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Introduction

The purpose of all scientific studies is - or at least should be - to search answers for the problem
which isinduced by inquisitiveness, practical need or the purposes of theory development. Keeping
in mind that knowledge about our world is, and always must be, partial knowledge, one can state
that the aim of statistical model fitting is to "understand” the system behind the studied phenomena
via the observed data. Thus, the question of how one should decide among competing explanations
of data is at the heart of the scientific enterprise. Over the decades, scientists have used an
assortment of statistical tools to select among alternative models of data. However, there has not

been an underlying theoretical framework to guide the enterprise and evaluate new developments.

Implicitly the principle of parsimony (or Occam's Razor) has been the soul of model selection. To
implement the parssimony principle, one has to quantify "parssmony” of a model relative to the
available data. Applying this measure to a number of candidate models, the goal is to find a model,
which is a compromise between desirable yet conflicting properties. goodness of fit,

generalizability and concision.

" Homework assignment for thecourse: Lectures on Statistical Modeling Theory, fall 2001, Department of Computer
Science, University of Helsinki



Minimum Description Length

If we by "understanding the data’' mean the ability to remove redundancies in the data and hence to
discover regular statistical features, the ultimate measure of the success of understanding must be
the length with which the data can be described. Indeed, if such a shortest description of the data, to
be called stochastic complexity, is found in terms of the models of a selected class, there is nothing
further anyone can teach us about the data; we know all there is to know. This is the rationae
behind the MDL (minimum description length) principle.

The MDL principle represents a drastically different foundation for model selection and, in fact,
statistical inference in genera. It has a number of distinctive features: There is no need to assume
anything about the data generation mechanism. In particular, unlike in traditional statistics, it is not
needed that the data form a sample from a population with some probability law. Hence, the
objective is not to estimate an assumed but "unknown" distribution, be it inside or outside the
proposed class of models, but to find good models for the data. Most essentially, the principle
permits comparison of any two models, regardless of their type. It is aso important to realise that
the MDL principle has nothing to say about how to select the suggested family of model classes. In
fact, this is a problem that cannot be adequately formalised. In practise the selection of models is
based on human judgement and prior knowledge of the kinds of models that have been used in the
past, perhaps by other researches. In addition, the application of the principle requires the

calculation of the stochastic complexity, which can sometimes be a difficult task.

The MDL has it's roots in information theory and in the invariance theorem of Kolmogorov
Complexity. The Kolmogorov Complexity of a sequence is defined to be the length of the shortest
computer program that prints the sequence and then halts (halting makes the code to be a prefix
code, i.e. none of the codewords is a prefix of another). Unfortunately the Kolmogorov Complexity
is not computable. The idea behind the MDL is to scale things down in a way that it becomes
possible to compute the complexity: instead of using a code based on a universal computer
language, we should use an arbitrary class of models and do the encoding with the help of this
model class. However, there is different forms of description length based on a model, even in that

sense that they achieve the universal coding lower bounds.



The most straightforward description length is the one based on two-stage coding scheme. The idea
in the first stage is to calculate the code length required to discretize model's parameter space and
communicate the estimated parameter. In the second stage the actual data string is coded using the
distribution indexed by the communicated parameter. In more complicated situations more than two

stages of coding might be required.

In the mixture form of description length we base our description of a data string on a distribution
that is obtained by taking a mixture of the members in the family with respect to a probability
density function on the parameters. The mixture description length results in integral formula,
which has closed form expression only in special cases. An analytical approximation to the mixture
can be in certain situations obtained by Laplace's expansion and essentially results in a two-stage

description length which is called the stochastic information complexity.

The recent form of description length bases on the normalised maximum likelihood (NML) coding
scheme. In general, the NML description of a data string works by restricting the second stage of
coding to a data region identified by the parameter estimate. This criterion is not only sensitive to
functional form and the number of parameters but also invariant under reparameterisation. From the
differential geometric point of view this criteria selects the model that gives the highest value of the
maximised likelihood per distinguishable distribution, which may be caled the "normalised
maximised likelihood". In other words, the model complexity is related to the number of
(distinguishable) probability distributions that a model can generate, not to the functional form of a
model or its number of parameters.

Quite a different approach is to think the description length from a predictive coding point of view.
Predictive coding means that we model the conditional density for the possible values of the "next"
observation using the part of the data which is already "seen”, i.e. the joint distribution of a data
string can be written as a product of conditional distributions. If each of the conditionals share the
same parameter, then the joint distribution based on the particular model class is free of unknown
parameters and the cost of encoding a data string can be directly seen from the joint distribution.
This form of description length is called predictive description length and it is especialy useful in
situations where the data is sensible ordered.



Model selection in linear regression

The linear least squares regression problem is a fundamental modelling problem, for which it is
possible to derive exact formulas for the different minimal description length criteria In linear

regression the model to befitis

y = Xbte,

where y is a vector corresponding to the dependent variable, X is a matrix of regressors, b is the

vector of regression coefficients and e is the vector of error terms.

The idea is to find a linear combination of regressor variables, which explains the systematic
variation in the dependent variable. The regression coefficients can be estimated using the ordinary
least squares (OLS) technique, in which the error sum of squares is to be minimised. If normality
with mean zero and constant variance is assumed for the error terms, the OL S estimates coincide
with the maximum likelihood estimates. The main problem is to choose appropriate regressors for
the model. In practice the domain knowledge is usualy the best criteria to find interesting models,
but sometimes a kind of "objective" assistance can be very helpful. As a matter of fact thereisalot

of different model selection criteria available.

Since the purpose of this paper is to give a practical view for model selection based on MDL, the
exact derivations of the formulas are not explicitely presented; interested reader can find those from
the publications mentioned in the list of sources. For generality and comparison purposes also some
popular non-MDL-based model selection formulas are given here. In the following formulas
various authors have suggested other multipliers which keeps the genera form of these criteria. In
other words, the numerical values obtained from the formulas are not directly comparable (the
"scale" is not same for al formulas). However, in every case the smaller value means the better
model.

In the following formulas, y, X, b and e are as in the regression model, SSE is the error sum of
squares, s 2 is the variance estimate from fitting the full model, k is the number of parameters, n is
the number of observations, S= SSE / (n-k), F = (y'y - SSE) / kSand R is the coefficient of

determination.
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Schwar z's Bayesian Information Criteria SBIC (two-stage MDL):
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Stochastic I nformation Complexity (SIC):
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G-prior mixture MDL (gMDL):
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Normalised Maximum Likelihood MDL (nMDL):

nMDL——IogS+%IogF +%Iog(n- k)- glogk

Exact Normalised Maximum Likelihood MDL (MDL):

MDL:(n- k)Iog§+klog[b'X'Xb]+(n- k - 1)|0989L9- (k+1)|ogk
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In the following predictive formulas y; and X; correspond to the values of the response and regressor
variables on ith observation, b;.; and s“iz_1 are the estimates based on i-1 first observations, mis the

first integer so that b; is uniquely defined and n is the number of observations.

Predictive MDL (PMDL):

noé - X.b.)u
PMDL: é éogs i2.1+(yl A2| |-1) l:l
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Predictive Least Squares (PLYS):

PLS= én. (Yi - Xibi—l)z

i=m+1

Practical example

In the appendix 1 is alisting of a data set consisting of 100 observations for the variables x and y.
The aim isto build two linear regression models, where 'y is a dependent variable (both models) and
ordinary (model 1) and hermite (model 2) polynomial transformations of X are regressors, and
choose the "best" model. The possible models are assumed to be restricted in such a way that the
minimum and maximum degrees of polynomials in a model are correspondingly zero and six and
adding a higher level regressor to a model is possible only if all the lower degree polynomials are
also included.

As can be seen from the figure 1, there is some kind of functiona dependency between the
variables. Moreover, fitting the full models (all variables included) and checking the distributions of
residuas it is found that the error terms are not normally distributed (figure 2). Usualy these kind

of findingsin exploratory analyses stand for serious problems in actual modelling.

However, proceeding with the analyses using straightforward computations using statistical
package SURVO (see appendix 1) we end up with the following tables of model selection results.
The same results are also presented in "standardised” form in figure 3. The predictive criteria base
on the original order of observations and to avoid the initialisation problem the sequential prediction

is not started until the 11™ datapoint.



Figure 1. Draftman's display. Variables A1-A6 correspond to the normal polynomial
transformations of x and variables H1-H6 to the hermite polynomial transformations. Constants
(A0 and HO) are omitted from the plot.
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Figure 2. Q-Q-plotsfor the full models 1 and 2. (Normally distributed = straight line)



O dinary Pol ynoni al s

k Cp A C Bl C SBI C SIC gMDL nivDL MDL PMDL PLS
1 6790 -175.5 -177.4 -172.9 141.9 -1.2 -83.0 -170.4 -42.7 17.0
2 6094 -184.2 -188.1 -179.0 139.3 -83.2 -86.5 -175.8 -34.9 16.6
3 1158 -342.0 -347.2 -334.2 65.5 -157.6 -161.6 -325.5 -37.4 3.82
4 233 -474.9 -479.4 -464.5 4.2 -219.0 -223.4 -448.5 -121.6 1.30
5 13.7 -587.1 -585.5 -574.1 -46.7 -269.3 -274.0 -549.4 -310.1 0.39
6 15.7 -585.1 -583.6 -569.5 -44.8 -264.9 -270.0 -540.9 -295.6 0.41
7 14.0 -586.7 -584.7 -568.5 -45.1 -262.3 -267.6 -535.8 16466 26.0
Hermte Pol ynom al s
k O Al C Bl C SBI C SIC gMDL nivDL DL PMDL PLS
1 6790 -175.5 -177.4 -172.9 141.9 -1.2 -83.0 -170.4 -42.7 17.0
2 6094 -184.2 -188.1 -179.0 140.0 -83.2 -86.5 -175.8 -34.9 16.6
3 1158 -342.0 -347.2 -334.2 67.5 -157.6 -161.6 -325.5 -37.4 3.82
4 233 -474.9 -479.4 -464.5 8.4 -219.0 -223.4 -448.5 -121.6 1.30
5 13.7 -587.1 -585.5 -574.1 -39.8 -269.3 -274.0 -549.4 -310.1 0.39
6 15.7 -585.1 -583.6 -569.5 -34.4 -264.9 -270.0 -540.9 -295.6 0.41
7 14.0 -586.7 -584.7 -568.5 -30.6 -262.3 -267.6 -535.8 16461 26.0

Due to these results, al the selection criteria suggest the models of fourth degree polynomials.
Moreover, the ordinary and hermite polynomials give the same description length for all criteria
except SIC, i.e. according to the geometric interpretation of the exact MDL criteria those are

essentialy just different parameterisations of the same model.

AIC BIC SBIC SIC

Figure 3."Sandardised" results, ordinary polynomials
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481002637111070e- 001
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207300196086881e- 001
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810529979796706e- 001
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692502791135546e- 001
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359007800222828e- 001
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869845757706999¢e- 001
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746299038397094e- 001
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662319356091996e- 001
143150765181604e- 001
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352992587449350e- 001
097434882314121e- 001
167950868970366e- 001
362113637753497e- 001
213748710620297e- 001
004910318575006e- 001
432318504599099e- 001
816308197400344e- 001
182268592048795e- 001
877389977487169e- 001
521995030764315e- 001
584143725166405e- 001
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. 166637632464838e+000
. 344150104924718e+000

318746329459874e+000
294663517507757e+000
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419873961241118e- 001
215798760932922e+000
093665447052138e+000
054452606231694e- 001
292319565920448e+000
543719916543290e- 001
932847751927388e- 001
410614697565672e+000
317101630319699e+000
679970164785789e- 001
097720073531828e- 001
150228385663520e+000
462964189444808e- 001
415267250558598e+000
133089413070555e+000
559102587227264e- 001
494062033243803e- 002
670477738618251e- 001
245315873083948e- 001
820511571058888e- 001
741003044898320e- 001
294647464121411e+000
327622027005822e+000
641207474635655e- 001
024022225317884e+000
286918421083040e+000
226492770888950e- 001
104704048135290e- 001
367089119431872e+000
036375423113067e- 001
099802301041796e+000
419469888718829e+000
970070580377314e- 001
031587427486700e- 001
162179023500520e- 001
037427416993005e- 001
169799476647005e+000
602924425583777e- 001
125045840101361e- 001
139847198324631e+000
036722843901726e+000
398364527906660e+000
194504101364189e+000
287271289685580e+000
045815865489734e- 001
166452244870178e- 002
172748241108614e+000
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408518819412552e- 001
031393498628919e+000
651962406093136e- 001
320131726356866e- 001
033093233574328e+000
772864833238529e- 001
425701011288548e- 001
042748409967318e+000
354977465706280e- 001
118004054129114e- 002
052947600685934e- 001
094405454969295e+000
685726090005242e- 001
404542522765659e- 001
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Appendix 1

107 *

L0 * e
109 *Create the SURVO data file

110 *

111 *FI LE CREATE MDL1, 160, 20

112 *Fl ELDS:

113 * 1 NA_ 8 X (##E. HHHHHHHH)

114 * 2 NA_ 8Y (#it. HHHHHHHH)

115 *END

0
117 *Copy the data fromthe edit field to the file

118 *

119 *FI LE COPY D1 MDL1

0
121 *Cal cul ate pol ynom al transformations

122 *

123 *VAR A0, Al, A2, A3, A4, A5, A6, HO, H1, H2, H3, H4, H5, H6, P, R TO MDL1

124 *A0=1 HO=1

125 *Al=X H1=2*X

126 *A2=X"2 H2=- 2+4* X2

127 *A3=X"3 H3=- 12* X+8* X"3

128 *Ad=X"4 HA=12- 48* X"2+16* X 4

129 * A5=X"5 H5=120* X- 160* X"3+32* X5

130 *A6=X"6 H6=- 120+720* X"2- 480* X"4+64* X"6

131 *P=M SSI NG R=M SSI NG

0

133 *Copy essential parts of the data to matrices

134 *

135 *MAT SAVE DATA MDL1 TO Y / VARS=Y

136 *MAT SAVE DATA MDL1 TO A / VARS=A0Q, Al, A2, A3, A4, A5, A6
H3, H4, H5

137 *MAT SAVE DATA MDL1 TO H / VARS=HO, H1, H2, , H4, , H6

0 T
139 *

140 *Sone "short-cuts" to matrix cells

141 *

142 *SSE=MAT_SSE( 1, 1)

143 *SST=MAT_SST(1, 1)

144 *nr h=MAT_NRH( 1, 1)

145 *yy=MAT_YY(1, 1)

146 *

147 *Some definitions

148 *

149 *dxx=det

151 *fs=(FSSE/ N)

152 *S=SSE/ (N-k)

153 *F=(nrh- SSE) / (k*S)
*

165
166
167
168 *
169 *
170 *Conputation of the criteria (KLY parts are "interactive")
171 *

172 *NH

173 *k=

174 *MAT X=[(1: N, 1: k)

175 *MAT GRAM SCHM DT DECOWPCSI TION OF X TO U, R
176 *MAT C=U *Y

177 *MAT SOLVE B FROM R*B=C

178 *NMAT E=Y- X*B

179 *MAT SSE=SUME, 2)

180 *MAT SST=SUM CENTER(Y), 2)

181 *MAT NRH=B *X *X*B

182 *MAT YY=Y'*Y

183 *MAT XX=X *X ..
184 *MAT DXX=I NV( XX, det) [Acct =164. 689 7* 7| det ermi nant obtained via inverting
185 *

WE[IFSSE=0. 24608197709001] / Error sumof squares for the full nodel
187 *

188 *

189 *Criteria val ues

190 *
191
192
193
194
195
196
197
198
199
200
201

nMDL=( N/ 2) *| og( S) +k/ 2*| og( F) +1/ 2*1 og( N- k) - 3/ 2*1 og(k)
gMDL=i f (rs>=k/ N) t hen(N 2*1 og( S) +k/ 2*1 og( F) +l og(N) ) el se(gMDL2)
gMDL2=N 2*LOG yy/ N) +1/ 2*1 og(N)

154
155 *Definitions of the npdel selection criteria
156 *
157 * rs=(1- (SSE/ SST))
158 * ars=1-((N-1)*(1-rs)/(N-Kk))
159 * Cp=SSE/ f s+2*k- N
160 * Al C=N¢| og( SSE/ N) +2*k
161 * SBI C=N*l og( SSE/ N) +k*| og( N)
162 * Bl C=N*I og( SSE/ N) +2* (k+2) * (N*f s/ SSE) - 2* ( N*f s/ SSE) /2
163 * SIC=(N-k-2)/2*1 og( SSE) +(k/2)*1 og(N) +1/ 2*1 og( dxx)
164 * NMDL=(N-K)*| og( SSE/ N) +k* LOG( nr h) +( N- k- 1) *I og( N/ ( N-k)) - (k+1) *| og( k)
*
*
*

Nurmber of observations
Nunber of paraneters
Create submatrix fromthe full regressor matrix
Nor mal equation sol ving by
ort hogonal i zati on
(numerical ly stable solution)
Cal cul ation of residuals
Error sum of squares
Total sum of squares
Sone nore matrix cal cul ations

~ e e —— e ———

(0. 98548252249392

Cp|
e=- 586. 72607443467
B=lNe=- 568. 48988313276
SINeZ- 584. 72607443467

* ok ok ok k% % % ok b ok
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234
235
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237
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Appendix 1

*Sinple | oop-macro for the predictive criteria
*

*

*TUTSAVE LUUPPI

*{init}{tenpo -1}{R}

+ | uuppi :

*{line start}{erase}i={print W}{R}
*{pre}{act}{ul2}

*WL=WL+1}

- if WL <= W2 then goto | uuppi
*{d12}

*{ end}

*Conput ation of predictive criteria
*

*

*sigma=MAT_S(1, 1)
*

* VAT X=]

*

*k:

*MAT XP=X(1: 10, 1: k)

*MAT YP=Y(1:10, 1: 1)

*MAT PNS=CON( 1, 1, 0)

* VAT PMDL=CON( 1, 1, 0)

*MAT GRAM SCHM DT DECOWMPCSI TION OF XP TO U, R
*MAT C=U *YP

*MAT SOLVE B FROM R*B=C

* VAT E=YP- XP*B

*MAT S=SUME, 2)/ 10

*MAT LS=S

*MAT TRANSFORM LS BY | og( X#)
*

*

*/ LUUPPI 11, 100

Wi =100}

*MAT XP=X(1:1,1:K)

*MAT YP=Y(1:i,1:1)

*MAT E=YP- XP*B

*MAT PNS=PNS+(E(i: i, 1: 1)~2)

* VAT PMDL=PMDL+LS+(E(i: i, 1:1)~2)/sigm
*MAT GRAM SCHM DT DECOMPOSI TI ON OF XP TO U, R
*MAT C=U *YP

*MAT SOLVE B FROM R*B=C

*MAT S=SUME, 2)/i

*MAT LS=S

*MAT TRANSFORM LS BY | og( X#)

.

*MAT LOAD PNS, D
*MAT LOAD PMDL, E
*

DVATRI X PNS

*

*I1 Y
*PNS 1.296731
*

EVATRI X PMDL

*

*I1 Y
* PMDL - 121. 581
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Normal or hernmite pol ynom als

Nunber of paraneters
Submatrices for initialization

Ze.r.os for criteria values (1x1 constant matrices)

Leé;st squares sol ution

Resi dual s

Error sum of squares divided by the nunber of
Logarithmof S

Sequential | oop

Obs nunber

Submatri ces

Re5| dual s using estimators based on i-1 obs
Update criteria val ues

New esti mators

Load the criteria values to the edit field

init-obs



