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Abstract. The notion of R-bounded operator families has proven to be cru-
cial to several aspects of vector-valued Harmonic Analysis and its applications

to PDEs. Concrete and important R-bounded sets have been identified among

operators acting on UMD Banach spaces, which in addition enjoy G. Pisier’s
property (α). We prove the necessity of (α) for a number of conclusions of this

kind, complementing analogous results of G. Lancien in the product-space

theory of Fourier multipliers and H∞-calculus.

1. Introduction and results

A Banach space X is called UMD if all martingale difference sequences in
Lp(Ω, X), were 1 < p < ∞ and Ω is any probability space, are unconditionally
convergent; see [4]. It has been known since the 1980s that this probabilistic condi-
tion on X is both necessary and sufficient for the boundedness of several classical
operators of Harmonic Analysis on spaces of X-valued functions [2, 3, 5, 10].

In the recent years, the notion of R-bounded operator families has proven to be
crucial to several aspects of vector-valued Harmonic Analysis and its applications
to PDEs [1, 6, 9, 12, 14, 21]. We recall the definition.

1.1. Definition. Let (εj)∞j=1 be independent symmetric ±1-valued random vari-
ables on some probability space. We refer to them as Rademacher variables. The
corresponding expectation operator is denoted by E or Eε.

A family of operators T ⊂ L (Y ) is called R-bounded if there is a finite constant
C such that for all fj ∈ Y , Tj ∈ T and N ∈ N there holds

E
∥∥∥ N∑

k=1

εkTkfk

∥∥∥
Y
≤ CE

∥∥∥ N∑
k=1

εkfk

∥∥∥
Y

.

The smallest C is denoted by R(T ) and called the R-bound of T .

Various concrete and important examples of such operator collections on Lp(T, X)
have been identified in [9, 20]; however, these results assume another condition of
the underlying Banach space X, in addition to UMD: G. Pisier’s property (α) [17].
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1.2. Definition. Let (εj)∞j=1 and (ηk)∞k=1 be two independent sequences of Rademacher
variables, with the related expectation operators Eε and Eη.

We say that a Banach space X has property (α) if there is a finite constant C
such that for all xjk ∈ X, all αjk ∈ {+1,−1} and all N ∈ N, there holds:

EεEη

∣∣∣ N∑
j,k=1

αjkεjηkxjk

∣∣∣
X
≤ CEεEη

∣∣∣ N∑
j,k=1

εjηkxjk

∣∣∣
X

.

We denote the smallest admissible C above by α(X).

Our present contribution is to clarify the rôle of property (α) in the various
R-boundedness results by completing the proof of the following characterization,
several implications in which are already well-known, as we recall.

1.3. Theorem. Let X be a Banach space, 1 < p < ∞, and γ > 0. Then the
following conditions are equivalent:

(U) X is a UMD space with property (α).
(M) Every uniform set of Marcinkiewicz multipliers is R-bounded on Lp(T, X).
(L) Every uniform set of Littlewood–Paley multipliers is R-bounded on Lp(T, X).
(F ) The functional calculus of −4 is R-bounded on Lp(T, X).
(P ) The imaginary powers (−4)is, 0 < s < γ, are R-bounded on Lp(T, X).

We recall that Fourier multipliers on Lp(T, X) are operators

(1.4) Tλ : f 7→
∑
k∈Z

λ(k)f̂(k)ek,

where λ = (λ(k))k∈Z is scalar sequence, f̂(k) ∈ X is the kth Fourier coefficient of
f , and ek(x) = ei2πk·x. One may also consider operator-valued Fourier multipli-
ers, which have the same formal expression, but it is allowed that λ(k) ∈ L (X).
However, in this note we agree that a Fourier multiplier Tλ has a scalar-valued
multiplying sequence λ unless the attribute “operator-valued” is used explicitly.
Our emphasis is on the necessary conditions for multiplier theorems, and what is
necessary for a special case is obviously necessary for a more general statement.

We call Tλ a Marcinkiewicz multiplier if for all m ∈ Z

|λ(m)|+
∑

j∈Im

|λ(j + 1)− λ(j)| ≤ K, where

I0 := {0}, Im := sgn(m)[2|m|−1, 2|m|) ∩ Z ∀m ∈ Z \ {0}.
(1.5)

If moreover λ(j) is a constant for j ∈ Im, then Tλ is called a Littlewood–Paley
multiplier. A collection of either kind of multipliers is called uniform if they satisfy
(1.5) with the same K. Thus the implication (M) ⇒ (L) is obvious.

There is a well-established theory of H∞-calculus of abstract Banach space op-
erators A (cf. [11, 14]), but we here only recall the case of the Laplacian A = −4 =
−d2/ dx2. Since −4 is formally the Fourier multiplier Tλ with λ(j) = 4π2j2, it is
reasonable to define φ(−4) as Tλ with λ(j) = φ(4πj2). If φ ∈ H∞(Sθ), the space
of bounded holomorphic functions in the sector Sθ = {z ∈ C \ {0} : |arg(z)| < θ}
for some θ ∈ ]0, π], it is easy to check that φ(−4) is a Marcinkiewicz multiplier
with K = C(θ) ‖φ‖∞, and hence (M) ⇒ (F ).

There are some general relations of (R-)bounded H∞-calculus and (R-)bounded
imaginary powers of an operator A in the abstract framework of sectorial opera-
tors [11, 14]. To describe these results, recall that A is said to have (R-)bounded
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imaginary powers of type θ if {e−θ|s|Ais : s ∈ R} is (R-)bounded. Since

φs(z) = e−θ|s|zis = exp
(
− θ |s| − arg(z)s + is log |z|

)
∈ H∞(Sθ),

uniformly in s ∈ R, it is clear that the (R-)bounded H∞(Sθ)-calculus implies
(R-)bounded imaginary powers of type θ; in particular, (F ) ⇒ (P ). Conversely,
if the underlying space has finite cotype (which e.g. every UMD space does), then
R-bounded imaginary powers of type θ < π already imply bounded (intentionally
without R) H∞(Sϑ)-calculus for every ϑ ∈ ]θ, π], and this improves to R-bounded
calculus if the space even enjoys property (α) ([13]; cf. [14]). But there is little
use for this fact in the present context, since the whole point is proving, and not
presupposing, (α). It is also worth observing that, unlike in the mentioned abstract
results, we do not require any condition (such as θ < π) on the type of the R-
bounded imaginary powers in the condition (P ) above.

The implication (U) ⇒ (M) was first discovered by A. Venni [20], and it has
been elaborated in [9]. Of course, these results build on the earlier theorems for
individual operators due to J. Bourgain [3]. That UMD is necessary for (L) (even
with ordinary boundedness instead of R-boundedness) is also due to Bourgain [2],
and its necessity for (P ) (also without R) was proved by S. Guerre-Delabrière [10].
What remains for us, hence, is to demonstrate the necessity of (α) for both (L) and
(P ). While its necessity for (F ) already follows from this, we also prove it directly
for the purposes of illustration.

Our hope is to give the reader, in addition to the precise theorem as stated, a
general impression of the kind of vector-valued results for which the assumption of
property (α) is unavoidable, and also to provide a small arsenal of tricks which one
may try to apply in order to justify the intuition by proof in such cases which we
have not treated in the present paper. Let us mention explicitly that Theorem 1.3
remains valid with T replaced by R; for instance, one may apply the well-known
transference techniques to pass from multiplier theorems on Lp(R, X) to their ana-
logues on Lp(T, X). See [19], Theorem VII.3.8, for the case X = C, which is easily
generalized to the vector-valued setting by reworking the same proof with absolute
values replaced by norms.

Besides the various R-boundedness results, property (α) also plays a (not com-
pletely unrelated) rôle in the product-space theory of Fourier multipliers [22] and
in the joint H∞-calculus of several operators [12, 15]. A characterization of the
condition (U), analogous to Theorem 1.3, in terms of the product theory is already
known; this circle of implications was closed by G. Lancien [16] who showed the ne-
cessity of (α) for a number of results of such type. The present paper complements
his work.

2. Proofs

Let X be a Banach space, and 1 < p < ∞.

2.1. Proposition. If (L) holds, then X has property (α).

Proof. We prove this claim by reducing it to Lancien’s result about multipliers on
Lp(T2, X). Let λ = (λ(j, k))j,k∈Z be an arbitrary two-dimensional Littlewood–
Paley sequence, i.e., λ ∈ `∞(Z2) and λ(j, k) is a constant for (j, k) ∈ Im × In,
m,n ∈ Z.
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We define the operator sequence Λ := (Λj)j∈Z ∈ L (Lp(T, X)), where Λj =
Tλ(j,·) is the Fourier multiplier on Lp(T, X) related to the (scalar-valued) Littlewood–
Paley sequence (λ(j, k))k∈Z. Thus R({Λj : j ∈ Z}) < ∞ by assumption.

But now the operator-valued Littlewood–Paley theorem [21] tells us that TΛF =∑
j∈Z ΛjF̂ (j)ej is a bounded Fourier multiplier on Lp(T, Lp(T, X)). (The one-

dimensional operator-valued Littlewood–Paley theorem holds in all UMD spaces,
and we already know from the asssumed condition (L) that X, and then Lp(T, X),
must have UMD.)

Upon identifying Lp(T, Lp(T, X)) with Lp(T2, X), we find that the operator-
multiplier TΛ is identified with the two-dimensional scalar-multiplier

Tλf(x, y) =
∑

j,k∈Z
λ(j, k)f̂(j, k)ej(x)ek(y).

Hence we have just shown that an arbitrary two-dimensional Littlewood–Paley
multiplier is bounded on Lp(T2, X). As observed by Lancien [16], this implies
that X has property (α). For the reader’s convenience, let us recall here the short
argument which, at the bottom, is based on a result of Pisier [18]. By Kahane’s
inequality, one may replace the L1 norm in the definition of property (α) by any Lp

norm, 1 < p < ∞, possibly changing the constant by a multiplicative factor. Then,
by Pisier [18], on may further replace the Rademacher variables εj , ηk by a lacunary
sequence of exponential e2j (x), e2k(y) on T2. But the uniform boundedness of
the two-dimensional Littlewood–Paley multipliers, ‖Tλf‖Lp(T2,X) ≤ C ‖f‖Lp(T2,X),
reduces precisely to this reformulation of (α) when applied to lacunary functions
f(x, y) =

∑
1≤j,k≤N xjke2j (x)e2k(y). �

2.2. Proposition. If (F ) holds, then X has property (α).

Proof. Our proof is based on L. Carleson’s interpolation theorem (see [8], Chapter
VII), which was also used by Lancien [16] is his proof of an analogous statement in
the product theory. Recall that (zj)∞j=0 ⊂ Ω is called an interpolating sequence for
the domain Ω ⊂ C if every interpolation problem φ(zj) = aj with (aj)∞j=0 ∈ `∞ has
a solution φ ∈ H∞(Ω). In this case there is a finite M , the constant of interpolation,
such that corresponding to every a = (aj)∞j=0, there is at least one φ ∈ H∞(Ω) with
‖φ‖∞ ≤ M ‖a‖∞. A complete characterization of interpolating sequences in a half-
plane is given in [8], Theorem VII.1.1; we only need the special case that zj = 2π ·2j

is interpolating for Ω = Sπ/2. By the obvious conformal invariance of interpolating
sequences, it follows that ζj = z2

j = 4π2 · 22j is interpolating for Sπ. In particular,
given (αjk)∞j,k=0 ∈ {−1,+1}N×N, there are φj ∈ H∞(Sπ) with φj(4π2 · 22k) = αjk

and ‖φj‖∞ ≤ M .
Let fj :=

∑N
k=1 xjke2k , where xjk ∈ X. Then

φj(−4)fj =
N∑

k=1

αjkxjke2k ,

and the R-boundedness estimate of the H∞(Sπ)-calculus of −4,

Eε

∥∥∥ N∑
j=1

εjφj(−4)fj

∥∥∥
Lp(T,X)

≤ CMEε

∥∥∥ N∑
j=1

εjfj

∥∥∥
Lp(T,X)

,
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now reads

Eε

∥∥∥ N∑
j,k=1

εje2kαjkxjk

∥∥∥
Lp(T,X)

≤ CMEε

∥∥∥ N∑
j,k=1

εje2kxjk

∥∥∥
Lp(T,X)

.

As in the previous proof, by Pisier [18], we may replace the lacunary exponentials
e2k on T in the previous inequality by the Rademacher variables ηk on some proba-
bility space, and by Kahane the Lp norm by an L1 norm, at the cost of changing C
to cpC. Then we have reached precisely the defining inequality of property (α). �

2.3. Proposition. If (P ) holds for some γ > 0, then X has property (α). More
precisely, there is Cp < ∞ such that

α(X) ≤ Cp lim
γ↓0

R({(−4)is : 0 < s < γ}),

where the R-bound is on Lp(T, X).

Proof. A new twist in the present proof is the fact that our assumption only involves
a relatively restricted operator family. Above, we constructed appropriate (and
somewhat artificial) operators, whose R-boundedness was just a reformulation of
property (α). Now we have to work with the given concrete operators, and we
obtain property (α) as the limit of a sequence of inequalities that our assumptions
give. The argument is inspired by S. Guerre-Delabrière’s proof [10] that UMD is
necessary for the boundedness (without R!) of the (−4)is.

We exploit the simple but useful idea (cf. [9]) of reformulating R-boundedness
conditions in terms of uniform boundedness on a larger space Rad(X), which is
defined as the completion of the linear space of finite sums

∑N
j=0 εjxj , xj ∈ X, in

the Lp norm. By Kahane’s inequality, the choice of p ∈ [1,∞[ here only affects
Rad(X) up to isomorphism. With this notation, the R-boundedness of (−4)is,
0 < s < γ, on Lp(T, X) is equivalent to the uniform boundedness, for all sequences
(sj)∞j=0 ∈ ]0, γ[N, of the operators

((−4)isj )∞j=0 : (fj)∞j=0 7→ ((−4)isj fj)∞j=0

on Lp(T,Rad(X)). Observe that T := ((−4)isj )∞j=0 is an operator-valued Fourier
multiplier with the symbol

m(ξ) = (|2πξ|i2sj )∞j=0 ∈ L (Rad(X)).

By a result of Ph. Clément and J. Prüss [7], or more precisely its periodic version
in [1], the boundedness of T on Lp(T,Rad(X)) implies the R-boundedness of {m(ξ) :
ξ ∈ Z \ {0}} on Rad(X), with R-bound Cp ‖T‖L (Lp(T,Rad(X)) =: C. Thus

EεEη

∣∣∣ N∑
j,k=1

εjηkei2sj log(2π|ξk|)xjk

∣∣∣
X
≤ CEεEη

∣∣∣ N∑
j,k=1

εjηkxjk

∣∣∣
X

for all N ∈ N, xjk ∈ X, ξk ∈ Z \ {0}, and sj ∈ ]0, γ[. Let us denote tk :=
2 log(2π |ξk|) = 2 log(2π) + 2 log2(|ξk|)/ log2(e). We make the following choice of sj

and tk:

sj := πs2Mj , tk :=
1
s

N∑
`=1

δ`k2−`M + 2 log(2π), s := log2(e)2
−NM−M−10,
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where δ`k ∈ {0, 1} and M ∈ N is large enough so that 2−M < γ, and hence
sj ∈ ]0, γ[. Note that then

log2(|ξk|) =
log2(e)

2
1
s

N∑
`=1

δ`k2−`M =
N∑

`=1

δ`k2(N−`+1)M+9 ∈ N,

so that |ξk| ∈ Z+, as it should.
With the choice made, we have

sjtk = π
∑

1≤`<j

δ`k2M(j−`) + πδjk + π
∑

j<`≤N

δ`k2M(j−`) + 2π log(2π)s2Mj

eisjtk = eiπδjk exp
(
iπ

∑
j<`≤N

δ`k2M(j−`) + i2π log2(2π)2(j−N−1)M−10
)
,

∣∣eisjtk − eiπδjk
∣∣ ≤ π

∑
`>j

2M(j−`) ≤ π

2M − 1
.

Thus we find that

EεEη

∣∣∣ N∑
j,k=1

εjηkeiπδjkxjk

∣∣∣
X

≤ EεEη

∣∣∣ N∑
j,k=1

εjηkeisjtkxjk

∣∣∣
X

+ EεEη

∣∣∣ N∑
j,k=1

εjηk(eiπδjk − eisjtk)xjk

∣∣∣
X

≤ CEεEη

∣∣∣ N∑
j,k=1

εjηkxjk

∣∣∣
X

+
N∑

j,k=1

π

2M − 1
|xjk|X .

The left-hand side and the first term on the right are independent of M , while the
last term vanishes as M →∞. On the other hand,

max sj = sN = π log2(e)2
−M−10 → 0, M →∞,

so that we only need the R-bounds of (−4)is for arbitrarily small positive values
of s to make this estimate. Finally, when δjk are arbitrary numbers in {0, 1}, the
exponentials eiπδjk are arbitrary numbers in {+1,−1}. Thus we obtain the defining
inequality of property (α) with the asserted estimate for the constant. �
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