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8 Perturbation theory and gravitational waves

8.1 Linearised metric and gauge transformations

8.1.1 Metric, connection and Riemann tensor

When discussing the Newtonian limit in chapter 4, we assumed that the perturbation
of the metric is diagonal and consists of only one function. Let us now consider gen-
eral linear perturbations around Minkowski space, also dropping the small velocity
approximation we used.

We assume that the spacetime is perturbatively near Minkowski space, i.e. gravi-
tational fields are weak. Precisely speaking, this means that there exists a coordinate
system where the metric can be written as

gαβ = ηαβ + hαβ , (8.1)

where |hαβ| � 1. We take the derivatives of hαβ to be of the same order of smallness
as hαβ. (This is not the case in all applications of perturbation theory in GR.) The
metric gαβ is a tensor, but ηαβ is not a tensor, so hαβ is not a tensor either. However,
if we work only to linear order in hαβ, it behaves as a tensor in Minkowski space, so we
can treat it like a field in flat spacetime. This is illustrated in figure 1. For example,
the indices of hαβ are lowered with ηαβ and raised with ηαβ. As gαγgγβ = δαβ we
have, to first order,

gαβ ' ηαβ − hαβ , (8.2)

where hαβ ≡ ηαγηβδhγδ.
The perturbation hαβ has 10 components. It is useful to decompose it in terms

of quantities that behave in a specific way under spatial rotations. (As Minkowski
space has no preferred time slices, the choice of time coordinate and spatial slicing
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(a) The real, perturbed, spacetime.
The metric is gαβ .
Neither ηαβ nor hαβ are tensors.

(b) The fictitious background spacetime.
The metric is ηαβ . It is a tensor.
The field hαβ is a tensor.

Figure 1

is arbitrary, though we restrict to Cartesian coordinates, i.e. we slice the spacetime
with Euclidean spatial sections.) Under spatial rotations, h00 is a scalar, h0i is a
vector, hij is a symmetric rank 2 tensor, and the spatial trace δijhij is a scalar. We
write

ds2 = −(1− h00)dt2 + 2h0idtdx
i + (δij + hij)dx

idxj

= −(1 + 2φ)dt2 + 2widtdx
i + [(1− 2ψ)δij + 2Sij ]dx

idxj , (8.3)

where Sij = S(ij) is called the strain. It is traceless, δijSij = 0. The indices of wi
and Sij are raised and lowered with the Euclidean metric δij . The new perturbation
functions in terms of the components hαβ read

φ ≡ −1

2
h00 (8.4)

wi ≡ h0i = hi0 (8.5)

ψ ≡ −1

6
δijhij (8.6)

Sij ≡
1

2

(
hij −

1

3
δijδ

klhkl

)
. (8.7)

The inverse of (8.4)–(8.7) can be written as

h00 = −2φ (8.8)

h0i = wi (8.9)

hij = −2δijψ + 2Sij (8.10)

h = 2φ− 6ψ , (8.11)

where h ≡ ηαβhαβ. The expressions (8.4)–(8.7) do not give a full decomposition
into irreducible representations of the rotation group.1 The perturbation h0i
has a scalar and an irreducible vector part, and Sij has scalar, irreducible vector
and irreducible rank 2 tensor parts. To get the full decomposition, we write

wi = Bi +B,i

Sij = Cij + C(i,j) + C,ij −
1

3
δij∇2C , (8.12)

1 Irreducible representations are those that contain no smaller subrepresentations that are closed
under the group action.
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where ∂iB
i = ∂iC

i = 0, ∂iC
ij = 0, Cij = C(ij), C

i
i = 0, and indices are again raised

and lowered with the Euclidean metric δij . This extends the well-known Helmholtz
decomposition of a vector in three-dimensional Euclidean space. Here Bi and Ci
are irreducible vectors and Cij is an irreducible rank 2 tensor.2

Let us count the number of degrees of freedom. In the decomposition (8.4)–(8.7),
φ and ψ are 2 functions, wi contains 3 functions, and the symmetric traceless 3× 3
matrix Sij contains 6−1 = 5 functions. That is 10 functions in total. From the irre-
ducible representation (8.12) we see that wi contains one scalar and one irreducible
vector, and Sij contains one scalar, one irreducible vector and one irreducible rank 2
tensor. An irreducible (three-)vector has 2 degrees of freedom (3 components minus
1 for being divergence-free), as does an irreducible symmetric rank 2 tensor (the 5
independent components of Sij minus 1 for one scalar and minus 2 for one irreducible
vector). So in total the metric has 4 scalar degrees of freedom, 4 irreducible vector
degrees of freedom and 2 irreducible tensor degrees of freedom. However, due to
coordinate invariance, in perturbation theory called gauge invariance, not all of
them are physical.

8.1.2 Gauge transformations

The split into background and perturbations is not uniquely defined. Consider un-
perturbed Minkowski space in Cartesian coordinates. Now do a small coordinate
transformation, and linearise in the small parameter of the transformation (for exam-
ple consider the merry-go-round coordinates introduced in chapter 1, with a small
angular velocity). The new metric has the form gαβ = ηαβ + hαβ, but hαβ is a
coordinate artifact, and does not correspond to physical degrees of freedom. A gen-
eral coordinate transformation xα → x′α(x) contains 4 arbitrary functions, so only
10− 4 = 6 of the 10 functions in the metric are independent. In the context of per-
turbation theory, this freedom corresponds to gauge transformations. They are
small coordinate transformations such that the background is left invariant and the
change is absorbed in the perturbations. A choice of division into the background
and perturbations means choosing a map from the real spacetime into a Minkowski
spacetime. Gauge transformations are changes in this mapping. Concretely, we have

xα → x′α = xα + ξα(x) , (8.13)

where ξα is of the same order of smallness as the metric perturbations. In (6.29),
we showed that the metric transforms as

gαβ → g′αβ = (M−1)γα(M−1)δβgγδ

' gαβ − 2∇(βξα)

' ηαβ + hαβ − ξα,β − ξβ,α
≡ ηαβ + h′αβ , (8.14)

2 Physicists are sloppy with language. The word tensor refers to an invariant object on the
manifold. However, it is also used to specifically mean a spatial rank 2 tensor. In the context
of perturbation theory, it most often means an irreducible rank 2 tensor, or its components.
The meaning is usually clear from the context.
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where ξα ≡ ηαβξβ. So the perturbation changes as

hαβ → h′αβ = hαβ − ξα,β − ξβ,α . (8.15)

Under the gauge transformation (8.15), the decomposed fields (8.4)–(8.7) trans-
form as

φ → φ′ = φ+ ξ̇0 (8.16)

wi → w′i = wi − ξ̇i − ∂iξ0 (8.17)

ψ → ψ′ = ψ +
1

3
∂iξ

i (8.18)

Sij → S′ij = Sij −
1

2
(ξi,j + ξj,i) +

1

3
δij∂kξ

k . (8.19)

We can divide the gauge transformation three-vector into irreducible parts as
ξi = ∂iξ + ξ̃i, where ∂iξ̃

i = 0. In terms of the irreducible representation (i.e. using
the decomposition (8.12)), the gauge transformations (8.16)–(8.19) read

φ′ = φ+ ξ̇0 (8.20)

B′ = B − ξ̇ − ξ0 (8.21)

B′i = Bi − ˙̃
ξi (8.22)

ψ′ = ψ +
1

3
∇2ξ (8.23)

C ′ = C − ξ (8.24)

C ′i = Ci − ξ̃i (8.25)

C ′ij = Cij . (8.26)

We have 4 gauge degrees of freedom: two scalars ξ and ξ0, and one irreducible
vector ξ̃i. We calculated after (8.12) that the perturbations have 4 scalar, 4 vector,
and 2 tensor degrees of freedom. Subtracting the number of gauge degrees of free-
dom, we now see that the 6 physical degrees are divided into 2 scalar, 2 vector and 2
tensor degrees of freedom. The gauge degrees of freedom are a nuisance in the sense
that we have to take them into account to be sure of the physical interpretation of
our solutions: we should not mistake gauge artifacts for physics. One way to do so is
to consider only gauge-invariant quantities, i.e. combinations of the perturbations
that do not change under gauge transformations. For example, Bi − Ċi does not
change under a gauge transformation, and Cij is gauge-invariant by itself. On the
other hand, we can use the gauge degrees of freedom to our advantage, because a ju-
dicious choice of ξα, called a gauge choice, can considerably simplify the equations
of motion, as we will see.

8.1.3 Connection and Riemann tensor

To first order, the connection coefficients for the metric (8.3) are

Γγαβ =
1

2
gγµ(∂αgβµ + ∂βgµα − ∂µgαβ)

' 1

2
ηγµ(∂αhβµ + ∂βhµα − ∂µhαβ) . (8.27)
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In terms of the decomposition (8.3), we have

Γ0
00 ' φ̇ (8.28)

Γ0
j0 ' ∂jφ (8.29)

Γ0
jk ' −1

2
(∂jwk + ∂kwj − ḣjk) (8.30)

Γi00 ' ẇi + ∂iφ (8.31)

Γij0 ' 1

2
(∂jwi − ∂iwj + ḣij) (8.32)

Γijk ' 1

2
(∂jhki + ∂khij − ∂ihjk) , (8.33)

where dot denotes ∂t and we have not divided hij into the traceless part 2Sij and
the trace −6ψ.

The corresponding Riemann tensor is

Rαβγδ ' ηαµ∂γΓµδβ − ηαµ∂δΓ
µ
γβ

' 1

2
(∂γ∂βhαδ − ∂γ∂αhδβ − ∂δ∂βhαγ + ∂δ∂αhγβ) , (8.34)

The gauge transformation (8.15) leaves the Riemann tensor unchanged. This can
be seen straightforwardly by substituting (8.15) into (8.34) to get

Rαβγδ → R′αβγδ = Rαβγδ . (8.35)

This is analogous to how the gauge transformation Aα → A′α = Aα + ∂ασ in elec-
tromagnetism leaves the field strength Fαβ = ∂αAβ − ∂βAα unchanged.

The Riemann tensor can be written as

R0j0l '
1

2
(∂j ḣ0l + ∂lḣ0j − ∂0ḣlj − ∂l∂jh00)

' ∂j∂lφ+
1

2
(∂jẇl + ∂lẇj)−

1

2
ḧjl (8.36)

R0jkl '
1

2
(∂k∂jh0l − ∂l∂jh0k + ∂lḣkj − ∂kḣlj)

' 1

2
(∂k∂jwl − ∂l∂jwk)−

1

2
(∂kḣlj − ∂lḣkj) (8.37)

Rijkl '
1

2
(∂k∂jhil − ∂k∂ihlj − ∂l∂jhik + ∂l∂ihkj) (8.38)

The Ricci tensor is

Rαβ ' ηγδRγαδβ

' 1

2
(∂α∂γh

γ
β + ∂β∂γh

γ
α −�hαβ − ∂α∂βh) , (8.39)

where h ≡ ηαβhαβ, � ' ηαβ∂α∂β. The Ricci scalar is

R ' ηαβRαβ ' ∂α∂βhαβ −�h , (8.40)
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so the Einstein tensor is

Gαβ ' Rαβ −
1

2
ηαβR

' 1

2
(∂γ∂αh

γ
β + ∂β∂γh

γ
α − ∂α∂βh−�hαβ − ηαβ∂γ∂δhγδ + ηαβ�h) .(8.41)

In terms of the decomposition (8.3), the Einstein tensor reads

G00 ' 2∇2ψ + ∂i∂jS
ij (8.42)

G0j ' −1

2
∇2wj +

1

2
∂j∂kw

k + 2∂jψ̇ + ∂kṠ
k
j (8.43)

Gij '
(
δij∇2 − ∂i∂j

)
(φ− ψ) + 2δijψ̈ + δij∂kẇ

k

−1

2
(∂iẇj + ∂jẇi)−�Sij + ∂k(∂iS

k
j + ∂jS

k
i)− δij∂k∂lSkl , (8.44)

where ∇2 ≡ δij∂i∂j .

8.1.4 Equation of motion for particles

Let us first consider the equation of motion for particles (the geodesic equation) and
then the equation of motion for the metric (the Einstein equation). Take a particle
moving on timelike geodesic with tangent vector uα. Its four-momentum is

pα = muα = (E, pi) , (8.45)

where m is mass, E is energy, and pi is three-momentum. We can write the three-
momentum as

pi = m
dxi

dτ
= E

dxi

dt
= Evi , (8.46)

where we have used the relation E = mu0 = m dt
dτ .

The geodesic equation is

0 = uβ∇βuα

=
duα

dτ
+ Γαβγu

βuγ

∝ m
dpα

dτ
+ Γαβγp

βpγ

= E
dpα

dt
+ Γαβγp

βpγ , (8.47)

where we have again used E = mu0 = m dt
dτ . Moving the connection coefficients to

one side and dividing both sides by E, we get

dpα

dt
= −Γαβγ

pβpγ

E
. (8.48)
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The component α = 0 gives, inputting connection coefficients from (8.28)–(8.30),

dE

dt
= −Γ0

αβ

pαpβ

E
= −Γ0

00E − 2Γ0
0iEv

i − Γ0
ijEv

ivj

= −E
[
φ̇+ 2vi∂iφ−

(
∂iwj −

1

2
ḣij

)
vivj

]
. (8.49)

For the components α = i we get

dpi

dt
= −Γiαβ

pαpβ

E
= −Γi00E − 2Γi0jEv

j − ΓijkEv
jvk

= −E
[
∂iφ+ ẇi + (∂jwi − ∂iwj + ḣij)v

j

+
1

2
(∂jhki + ∂khij − ∂ihjk)vjvk

]
. (8.50)

This form of the geodesic equation suggests identifying the connection coefficient
terms as forces due to gravitational fields living in Minkowski space. In addition to
the field φ that is the only contribution in the Newtonian case, we have the extra
scalar field ψ, vector field wi and tensor field hij . Their physical meaning is more
transparent if we introduce the gravitoelectric and gravitomagnetic vector fields

Gi ≡ −∂iφ− ẇi
H i ≡ εijk∂jwk , (8.51)

or, in three-vector notation,

~G = −∇φ− ~̇w

~H = ∇× ~w . (8.52)

In terms of the fields (8.52), the generalisation (8.50) of Newton’s law of gravity
reads

dpi

dt
= E

[
Gi + (∂iwj − ∂jwi)vj − ḣijvj −

1

2
(∂jhki + ∂khji − ∂ihjk)vjvk

]
= E(Gi + εijkvjHk︸ ︷︷ ︸

~G+~v× ~H

)− E
[
ḣijv

j +
1

2
(∂jhki + ∂khji − ∂ihjk)vjvk

]
, (8.53)

where we have used the relation

~v × ~H = εijkv
jHk = εijkε

klm︸ ︷︷ ︸
εkijε

klm=δliδ
m
j−δmiδlj

vj∂lwm = vj∂iwj − vj∂jwi . (8.54)

The force law (8.53) can be compared to the electromagnetic Lorentz force, which
we discussed in chapter 1:

d~p

dt
= q
(
~E + ~v × ~B

)
, (8.55)
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and the gravitoelectric and gravitomagnetic fields ~G and ~H can be compared to the
electric and magnetic fields:

~E = −∇ϕ− ~̇A

~B = ∇× ~A , (8.56)

where we have written Aα = (ϕ,Ai).
We see that h00 and h0i affect the motion of a particle in the same way as the

electromagnetic scalar and vector potential, respectively. Gravity couples to the
energy E instead of the electric charge q. The perturbation h00 alone gives the
Newtonian force, with the difference that it couples to E and not m. The time
derivative of hij contributes at the same linear order in vi as h0i, and its spatial
derivatives contribute at quadratic order in vi.

In order to quantify the different terms, we need the magnitude of the different
perturbations for a realistic source, so we have to solve the Einstein equation.

8.1.5 Equation of motion for the metric

In the components of the Einstein tensor (8.42)-(8.44), various combinations of the
metric perturbations and their derivatives appear. We can simplify these compo-
nents considerably by choosing a convenient gauge, such as the transverse gauge,
defined by the gauge conditions

∂iw
i = 0

∂iS
ij = 0 . (8.57)

Let us first show that we can simultaneously impose these conditions. We have
available four functions ξα, and (8.57) has four conditions, so seems possible that we
can impose them, but we still have to show explicitly that there exists a vector ξα

such that (8.57) holds. The conditions are easiest to handle in terms of irreducible
variables defined in (8.12).

The first condition reads

0 = ∂iB
i +∇2B

= ∇2B , (8.58)

given that ∂iB
i = 0 by definition. The only solution to the equation ∇2B = 0 that

is non-singular everywhere and vanishes at spatial infinity is B = 0.
In terms of the irreducible variables, the second gauge condition in (8.57) reads

0 = ∂iCij +
1

2
∂j∂

iCi +
1

2
∇2Cj +

2

3
∂j∇2C

=
1

2
∇2Cj +

2

3
∂j∇2C , (8.59)

where we have taken into account that by definition ∂iCij = 0, ∂iCi = 0. Applying
∂j to (8.59) and using ∂jCj = 0 gives ∇2∇2C = 0. Again, the only solution that
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is non-singular everywhere and vanishes at spatial infinity is C = 0. Using this in
(8.59) then gives ∇2Cj = 0, which gives Cj = 0.

So we have to check whether it is possible to choose ξα = (ξ0, ∂iξ + ξ̃i) so that
B = C = 0 and Cj = 0. Starting from arbitrary coordinates where these functions
are not necessarily zero, under a gauge transformation they change according to
(8.21), (8.24) and (8.25) as

B → B′ = B − ξ̇ − ξ0
C → C ′ = C − ξ
Ci → C ′i = Ci − ξ̃i . (8.60)

Requiring that in the new coordinates B′ = C ′ = 0 and C ′i = 0 gives the unique
solution ξ = C, ξ0 = B − Ċ and ξ̃i = Ci. So it is always possible to choose the
transverse gauge, and it completely fixes the gauge conditions: there are no gauge
degrees of freedom left over.

In the transverse gauge, the Einstein equation Gαβ = 8πGNTαβ simplifies con-
siderably:

∇2ψ ' 4πGNT00 (8.61)

∇2wj − 4∂jψ̇ ' −16πGNT0j (8.62)(
δij∇2 − ∂i∂j

)
(φ− ψ) + 2δijψ̈ −

1

2
(∂iẇj + ∂jẇi)−�Sij ' 8πGNTij . (8.63)

We can split the ij component into the trace and the traceless part:

∇2(φ− ψ) + 3ψ̈ ' 4πGNδ
ijTij (8.64)(

1

3
δij∇2 − ∂i∂j

)
(φ− ψ)− ∂(iẇj) −�Sij ' 8πGN

(
Tij −

1

3
δijδ

klTkl

)
.(8.65)

We can solve these equations straightforwardly one step at a time. First we solve ψ
from (8.61). We then input the result into (8.64) to solve for φ and into (8.62) to
solve for wi. Finally, we input all these results into (8.65) to solve for Sij .

The solution of (8.61) is

ψ(t,x) = −GN

∫
d3x′

T00(t,x
′)

|x− x′|
. (8.66)

Analogously, the solution of (8.62) is

wi(t,x) =

∫
d3x′

4GNT0i(t,x
′)− 1

π∂iψ̇(t,x′)

|x− x′|

= GN

∫
d3x′

|x− x′|

[
4T0i(t,x

′)− 1

π

∫
d3x′′

Ṫ00(t,x
′′)(x′i − x′′i )

|x′ − x′′|3

]
. (8.67)

The solution of (8.64) is likewise

φ(t,x)− ψ(t,x) =

∫
d3x′
−GNδ

ijTij(t,x
′) + 3

4π ψ̈(t,x′)

|x− x′|

= −GN

∫
d3x′

|x− x′|

[
δijTij(t,x

′) +
3

4π

∫
d3x′′

T̈00(t,x
′′)

|x′ − x′′|3

]
.(8.68)
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We will discuss the solution for Sij later. Let us first look at the Newtonian limit,
now properly accounting for all of the metric perturbations.

8.1.6 Newtonian limit redux

The central assumptions of the Newtonian limit are weak fields and small velocities.
The energy-momentum tensor reads, in full generality,

Tαβ = (ρ+ P )uαuβ + Pgαβ + 2q(αuβ) + Παβ

' (ρ+ P )uαuβ + Pηαβ + 2q(αuβ) + Παβ , (8.69)

where on the second line we have taken into account that the matter quantities are
taken to be the same order of smallness as the metric perturbations (which they
source via a linear equation). Taking into account that ui is also first order small
and the normalisation gαβu

αuβ = −1, the components of the energy-momentum
tensor read

T00 ' (ρ+ P )u0u0 − P + 2q0u0 + Π00 ' ρ+ 2qiu
i

T0i ' (ρ+ P )u0ui + qiu0 + Π0i ' −(ρ+ P )ui − qi −Πiju
j

Tij ' Pδij + 2q(iuj) + Πij , (8.70)

where we have used qαu
α = 0 and Παβu

β = 0 to solve for q0 and Π0i, and have kept
the leading cross-terms between the velocity and the matter variables, but dropped
cross-terms between matter variables and metric perturbations. If we assume that
all matter contributions except the energy density are negligible, we get

T00 ' ρ

T0i ' −ρui
Tij ' 0 . (8.71)

The solution for ψ from (8.66) is now the same as in Newtonian physics, except
that the source is the energy density, not the mass density,

ψ(t,x) = −GN

∫
d3x′

ρ(t,x′)

|x− x′|
. (8.72)

In this limit, the difference between ψ and φ is generated solely by ψ̈. If the
density varies slowly in time, so does ψ, and φ ' ψ.

The solution for wi in (8.67) has two parts, one generated by ρui and the other
by ρ̇. If the second contribution is small, we get

wi(t,x) ' −4GN

∫
d3x′

ρ(t,x′)ui(t,x
′)

|x− x′|
. (8.73)

In the Newtonian limit, the vector perturbation wi is suppressed by one factor
of velocity compared to the the scalar perturbations ψ and φ. In the geodesic
equation (8.53), wi appears via a time derivative and coupled to the velocity. The
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contribution of wi to the equation of motion is therefore additionally suppressed
beyond the suppression of wi over ψ and φ.

Let us now come back to Sij . In the approximation we have adopted, its equation
of motion reduces to

�Sij = 0 . (8.74)

This is a wave equation. Unlike all the other metric perturbations, Sij does not
vanish in the absence of matter, but propagates at the speed of light. Let us take a
closer look at these gravitational waves.

8.2 Gravitational waves

8.2.1 In vacuum

Let us consider the perturbed metric in the case when the energy-momentum tensor
is zero. The equations of motion then give φ = ψ = 0, wi = 0, and

0 = �Sij = −∂
2Sij
∂t2

+∇2Sij . (8.75)

This is a wave equation whose solutions are waves moving at the speed of light. The
general solution is a linear combination of waves with all possible null wavevectors
kα,

Sij(t, ~x) = Re

{∫
d3k′S̃ij(~k

′)eik
′
αx

α

}
. (8.76)

Note that kαx
α = ~k · ~x− kt, where k ≡ |~k|. Inserting (8.76) into (8.75), we get the

null condition k′αk
′α = 0. For a monochromatic wave with wavevector ~k, we have

S̃ij(~k
′) = δ(3)(~k′ − ~k)sij(~k), so

Sij(t, ~x) = Re
{
sij(~k)ei(

~k·~x−kt)
}
. (8.77)

Because Sij is symmetric, sij = sji. Because Sij is traceless, δijsij = 0. The equation
(8.75) has been derived in the transverse gauge, and the gauge condition ∂iS

ij = 0
means kisij = 0. Let us choose the z-axis to point in the direction of ~k. The matrix
sij then reads

sij(~k) =

s11(~k) s12(~k) 0

s12(~k) −s11(~k) 0
0 0 0

 . (8.78)

From the 5 degrees of freedom of a general traceless symmetric 3 × 3 matrix,
the transverse condition removes 3, leaving us with 2, which is the right number of
physical tensor degrees of freedom, as discussed earlier. Of the 10 degrees of freedom
in the metric, only 6 are physical, and only 2 propagate, the other 4 are given by
constraints.
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The gravitational wave is analogous to the electromagnetic wave. A photon is
described by a vector field and is hence a spin 1 particle. However, because of gauge
invariance, it has only 2 degrees of freedom (a general spin 1 particle has 3). A
gravitational wave corresponds to a spin 2 particle3, which in general can have 5
degrees of freedom, but in GR it has only 2, because of invariance under general
coordinate transformations. In both cases, in the transverse gauge the field oscillates
orthogonal to the direction of propagation. Let us now look more closely at these
oscillations, i.e. at the polarisation of the gravitational wave.

The metric perturbation corresponding to a gravitational wave propagating in
the z-direction with wavenumber k can be written as

hαβ(t, ~x) = 2


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 cos[k(z − t)] , (8.79)

where the polarisation modes h+, h× depend on k, and the reason for the notation
+,× will become clear soon.

8.2.2 Effect on matter

Let us now look at how gravitational waves affect matter. Consider massive test
particles affected only by gravity. Their motion is given by the geodesic equation:

0 = uβ∇βuα

= ẍα + Γαβγ ẋ
βẋγ . (8.80)

Because the only non-zero metric perturbation is Sij , and Sii = 0, ∂iS
ij = 0, only

connection coefficients with at least two spatial indices are non-zero, to first order in
perturbation theory. (This can be checked explicitly from (8.28)–(8.33).) Therefore
the combination Γαβγ ẋ

βẋγ includes either one or two factors of ẋi. So if we consider
particles that are initially at rest, their initial acceleration is zero, and they stay at
rest.4 By the same token, their proper time equals coordinate time, x0 = t.

So the solution to the equation of motion for test particles initially at rest is
simply x0 = t, xi = constant. However, this does not mean they are unaffected by
the gravitational wave. Their proper distance oscillates as the wave passes through,
even though the coordinate distance is unaffected.5

Consider particles on the xy-plane (z = 0). For a gravitational wave with polar-

3 This propagating perturbation of the spacetime could be called a graviton. However, more
often the word graviton is only used to refer to a mode of the quantised gravitational field.

4 A plane wave has infinite extension, so there is no time when it would not have have crossed our
test particles. But real waves are wave packets with finite extension, and the same reasoning
applies.

5 Similarly, in the spatially homogeneous and isotropic FLRW model the proper distance between
observers who stay at constant coordinate position increases or decreases as the universe ex-
pands or contracts.
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isation h+ (i.e. h× = 0), the metric is

gαβ =


−1

1 + 2h+ cos (kt)
1− 2h+ cos (kt)

1

 . (8.81)

The proper distance at coordinate distance x in the x-direction is

Lx =

∫ x

0
dx
√
g11

'
∫ x

0
dx[1 + h+ cos (kt)]

= x[1 + h+ cos (kt)] . (8.82)

Similarly, the proper distance in the y-direction is

Ly = y[1− h+ cos (kt)] . (8.83)

The area element on the xy-plane is unchanged, as [1 + 2h+ cos (kz − kt)][1 −
2h+ cos (kz − kt)] ' 1.

So a gravitational wave with polarisation h+ expands and contracts the x- and
y-directions concurrently in such a way that the area remains constant. This is the
reason for the label +.

Finding the effect of a wave with polarisation h× (i.e. in the case h+ = 0) is a
bit more complicated, because in the coordinate system we used, the metric is not
diagonal. If we don’t want to introduce more formalism (which would be overkill for
our simple problem), we can first rotate the coordinate system so that the metric
is diagonal, calculate the proper distance and then rotate back. Rotation of the
xy-plane is the transformation

xi → x′i = Rijx
j , (8.84)

where the rotation matrix is

Rij(θ) =

(
cos θ − sin θ
sin θ cos θ

)
. (8.85)

Here the index i takes only the values 1 and 2. We could include the z-coordinate
and use a 3× 3 matrix, but since the action is on the xy-plane, this would only be
extra notation with little benefit. As usual, the metric transforms with the inverse
matrix, which in this case just has −θ in place of θ, so

gij → g′ij = Rki(−θ)Rlj(−θ)gkl
= Rkj(−θ)Rli(−θ)(δkl + hkl)

= δij +Rki(−θ)Rlj(−θ)hkl (8.86)
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Let us write the transformation in matrix form, considering a general polarisation
(and taking into account Rij = (R−1)j

i). In matrix notation, h→ RhR−1:(
h+ h×
h× −h+

)
→

(
cos θ − sin θ
sin θ cos θ

)(
h+ h×
h× −h+

)(
cos θ sin θ
− sin θ cos θ

)
=

(
(cos2 θ − sin2 θ)h+ − 2 cos θ sin θh× 2 cos θ sin θh+ + (cos2 θ − sin2 θ)h×
2 cos θ sin θh+ + (cos2 θ − sin2 θ)h× −(cos2 θ − sin2 θ)h+ + 2 cos θ sin θh×

)
=

(
cos(2θ)h+ − sin(2θ)h× sin(2θ)h+ + cos(2θ)h×
sin(2θ)h+ + cos(2θ)h× − cos(2θ)h+ + sin(2θ)h×

)
=

(
− sin(2θ)h× cos(2θ)h×
cos(2θ)h× sin(2θ)h×

)
, (8.87)

where on the last line we have specialised to the situation h+ = 0. We see that
if cos(2θ) = 0 and sin(2θ) = −1, the × polarisation is transformed into the +
polarisation. This corresponds to θ = −π

4 .
In the transformed coordinate system, the proper length between the origin and

the ring of dust particles in the x′ and y′ directions is

Lx′ = x′[1 + h× cos (kt)]

Ly′ = y′[1− h× cos (kt)] . (8.88)

We now rotate the directions x′ and y′ back to the original directions with the
inverse transformation, Rij(−θ) = Rij(

π
4 )

x′i → Rij

(π
4

)
x′j

=

(
cos π4 − sin π

4
sin π

4 cos π4

)(
x′

y′

)
=

1√
2

(
1 −1
1 1

)(
x′

y′

)
=

1√
2

(
x′ − y′
x′ + y′

)
=

(
x
y

)
. (8.89)

Combining this and (8.88), we find that the proper distance in the x-direction oscil-
lates as

Lx =
1√
2

(Lx′ − Ly′)

=
1√
2

[1 + h× cos (kt)]x′ − 1√
2

[1− h× cos (kt)]y′

=
1√
2

(x′ − y′) +
1√
2

(x′ + y′)h× cos (kt)

= x+ yh× cos (kt) . (8.90)
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Similarly, we get

Ly = y + xh× cos (kt) . (8.91)

Again, the area element is unchanged, as det(δij + hij) ' 1 to first order. The
h× polarisation stretches the directions diagonally: the distance in the x-direction
stretches/contracts as the y-coordinate grows, and vice versa. This is the reason for
the label ×.

8.2.3 Generation

Let us now discuss how gravitational waves are sourced by matter. As we have to
consider other components of the metric in addition to Sij , it is more convenient to
use a gauge other than the transverse gauge. Consider the Einstein tensor (8.41).
We can simplify it by switching to a different variable, namely the trace-reversed
perturbation

h̄αβ ≡ hαβ −
1

2
hηαβ . (8.92)

It follows that h̄ ≡ ηαβh̄αβ = −h, so

hαβ = h̄αβ −
1

2
h̄ηαβ . (8.93)

The relation between h̄αβ and hαβ is the same as the relation between the Einstein
tensor Gαβ and the Ricci tensor Rαβ. In terms of h̄αβ, the Einstein tensor reads

Gαβ ' 1

2

(
∂γ∂αh̄

γ
β + ∂β∂γ h̄

γ
α − ηαβ∂γ∂δh̄γδ −�h̄αβ

)
, (8.94)

i.e. we have eliminated terms proportional to ηαβ. So far, we have not made any
gauge choice. If we impose the condition

∂αh̄
αβ = 0 , (8.95)

then (8.94) simplifies to

Gαβ ' −1

2
�h̄αβ , (8.96)

The coordinate system where condition (8.95) holds is called the Lorenz gauge
after the similar gauge in electromagnetism. Let us show that it is possible to
impose this condition. As the Lorenz gauge condition is written in terms of the full
perturbation hαβ rather than the components split into scalar, vector and tensor
parts, it is easier to consider the gauge condition covariantly rather then in terms of
the irreducible variables. Under the gauge transformation (8.15), h̄αβ transforms as

h̄αβ → h̄′αβ = h̄αβ − ξα,β − ξβ,α + ηαβξ
γ
,γ . (8.97)

So, let us assume that we are in a gauge where ∂αh̄
αβ is arbitrary and show that

there exists a choice of ξα that brings it to zero:

∂αh̄
αβ → ∂αh̄

′αβ = ∂αh̄
αβ −�ξβ = 0 . (8.98)
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The equation �ξβ = ∂αh̄
αβ always has a solution, so we can choose the Lorenz gauge.

In contrast to the transverse gauge condition, the Lorenz gauge condition does not
fix the gauge completely. We can still shift the gauge functions as ξα → ξα + ζα as
long as �ζα = 0.

We are now left with only one term in the Einstein tensor (8.94), and the Einstein
equation reads

�h̄αβ = −16πGNTαβ . (8.99)

Note the consistency of the gauge condition (8.95) with the continuity equation
∂αT

αβ = 0. This equation can be solved as readily as the Poisson equation, with
the result

h̄αβ(t,x) = 4GN

∫
d3x′

Tαβ(tret,x
′)

|x− x′|
, (8.100)

where tret ≡ t−|x−x′| is the retarded time. We could add an arbitrary solution of
the homogeneous wave equation, but we are here interested in the waves generated
by matter, and so demand that the metric perturbation vanishes when the energy-
momentum tensor vanishes.

In contrast to the solutions of the Poisson equation, here the integration is not
over a spatial hypersurface of constant time, but over the past lightcone. The
gravitational wave signal at our location is determined by the sources with a time
lag corresponding to the distance times the speed of light. As far as the equations
are concerned, we could equally well use the advanced time tadv ≡ t+ |x− x′| in
the solution, corresponding to integrating over the future lightcone. As usual, we
discard such signals that move backward in time, demanding that null geodesics can
only be travelled in one direction. (As noted earlier, we do not know why this the
case in GR any more than in electromagnetism.)

Let us now simplify (8.100). We first show that we need to consider only the ij
components, because the others can be solved from the gauge condition (8.95). The
i components of the gauge condition are

0 = ∂αh̄
αi = ˙̄h0i + ∂j h̄

ji , (8.101)

from which we solve

h̄0i(t, ~x) = ai(~x)−
∫ t

dt′∂j h̄
ji(t′, ~x) , (8.102)

where ai(~x) is an arbitrary function of the spatial coordinates. The 0 component of
the gauge condition gives

0 = ∂αh̄
α0 = ˙̄h00 + ∂j h̄

j0 , (8.103)

so we get

h̄00(t, ~x) = a(~x)−
∫ t

dt′∂j h̄
j0(t′, ~x)

= a(~x)− t∂iai(~x) +

∫ t

dt′∂i∂j h̄
ij(t′, ~x) , (8.104)
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where a(~x) is an arbitrary function of the spatial coordinates.
We see that the gauge condition does not quite allow us to determine the compo-

nents h̄0α from h̄ij . One possibility is that the functions a and ai might correspond
to gauge degrees of freedom – recall that we are still allowed to do gauge trans-
formations where the gauge function ξα satisfies �ξα = 0. However, with such
transformations we cannot get rid of a and ai, so in general they correspond to
physical degrees of freedom. This is simple to see: the relation between ai and ξα

is linear, so �ξα = 0 means we can only eliminate ai if �ai = ∇2ai = 0, which is
only possibly if ai = 0, and similarly for a. So a and ai are physical parts of the
solution. However, because a and ai depend only on the spatial coordinates, they
cannot describe waves. Because we are considering wave solutions, we can set them
to zero.

Having established it’s enough to consider h̄ij , let us simplify the expression for
it. First, we assume that the source region where T ij 6= 0 has compact support, and
its size is small compared to its distance from the observation point ~x. This allows
us to write

h̄ij(t,x) = 4GN

∫
d3x′

T ij(tret,x
′)

|x− x′|

≈ 4GN

r

∫
d3x′T ij(tret,x

′) , (8.105)

where r is the distance from the observer at ~x to the centre of the observation re-
gion. This approximation is excellent for all sources of gravitational waves that can
be observed in the foreseeable future. They are at astrophysical or cosmological dis-
tances from us6, and the sources have sizes comparable to the radii of compact stellar
remnants or Schwarzschild radii of black holes (kilometers to billions of kilometers).

We can further simplify the expression by replacing the spatial components with
time components using the continuity equation ∂αT

αβ = 0. The procedure is similar
to writing h̄0α in terms of h̄ij above, here we just go in reverse. Consider the integral∫

d3x(T ikxj),k =

∫
d3xT ik,kx

j +

∫
d3xT ij . (8.106)

The left-hand side is a total derivative, so it can be written as a boundary integral
via Gauss’ theorem. As the source region is compact, the boundary term vanishes,
and we get ∫

d3xT ij = −
∫

d3xT ik,kx
j

=

∫
d3xT i0,0x

j

=
d

dt

∫
d3xT i0xj

=
1

2

d

dt

∫
d3x

(
T i0xj + T j0xi

)
, (8.107)

6 The closest source of directly detected gravitational waves so far, event GW170817, was about
100 million light years from us. In the next decade, we will be able to detect gravitational
waves from sources only some thousands of light years away.
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where on the second line we have applied ∂αT
αi = ∂0T

0i + ∂jT
ji = 0, and on the

last line used the fact that since T ij is symmetric, we can explicitly symmetrise the
left-hand side. We can now repeat the same trick to get rid of the remaining spatial
index in the energy-momentum tensor:∫

d3x
(
T 0kxixj

)
,k

=

∫
d3xT 0k

,kx
ixj +

∫
d3x
(
T 0ixj + T 0jxi

)
. (8.108)

The left-hand side vanishes for the same reason as before, so the right-hand side
gives ∫

d3x
(
T 0ixj + T 0jxi

)
= −

∫
d3xT 0k

,kx
ixj

=

∫
d3xT 00

,0x
ixj , (8.109)

where on the second line we have used ∂αT
α0 = ∂0T

00+∂kT
k0 = 0. Inserting (8.109)

into (8.107), we get ∫
d3xT ij =

1

2

d2

dt2

∫
d3xT 00xixj . (8.110)

For sources moving at non-relativistic velocities, T 00 ≈ ρ. Inputting this result into
(8.105), we get the final expression for the metric perturbation:

h̄ij(t,x) =
2GN

r

d2

dt2

∫
d3x′ρ(t,x′)x′ix′j

∣∣∣
t=tret

. (8.111)

This is the quadrupole formula for gravitational radiation.

8.2.4 Sourced by two rotating masses

As an example, let us consider a source that consists of two masses M moving at
constant angular velocity ω on opposite sides of a circle with radius a, illustrated
in figure 2. This simple setup could model a physical object, like a dumbbell, or an
astrophysical binary system. It gives a good first approximation for the amplitude
and frequency of the gravitational waves emitted by real black hole binary systems
during their inspiral phase.7

Let us choose coordinates so that the masses move on the xy-plane, with positions

~xn(t) = (−1)na(cos[ωt], sin[ωt], 0) , (8.112)

where n = 1, 2 labels the masses. The energy density is thus, modelling the masses
as point particles (a fair approximation as long as a is much larger than their size)

ρ(t, ~x) = M

2∑
n=1

δ[~x− ~xn(t)] . (8.113)

7 The eccentricity of a black hole binary system decreases faster than its energy, so circularity
is a good approximation for mature black hole binaries.
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Figure 2: Binary system setup.

The quadrupole formula (8.111) gives

h̄ij(t,x) =
2GNM

r

d2

dt2

2∑
n=1

xinx
j
n

∣∣∣
t=tret

=
4GNM

r

d2

dt2
(xi1x

j
1)
∣∣∣
t=tret

=
4GNMa2

r

d2

dt2

 cos2(ωt) sin(ωt) cos(ωt) 0
sin(ωt) cos(ωt) sin2(ωt) 0

0 0 0

∣∣∣∣∣
t=tret

=
2GNMa2

r

d2

dt2

1 + cos(2ωt) sin(2ωt) 0
sin(2ωt) 1− cos(2ωt) 0

0 0 0

∣∣∣∣∣
t=tret

= −8GNMa2ω2

r

cos(2ωt) sin(2ωt) 0
sin(2ωt) − cos(2ωt) 0

0 0 0

∣∣∣∣∣
t=tret

= −8GNMa2ω2

r

cos[2ω(t− r)] sin[2ω(t− r)] 0
sin[2ω(t− r)] − cos[2ω(t− r)] 0

0 0 0

 , (8.114)

where r = |~x|.
We cannot straightforwardly apply the interpretation of gravitational waves dis-

cussed in (8.2.2) to this result, because there we used the transverse gauge (∂iS
ij = 0)

and here we have used the Lorenz gauge (∂αh̄
αβ = 0). We have

∂iS
ij = ∂ih

ij

= ∂ih̄
ij − 1

2
δij∂ih̄ . (8.115)

If the observer is on the z-axis, ∂ih̄
ij = 0. It then follows from Lorenz gauge

condition that h̄0α = 0, as we see from (8.102) and (8.104). Because the solution
(8.114) satisfies h̄ii = 0, it follows that ∂iS

ij = 0. So on the z-axis we can identify
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Figure 3: The first direct gravitational wave signal detected. The upper two panels
show the amplitude as a function of time at the two observation sites at Hanford
and Livingston, the third panel shows the residual after subtracting the model,
and the bottom panels show the frequency as a function of time. (Source: https:

//arxiv.org/abs/1602.03837).

(8.114) as a plane wave with angular frequency 2ω, amplitude 4GNMa2ω2

r and right-
handed circular polarisation. For an observer off the z-axis, we have to do a gauge
transformation from the Lorenz gauge to the transverse gauge.

Exercise. Show that the wave (8.114) is circularly polarised, i.e. particles at
constant coordinate position on the xy-plane move in a circle in the clockwise direc-
tion as seen from the direction of the positive z-axis.

The first direct gravitational wave detection was made by the LIGO experiment
on September 14 2015. The physical idea is simple: a light wave is split in two and
sent down two 4 km long tunnels that are orthogonal to each other, reflected back at
the ends, and then the phases of the waves are compared. Interferometry allows for
extremely accurate measurement of changes in length (not the length itself) along
the two tunnels. If gravitational wave passes through, the lengths of the two tunnels
change in a different way. To make sure of the detection, there are two detectors
3 000 km apart, which also allows to measure the time lag between gravitational
wave detection (varying from zero to 0.01 seconds, depending on the direction of the
wave). The source of the first gravitational wave was a black hole binary system.
Each black hole had mass 30M�, and the distance to the system was 1 billion light
years. The signal is shown in figure 3.

https://arxiv.org/abs/1602.03837
https://arxiv.org/abs/1602.03837
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Exercise. Find the frequency and the amplitude of the gravitational waves
emitted by the system detected by LIGO as a function of λ (defined below). Take
the black holes to be on a circular Newtonian orbit with radius r = λrs, where rs is
the Schwarzschild radius and λ > 1. Take the orbit to be on the xy-plane, its center
to be at the origin and the observer to be on the z-axis. Approximate the black
holes as pointlike and non-rotating, and neglect the expansion of the universe.

In 2017, a Nobel prize was awarded for the LIGO detection. The observation
started a boom of gravitational wave studies both on the theoretical and obser-
vational side. As we mentioned in chapter, the fourth observational round of the
combined LIGO-Virgo-KAGRA gravitational wave detector network is ongoing, with
10-15 candidate detections per month. The next generation experiment LISA will
consist of a trio of satellites 2.5 million km apart, co-orbiting the Sun with the
Earth. LISA is due to be launched in 2035 by the European Space Agency ESA in
collaboration with the United States space agency NASA.

However, before direct detection, gravitational waves had already been observed
indirectly from the energy loss due to their emission. Let us calculate it.

8.2.5 Energy-momentum pseudotensor

Gravitational waves are a first order perturbation of the metric. Their effect on the
system emitting them is a second order effect. Second order perturbation theory
can get a bit involved, but we will be able to avoid most complications, as we are
mainly interested in finding the effective energy-momentum tensor of the gravita-
tional waves. The energy it carries is then equal to the energy lost by the system. If
we can deduce the amount of energy lost by the system from observing its dynamics,
we can determine the energy of the emitted waves, which fixes a combination of their
amplitude and frequency.

We have already remarked that we treat metric perturbations as fields living
in Minkowski space. From this point of view, the gravitational wave is just a spin
2 field, which carries energy like all matter fields. However, because of coordinate
invariance, it is impossible to localise the energy carried by a gravitational wave. At
any point in spacetime, we can make the metric flat and its first derivative zero. To
find the energy of gravitational waves, we have to average over several wavelengths.
Let us first derive the local quantity that we would like to identify as the energy-
momentum tensor and then average it.

Recall our perturbative calculation of Mercury’s orbit and bending of light by the
Sun. We first solved for the background, and then the background solution provided
a source term for the first order perturbation. Here we have a similar setup, but
at second order: the first order perturbation provides a source for the second order
perturbation. The metric is

gαβ = ηαβ + hαβ = ηαβ + h
(1)
αβ + h

(2)
αβ , (8.116)

where h
(1)
αβ is the first order perturbation we have been dealing with so far, and h

(2)
αβ

is the perturbation it sources; 1� |h(1)αβ | � |h
(2)
αβ |. Correspondingly, the Ricci tensor
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is

Rαβ ' R
(1)
αβ(h(1)µν )︸ ︷︷ ︸

=0

+R
(1)
αβ(h(2)µν ) +R

(2)
αβ(h(1)µν )︸ ︷︷ ︸

=0

, (8.117)

where we have not written down the background Ricci tensor, as it is trivially

zero. The first term R
(1)
αβ(h

(1)
µν ) is the part of the Ricci tensor that is linear in the

perturbation (given in (8.39)), evaluated with the first order perturbation h
(1)
µν . The

second term R
(1)
αβ(h

(2)
µν ) is the same linear Ricci tensor (8.39), but evaluated with the

second order perturbation h
(2)
µν . Finally, R

(2)
αβ(h

(1)
µν ) is the part of the Ricci tensor

that is quadratic in the perturbation, evaluated with the first order perturbation

h
(1)
µν .

We solve the Einstein equation Rαβ = 0 order by order. The first order equation

is the same as before, R
(1)
αβ(h

(1)
µν ) = 0, and gives the solutions we have discussed. The

second order equation has two terms whose sum is zero, so we have

R
(1)
αβ(h(2)µν ) = −R(2)

αβ(h(1)µν ) . (8.118)

In terms of the Einstein tensor, this reads

G
(1)
αβ(h(2)µν ) = R

(1)
αβ(h(2)µν )− 1

2
ηαβη

γδR
(1)
γδ (h(2)µν )

= −R(2)
αβ(h(1)µν ) +

1

2
ηαβη

γδR
(2)
γδ (h(1)µν )

≡ 8πGNtαβ , (8.119)

where on the last line we have defined the energy-momentum pseudotensor tαβ,

tαβ = − 1

8πGN

[
R

(2)
αβ(h(1)µν )− 1

2
ηαβη

γδR
(2)
γδ (h(1)µν )

]
. (8.120)

The second order perturbation h
(2)
µν is sourced by the square of the first order pertur-

bation, and we treat the the source term as if it was an energy-momentum tensor of
matter. Physically we have the small first order ripples in spacetime, which lead to
smaller second order ripples due to the non-linearity of the Einstein equation. The
division we have made between the genuinely second order term and the square of
the first order terms is not gauge-invariant. In general, terms that are the square
of a first order term in one gauge may be part of the linear second order term
in another gauge. Also, recall that tαβ is not a tensor in the full spacetime, as
the split between background and perturbations is gauge-dependent. Only the sum

gαβ = ηαβ + h
(1)
αβ + h

(2)
αβ is a tensor, not the individual parts.

Nevertheless, in a given gauge, tαβ functions like an energy-momentum tensor in

sourcing h
(2)
µν , and also (after averaged over several wavelengths) in determining the

energy carried by gravitational waves.

We get R
(2)
αβ(hµν) by inserting gαβ = ηαβ+hαβ into the definition of the Ricci ten-

sor and expanding to second order. There are quite a few terms, but the expression
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simplifies considerably by choosing a convenient gauge. We adopt the Lorenz gauge
∂αh̄

αβ = 0, where h̄αβ contains both the first and the second order perturbation.

In vacuum, we can simultaneously impose the gauge conditions h̄(1) = 0, h̄
(1)
α0 = 0.

(Exercise. Show this.) We saw that for the binary system we considered, this
happens automatically in the Lorenz gauge, but it applies more generally. In these
coordinates, we get the rather simple result (note that to first order, h̄αβ = hαβ)

R
(2)
αβ(hµν) =

1

2
hµν∂α∂βhµν +

1

4
∂αh

µν∂βhµν + ∂µhνα∂[µhν]β

−hµν∂µ∂(αhβ)ν +
1

2
∂µ(hµν∂νhαβ) (8.121)

Consider the continuity equation. In order to interpret tαβ as an effective energy-
momentum tensor, tαβ should vanish when contracted with the covariant derivative.
Let us check this.

0 = ∇αGαβ

= ∂αG
αβ + ΓααµG

µβ + ΓβαµG
αµ

' ∂αG
αβ

= ∂αG
(1)αβ(h(1)µν ) + ∂αG

(1)αβ(h(2)µν ) + ∂αG
(2)αβ(h(1)µν )

= ∂αG
(1)αβ(h(2)µν ) + ∂αG

(2)αβ(h(1)µν ) , (8.122)

where on the third line we have taken into account that as the background Einstein

tensor as well as G(1)αβ(h
(1)
µν ) vanishes, there are no cross terms with the connection

coefficients at second order. Applying (8.119), we have

∂αt
αβ =

1

8πGN
∂αG

(1)αβ(h(2)µν )

= − 1

16πGN
∂α�h̄

αβ

= 0 , (8.123)

where on the second line we have used the result G
(1)
αβ(hµν) = −1

2�h̄µν given in
(8.96), and on the third line we have applied the Lorenz gauge condition.

The only thing left is to average tαβ to get something that corresponds to mea-
sured energy and momentum flow. We will not go into the details of the averaging
process. The important thing is that as the wave is periodic (and for real systems,
contained in a tube of finite spatial width), any total derivatives can be transformed
into boundary terms that vanish. Let us denote the averaging by 〈〉. Averaging
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R
(2)
αβ(h

(1)
µν ), we have from (8.121)

〈R(2)
αβ(h(1)µν )〉 =

1

2
〈h(1)µν∂α∂βh(1)µν 〉+

1

4
〈∂αh(1)µν∂βh(1)µν 〉+ 〈∂µh(1)να∂[µh

(1)
ν]β〉

−〈h(1)µν∂µ∂(αh
(1)
β)ν〉

= −1

2
〈∂αh(1)µν∂βh(1)µν 〉+

1

4
〈∂αh(1)µν∂βh(1)µν 〉 − 〈h(1)να∂µ∂[µh

(1)
ν]β〉

+〈∂µh(1)µν∂(αh
(1)
β)ν〉

= −1

4
〈∂αh(1)µν∂βh(1)µν 〉 , (8.124)

where we have used partial integrations, taking into account that total derivatives

can be discarded, and used the equation of motion �h(1)µν = 0 and the gauge condition
∂µh

(1)µν = 0. Let us calculate the corresponding Ricci scalar,

〈R(2)(h(1)µν )〉 = 〈ηαβR(2)
αβ(h(1)µν )〉

= −1

4
〈ηαβ∂αh(1)µν∂βh(1)µν 〉

=
1

4
〈ηαβ∂α∂βh(1)µνh(1)µν 〉

= 0 , (8.125)

where we have again used �h(1)µν = 0. So we get the simple result that the energy
and momentum carried by a gravitational wave are described by the pseudotensor

〈tαβ〉 =
1

32πGN
〈∂αh(1)µν∂βh(1)µν 〉 . (8.126)

As an example, consider a monochromatic wave described by the perturbation

h
(1)
αβ = sαβ cos(kγx

γ) . (8.127)

Choosing coordinates such that the z-axis points in the ~k direction, we have kα =
(ω, 0, 0, ω), i.e. kα = (−ω, 0, 0, ω), so

〈tαβ〉 =
1

32πGN
sµνs

µνkαkβ〈sin2(kγx
γ)〉

=
ω2

64πGN
sµνs

µν


1 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 1

 , (8.128)

where on the last line we have taken into account that the average of sin2 x over a pe-
riod is 1

2 . This has the same form as the energy-momentum tensor of monochromatic
electromagnetic radiation.
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8.2.6 Energy loss

Now that we have the energy-momentum pseudotensor in hand, we can find how
much energy a gravitational wave source emits. The power radiated per unit time t
through a spherical surface S at distance r away from the source is the integral of
qαn

α over the surface, where qα is the energy flux and nα is the radial unit vector
normal to the surface. Looking at the decomposition of the energy-momentum tensor
(8.69) (or equation (4.10)) we get, taking into account uαn

α = 0, qαn
α = −Tαβuαnβ.

We now have 〈tαβ〉 in place of Tαβ, so the rate of energy passing through a spherical
shell of radius r is

dE

dt
= −

∫
S

dS〈tαβ〉uαnβ

= −r2
∫

dΩ〈t0r〉

= − r2

32πGN

∫
dΩ〈∂0h(1)µν∂rh(1)µν 〉 , (8.129)

where we have input the result (8.126) for 〈tαβ〉. Now we want to express the
gravitational wave in terms of the source properties. The quadrupole formula (8.111)
can be written as

h
(1)
ij (t,x) =

2GN

r
J̈TTij (t,x) , (8.130)

where JTTij is the traceless transverse part of the inertial tensor Iij ,

Jij ≡ Iij −
1

3
δijδ

klIkl , (8.131)

where

Iij =

∫
d3x′ρ(t,x′)x′ix′j

∣∣∣
t=tret

. (8.132)

There are three differences compared to our earlier result (8.111): we have replaced
h̄ij with hij , taken out the trace of Jij and added to it the superscript TT , for
traceless and transverse. These additions are due to the extra conditions we imposed

when deriving tαβ, namely h(1) = 0 and h
(1)
0α = 0. Because of them, h̄αβ = hαβ, and

h
(1)
ij is traceless and transverse, ∂ih

(1)ij = 0.
Before looking at the transverse condition, let us simplify (8.129). We have

∂rh
(1)
ij = −2GN

r2
J̈TTij +

2GN

r
∂rJ̈

TT
ij

= −2GN

r2
J̈TTij −

2GN

r

...
J
TT
ij

≈ −2GN

r

...
J
TT
ij , (8.133)

where on the second line we have used the fact that for any function f we have
∂rf(t− r) = −∂0f(t− r), and on the last line we have assumed that 1/r gives a
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stronger suppression than an extra time derivative (for real sources, this is an excel-
lent approximation).

Putting these results into (8.129), we get

dE

dt
=

GN

8π

∫
dΩ〈

...
J
TT ij ...

J
TT
ij 〉 , (8.134)

Now we should implement the traceless transverse projection and take the integral
over the solid angle. The wave propagates in the radial direction, so the transverse

condition ∂ih
(1)ij = 0 reduces to h

(1)
ir = 0. This can be implemented with the

projection operator

Pαβ = ηαβ − nαnβ , (8.135)

We have earlier used the tensor gαβ + uαuβ to project orthogonally to the time
direction uα. The tensor Pαβ similarly projects orthogonally to the radial direction
nα. (Note that ni = xi/|~x|.) It satisfies

PαγP
γ
β = Pαβ . (8.136)

We only need the spatial part, Pij = δij − ninj . The traceless transverse projection
of a spatial tensor Aij is

ATTij = P kiP
l
jAkl −

1

2
PijP

klAkl . (8.137)

It is necessary to subtract the trace part even in the case of tensors that are explicitly
traceless, because the projection could otherwise spoil the property. The contraction
of two transverse traceless projected tensors is

ATTij A
TT ij =

(
P kiP

l
j −

1

2
PijP

kl

)
Akl

(
P imP

j
n −

1

2
PmnP

ij

)
Amn

=

(
P kmP

l
n +

1

4
PijP

ijP klPmn − P klPmn
)
AklA

mn

=

(
PkmPln −

1

2
PklPmn

)
AklAmn , (8.138)

where we have on the last line taken into account PijP
ij = 2. Averaging this over

all directions, we have (assuming that Aij does not depend on direction, which is a
good approximation far away from the source)

1

4π

∫
dΩATTij A

TT ij

= AklAmn
1

4π

∫
dΩ

[
(δkm − nknm)(δln − nlnn)− 1

2
(δkl − nknl)(δmn − nmnn)

]
= AklAmn

1

4π

∫
dΩ

[
δkmδln − δkmnlnn − δlnnknm +

1

2
nknlnmnn

]
, (8.139)

where we have on the last line assumed that A is traceless.
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The average of ninj over the unit sphere is zero unless i = j. (This is easy to
see by parity: any component ni has the opposite value on opposite sides of the
hemisphere.) If i = j, all components give the same result by rotational symmetry,
so 1

4π

∫
dΩninj = 1

3δij , given that δijninj = 1. By similar reasoning, average over
nknlnmnn gives zero unless all indices are paired off, and since all directions are
equivalent, we have

1

4π

∫
dΩnknlnmnn = N(δklδmn + δknδlm + δkmδln) , (8.140)

where N is a constant. Contracting with δklδmn gives 1 on the left-hand side and
15N on the right-hand side, so N = 1

15 . With these results, (8.139) gives

1

4π

∫
dΩATTij A

TT ij =
2

5
AijA

ij . (8.141)

Setting Aij =
...
J ij and inputting this into (8.134), we have the final result for the

power radiated by the gravitating system, expressed in terms of its inertial tensor,

dE

dt
=

GN

5
〈
...
J
ij ...
J ij〉 , (8.142)

where 〈〉 stands for averaging over a few periods corresponding to the wavelength of
the wave.

For the two-mass system discussed in section 8.2.4, we get (Exercise. Show
this.)

dE

dt
=

128GNM
2a4ω6

5

=
128GNM

2a4ω6

5c5
, (8.143)

where on the second line we have restored the speed of light for easy calculation in
SI units. For example, two 1 kg balls rotating 2 m from each other with angular
frequency 1 rad/s give off gravitational radiation with power 7× 10−52 W.

Change of orbital parameters due to gravitational wave emission from the Hulse–
Taylor pulsar was first observed in 1978. A Nobel prize was awarded for it in 1993.
It was the first detection of gravitational waves, albeit indirect.

Exercise. Consider the binary black hole system discussed at the end of section
8.2.4.
a) Approximating that the orbit remains circular, find the decay of λ as a function
of time due to gravitational wave emission.
b) What is the lifetime of the system (defined here as the time to reach λ = 1, where
our approximation must break down) if the initial radius is 1) one astronomical unit
or 2) 10rs?
c) What is the total radiated energy (from the initial radius to λ = 1) in cases 1)
and 2), in units of M�?
d) At which point does the velocity of the black holes exceed 0.1? (Then our New-
tonian approximation for the orbits becomes questionable.)
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