Z is an absolutely convex, bounded subset of a Banach space Z and Y = spanB, the
linear span of B, is normed by the Minkowski functional ‖·‖B of B (which makes it a Banach
space), we also denote R2

B := R2
Y .

We denote the standard dyadic partition of R by

∆ := {η
[
2k, 2k+1

[
: k ∈ Z, η ∈ {−1,+1}},

and recall Bourgain’s vector-valued Littlewood–Paley inequality [4], valid for all UMD spaces X:

Ap(X) ‖f‖Lp
X
≤ E

∥∥∥ ∑
J∈∆

εJ∆[J ]f
∥∥∥

Lp
X

≤ Bp(X) ‖f‖Lp
X

, p ∈ ]1,∞[ .

For the following multiplier theorem, let us further recall the notion of R-boundedness: A subset
T ⊆ L (X) is called R-bounded if for all n = 1, 2, . . ., all xi ∈ X and Ti ∈ T there holds

E
∣∣∣ n∑

i=1

εiTixi

∣∣∣
X
≤ CE

∣∣∣ n∑
i=1

εixi

∣∣∣
X

.

The smallest admissible constant C above is denoted by R(T ), or R(T |L (X)) if the space needs
to be specified. Note that T = B̄C · idX , where B̄C is the unit-ball of C, has this property for
every Banach space X, so that all the results below apply in particular to scalar multipliers m.

2.3. Theorem. Let X be a Banach space, and let T ⊂ L (X) be an absolutely convex, R-bounded
set. Let m : R → spanT be a function such that

sup
J∈∆

‖m|J‖R2
T

< ∞.

Suppose that either 2 ≤ p < ∞ and X has LPRp, or else that 1 < p ≤ 2 and X ′ has LPRp′ .
Then m is an Lp

X(R) Fourier multiplier, and more precisely

‖Tm‖L (Lp
X) ≤ Cp(X)R(T ) sup

J∈∆
‖m|J‖R2

T
,

where Tmf := F−1(mFf) is the multiplier operator with symbol m.

Proof. Let us prove the case that X has LPRp. The other case follows from this by a standard
argument: The collection T ′ ⊂ L (X ′) of adjoint operators is also R-bounded, so that we get
Tm′ ∈ L (Lp′

X′(R)) by the first case, and we can use duality.
Let f ∈ Lp

X(R), and assume without loss of generality that its (standard, dyadic) Littlewood–
Paley decomposition has only finitely many non-zero terms. We may also assume by approximation
that the m|J , for these intervals J , admit finite atomic decompositions. Further, using the fact
that conv(E1)× · · · × conv(En) = conv(E1 × · · · × En), we may take

m|J =
N∑

k=1

λkaJ
k , aJ

k =
∑

I∈I J
k

cJ,k
I 1I ,
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where the sequence of coefficients λk does not depend on J . Each I J
k is a collection of disjoint

subintervals I ⊆ J , and by further approximation we may assume that the I J
k are finite. Then

‖Tmf‖Lp
X

=
∥∥∥ ∑

J∈∆

∆[J ]
N∑

k=1

λk

∑
I∈I J

k

cJ,k
I ∆[I]f

∥∥∥
Lp

X

≤ C
N∑

k=1

|λk|E
∥∥∥ ∑

J∈∆

εJ

∑
I∈I J

k

cJ,k
I ∆[I]∆[J ]f

∥∥∥
Lp

X

,

where we used the triangle inequality, the UMD property of X and the commutativity of ∆[I] and
∆[J ]. Writing cJ,k

I = ‖cJ,k
I ‖T × cJ,k

I /‖cJ,k
I ‖T (the quotient is interpreted as zero if cJ,k

I vanishes),
and applying Proposition 2.1 (recalling that LPRp implies UMD which implies finite cotype,
cf. [2]) we get

≤ C
N∑

k=1

|λk|E
∥∥∥ ∑

J∈∆

∑
I∈I J

k

εJ,k
I

cJ,k
I

‖cJ,k
I ‖T

∆[I]∆[J ]f
∥∥∥

Lp
X

.

The operators cJ,k
I /‖cJ,k

I ‖T belong by definition to the R-bounded set T , and so we may continue

≤ CR(T )
N∑

k=1

|λk|E
∥∥∥ ∑

J∈∆

∑
I∈I J

k

εJ,k
I ∆[I]∆[J ]f

∥∥∥
Lp

X

= C
N∑

k=1

|λk|E
∥∥∥ ∑

I∈Ik

εI∆[I]f
∥∥∥

Lp
X

,

where Ik :=
⋃

J∈∆ I J
k is a collection of disjoint intervals I ⊂ R for every k, and we used the fact

that ∆[I]∆[J ] = ∆[I] for I ∈ I J
k . By the assumed inequality (1.2) we finally get

≤ CR(T )
N∑

k=1

|λk| ‖f‖Lp
X
≤ CR(T ) sup

J∈∆
‖m|J‖R2

T
‖f‖Lp

X
,

provided the atomic decompositions of m|J were chosen close to optimal. �

2.4. Definition (The space V s
Y ). Let J = [a, b] ⊂ R be an interval. We say that a function

f : J → Y has bounded s-variation, 1 ≤ s < ∞, if the supremum of the quantities(
|f(t0)|sY +

N∑
i=1

|f(ti−1)− f(ti)|sY
)1/s

is bounded when a = t0 < t1 < . . . < tN = b ranges over all finite partitions of J into smaller
intervals. We denote this supremum by ‖f‖V s

Y
. We employ a similar short-hand V s

B = V s
Y as with

the space R2.

Now we can state a consequence of Theorem 2.3:

2.5. Corollary. Let X be a Banach space, let 1 ≤ s < 2, and let T ⊂ L (X) be an R-bounded set
like in Theorem 2.3. Let m : R → spanT be of bounded s-variation with respect to the Minkowski
functional ‖·‖T , uniformly on the dyadic intervals. Suppose that either 2 ≤ p < ∞ and X has
LPRp, or else that 1 < p ≤ 2 and X ′ has LPRp′ .

Then m is an Lp
X(R) Fourier multiplier; more precisely

‖Tm‖L (Lp
X) ≤ CsCp(X)R(T ) sup

J∈∆
‖m|J‖V s

T
.

Proof. It is shown in [5] that V s ⊂ R2 for 1 ≤ s < 2, and the same argument extends to our
vector-valued situation. �

Let us recall that the conclusions of Corollary 2.5 with s = 1 are true for all UMD spaces
X and all p ∈ ]1,∞[. This corresponds to the classical Marcinkiewicz multiplier theorem which
was extended to UMD spaces for scalar-multipliers (i.e., T = B̄C · idX) by Bourgain [4], and for
operator-multipliers by L. Weis [12].
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3. Multiplier theorems in interpolation spaces

In the scalar-valued case treated by Coifman, Rubio de Francia and Semmes in [5], the above
stated results may further be improved by interpolating with the trivial estimate ‖Tm‖L (L2) =
‖m‖L∞ provided by Plancherel’s theorem. This idea can be partly carried over to the vector-
valued situation under the additional assumption that our space X with LPRp (or whose dual
has LPRp′) is a complex interpolation space between another similar space and a Hilbert space,
which is the case, e.g., for X = Lq(µ) where 2 ≤ q < p (or p < q ≤ 2 in the dual case). Before
formulating the theorem precisely, let us state an interpolation result concerning the s-variation
multiplier classes. We introduce the notation

`∞(V s
Y ) := {m : (‖m|J‖V s

Y
)J∈∆ ∈ `∞}, 1 ≤ s ≤ ∞,

where we let V ∞
Y := L∞Y .

3.1. Lemma. Let α, θ ∈ ]0, 1[, β ∈ ]0, 1], Y be any Banach space, and ε > 0 be small. Then

`∞(V (1−(1−θ)α−θβ+ε)−1

Y ) ⊆ [`∞(V (1−α)−1

Y ), `∞(V (1−β)−1

Y )]θ ⊆ `∞(V (1−(1−θ)α−θβ−ε)−1

Y ).

Proof. Everything is based on [8], formula (5):

(3.2) `∞(V (1−η+ε)−1
) ⊆ [`∞(V 1), `∞(L∞)]η ⊆ `∞(V (1−η)−1

),

which also holds in the vector-valued setting by a straightforward modification of the same ar-
gument. We also omit the reference to the Banach space Y in the rest of the proof to simplify
notation. Using (3.2) and some reiterations (cf. [1], Theorem 4.6.1) we get:

`∞(V (1−(1−θ)α−θβ+ε)−1
) ⊆ [`∞(V 1), `∞(L∞)](1−θ)α+θβ

= [[`∞(V 1), `∞(L∞)]α, [`∞(V 1), `∞(L∞)]β ]θ

⊆ [`∞(V (1−α)−1
), `∞(V (1−β)−1

)]θ

⊆ [[`∞(V 1), `∞(L∞)]α+ε, [`∞(V 1), `∞(L∞)]β+ε]θ

= [`∞(V 1), `∞(L∞)](1−θ)α+θβ+ε

⊆ `∞(V (1−(1−θ)α−θβ−ε)−1
).

�

The following result is simply a Hilbert space version of the Coifman–Rubio de Francia–Semmes
multiplier theorem:

3.3. Proposition. Let H be a Hilbert space, s ≥ 2, and m : R → L (H). Then

‖Tm‖L (Lp
H) ≤ Cs,p sup

J∈∆
‖m|J‖V s

L (H)
, |p−1 − 2−1| < s−1.

Proof. From Plancherel’s theorem one has

(3.4) ‖Tmf‖L2
H
≤ ‖m‖`∞(L∞

L (H))
‖f‖L2

H

It follows from the hypothesis
∣∣p−1 − 2−1

∣∣ < s−1 that there are numbers q ∈]1,∞[ and β ∈
[0, 2−1[ such that

(1− θ)(1− β) =
∣∣p−1 − 2−1

∣∣ · 1− β

|q−1 − 2−1|
< s−1,

where θ ∈ [0, 1] satisfies p−1 = (1 − θ)/q + θ/2. We then apply Corollary 2.5 with H in place
of X and q in place of p; this is legitimate since both H and its dual have LPRmax{q,q′}. With
T = B̄L (H) we get

(3.5) ‖Tmf‖Lq
H
≤ C ‖m‖

`∞(V
(1−β)−1

L (H) )
‖f‖Lq

H
.

Using bilinear interpolation ([1], Theorem 4.4.1) between (3.4) and (3.5) together with Lemma 3.1
yields

‖Tmf‖Lp
H
≤ C ‖m‖

`∞(V
((1−θ)(1−β)+ε)−1

L (H) )
‖f‖Lp

H
, ε > 0.
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With ε := s−1 − (1− θ)(1− β), the claim follows. �

By a further interpolation argument we obtain the following result for complex interpolation
spaces X:

3.6. Theorem. Let X and Y be Banach spaces. Suppose that either 2 ≤ p < ∞ and Y has LPRp,
or else that 1 < p ≤ 2 and Y ′ has LPRp′ . Let H be a Hilbert space, and let X = [Y,H]θ for some
θ ∈ ]0, 1[. Let T ⊂ L (Y ) ∩L (H) be an absolutely convex set, which is R-bounded in L (Y ) and
in L (H) (the latter being equivalent to uniform boundedness).

Then for s ≥ 2, there holds

‖Tm‖L (Lp
X) ≤ Cs,p,θ(Y )R(T |L (Y ))1−θR(T |L (H))θ sup

J∈∆
‖m|J‖V s

T
,

provided that

θ

∣∣∣∣1p − 1
2

∣∣∣∣ <
1
s
− 1− θ

2
.

In particular (with s = 2), we have

‖Tm‖L (Lp
X) ≤ Cp,θ(Y )R(T |L (Y ))1−θR(T |L (H))θ sup

J∈∆
‖m|J‖V 2

T
.

Proof. We make use of the estimates provided by Corollary 2.5,

‖Tmf‖Lp
Y
≤ CR(T |L (Y )) ‖m‖

`∞(V
(1−α)−1

T )
‖f‖Lp

Y
, 1− α =

1
2

+ ε,

and Proposition 3.3,

‖Tmf‖Lp
H
≤ C ‖m‖

`∞(V
(1−β)−1

L (H) )
‖f‖Lp

H

≤ C sup{‖T‖L (H) : T ∈ T } ‖m‖
`∞(V

(1−β)−1
T )

‖f‖Lp
H

, 1− β =
∣∣∣∣1p − 1

2

∣∣∣∣ + ε.

Bilinear interpolation ([1], Theorem 4.4.1) and an application of Lemma 3.1 now give

‖Tmf‖Lp
X
≤ CR(T |L (Y ))1−θR(T |L (H))θ ‖m‖`∞(V s

T ) ‖f‖Lp
X

,

where
1
s

= 1− (1− θ)α− θβ + ε = 1− (1− θ)
1
2
− θ + θ

∣∣∣∣1p − 1
2

∣∣∣∣ + 2ε.

With an appropriate choice of ε > 0, this expression may take any value satisfying

1
s

>
1− θ

2
+ θ

∣∣∣∣1p − 1
2

∣∣∣∣ .

For the last claim, just observe that the restriction is always satisfied when s = 2. �

One may further derive Fourier multiplier theorems on Lp
X(R), where neither X has LPRp nor

X ′ has LPRp′ , but where X is an interpolation space between a space of one of these types and
an arbitrary UMD space. Here one can use the `∞(V 1) condition of the Marcinkiewicz theorem
as the estimate at the other end of interpolation. We leave the details to the reader.
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