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Abstract

We prove a version of Hrushovski’s 1989 results on almost orthogonal regu-
lar types in the context of simple and superstable finitary abstract elementary
classes: from a certain expression of ‘non-orthogonality’ we can conclude the
existence of a group acting on the geometry obtained on the set of realizations
of a regular Lascar strong type, and if we rule out the presence of a non-classical
group we can classify the situation to be one of the classical cases of Hrushovski’s.

We give two examples of classes of structures in this framework, which clearly
demonstrate the phenomena described in the main theorem.

Keywords: Geometric stability theory, Abstract elementary classes
2000 MSC: Primary 03C45; Secondary 03C52.

1. Introduction

The motivation for geometric stability theory encompasses the idea that one
can recover fundamental mathematical structures from assumptions of purely
‘logical’ nature. A predecessor for such an idea can be found in the construction
for interpreting a field in a Pappian (or a skew-field in a Desarquesian) projective
plane, where the axioms for such a plane only consider, ‘lines’, ‘points’ and an
incidence relation between them. This paper further studies this phenomenon.

Most of the research of geometric stability theory has been done for elemen-
tary classes, i.e. classes of structures definable in first order logic. Recently there
have been several attempts to generalize the required stability-theoretical ma-
chinery to some non-elementary frameworks. The benefit of this agenda is not
only to widen the concept of a ‘class of stuctures’ beyond first-order definable
classes but also to analyse further the logical tools and ideas.
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We work in the framework of abstract elementary classes (K, <x) (AECs),
where K is a class of structures of a given, countable, similarity type and <x
is a relation between these structures, where the class and the relation are
defined axiomatically. The axioms capture the most important properties of the
elementary substructure relation between structures definable with a complete
theory in first order logic, but allow many more possibilities.

Extending the ideas by Zilber [18], Hrushovski [6] showed that we can inter-
pret a group on the geometry induced on the set of realizations of a regular type
when working in a monster model of a stable elementary class and assuming a
certain configuration concerning orthogonality holds for the type. Furthermore,
he studied further this group and found it must fall into three categories, one
of which resembles the case of the projective plane.

In the paper [13] Hyttinen, Lessmann and Shelah partially generalize the
theorem by Hrushovski to certain non-elementary frameworks; to homogeneous
model theory and atomic w-stable ezxcellent classes. This result showed that it is
possible to do geometric stability theory without compactness, a crucial property
of elementary model theory not available in most non-elementary frameworks,
and that the stability-theoretic machinery developed for these particular frame-
works is adequate and exploitable. In this paper we want to investigate further
this approach: how much of this work can be carried out without any trace of
compactness (for example induced by homogeneity), but only with an appro-
priate independence calculus, which is available in simple finitary AECs? This
is a natural question since we should be able to work with only geometric tools.
Furthermore, we want to prove the theorem in the context of regular types,
while Hyttinen, Lessmann, Shelah [13] only worked with quasiminimal types.
Our result is thus analogous to the first order result due to Hrushovski. For
more history of geometric stability theory and this particular problem, see the
introduction of Hyttinen, Lessmann and Shelah [13].

Our main results is the following.

Theorem 1.1. Assume that (K, <k) is a simple, superstable finitary AEC and
let 9 be the monster model for (K, xk). Assume that A is a finite set, p is an
unbounded reqular Lascar strong type over A and Q is an A-invariant subset of
M. Assume that there exists an integer 0 < n < w such that

1. For any independent sequence (ay, ..., a) of realizations of p and any finite
subset C' of Q we have

dim(aq, ..., an/A) = dim(ay, ..., a, /AU C).

2. For some independent sequence ai,...,any1 of realizations of p there is
C a finite subset of Q such that (aq,...,a,) dominates (a1, ...,an41) over

AuC.

Then M interprets a group G which acts on the geometry P/E induced on the
set P of realizations of p. Furthermore, either M interprets a nonclassical group
orn € {1,2,3} and



e Ifn=1, then G is abelian and acts regularly on P/E.

o If n = 2, the action of G on P/E is isomorphic to the affine action of
KT % K* on the algebrically closed field K.

e Ifn =3, the action of G on P/E is isomorphic to the action of PGLy(K)
on the projective line P1(K) of the algebraically closed field K.

The main difference to Hrushovski’s theorem is that we cannot rule out the
possibility of a nonclassical group - a nonabelian group, which carries an w-
homogeneous geometry. The existence of such groups is an open question. The
properties of these groups were studied in Hyttinen [8] and in [13].

Another difference is how the group interpreted in the monster model reflects
to smaller models of the class. In elementary classes, the structures of the class
are elementary substructures of the monster model and hence their structure is
very similar. In abstract elementary classes, the relation of the structures and
the monster is given as an abstract relation <k, which we might not know so
much about. Hence the interpreted objects are given in every member of the
class K, but their properties might change. In Example 7.6 of this paper, the
monster model interprets an algebraically closed field, but the field interpreted
in some <k-substructure can be any field of given characteristic.

We now explain further the chosen framework. Abstract elementary classes
are a standard framework for extending first order model theory. As explained,
we want to work with regular types and we want to reduce the homogeneity
assumptions in [13]. The price we pay are assumptions of simplicity, finite char-
acter and domination for finite sequences. We chose the framework of simple,
finitary AECs for the following reasons: In these classes, the only homogeneity
assumption is the amalgamation property. This is much less than, for example,
in excellent classes, since we cannot conclude tameness. However, we assume
finite character for the elementary substructure relation. This connects the Ga-
lois types of finite sequences of a model to the elementary submodel relation and
gives many tools to manage types over finite and countable sets. This assump-
tion holds for classes definable in L ,, with <k given in the corresponding
fragment of L. ,, and there is a fundamental connection between this property
and definability, see Kueker [14].

Another assumption is simplicity. In non-elementary classes, it is not guar-
anteed that even categoricity in all uncountable cardinals would imply the ex-
istence of a well-behaved notion of independence, see Hyttinen and Kesila [9].
Since geometric stability theory studies the applications of an independence cal-
culus, it seems reasonable to assume simplicity to guarantee that we have such
a calculus. Notice also that if a type p over A is regular, then this guarantees
that the type is also simple, i.e. for any set B O A and a realizing p, the type of
a over B is free from the empty set. Examples of stable but not simple classes
are few, see Hyttinen and Lessmann [12] and Baldwin and Kolesnikov [3]. In
elementary classes simplicity follows from stability. The properties of types and
the independence calculus needed are listed in section 2 and the rest of the paper
relies only on these properties, not the details of the definition of the framework.



Our third assumption in need of further explaining is item 2 of the main
Theorem. Instead of just assuming that we find a finite subset C' of Q such
that dim(ay, ..., an+1/C) = n, we assume that C witnesses the n-subsequence
ai,...,an dominating the sequence aq,...,a,41. This stronger assumption is
needed in order to analyse the structure of the interpreted group G, and we
don’t know how to prove the theorem without the assumption. To be precise,
domination is needed to show that if g € G is generic over X, then it is ‘free’ of
X, see the proof of Proposition 5.11. When p is quasiminimal, we get domination
from just dim(ay, ..., an4+1/C) = n, hence this stronger form is not needed in [13].
In the first order theorem by Hrushovski [6], the sets P and Q are modified
using tools available in 21°? to get this and more. We have not yet developed
the machinery of 9t¢? for simple finitary AECs, although that could very likely
be done. But now, as also in [13], we work in the original context.

The main examples of finitary AECs are excellent and homogeneous classes,
which both origin form a ‘model-theoretic’ background, but we hope this frame-
work turns out fruitful to study also classes arising ‘outside’ model-theory. Some
examples of such finitary AECs are covers of multiplicative groups of alge-
braically closed fields, see Bays and Zilber [4], and classes induced by tilting
and cotilting modules, see Baldwin, Eklof and Trlifaj [2], [17], where the lat-
ter are not homogeneous or excellent. In the last section of this paper we give
two examples of classes in the framework of the main theorem. However, these
classes are ‘model-theoretic’ and illustrate the phenomena of the main theorem,
not so much ‘practical applications’ of the theorem. However, Example 7.6 is
the class of Pappian projective planes of given characteristic, and hence binds
the theorem to the history of geometric stability theory.

2. The framework

Finitary abstract elementary classes, specializations of Shelah’s Abstract
Elementary Classes [16], were introduced in Hyttinen, Keséld [7], but there
the definition was slightly less general than in the consequent papers Hyttinen,
Kesild [10], [9] and [11]. A finitary AEC is an abstract elementary class (K, <x)
with a countable Lowenheim-Skolem number, amalgamation, joint embedding,
arbitrarily large models and finite character:' For any two models N, M € K
with N C M, we have that

N xg M iff

for every finite sequence a € N there is a K-embedding f : N — M fixing a.

We work inside 91, which is the the x-universal and s-model homogeneous
monster model of the class (K, 5kx). We say that a subset A C 9 is bounded, if
|A| < k. We assume that & is sufficiently large.

I This formulation of finite character is due to Kueker [14].



We can define a notion of a weak type tp" and Lascar splitting and then
deduce a notion of independence | with built- in extension as follows:

AlpC

if for every finite sequence a € A there is a finite set £ C B such that for every
extension D D BUC there is @ realizing the weak type tp"(a/BUC) such that
tp¥(a’'/D) does not Lascar- split over E. Then we say that (K, 5k) is simple,
if for every sequence and every finite set A,

alaA.

In this paper work in the context of simple, finitary AECs (K, <x) which
are superstable in the following sense

Assumption 2.1 (Superstability). The class (K, <k) is weakly stable in some
cardinal and there is no finite tuple a and an increasing sequence of finite sets
A;, 1 < w such that

e a A, Aiy1 for eachi <w and
o Ui, Ai is a model.

This notion of superstability is implied by No-stability with respect to weak
types (See Corollary 3.28 of [10]) and therefore also from categoricity in any
uncountable cardinal. It also follows from a weaker form of categoricity, so called
a-categoricity in a suitable cardinal, see [10]. Both implications use simplicity.

2.1. Lascar types and independence

We recall the notion of a Lascar strong type and Lascar type. Two finite
tuples @ and b have the same Lascar strong type over a bounded set C, written
Lstp(a/C) = Lstp(b/C) if E(a,b) holds for any C-invariant equivalence relation
E with a bounded number of classes. An automorphism which preserves all
Lascar strong types over A is called a strong automorphism. The group of
these automorphisms is denoted by Saut(9t/A), it is a normal subgroup of
Aut(91/A) and we can show that Lstp(a/A) = Lstp(b/A) if and only if there is
f € Saut(9M/A) mapping a to b.

Two tuples @ and b have the same Lascar type over C, written Lstp™ (a/C) =
Lstp™ (b/C) if they have the same Lascar strong type over every finite subset Cy
of C, or equivalently, we have strong automorphisms f € Saut(9t/Cy) mapping
a to b for any finite subset Cy C C. Clearly if C is finite, Lstp(a/C) equals
Lstp¥(a/C). For details about Lascar types in finitary AECs, see Hyttinen and
Kesald [11].

The following theorem is proved in [11]. We list also a stronger form of
superstability, which will be used in the paper, although it is a straightforward
application of the properties local character and finite character. A similar list
of properties is stated in [10], but with an additional assumption called the
‘Tarski-Vaught property’. In [11] the authors notice that this assumption is not
needed.



Theorem 2.2. Assume that (K, <) is simple and superstable. Let A, B,C
and D be bounded subsets of the monster model. Then the relation | has the
following properties.

1. Invariance: If A lc B and f is an automorphism of the monster model,
then f(A) Lyc) f(B).
Monotonicity: If Alg D and BC C C D then Alc D and Alp C.
Transitivity: Let BC CCD. If Alg C and A lc D, then A lp D.
Symmetry: A lc B if and only if B 1o A.
Ezxtension: For any a and C C B there is b such that Lstp™¥ (b/C) =
Lstp¥(a/C) and b lc B.
6. Finite character: A |c B if and only if @ lc b for every finite a € A
and b € B.
7. Local character: For any finite a and any B there exists a finite E C B
such that a | g B.
8. Reflexivity: If the weak type tp“(a/A) is not bounded, then a 4 4 a.
9. Stationarity: If Lstp¥(a/C) = Lstp™(b/C), @ ¢ B and b |c B, then
Lstp¥(a/B) = Lstp™(b/B).
10. Superstability: For any increasing sequence of finite sets A;, i < w, and
any finite sequence a, there is n < w with @}, Ant1.

Ol W

We remark the following property given by superstability.

Lemma 2.3. Let (Q be some, possibly unbounded, set and let a be some finite
tuple. There is a finite set D C @Q with

alpC
for any subset C C Q.

Proof: Assume there does not exist such D. We define an increasing sequence
of finite sets A; C @, i < w such that a 4,, A;11. This will contradict
superstability. First, define Ag = (). Assume we have defined A;. However, the
set A; cannot be as required in lemma, and hence there is some C C @ with

a Aa, C. By finite character of | we may assume C' is finite, and hence take
Ai+1 =CUA;. O

We also recall the following facts, which are proved in [11].

Fact 2.4. The supremum for the number of Lascar strong types over any finite
set is bounded.

Fact 2.5. Let (K, =<k) be simple and superstable.

Let C be a countable set and let @, b be finite tuples such that Lstp™ (a/C) =
Lstp%(b/C). Then there is f € Aut(9/C) such that f(a) = b.

Furthermore, if p;, i < w, are countably many Lascar types over subsets
D; C C, we can choose f such that f(p;) = p; for all i < w.



3. Regular types

For the rest of this paper let (K, k) be a simple, superstable, finitary AEC.
From now on we will not use finite character or other details of the definition
of the class (K, xk). Essentially we need a class of structures with a monster
model and a notion of independence as in section 2. We also need the notion
of a Lascar strong type (or other notion of type) with a related notion of a
strong automorphism and the properties listed in section 2, especially we need
stationarity and results comparable to Fact 2.4 and Fact 2.5.

We fix a finite set A.

We assume that p is some unbounded Lascar strong type over A. That is,
the set

P = {a € M: Lstp(a/A) = p}

is unbounded. As notation, we write a, b, ¢ etc to denote realizations of p, that
is, elements in P. The notation a, b, ¢ refers to finite sequences of realizations
of p. We note that P in general is not invariant under automorphisms fixing
A pointwise. However if an automorphism f € Aut(9t/A) maps some element
a € P to P, then f fixes P setwise, since Lstp(b/A) = p implies Lstp(f(b)/A) =
Lstp(f(a)/A) =p.

When C is a bounded subset of 9t and p’ is a type, we define the following
operator on the realizations of p':

cde(B)={aEp': a Aauc B}

Furthermore, we assume that the type p is regular, that is, the closure operator
cla(—) = cl(—) defines a pregeometry on P. Hence we assume:

Assumption 3.1 (Regularity). For any subsets B C B’ C P and elements
a,beP

(i) B C cl(B) C cl(B'),
(i) cl(cl(B)) = cl(B),
(#ii) Exchange: if a € cl(BU{b}) \ cl(B), then b € cl(BU{a}),
(iv) Finite character: if a € cl(B), then a € cl(By) for some finite subset By
of B.

We prove that this definition of regularity is equivalent to the more traditional
one based on orthogonality. This equivalence is proved exactly as the same
result with forking in stable first order theories (see for example Pillay [15]),
but we prove it as an exercise.

Lemma 3.2. Let p be a Lascar strong type over a finite set A. The following
are equivalent:

1. cla(—) defines a pregeometry on the realizations of p.
2. clg(—) defines a pregeometry on the realizations of p' for any set C' con-
taining A, where p' is the free extension of p to C.



3. Let C contain A and let p' be a free extension of p to C. For any B
and any b realizing p’ such that b 4~ B, the types p' and Lstp™(b/B)
are orthogonal, that is, for any D O C U B and a,b satisfying the free
extensions of p' and Lstp%¥(b/B) to D respectively, we have

a J,D b/.

Proof: Clearly 2. implies 1. We show that 3. implies 2. First we show the
following claim: Assume that B, D contain realizations of p’ and a = p’ such
that a 4o D andforallde D, d 4o B. Thena /o B.

To prove the claim, we assume the contrary that a ¢ B. By item 3. we
get for each d € D that a cup d and by transitivity, a L B Ud. We show by
induction on n that this holds for every finite dy, ,,d,, C D: on the n+ 1th step,
we use item 3. and induction to show that a lcuBud....,d, dn+1, and then get
a o BUdy,...,d,,d,11 by transitivity. Hence finite character of | gives that
a Lo D, a contradiction.

Now we use this claim to show that clc(clc(B)) C cle(B) with taking D =
cla(B). If a realizes p’ and a is in clg(cla(B)), we have that a 4~ clc(B) and
for all d € cle(B), d 4o B. Hence a Jo B, by the previous claim, that is,
a € cle(B).

Then (7), (4i7) and (iv) follow from the properties of |. Since p’ is unbounded,
we get that b A b for each b realizing p’. This and monotonicity imply (4).
Item (iv) is given by finite character of |. To prove Exchange, let a o B
and a 4o BUb. By transitivity, a Joup b and furthermore by symmetry,
b Acup a. Monotonicity gives that b 4o B U a.

Then we show that 1. implies 3. First we prove the implication in the case
where C' = A and for finite sets B and D. Let a,b realize extensions of p to
DD AUBsuch that a la D and b 4,4 B. We want to show that

CLJ,D b.

We assume the contrary, that ¢ 4p b. By Lemma 2.3 there is € € P such that
D | ave B’

for any subset B’ of P.
We may assume that
e,Dlaa:

by extension there is & realizing Lstp™ (/AU D) such that € | aup a. Then by
transitivity and symmetry &, D | 4 a. Furthermore, since AU D is finite, there
is f € Saut(M/A U D) with f(e) = &. Then since f fixes P setwise, we can
take & as e.

Then since b | 4ue D by symmetry, transitivity implies that

b A4é

Furthermore, we claim that
a /J’A é, b



If not, then a J4uz b. The definition of € implies that D |4y, b. Then by
symmetry and transitivity, a U D | 4uz b and furthermore by monotonicity and
transitivity, a | p b, €, which is a contradiction.

Hence we have that a € cla(b,€) and b € cla(€). Then by (i) and (i¢) of the
definition of a pregeometry,

a € cla(e,b) Ccla(cla(e)) = cla(e).

Hence a 4 4 €, a contradiction.

Then finally we prove 3. for arbitrary C, B and D. Assume that p’ is a free
extension of p to C, let a,b realize p’ and D D CUB where a ¢ D and b 4~ B.
We want to show that a |p b.

Since p’ is a free extension of p we get by transitivity that a |4 D. By
monotonicity b 44 C U B and by finite character there is finite By C C U B
containing A such that b 4 4 Bo. Then by the previous claim, for arbitrary finite
Dy C D containing AU By, a |p, b. Furthermore by transitivity, a |4 Do U b.
Since D, was arbitrary, finite character implies that a | p b, and hence we have
shown the claim. O

By the previous result, Assumption 3.1 implies that for any C C 9 and p’
a free extension of p to C, the operator clg(—) defines a pregeometry on the
realizations of p’. Hence we can define a notion of dimension dim(—/C) on the
realizations of the free extension of p to C' O A. There a sequence aq, ..., @y, is
C-independent of a set B, if

a; o BU{ag, ..., a;—1, @41, ...,am } for each i € {1,...,m}.
Equivalently,
a; 4 CUBU{ag,...;a;—1,8i11, ..., an } for each i € {1,...,m}.
By independence calculus, it follows that
ag, ..., am 44 C U B.

We write independent for A-independent.

Now we give our geometric assumption for the sets P and Q, where p is
regular in the sense of Assumption 3.1. This assumption is strenghtened in
Assumption 5.7, which we need to gain the main theorem. However, this weaker
assumption is enough for section 4.

Assumption 3.3. Assume that A is finite, Q is an A-invariant set and that p
is a regular unbounded Lascar strong type over A. Let n < w. Assume that

1. For any independent sequence (ay, ..., a) of realizations of p and any finite
subset C' of Q we have

dim(aq, ..., a,/A) = dim(aq, ...,a, /AU C).



2. For some independent sequence (ai, ...,an11) of realizations of p there is
a finite subset C' of Q such that

dim(aq, ..., any1/A) > dim(aq, ..., an+1/AUC).

We should interpret item 1. so that for any element a realizing p and any (finite)
set C' C Q, ala C. Hence that gives that the dimension dim(—/AUC) is well-
defined on P. We note that item 2. of the assumption actually implies that
the set Q is unbounded. One property of our independence relation is that if
tp%¥(c/A) is bounded, then ¢ |4 B for any subset B of the monster model.

Furthermore, we make P into a geometry P /E by considering the A-invariant
equivalence relation

E(z,y), defined by cla(z) = cla(y).

Then P/E is a geometry with universe consisting of elements cla(z), = € P.
We use the notation cl also for the canonical closure operator on P/E, that is

cla({cla(z) 1z € X}) ={cla(y) :y €cla(X)} ={cla(y) :y Epand y 4, X}.

Any sequence aq, ..., a; € P isindependent of X C P if and only if cla (a1),...,cla (ax)
in P/FE is independent of {cla(x): x € X}.

Since p is unbounded both P and P/E have infinite dimension. Also by
simplicity, cla (@) = 0 in P.

4. The group G of permutations of P/E
Let E be the equivalence relation on P with
E(z,y) iff cla(z) = cla(y).
We define G, the group of permutations of P/E as follows.

Definition 4.1. Let G be the the group of permutations g of P/E such that
for each countable C C Q and finite X C P there is 0 € Aut(9M/AUC) fizing
P setwise such that o(a)/E = g(a/E) for each a € X.

Then we will show that this group n-acts on P/E. We define:

Definition 4.2. An action of G on a pregeometry P is an n-action if

1. The action has rank n: Whenever the tuples T and y are two n-tuples of
elements of P such that dim(zy) = 2n, then there is g € G such that
9(Z) = y. However, for some (n + 1)-tuples T, § with dim(zy) = 2n + 2,
there is no g € G such that g(z) = .

2. The action is (n + 1)-determined: Whenever the action of g,h € G agree
on a (n+ 1)-dimensional subset X of P, then g = h.

10



4.1. Interpreting an n-action

First we use Fact 2.5 to show that our action has rank n.

Lemma 4.3. Let aq,...,a., be a finite sequence in P and C C Q with
dim(ay, ..., am/AUC) =m.
Then for any k < m and iy < ... <ig,j1 < .. < jg € {1,...,m} we have that
Lstp™(ai,, ..., @i, JAU C) = Lstp“(a,, , ..., a5, /AU C).

Furthermore, if C' is countable, for a given countable collection S of types over
subsets of AUC there is an automorphism f € Aut(IM/AUC) preserving S and
mapping d;, , ..., a;, o aj ,...,a;, .

Proof: By Fact 2.5 it is enough to prove the first claim. Furthermore, we may
assume that jp, ..., jr = 1, ..., k. We prove the claim by induction on k. If k =1,
we get the claim by stationarity of weak Lascar strong types, since for each
i€{l,..,m}, a; = pand a; 4 C by Assumption 3.3. Assume we have shown
the claim for k.

To prove the claim for k + 1, let Cy C C be finite. By induction,

LStp(&il, ey aik/A @] Co) = Lstp(al, ...,ak/A U Co)

Hence there is a strong automorphism f € Saut(9/AUCy) mapping a;,, ..., a;,
to ay, ..., ax. Using the fact that dim(ay, ...., a;m /AU C) = m and invariance, we
get that

Ak+1 J,A C() U ai,y ..., and

flai,,)da CoUay, ..., ay.

Since both f(a;,_,) and a4 realize p, we can use stationarity to conclude that
Lstp(f(a,,,)/AUCoUay,...,ar) = Lstp(ary1/AU Co Uay, ..., a).

Furthermore, we get that

Lstp(as, , ..., ai,,, /AUCy) = Lstp(a, ..., ax, f(ai,,)/AUCy) Lstp(ay, ..., arq1/AUCY).

Since the same holds for all finite Cy C C, the claim follows. O

Lemma 4.4. Letaq,...,a, € P and by,...,b, € P be two independent sequences
and let C C Q be countable and let S be a countable collection of types over
subsets of AU C. Then there exists o € Aut(MM/A U C) preserving S and
mapping a; to b; for each i € {1,...,n}.

Futhermore, if C is finite, we can take f € Saut(9M/AUC).

11



Proof: By Assumption 3.3, we have that
dim(ay, ..., an /AU Cp) = dim(by, ..., b, JAUCy) =n

for any finite subset Cy of C'. Hence by finite character, the sequences a1, ..., a,
and by, ..., b, are independent over C. By using a third sequence if necessary,
we may assume that

dim(ay, ..., ap, b1, ..., by JAU C) = 2n.
The previous Lemma implies the claim. O

As in [13], we define a notion of a good pair in order to show n + 1-determinacy.
However, since we have neither Ng-stability or strong minimality, we have to
define a different notion.

Definition 4.5 (Good pair). We say that (X,C) is a good pair, if X C P is
countable and infinite-dimensional and C C Q is countable and the following
holds:

For any n + 1-tuple a € X there is Morley-sequence (C;)i<., C C of finite
sets witnessing the dimension of a over Q, that is

1. Each C; C Q is finite,

2. Lstp(C;/AUa) = Lstp(Cy/A U a),
3. C»L \LAU@ Uj<Z Cj and

4. dim(a/AUC;) =n for each i < w

Clearly by Assumption 3.3 and simplicity, for any countable X’ C P there is a
good pair (X, C) such that X contains X'.

Lemma 4.6. Let (X,C) be a good pair. Suppose that (ai,...,ant+1) € X are
independent and o(a;)/E = a;/E, fori=1,..,n+1, for some o € Aut(P/AU
C). Then o(c/E) =c¢/E for any ce€ X.

Proof: We first prove the lemma for ¢ € X with ¢ |4 a1,...,a,41. First we
claim that

o(c) Afar,ami N\ fai} & foreachi=1,...n+1.

We only prove that
J(C) /i{al ..... an} C.

Assume, for a contradiction, that this fails. Now ¢, ay, ..., a, is an independent
n + 1-tuple in X, and hence by the definition of a good pair there is a Morley-
sequence (C;)i<, C C witnessing the dimension of ¢, ay, ..., a, in Q.

By extension, there is e € P realizing Lstp(o(c)/aq, ..., an, c U A) such that

i<w
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We claim that there is finite C' C C such that
Lstp(o(c),C’/c,ay, ...,a, U A) = Lstp(e, Co/c,ay, ...,a, U A).
To prove the claim, we first show that there is p < w such that

U(C) \I/a1,.‘.,an,cUA Cp~

By superstability, there is some ¢ < w such that o(c) la;,....a.,cuauc; Citi.
Then using symmetry, the fact that Ciy1 la;,... 0,,cua C; and transitivity, the
get that

Cit1das,....an,cua CiUo(c).

Hence we can choose C;11 as C), by monotonicity and symmetry. Now we can
also take C), as C’, since by symmetry and stationarity of Lascar strong types,

Lstp(o(c),Cp/a1, ..., an,c, A) =

Lstp(e, Cp /a1, ..., an, ¢, A) = Lstp(e, Co /a1, ..., an, ¢, A).

Now let f € Saut(M/A U ayq,...,an,c) map (e,Cp) to (o(c),C’). By invari-
ance,

dim(c,aq,...,a, /AU C") =n.
Since dim(ay, ..., a, /AU C") = n by Assumption 3.3, we must have that
c € clayer(a, ..., an). (1)

Furthermore, € |4, ... .qa,,,ua cU Cp implies

©ny

U(C) \Lal,...,anUA cU C/.

Furthermore, dim(c, ay, ..., a,/A) = n + 1 implies o(c) |4 a1, ..., a,, and hence
by transitivity,
a(c) da (ar,....,a, UC).

This is, o(c) ¢ claucr(a, ..., arn). But we have that o fixes each a;/FE and hence
clauer (a1, ..y an) = claver (o(ar), ..., 0(an)), giving

o(c) ¢ clauer(o(ar), ...,o(ay)).
But then 1 implies that
o(c) € clayer(o(ar),...,o(ay)),

a contradiction.
Then we show that o(¢/E) = ¢/E. Again we assume the contrary, that

cldao(c).

13



The previous claim and symmetry give that ¢ € cla(o(c),a1,...,an). By ex-
change, there is ¢ € {1, ...,n} such that

a; € cla(cUo(c)U{ar,...,an} \ {a:}).
By the previous claim, o(c) € cla(cU {a1,...,an+1} \ {a;}) and we get that
dim(c,0(c), a1, ...,ani1/A) =n+ 1.

But we assumed ¢, o(c) ¢ cla(as,...,an+1), a contradiction.

We still need to prove the lemma for ¢ € X with ¢ 44 a1,...,an. For this,
let by, ..., b, € X be independent of (¢, aq, ..., a,). These can be found in X since
X is infinite-dimensional. By the first case, we must have that

o(b;/E) =0b;/E for each i = 1,...,n.
Now ¢ 44 b1,...,b, and we get o(c/E) = ¢/E by the first case. O

We deduce the next proposition.

Proposition 4.7. Let aq,...,an+1 € P be independent. Let ¢ € P. The ezists
a countable C. C Q such that if o,7 € Aut(M/AUC,) fix P setwise and

o(a;)/E =71(a;)/E, for eachi=1,...,n+1,
then o(c)/E = 7(c)/E.

Proof: Let (X,C) be a good pair with X containing aq, ..., @41, b1, ..., bpt1, C-
We let C, be C. Then, for any o,7 € Aut(M/A U C,) fixing P setwise with
o(a;)/E = 7(a;)/E, for each i = 1,...,n, we have that 7~oo(a;)/E = a;/E for
each i = 1,...,n+1. Hence by the previous lemma, we have that 7= 1o (c)/E =
¢/E. This implies that o(c)/E = 7(c). d

Proposition 4.8. The action of G on P/FE is an n-action.

Proof: The (n+1)-determinacy of the action of G on P follows from the previous
proposition. Now we have to show that the action has rank n.

First we prove the following claim: Assume that @ = ay,...,a, and b =
bi,...,b, are two independent sequences and let ¢ |4 ab. Then there is d € P
such that for each countable C' C Q there is 0 € Aut(M/A U C) preserving p
with o(c) = d and o(a;) = b; for each i =1, ..., n.

By Lemma 2.3 there is a finite set D C AUQ such that a,c | p C for any set
C C AUQ. By Lemma 4.4 there is a strong automorphism f € Saut(9/AUD)
such that f(a) = b. We take d = f(c) and claim this is a s required. Let
C C Q be countable. By the choice of D, we have that a,c Jaup C, and since
fHC) € AUQ, also a@,c Laup f~1(C). Invariance gives that b,d Laup C.
Now the claim follows by stationarity of weak Lascar strong types and Fact 2.5.
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We can now show the action has rank n. Assume that @ and b are indepen-
dent n-tuples of realizations of p. We must find g € G such that g(a/E) = b/E.
Let ¢ be in P be such that ¢ |4 ab and choose d as in the previous claim. We
now define the following function g : P/E — P/E. For each e € P, choose
C. as in Proposition 4.7, i.e. for any o,7 € Aut(M/A U C.) fixing P setwise
such that o(a/E) = b/FE = 7(a/E) and o(c)/E = d/E = 7(c)/E, we have
o(e)/E =7(e)/E.

By the choice of d, there is o € Aut(9M/A U C.) preserving p and sending
the n + 1-tuple (@, c) to the n + 1-tuple (b,d). Define

g(e/E) = a(e)/E.

The choice of C, guarantees that it is well-defined.

We can also see that g is a permutation of P/E: We see that g(e) does not
depend on the choice of the set C.. Let C. and D, be given by Proposition 4.7,
and 7 € Aut(9M/C,) and 7' € Aut(9M/D,) are as in the definition of g. Again
by the choice of d there is 0 € Aut(9/C.UD,) mapping (@, c) to (b, d). Then by
the choice of C. and D, 7'(e)/E = o(e)/E = 7(e)/E. Furthermore, studying
the argument in Proposition 4.7, if 7 € Aut(9M/C.) maps (a,c) to (b,d), we
can choose C, as Cr(.). Then we see that g o g(e/E) = e/E for e outside the
E-classes of (a,c,b,d) and hence g is bijective.

Further, suppose countable C C Q and finite X C P are given. By the
choice of d, there is

o€ Au(M/Aucu | Co)

ecX

preserving p and sending (a@,c) to (b,d). By definition, we have o(e)/E =
g(e/E). This implies that g € G. Since this fails for independent n + 1-tuples
by Assumption 3.3, the action of G on P has rank n. O

Definition 4.9. A group (G,-) is interpretable in 9 if there is a (bounded)
subset B C M and an unbounded set U C MF (for some k < w), an equivalence
relation E on U, and a binary relation * on U/E which are B-invariant and
such that (G,-) is isomorphic to (U/E, ).

As in Hyttinen, Lessmann and Shelah [13], we can now prove:
Proposition 4.10. The group G is interpretable in M (over a finite set).

Proof: This follows from the (n + 1)-determinacy of the group action. Fix a an
independent (n 4 1)-tuple of elements of P/E. Let B = AUa.

We let U/E C PtV /E consist of those b € P("*1/E such that g(a) = b
for some g € G.

We show that U/E is B-invariant: Let 7 € Aut(9t/B). Since 7 fixes AU a
pointwise, it fixes P/E setwise. Also 7 induces an automorphism of G, where

7(g9) € G maps a to 7(b).
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We now define by * by = b3z on U/E, if whenever g; € G such that g;(a) = b,
then g 0 g2 = g3. This is well-defined by (n+ 1)-determinacy and the definition
of U/E. Furthermore, the binary function % is B-invariant. Also (n + 1)-
determinacy implies that the map g — g(a) defines an isomorphism between
(G,0) and (U/E, *). O

5. Stationarity and unique generics

Following Hyttinen, Lessmann and Shelah [13], we choose a group ¥ of
automorphisms of the group action and show that the group (G, o) (X, n)-acts
on a pregeometry (P,cl). That is, the group G n-acts on the universe P of
the pregeometry in a way which respects the closure operator and which is w-
homogeneous with respect to X: for any finite X C P/FE and z,y ¢ cla(X)
there is 7 € ¥ fixing X pointwise and mapping « to y. Although [13] studies an
arbitrary infinite-dimensional pregeometry (P,cl) with cl(@) = @, we will only
study the geometry (P/E,clp).

Let 7 € Saut(/A) be a strong automorphism. Then 7 induces an au-
tomorphism 7’ of the group action as follows: 7/ maps the equivalence class
a/E in P/E to the class 7(a)/E = 7(a/E) and for g € G, 7'(9)(a/E) =
7(g(t71(a/E))). It is easy to verify that

7:G—=G

is an automorphism of G and preserves the action.
We let X2 be the group of automorphisms of the action induced by strong
automorphisms of the Monster model over the finite set A:

Y ={r": 7 € Saut(M/A)}.

We denote by ¥ x the subgroup consisting of those 7 € ¥ which fix X ¢ P/E
pointwise.

Then we remark that the m-action defined in the previous section is w-
homogeneous with respect to this 3.

Lemma 5.1. If X C P/E is finite and z,y € P/E are outside cly(X), then
there is a strong automorphism T € X of the group action sending x to y which
is the identity on X.

Proof: Choose a,b elements and d a finite subset of P such that 2 = a/F,
y = b/E and X = d/E. That is, a,b,d are chosen as representatives of the
E-classes of z,y,X. Then a |4 d and b |4 d. By stationarity, we have that
Lstp¥(a/A U d) = Lstp¥(b/A U d). Since AUd C 90 is finite, we get a strong
automorphism 7 € Saut(9/A U d) mapping a to b. Then, since 7 preserves all
E-classes, T maps x to y and maps each element of X C P/FE to itself. We can

take 7/ € ¥ to be the automorphism of the group action induced by 7. O
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Definition 5.2. We say that g € G is generic over X C P/E, if there exists
an independent n-tuple T of P such that

dim(zg(z)/X) = 2n.

Since P/E has infinite dimension and the action has rank n, for a given finite
set X C P/E, there is g € G generic over X.

For 7 € ¥x, g is generic over X if and only if 7(g) is generic over X. Hence
we can talk about generic types over X, which are orbits of generic elements
g € G under automorphisms in Xy, written tp(g/X).

Remark 5.3. For any independent n+1-tuple Z in P/E and any g € G, always
dim(zg(z)/A) < 2n + 1.

Proof: Assume to the contrary, that dim(zg(z)/A) = 2n + 2. Since the action
has rank n, there are some n + 1-tuples ' and ¢’ with dim(z'y’'/A) = 2n + 2
such that there do not exist h € G with h(z') = §’. Since Zg(Z) and 'y’ are
two independent tuples of the same length, by w-homogeneity there is o0 € &
mapping Zg(Z) to Z'y’. Then ¢'(g9) € G and

o'(9)(&') = o' (9)(0(7)) = o (9(x)) =¥,

a contradiction. O

We can now define stationarity of G with respect to . Notice that the extra
condition on the number of types follows from Fact 2.4.

Definition 5.4. We say that G is stationary if whenever g,h € G with tp(g/0) =
tp(h/0) and X C P/E is finite and both g and h are generic over X, then
tp(g/X) = tp(h/X). Furthermore, we assume that the number of types over
each finite set is bounded.

The following is a strengthening of stationarity.

Definition 5.5. We say that a subgroup G of G has unique generics if for all
finite X CP/E and g,h € G generic over X we have tp(g/X) = tp(h/X).

In [13] the following fact is proved for any group (G,-) (X, n)-acting an an
infinite-dimensional pregeometry (P, cl) as Proposition 2.8. The proof also refers
to Lemma 3.2 of Hyttinen [8].

Fact 5.6. The connected component GO is the intersection of all invariant,
normal subgroups with bounded indez.

If G is stationary, then GV is a normal invariant subgroup of G of bounded
index and G° (X°,n)-acts on the pregeometry (P/E,clp) by restriction, where
Y0 is obtained from ¥ by restriction to G°. Also the stationarity of G implies
that G° has unique generics.
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In [13], stationarity of Lascar strong types is used to show stationarity for G.
The proof also uses quasiminimality of p. For regular types we can do something
similar, but we need the additional assumption 5.7. This assumption is analo-
gous to a condition holding in Hrushovski [6], where P and Q are slightly modi-
fied using the techniques available with 91°?. This assumption is a strengthening
of Assumption 3.3(2).

Assumption 5.7. For some independent sequence aq,...,an+1 Of realizations
of p there is finite C C Q such that (ay,...,a,) dominates (ay,...,any1) over
AUC, written

(@1, ey an) > ca (A1, ooy Gpg1)-

That is, whenever d is some finite tuple in the monster model, d | aLc a1, ..., an
implies d L auc a1, -y Qpy1-

We remark that equivalently the same holds for all independent sequences
a1, ..., an+1 of realizations of p.

We also have be careful when we want to apply results about Lascar strong
types in P to P/E, since for an element a € P, the closure cla(a) can be
unbounded. For a generic element ¢ € G, we introduce a concept of generic
witnesses in P. Especially, we use Assumption 5.7 to get item 4.

Definition 5.8. Assume that g € G is generic over finite X C P/E, where
d € P such that X = d/E. We say that two (n + 1)-tuples a = ay, ..., an11 and
b=b1,...,bn41 are generic witnesses for g over d, if

1. g(a/E) =b/E and

2. dim(a, by, ...,b,/AUd) = 2n + 1.

3. There are n+ 1-tuples @', b’ such that g(a'/E) = b'/E, dim(a’,b'/AUd) =
2n+1andalsa't'd.

4. The 2n + 1-tuple a1, ..., apq1b1, ..., b, dominates ab over A.

Note that if @, b are generic witnesses for g over d and 7 € Saut(9/A), then

7(a) and 7(b) are generic witnesses for 7/(g) over 7(d).

Lemma 5.9. Let g € G be generic over finite X C P/E, where d € P such
that X = d/E. There are a and b such that they are generic witnesses for g
over d.

Proof: By the definition of genericity, there are n + I-tuples @’ and o =

by, ....,bj, 1 such that g(@'/E) =V /E and dim(a’,b},...,b,,/AUd) =2n + 1.
By extension, there is a realizing Lstp(a’/A U d) such that

alagat.
Then by transitivity, also @ J4 a’t’d. Furthermore, we get that

dim(a,a’,by,....,b,,/AUd) = 3n + 2.
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By Assumption 5.7, there is a finite set C' C Q such that

al) "')an DAUC’ a/17 ey an+1~

Futhermore by extension there are finite sets C; realizing Lstp(C’/A U @) such
that

Ci Lava U C;ud.
j<i
Then we choose b such that g(a/E) = b/E and there exists 7 € Aut(9/A U
Ui<., C:) mapping a to b. This is possible by the definition of G. Then for each
1 < w, by,...,b, dominates b over AU C;.
Also we must have that dim(a, by, ..., b,/A Ud) = 2n + 1. This holds, since
by Remark 5.3, for each i € 1,...n+1, b; € cla(a;,dl,...,al, b}, ....b)) and
b; € cla(al, a1, ...,an, b1, ...,by) and hence

3n + 2 = dim(a,a’, b, ...,b,/AUd) = dim(a,a’, b}, ...,b,, b1, ..., by JA U d)

vy Uy

= dim(a,a’, by, ...,b, /AU d).
Now it is left to show item 4. For this, let d’ be arbitrary such that
d laabi, .. b,
We need to show that d’ | 4 ab.
Since dim(a, b1, ...,bp/A) = 2n + 1 implies that @ |4 b1,...,b,, we get by
transitivity that
alaby, .. by, d. (2)
By superstability, there is some ¢ < w such that
Ci+1 davauc, bd'.
We denote C' = C;11. Since C;1+1 Laua C;, we get by transitivity that
C Lava bd. 3)
Since d’ |4 @, by, ...,b,, 3, symmetry and transitivity imply that
d laaby,.. b,,C. (4)

furthermore, 2,3 and transitivity imply that Ca |4 b1, ..., by, d' and hence by 4,
Cad’ |4 b,. Furthermore by monotonicity, ad’ |auc b1, ..., b, and then since
b1, ..., b, dominates b over (AU (),

ad’ daue b. (5)
Then 4, 5 and transitivity give that d’ |4 @,b, C. This proves the claim. O

To prove stationarity, we need one more lemma about Lascar strong types.
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Lemma 5.10. Assume that (’115 and ¢, d are both witnesses for a generic g € G
over d in P. Then there are ¢d’, generic witnesses for g over d such that &'/ E =
¢/E,d /E=d/E and &,d realizes the Lascar strong type Lstp(a,b/A U d).

Proof: Since @ and b are generic witnesses, there are n+ 1-tuples €, f such that
g(é/E) = f/E and a | 4 &, f,d. Similarly, there are such n + 1-tuples &, f’ for
c.

First, let a’ realize Lstp(a/AUeU f Ud) such that @ | 4. 7,5 € U f. By
transitivity, @’ }a €, f’,d. As independent n + 1-tuples, @ and ¢ realize the
same Lascar strong type over A. Then by stationarity, @’ and ¢ realize the same
Lascar strong type over AU U f' Ud.

We get two strong automorphisms 7, € Saut(9M/AUeU fUd) and €
Saut(M /AU U f'Ud) such that 7 (a) = @’ and 72(a@’) = é. By n+1-determinacy
we get that 7{(g) = g and 74(g) = g.

We write 0 = mp071 € Saut(91/A) and d = o(b). Then C, d = o(a, __) realize
Lstp(@,b/A) and are generic witnesses for o(g) = g over d. Hence ¢,d’ are as
needed for the claim. O

Finally we prove stationarity.
Proposition 5.11. G is stationary with respect to >.

Proof: First, notice that the number of Lascar strong types of 2n + 2-sequences
over A is bounded by Fact 2.4. Since by n + 1-determinacy the type of any
g € G is determined by the Lascar strong type of any 2n + 2-tuple @, b such that
g(@/E) = b/E, we get that the number of types tp(g/A) for g € G is bounded.

Now assume that both g and h in G are generic over some finite X C P/E
such that tp(g/A) = tp(h/A). We want to show that tp(g/X) = tp(h/X).

Let € € P be finite such that ¢/E = X. By lemma 5.9 there are generic
witnesses a, b for g over & and generic witnesses ¢, d for h over é.

Since tp(g/A) = tp(h/A), there is 7 € Saut(M/A) such that 7(g) = h. We
have that 7(a),7(b) are generic witnesses for h over (). Then by Lemma 5.10
there are ¢, d' generic witnesses for h over () realizing Lstp(7(a),7(b)/A) =
Lstp(a,b/A) such that & /E = ¢/E and d'/E = d/E.

We claim that &@d’ |4 é&. By domination, it is enough to show that

=/ / / —
c,dy,....d, Lae.

But hence & C cla(¢) and di,...,d), C cla(dy,...,d,,) and vice versa, we have
that
dim(c, d},...,d,,JAUe) =

dim(c, &, dy, ..., dp,dy, ..., d,, JAU ) = dim(¢, dy, ...,d, /AU E) = 2n + 1.

Since then &, dY, ...,d., is independent over €, we get the claim.

Similarly by domination, @,b | 4 €. Now &d’ |4 €, @,b | 4 € and the sequences
éd and a,b realize the same Lascar strong type over A. By stationarity, they
realize the same Lascar strong type over AUé. Hence there is 7 € Saut(901/AUe)
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mapping ab to &d’. This 7 also fixes X C P/FE pointwise. By n+1-determinacy,
7/(g) = h, and hence we are done with the proof. O

The following corollary follows from Fact 5.6

Corollary 5.12. The connected component G° has unique generics with respect
to 3.

5.1. Localization and hereditarily unique generics

The following definitions of a localised group action and hereditarily unique
generics are from |13] and are the same for any group G (X, n)-acting on a
pregeometry (P, cl), where G is w-homogeneous with respect to some group ¥
of automorphism of the group action.

When B C P is an independent set of size k with k& < n, we can form a new
w-homogeneous group action by localizing at B: The group G p is the pointwise
stabilizer of B, Gg = {9 € G : g | B = Id}, which is a subgroup of G. The
pregeometry Ppg is obtained from P by considering the new closure operator

clp(X) =cl(BUX)\ cl(B)

on the set P\ cl(B); then G acts on Pg by restriction; and let X5 be the group
of automorphisms in o fixing B pointwise. Then the group Gg (Xp,n — k)-acts
on the pregeometry Pp.

If P is a geometry, it is not necessarily true that Pg would be a geometry,
since for the elements b € P\ cl(B), the closure cl(B U {b}) is not necessarily
contained in cl(b) U cl(B). However, w-homogeneity (now with respect to Xg),
infinite-dimensionality and empty closure of the empty set are inherited.

Definition 5.13. Assume that a group G (X, n)-acts on a pregeometry (P, cl).
We say that G admits hereditarily unique generics if G has unique generics and
for any independent k-set B C P with k < n there is a normal subgroup G’ of
Gp such that G' (X', n — k)-acts on the pregeometry Pp (for some subgroup X'
of ), which has unique generics with respect to 3.

We claim that G admits hereditarily unique generics. For any independent
k-tuple = in P/E, we should consider the (Xz,n — k)-action (G")z on (P/E)z,
where the connected component is defined with ¥; and hence is Yz-invariant.
To prove that this action has unique generics it is enough to show that any g
generic in (G); is also generic in G°. Then, since G° has unique generics,
for any two such generics g, h there is ¢ € ¥ mapping g to h. Note that by
definition it is enough that (GY); has unique generics with respect to X.
To simplify notation we write (G%); for (G°)z, where z = a/E.

Proposition 5.14. Let a = ay,...,ar be an independent k-tuple for 0 < k < n.
Assume that g generic in (G®);. Then it is also generic in G°.
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Proof: Since g is generic in (Go)a, there are agy1, ..., apn, bg+1,...,bpin P such
that g(a;/E) = b;/E for each i € {k+1,...,n} and

dim(ak+1, ooy Ay D1y ooy bn/A U C_L) = Q(TL — k)

Denote @ = a1,...,Qk, Qgt1, - an and b = by, ..;by = a1, ..., g, bs1, oo, by
Then we have that g(a@’'/E) = b/F and

dim(a'b/A) = n+ (n — k).
We choose @41, b,41 such that
ant1 da @'d,
and g(an+t1/E) = bpy1. Then we choose a2, by 12 respectively such that
Anga ba @b, angt, b
and g(any2/E) = byyo/E. Tt follows that
dim(@’, i1, Gnioy b, bnst, buga/A) =n+ (n— k) + 2.

Denote € = ag, ..., @py2,b2, ...y b2, We claim that dim(¢/A) = n+ (n — k) + 2.
Since a; = by, it is enough to show that

a1 AA C.

We assume to the contrary, that a; |4 ¢. The by extension we can choose d,
realizing Lstp(a; /AU¢) for p=1,...,n —k+1 such that d,, L4 ¢, a1,d1,...,dp_1.
Since the 2(n + 1)-sequence ¢ determines g, we must have that g(d,/E) =
d,/E for each p = 1,..,n — k + 1. But then ¢ fixes the n + 1- sequence
d1/E,...;dyn—k4+1/E,a1/E,...;ar/E and hence by n + l-determinacy we must
have that g = Idp;g). On the other hand g(axi1/E) = bry1/E # aps1/E.
This contradiction proves the claim, that is

dim(ag, ..., api2,b2, ..., bpia/A) =n+ (n — k) + 2.

Furthermore, for each m € {1,...,k — 1} we choose an424+m and by424m such
that g(an+2+m/E) = bnt2+m and

Apgosm 44 @b, Gty ooy Gng14ms B s ooy D 14m-
As in the previous claim, we conclude that
dim(agsmy vy Gntopms D2tmy ooy bntopm/A) =n+ (n — k) + 2+ m.
Then finally when m = k — 1 we get that
dim(ag41, ooy Gnp k1, Okt1s ooy Onkr1/A) = 2n + 1.

Now we have shown that g is generic in G°. (]

As explained below Definition 5.13, we get the following corollary.
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Corollary 5.15. G° admits hereditarily unique generics.
We mention another corollary.

Corollary 5.16. Assume that = € P/E is an independent k-tuple for k < n.
Let g € (G%)z. Then g is generic in G if and only if g is generic in (G°)z

Proof: The other direction follows from Proposition 5.14. Then assume that
g is generic in GY and fixes Z. Hence there is an independent n-sequence
J = Y1,.--,Yn such that dim(g,g(g)/A) = 2n. Since at most k elements of
the independent sequence ¢, g(g) can belong to cl(Z), we may assume that
Ykt1s s Yns G(Ykt1)s -y §(yn) are outside cl(z). Since

dim(yk’-‘rla "'ayn7g(yk+1)a 7g(yn)/A) = 2(” - k)a

these elements witness that g is generic in (G?);. O

Hereditarily unique generics gives us either a non-classical group or n-deter-
minacy and furthermore that n € {1,2,3}. These are Definitions 1.1 and 1.11
of Hyttinen, Lessman and Shelah [13] and Facts 2.10 and 2.12 of [13] referring
to Theorem 2.7 and Lemma 2.8 of Hyttinen [8]. It is a open question whether
non-classical groups exist.

Definition 5.17. We say that a group G carries an w-homogeneous pregeome-
try if there exists a closure operator cl on the subsets of G satisfying the axioms
of a pregeometry with dim(G) = |G|, and such that whenever A C G is finite
and a,b ¢ cl(A), then there is an automorphism of G, preserving cl and fizing
A pointwise and sending a to b.

We say that a group G is non-classical if it is nonabelian and carries an
w-homogeneous pregeometry.

In the following facts we assume that the pregeometry (P, cl) is infinite-dimensio
nal and that cl(() = 0.

Fact 5.18. Assume that G (X,n)-acts on a pregeometry (P, cl). Assume that
G admits hereditarily unique generics. Then either (Gg)® is non-classical, for
some independent (n—1)-subset B C P or the action of G on P is n-determined.

Fact 5.19. Assume that the (X,n)-action of G on a pregeometry (P,cl) is n-
determined. Then n € {1,2,3}.

We prove a small Lemma which will be used several times in the proof of the
main theorem. A similar Lemma is used to prove Fact 5.18, but the proof if
simpler due to 1-determinacy.

Lemma 5.20. Assume that G (X,1)-acts on an infinite-dimensional prege-
omerty (P,cl), where cl(0) = (0. Assume that the action is 1-determined. Then
G admits an w-homogeneous pregeometry.
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Proof: We define a closure operator cl on the subsets of G as follows: for g € G
and g1, ..., gx € G we let
g € cl(g1, -, gk),

if for some element y € P and « € P\ cl(y, 9(y), 91(y), ..., gk (y)) we have that

g(x) € cl(x, g1(x), ..., gr(x)).

We note that then the same holds for all such z and y: let

' ¢y, 9), 0n¥), . a¥))

Let z be such that

2 & My, 9W), 91(W)s - 9(W): v, 94 ), 91 (V) s g (Y))-

Then since the action is w-homogeneous with respect to X, there are 7,7/ € X
such that 7(z) = z,7'(2) = 2/,

7 1 {v,9(y),91(y), -, gx(y)} = 1d and

1y 9), 1(y), gk (y)} = 1d.

But then by 1-determinacy, 7'(¢9) = 7(9) = ¢ and 7'(g;) = 7(g9;) = g; for
each i € {1,...,k}. Hence g(z) € cl(z,g1(x),...,g9x(2)) if and only if g(z’) €
cl(@’, g1(z'), ..., gr(2")) by applying 7o 7'.

For an arbitrary subset A C G we define that g € cl(A) if there are k <
w and g1,...,gx € A such that g € cl(g1,...,gx). It is not difficult to check
that this induces a pregeometry on G with the same infinite dimension as P.
Notice however, that even though the closure of the empty set is empty in P by
assumption, the induced closure on G contains the identity element of G.

Also since the action is w-homogeneous with respect to X, the induced prege-
ometry in w-homogeneous with respect to X: suppose that g, h ¢ cl(A) for some
finite subset A C G. Then for some element y € P define A(y) = {f(y) : f € A}
and let

x e P\cl(y,9(y), h(y), Aly)}-
Then by the definition of closure,

9(x), h(z) ¢ cl(z, A(z)).

There is 7 € X, 4(2)} mapping g(z) to h(z). Again by 1-determinacy, 7(g) = h
and 7(f) = f for each f € A. O
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6. The main result

We want to use Theorem 2.32 of Hyttinen, Lessmann and Shelah [13] to
conclude the main result of this paper. There is one more obstacle we have to
be aware of. In [13] it is assumed that dim(P) > 2/ /Pl for any finite subset B
of the pregeometry P. There it is a minor assumption, since in the quasiminimal
case the closure cl(B) of a finite set B is bounded. Here we cannot assume such
a thing. However, we are able to copy the proofs of [13] only replacing the parts
where this assumption is used and conclude our main result. More specifically,
this assumption is used in Lemmas 2.17 and 2.28 of [13], which are needed to
prove Proposition 2.29. We will reprove these, but only in our context, not
in the context of a group acting on an arbitrary pregeometry. Note that the
assumption dim(P) > 2/</B)l is not used in the paper Hyttinen [8].

6.1. The pregeometry (P/E), is a geometry

In this section we prove the following proposition, which replaces Proposition
2.29 of [13].

Proposition 6.1. Assume that GY (%, 3)-acts on the geometry P/E. Let x be
an element in P/E. Then the pregeometry (P/E), is a geometry.

First we prove the following Lemma, replacing Lemma 2.17 of [13].

Lemma 6.2. Assume that G° (X, 3)-acts on P/E and the action is n-determined.
Let x,y be independent elements in P/E and g € (GY), generic such that that
9(y) =y. Then g fizes cl(a,b) pointwise in P/E.

Proof: Note that it is impossible for g to fix anything pointwise in the prege-
ometry P, since g is only defined for the equivalence classes in P/E, not for the
elements in P. Note that it is equivalent to say that x,y € P/FE are independent
and that y is an element in (P/FE),.

Notice also that by Corollary 5.16, if g € G° fixes = it is equivalent to say
that g is generic in G° or g is generic in (G),.

Since g is generic (in (G°),,,), there is z independent of z and y such that

dim(z,y, 2, g(2)/A) = 4.

Now it suffices to find some generic ¢’ € G° such that ¢’ | cl(z,y) = Id.
Since then there is 2z’ such that dim(z,y, 2/, g(z")/A) = 4 and hence there is a
strong automorphism 7 € Saut(9/A) mapping z,y, z’, g(z’) to x,y, z,g(z) by
Lemma 4.4. But now by 3-determinacy, 7/(¢9’) = ¢g. Then since ¢’ fixes cl(x,y)
pointwise, also ¢ fixes pointwise the set 7(cl(z,y)) = cl(z,y).

Let us write z = a/E,y =b/E,z = ¢/E and g(z) = d/E, where a,b,c and d
are elements in P. We have that dim(a,b,c,d/A) = 4. Although cl(a,b) might
be unbounded, by Lemma 2.3 there exists a finite D C cl(a, b) such that

c, d \LAUDUa,b Cl(a7 b)
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By extension, there are ¢/, d’ realizing Lstp(c,d/A U D U a, b) such that
Cla d/ \LAUDUa,b c, da

and furthermore a strong automorphism 7 € Saut(9/AU D Ua, b) mapping ¢, d
to ¢/,d’. Denote h = 7(g). Then h(x,y) = z,y and h(¢'/E) = d'/E. Since G°
is Y-invariant, we have that h € G,

Furthermore, since 7 fixes cl(a, b) as a set, we have that

dd L aupuas cl(a,b).

By stationarity, for each finite & € cl(a,b) there is 7; € Saut(9M/AU, a,b,€)
mapping ¢, d to ¢/, d’. By 3-determinacy, 7:(g) = h.

Now let a1 € cl(a,b) and az be such that g(a;/E) = az/E. Then since g
fixes z,y = a,b/E, also as is in cl(a,b). Now let € in cl(a, b) contain a; and as.
Then h(a1/E) = 7e(g)((a1/E)) = 72(g(r: '(a1/E))) = az/E = g(ar/E). This
implies that

gl Cl(xvy) =h] cl(a:,y).

Hence h™! o g € GO fixes cl(x,y). We need to show that h=! o g is generic. It
is enough to show that it is generic in (G°),,,.
Let us write 2’ = ¢//E. Then h(z') = d'/E and

dim(z, g(2), 2", h(z") /AU z,y) = 4.

Let e € P/E be independent of z, g(2), 2, h(z'), z and y. By 3-determinacy, any
7 € ¥ fixing x, v, 2, g(2), e must fix g~ and hence also g~!(e). This implies that
g Y(e) € cla(z,y,2,9(2),e). Similarly, h=1(e) € cla(x,y, 2’, h(2'),e). Hence

dim(z, g(2), 7', h("),e, g7 (e), h " (e) JAU z,y) =

dim(z, g(2), 2", h(z"),e/AUz,y) = 5.

By the same argument g(z) € cla(z,y, 2,e,971(e)), h(2') € cla(z,y, 2, e, h~1(e))
and hence

dim(z,2',e,h " (e), g (e)JAU z,y) = 5.
Thus dim(h=1(e), g7 (e)/AUz,y) = 2, where (h=t 0o g)(g~(e)) = h~*(e). This
proves that h~! o g is generic in (G°),.,. O

X

The proof of Lemma 2.28 of [13] uses again that cl(A) is bounded for a finite
set A, but this is not really needed. We reprove a part of Lemma 2.28.

Lemma 6.3. Assume that the (3, 2)-action of (G°), on the pregeometry P/E,
is 2-determined. Let y,z € P/E, be independent and f € (G°), be such that
for all g € (G°)z, gfg~"(y) € clu(y) and gfg™"(2) € clu(2).

Then there are k,l € (G°), such that kfk= =1fl=' and

dim(y, z, k(y), k(2),1(y),l(z) /AU z) = 6.
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Proof: By simplicity and extension, there are independent y' = a/FE and 2’ =
b/E such that

a,b\l,A xvyazaf(y)7f(z)
and hence dim(y’, 2/, y, 2/AU z) = 4. Here we abuse the notation to mean that
a, b are free of some representatives of the equivalence classes of =,y etc in P.
Since (G°), has rank 2, there is k € (G), such that k(y, z) = v/, 2’. Now since
kfk=1(y) € cl.(y) and kfk=1(2) € cl,(z), we have that

a’abi/A xayazvf(y)a f(Z)kakil(y%kfkil(z)

Then let vy = ¢/E,z" = d/E be such that dim(y, z,v', 2’,y", 2" /AU z) = 6,
¢,d = Lstp(a,b/A) and

c;dlawy, 2 f(y) f(2), kfET (y) kR ().

Hence by stationarity, there is 7 € Saut(9/A) fixing z, v, z, f(y), f(2), kfk~1(y),
kfk='(z) and mapping ¥/, 2’ to y”, 2. Then by 2-determinacy, 7/(f) = f and
' (kfk=1) = kfk=. We choose | = 7/(k). Then =% = 7/(k~1).

Now we claim that these &, will do. We have that I(x,y, z) = 7(k(7(z,y, 2)))
= z,y”,2" and hence | € (G), and dim(y, z, k(y), k(2),1(y),l(z) /AU x) = 6.
Furthermore, for any element w € P/E,

kfe™H (w) = 7' (k1) (w) = 7' (k)7 ()7 (k1) (w) = LI~ (w),
since 7(kfk~H7r Y (w) = (thr Y (rfr7 1) (kv 7)) (w). O

With these Lemmas the proof of Proposition 6.1 is identical to the proof of
Proposition 2.29 of [13]. Note that this implies that the pregeometry cly on P
is 2-trivial: since for any pair z,y € P/E, cla(x,y) = cla(z) Ucly(y) = {z,y},
we get that for any a,b € P, cla(a,b) = cla(a) U cla (b).

6.2. The main result
Now our main result follows as Theorem 2.32 of Hyttinen, Lessmann and
Shelah [13]. We recall the main ingredients, but the proofs are identical. We
define
I={geG:¢g*=1}and

N, ={g € G: theset {h(x):h e l,gh ¢ I} has bounded dimension}.

Several properties of N, are shown in [13]. We list here those that are needed
for the proof of our main theorem.

Fact 6.4. Assume that a group G (3, 2)-acts on an infinite-dimensional geom-
etry (P, cl) with c1(0) = 0. Then for each x € P, N, C G is an invariant normal
subgroup and G = N, X G,. Also the group N, (X', 1)-acts on (P,cl), where the
action is n-determined and Y’ is obtained from X by restriction.

Furthermore, if G, and N, are abelian, then P can be given the structure of
an algebraically closed field (K, +, x,0,1) and the action of G on P is isomor-
phic to the affine action of K+ x K*, x — | + kx, on K. Moreover, the field
structure on P and the isomorphism of the group action are invariant once the
identities of the field 0,1 are chosen.

27



The proof is as the proof of Propositions 2.27 and 2.31 of [13].

Theorem 6.5. Assume that (K, k) is a simple, superstable finitary AEC and
let M be the monster model for (K,<k). Assume that A is a finite set, p is
an unbounded and regular Lascar strong type over A and Q is an A-invariant
subset of M. Assume that there exists an integer 0 < n < w such that

1. For any independent sequence (ay, ..., ar) of realizations of p and any finite
subset C' of Q we have

dim(ay, ..., an/A) = dim(aq, ...,a, /AU C).

2. For some independent sequence aji,...,any1 of realizations of p there is
C' a finite subset of Q such that (a1, ...,a,) dominates (a,...,an41) over
AUC.

Then M interprets a group G which acts on the geometry P/E induced on the
set P of realizations of p. Furthermore, either M interprets a nonclassical group
orn € {1,2,3} and

o If n=1, then G is abelian and acts reqularly on P/E.

o If n = 2, the action of G on P/E is isomorphic to the affine action of
KT x K* on the algebrically closed field K.

e Ifn = 3, the action of G on P/E is isomorphic to the action of PGLo(K)
on the projective line P1(K) of the algebraically closed field K.

Proof: The group G is interpretable in 90 by proposition 4.10. This group
acts on the geometry P/E; the action has rank n and is n + 1-determined.
Futhermore, G° admits hereditarily unique generics with respect to the set of
automorphisms induced by strong automorphisms of M. GO is an invariant
subgroup of of G and therefore interpretable. But, G® (XY n)-acts on the
geometry P/E (X0 is simply obtained from ¥ by restriction) and has hereditarily
unique generics. Hence, we let G = G°. We also write only ¥ for X°.

Assume that 9t does not interpret a nonclassical group. Then the action of
G on P/FE is n-determined by Fact 5.18, since groups of the form ((G%)p)° are
interpretable in 9. Furthermore, then n € {1,2,3} by Fact 5.19.

Let n = 1. Since the (X, 1)-action of G on P/FE is 1-determined, it is
regular. Moreover, GG carries a homogeneous pregeometry by Lemma 5.20. Since
it cannot be nonclassical, it must be abelian.

Let n = 2. By Fact 6.4, N, (¥',1) acts on P/E, where the action is 1-
determined. Also G, acts on the pregeometry (P/E), with an 1-determined
action. The groups N, and G, are interpretable in 99t and hence it follows from
Lemma 5.20 that N, and G, must be abelian. Now the result follows from Fact
6.4.

Let n = 3. Choose a point y € P/E and call it co. Then the (X, 2)-action
of G on (P/E) is 2-determined. By Proposition 6.1, (P/E) is a geometry.

Choose z € (P/E)s and call it 0. Call Ny the group N, defined for
(P/F)x and let G o the group of elements in G fixing also 0. Then the
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1-actions of Geo,0 0 (P/E) o0 and N g on (P/E)o are 1-determined and the
groups are interpretable in 9. Again they must be abelian by Lemma 5.20.

By Proposition 6.4, the action of G = N0 X Goo,0 On (P/E) o is isomor-
phic to the affine action of K x K* on the algebraically closed field K (notice
that 0 € (P/E)s chosen above is the 0 of the field). Let 1 € (P/E)o be the
identity element for the multiplicative structure of the field K. Since (P/E)s
is a geometry, the set {0,1,00} C P/FE is 3-dimensional.

Since the (3, 3)-action of G on P/FE is 3-determined, there is a unique o €
G such that a(0) = oo, a(cc) = 0 and a(1) = 1. Notice that o? = 1 by
3-determinacy. Exactly as in the proof of Theorem 2.32 in [13] we see that
conjugation by « induces an idempotent automorphism 7 of G o, which is not
the identity and furthermore, 7(g) = g~! for each g € G 0.

We can now complete the proof as in [13]: the geometry P/E is isomorphic
to the projective line P*(K), with co being the point at infinity. Given z € K*,
choose h € Goo o such that hl = z. Then ax = ahz = h™lal = h™11 =271
Also o permutes 0 and oo, so a acts like an inversion on P!(K). It follows
that G contains the group of automorphisms of P!(K) generated by the affine
transformations and inversion. Hence PLG2(K) embeds in G. The actions of
PLGy(K) and G are both sharply 3-transitive: any three elements x,y,z € P/E
are independent, since P/E is 2-trivial (see the note in the end of section 6.1),
and hence there is exactly one g € G mapping a triple z,y, z to another triple
2’ y’',Z. Hence the embedding of PLG5(K) on G is surjective.

The projective line structure and the isomorphism of the group action are
invariant over the points 0,1,00 € P/E. O

Finally we study the relation of our theorem to the results in the paper [13].
The following lemma remarks that moving from quasiminimal types to regular
Lascar strong types is a real generalization.

Lemma 6.6. Assume that p is an unbounded quasiminimal type over a finite
set A. Then p is a Lascar strong type. Furthermore, p is regular.

Proof: We recall that a type g is said to be bounded is the set of realizations of
q in M is bounded. We recall that a type ¢ over a set A is quasiminimal if for
every bounded B, every A U B-invariant subset of the set of realizations of ¢ is
bounded or co-bounded. We often identify ¢ with the set of realizations.

First we show that p is stationary as a weak type: let B be a bounded set and
a,b = p such that tp¥(a/B) # tp¥(b/B). By quasiminimality, either tp“(a/B)
or tp(b/B) must be bounded. If tp%¥(a/B) is bounded, we have that a 4, B.
Hence both a and b cannot realize free extensions of p.

To see that p is a Lascar strong type, let again a,b = p. We want to show
that Lstp(a/A) = Lstp(b/A). For this, we use extension to find ¢ = Lstp(a/A)
such that ¢ |4 a,b. By symmetry and since p is stationary, we have that
tp¥(a/AUc) = tp¥(b/A Uc). Since A is finite, there is f € Aut(9/A Uc)
mapping a to b. Then since Lstp(a/A) = Lstp(c/A), the automorphism gives
that Lstp(f(a)/A) = Lstp(f(c)/A), which gives that Lstp(b/A) = Lstp(c/A) =
Lstp(a/A).
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Finally we show that p is regular. We notice that the closure
ca(B)={bEp:b 44 B}
agrees with the following bounded closure:
bela (B) ={b Ep: tp¥(b/AU B) is bounded}.

The direction bela(B) C cla(B) is given by quasiminimality: since the free
extension of p to B is unbounded, any ‘non-free’ extension is included in the
complement and hence must be bounded.

We know that the properties of | imply all other properties of a pregeometry
for cla(), except maybe the property (ii), that cla(cla(B)) = cla(B). By
finite character, it would be enough to show this for finite sets B. By the
previous equivalence, also bounded closure satisfies finite character. But now,
the bounded closure can be easily seen to satisfy the property (i) for finite sets:
Assume that a € bel(bel(B)) for B finite. We want to show that tp“(a/B) is
bounded. Assume towards a contradiction, that (a;);<» are unboundedly many
realizations of tp™ (a/AUB). Since B is finite, for each i there is f; € Aut(9t/AU
B) mapping ag to a;. By finite character, we have that tp“(a/A U B U C) is
bounded for some finite C' C bel(B). Then since tp*(c/A U B) is bounded for
each ¢ € C, we have that unboundedly many f; must map each ¢ € C similarly,
say f; maps C to C’ for each i € I C X\. Let g € Aut("M/A U B) map C’
to C. Now g¢(fi(ap)), i € I, are different realizations of tp*(a/A U B U C), a
contradiction. 0

The following theorem compares the group of our main theorem and the groups
of the theorems in [13]. For the details of the definitions, see [13].

Theorem 6.7. Suppose (K,<x), p, @, A and n satisfy the assumptions of
Theorem 6.5 and in addition those in [13] Theorem 3.19 or 4.19. Let G be the
group constructed in the proof of Theorem 6.5 and H the group constructed in
the proof in [13]. Then it holds that H® = G°.

Proof: It is immediate by the definitions that H is a subgroup of G with
the same action. Also H is preserved under all automorphisms of 9 fixing A
pointwise and since the action is n 4+ 1-determined, H is a normal subgroup of
G (fgf~! = F(g) for suitable F' € Aut(9t/A)). But then the claim follows if in
addition H is of bounded index. For this, let us look at f/H for some f € G.
Take and 1, ..., Tnt1, Y1, -y Yn € P/E s0 that dim(x1, ..., Tpt1, Y1y ooy Yn/A) =
2n 4+ 1. Since the action of H is an n-action we can choose the reprecentative f
of f/H so that for all 1 <i <mn, f(z;) = y,;. Since the action of G does not have
rank > n+1, f(zn41) C cla(@pne1 UU <<, (@i Uys)). Since p is quasi-minimal,
there is only boundedly many choises for f(z,4+1). Since the action of G is
n + 1-determined, the index is bounded. O

Notice that our argument above for this is very general. There are also other
natural ways of defining the group than those in [13] and in this paper and it
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is possible to construct examples showing that the way of defining the group
may affect on what the group itself is. However, the real target group i.e. the
connected component remains the same.

7. Examples

In this section we give two examples of situations as in the main theorem.
The first example is a vector space with an affine copy of itself and the second
example is a class of Pappian projective planes.

7.1. Vector space with an affine copy

The first example is actually an elementary class, i.e. a class definable in
first order logic, but we find it quite illustrative. We have not found many
such examples in the literature. Furthermore, assuming that there are no non-
classical groups, our theorem says that in the context of simple and superstable
finitary AECs nothing happens that does not already happen with first order
logic. Since our technique is somewhat different from the proof in elementary
classes, this example demonstrates why all the steps are needed in our proof,
especially why we have to move to the connected component.

Example 7.1. Let x be an infinite regular cardinal such that k* = k. Letr > 2
be a prime number. Let G be the group of finite support functions

f:e—=(2Z/r2)
i.e. the k-dimensional vector space over the field Z/rZ. Then define
M = (G xk,(Q,+),R, E)

be a structure with the universe G X k and with QQ a unary predicate and E
binary and R ternary relations on the universe. We define the predicate Q to
be G x {0}. The addition + is defined on Q making it an isomorphic copy of
G. Then we define E to be the following equivalence relation:

(a,0)E(b,B) iff (a,a)=(b,B) or
a,B8>0anda=0,

and define R as the relation:

((a, ), (b,B),(c,v)) € R iff a=0, 8,7v>0 and
(b+a=corb—a=c).

Denote P = M \ (G x {0}) = {(a,a) € M : « > 0}. Furthermore, denote
H = {g € Sym(P/E) : g is induced by an automorphism f € Aut(M/Gx{0})}.

We find that for o > 0, tp“¥((a,a)/0) is an unbounded regular Lascar strong
type and P/E = {x € M : z |= p}/E is a geometry with cly(-), H is the group
defined as in Definition 4.1, which is not abelian and the connected component
HY is G.
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We prove a few lemmas towards showing the claims of the example.
Lemma 7.2. M is saturated with respect to first order types.

Proof: Let N be an ws-saturated model of Th(M) of power k such that for all
a € N, the EN-equivalence class of a has either the size 1 or x and Q" has
power k. We will construct an isomorphism f : N — M. Since Th(G) is totally
categorical, we may assume that GN = (Q,+)Y = (Q,+) and let f | QV = Id.
Let us choose z,y € N\GY and a € Gx{0}\{(0,0)} such that (a,z,y) € RN.
Then choose f(z), f(y) such that (a, f(x), f(y)) € R.
We notice that Th(M) implies the following statements:

(R(a,z,y) ANR(b,y,2)) = (R(b—a,z,2) V R(b+ a,x, z))
R(a,z,y) = (R(a,y,z) N R(—a,x,y))

(R(a,z,y) AN R(b,y,2) NR(b,y, 2" ) N (2 £ 2')) —

((R(b—a,z,z2) NR(b+a,z,7))V(R(b—a,z,z) NR(b+ a,z, z))
(R(a,z,y) NxEx' NyEy') — R(a,2',y")

- VaVy3a((-Q(z) A ~Q(y)) — R(a, z,y))

Then for every z € N \ GV we choose the equivalence class of f(z) so that

w D=

S

R¥(b,y,z) = R(b, f(y), f(2)) and
RN(b—a,z,2) < R(b—a, f(x), f(2)).

By the choise of N, f can be chosen so that in addition for all z € N \ GV,
f I (2/EN) is a one to one function onto f(z)/E. Now a straight forward
calculation shows that f is an isomorphism.

By looking the automorphisms of M, one can see that over any countable set,
only countably many Galois-types are realized in M. Since N is wy-saturated, it
follows that Th(M) is w-stable. Thus we could have chosen N to be saturated.
O

Hence M is a monster model for the complete first order theory Th(M). We
have that weak types agree with first order types and hence also with Galois
types over all sets.

Lemma 7.3. For a >0, p=tp“((a,a)/0) is a reqular Lascar strong type and

cy({(a,@)}) = (a,0)/E.

Proof: We show that the type is a Lascar strong type: Assume that (a, «), (b, 5)
both realize p. We want to show that they have the same Lascar strong type
over (). Any two elements of M \ Q™ can be mapped with an automorphism
of M to such elements (a’,a’) and (b, ') that o/ # 0 # ¥/, and thus we can
assume that a # 0 # b. Similarly we may assume that « = 5. Furthermore,
we can find a;,7 < w such that both a,a;,7 < w and b, a;,7 < w are free in G.
Hence it is easy to construct two intersecting indiscernible (over () sequences
such that (a,«) and (b, 8) are elements in these sequences. Hence we get that

Lstp((a, o) /0) = Lstp((b, 8)/0).
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Before show that p is regular we show that the type E(v, (a,«)) (where v is
a free variable) forks over (). Again we may assume that a # 0. Let (b,3) E p
be such that E((b, 8), (a,«)). Let (a;)i<w, be a free sequence in G with ag = a.
Then ((a;,@))i<e is strongly @-indiscernible but —E((b, 8), (a;, a)) and hence

tp™ (a0, @)/ (b, B)) # tp" ((ai, @)/ (b, B))

for any i # 0. Hence (a,a) Ag (b, 3) for any (b, 8) with E((b, ), (a,a)).

Then we show that p is regular: Let M’ <x M be of the form (G’ x \),
where A € k and G’ is a subspace of G, and let (a,a), (a,a’) |Epbein M\ M’
such that

(a,a) lg M" and (a',a’) 4y M.

Notice that the existence of M’ follows from the fact that the Lowenheim-
Skolem number is Yy and that a union of an increasing sequence of elementary
submodels of M is an elementary submodel.

To show that p is regular, we must show that

(a7 a) do (a/7 O/)'

First we claim that a ¢ G’. If a € G’, then E((a, ), (a,)) for some (a,3) €
M’. but as we showed before, this implies that (a,a) Ay M’, a contradiction.
Hence a ¢ G'.

Then we claim that o’ € G’. To prove the claim it is enough to show that
if b,b' ¢ G’ and B8, ’ > 0 there is an automorphism f € Aut(M/M’) such that
f((b,8)) = (¥, 5. But this is clear.

We have shown that a ¢ G', o’ € G’ and &’ > \. Now we can easily find
M" g M containing M’ U (a, ) such that (a’,a’) ¢ M”. Finally we find that
for any M" with M’ <x M" <x M we have that

(a',a) App M if and only if (a’,a’) € M".

Then forking calculus (monotonicity, symmetry and transitivity) gives that p
is regular. The direction < follows from reflexivity, since tp™ ((a’, &')/M’) is un-
bounded. We show =. We know that there is a free extension of tp™ ((a’, &) /M)
to M", and since a’ € G’, any realization of this extension must be F-equivalent
to (a/,a’). Clearly if (d/,f),(a’,5") ¢ M", there is an automorphism f €
Aut(M/M') such that f((¢/,8)) = (a’,p). This gives that if (a’,o’) ¢ M”,
(a’, ) realizes the free extension. We have shown =-. Then we have shown
that p is regular.

Finally we show that for (a,a) = p, clp((a,@)) = ((a,a)/E). We already
showed that ((a,a)/F) C clg((a,«)). The other direction again follows from
that any (b, 8), (/,5’) = p not equivalent to (a,«) can be permuted by an
automorphism fixing (a, ). Since there is a free extension of p to {(a,a)}, any
such (b, 8) must realize it. O

Now we move to study the structure M/E. Clearly any automorphism of M/E
can be extended to an automorphism of M, so it makes sense to talk about
Galois types of elements of M/E.
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Lemma 7.4.

H= {ge Sym(P/E): V finite X C P/E and finite C C G
there is f € Aut(M/C x {0}) s.t. Vx € X
9(z/E) = f(x)/E }.

Proof: The other direction is clear, so we need to show that the group defined
above is included in H. Assume that g € Sym(P/FE) is as above. Then for all
finite ay,...,a, € P/E and finite C C G we have that for Galois types,

tp®(ay, ...,an/C x {0}) = tp®(g(ai), ..., g(an)/C x {0}).

But then since M/FE is homogeneous by Lemma 7.2, there is an automorphism
of M/F fixing G x {0} and mapping a to g(a) for each a € P/E. Clearly this
automorphism is induced by some automorphism of M. O

For each a € G let f, and g, be in Sym(P/E) such that
fa((bya)/E) = (a+b,a)/E and ¢,((b,a)/E) = (a — b, )/ E.

Then clearly both f,, g, € H, since the two automorphisms in Aut(M/G x {0})
mapping (b,«) — (b + a,a) and (b,a) — (a — b,«) for a > 0 preserve the
relation RM.

Lemma 7.5. H = {f,,9,:a € G}.

Proof: Let h be in H. We claim that h is of the form f, or g, for some
a € G. We work in M/E and write a shorthand (a,b,c¢) € R instead of
((a,0),(b,8)/E, (¢,7)/E) € R.

Choose an arbitrary tuple (a,b,c) in R. We define two subrelations R?:z,b,c)
and R(_%b,c) of R. For any tuple (a/,¥,c') € R, we decide whether (a’,b,c') €
Ra’b,c) and whether (a’,V',¢) € R, 1 With the following procedure: We know

that there is o’ € G x {0} such that (a”,b,¢’) € R. We define
a* =d"if (a" —a,c,d) € R and
a* =—d"if (" +a,c,c) € R.
In both cases we define that (a*,b,¢') € R(Z’b’c). Then finally we decide that

(a',b',c) € R(Z)ZM)

if (¢’ —a*,V',b) € R and
(a',b',c) e Ry if (@' +a*,b',b) € R.
From this procedure we can calculate that

(a',b',c) € Rz;bc) if and only if (c=b+aand d =b +ad)
or (c=b—aandd =V —d),
(a',b',c) € R, if and only if (c=b+aand d =b —a)

or (c=b—aandd =V +4d).
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Then we let Rt and R~ be Ra’b,c) and R(*a)b’c) for some (a,b,c) such that
¢ = b+ a. By the previous calculation, Rt and R~ do not depend on the choice
of (a,b,c). Note that although R?;’b,c) and R(_a,bﬁ) are definable from (a, b, ¢),
the relations R™ and R~ are not definable, since we do not know whether
¢c=b+aor c=>b—a. However, if fis an automorphism of Aut(M/G x {0})
and ¢ = b+ a, we get that if

¢) = f(b) + a, then f preserves both RT and R~ and
fle) = f(

f(c) = f(b) — a, then f switches the relations R and R™.

We have shown that if h € H is induced by an automorphism fixing G x {0}
pointwise, it can either preserve both RT and R~ or switch them. Let us study
the first case: Let b, ¢ be in P. There are unique a, a’ such that h(b) = b+a and
c¢="b+da'. Since h preserves R, also h(c) = h(b) + @/, and a calculation gives
that h(c) = ¢ + a. Hence h must be of the form f,. In the latter case a similar
calculation, using that there are a, a’ such that h(b) = a—b and ¢ = b+d/, gives
that h must be of the form g, for some a. O

Finally, we get that H is isomorphic to G'x(Z/27Z) with the operation (a, x)(b,y) =
(a+b*,x 4+ y), where b* = b, if © = 0, and b* = —b, if x = 1. Then H is not
abelian. However, H® = G, where H? is by definition the intersection of all
(-invariant, normal subgroups of H with bounded index.

7.2. Pappian projective planes

Then we introduce the second example. So called Pappian projective planes
are known to interpret a field on the points of any any given line of the plane,
see the book by R. P. Burn [5]. We can define such a class as an finitary abstract
elementary class under substructure, although such planes are not elementarily
equivalent and hence cannot be thought as an elementary class. However, to
gain joint embedding, we must require all members of the class to embed a
given projective plane, and this fixes the characteristic of the field interpreted.
To prove amalgamation and that the class is closed under chains we use the
result that the field really is interpreted and each plane is definable over the
field. After that we notice that the monster model of the class is saturated
with respect to first order types and also w-stable. Hence the finitary class
is superstable and simple. Furthermore, the all points of a given line are the
realizations of a regular Lascar strong type p. We can get the requirements
of Theorem 6.5 to hold in the case n = 2 and conclude that a field can be
interpreted on the realizations of p. It might be possible to prove the same
result without using the conclusion in the proof, but that might be almost as
hard as to prove the conclusion the traditional way. Hence we only mention this
example as a remark related to the history of geometric model theory, not as a
reasonable application of the theorem. The model theory of projective planes
has been studied for example in Baldwin [1].
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Example 7.6 (Pappian projective planes). Let L = {P,L,€} where P is
the predicate for ‘points’, L is the predicate for ‘lines’ and € is the incidence
relation. We say that an L-structure is a Pappian projective plane if it satisfies
the following:

PO P and L are a partition of the universe and € is a relation between ele-
ments of P and L.

P1 There exists four points, no three of which are collinear.

P2 There exists a unique line containing any two distinct points.

P3 Any two distinct lines have a unique point of intersection.

P4 The plane is Pappian, see [5].

Every Pappian plane is also Desarguesian, see [5].

Let M be a (finite or) countable Pappian projective plane. Let K be the class
of those Pappian projective planes which embed M and let <k be the substructure
relation. Then (K, <Xk) is a finitary abstract elementary class.

The monster model of K is a projective plane P2(K) of an algebraically closed
field K. Furthermore, it is homogeneous and saturated with respect to first order
types, simple and w-stable (and hence superstable).

Let k, 1 be lines in P?(K) and co their point of intersection. The types

p={z€l:x# o0} andgq={x €k:z # x}

are unbounded, quasiminimal (and hence regular) Lascar strong types over
the finite set A = {k,l,00}. Furthermore, for any independent sequence ay,as
of realizations of p and any countable set C' of realizations of ¢ we have

dim(aq,as/AUC) = 2.

Howewver, for some independent sequence a1, as,as of realizations of p there is a
countable set C' of realizations of q such that

dim(ay, az,a3/AUC) = 2.

We sketch the proofs for the claims in Example 7.6. For this we will use fact that
on any line [ of a Pappian projective plane M, given three points Py, P; and P,
on [, we can define two operations + and x such that K = (I\ {Px},+,0, x,1)
is a field with 0,1 interpreted as Py, P;.

Furthermore, if M C N are two Pappian projective planes and [, Py, P;, Pso
are chosen in M, the field defined in M is a subfield of the field defined in N.

Further still, M can be seen as the projective plane P?(K) over the field K,
where the set of points of M is 2

{(z,y,2)/E: (z,y,2) € K°\ {0}}

where E is the equivalence relation (z,y,2)E(z’,y/,2") if 2’ = Az, ¥/ = My and
z' = Az for some non-zero A\ € K and each line is of the form

[1,m,n] = {(z,y,2) : (I,m,n) € K>\ {0} where Iz + my + nz = 0}.

2See homogeneous coordinates in [5].
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Furthermore, the incidence relation is just €. Conversely, for a given field K
the projective plane P?(K) is a Pappian projective plane.

First we need to show that the class is a finitary AEC. Especially, we need
to show that it is closed under unions of chains and that is satisfies the amal-
gamation property. The other properties needed are trivial, since our notion
of K-elementary substructure is just substructure and joint embedding follows
from amalgamation and the fact there is a prime model in the class.

First, we want to amalgamate M7 and M, over My. We choose a line [ € M,
and three points Py, Pi, P, € [ N My. Then we define fields Ky, K; and K5 in
My, My and M, respectively, using the chosen line and points. Then we can
amalgamate the fields K; and K3 over Ky, and this induces an amalgamation
of M7 and M over M.

Similarly, when M;, i < «, is an increasing chain of Pappian projective
planes, we choose a line and three points in My and define a field K; in each M;
respectively. The union J;_,, is of the form P?(K) for K = |J,_, K; and hence
in K.

Finally, since (K, <k) is a finitary abstract elementary class, we can study
the monster model of (K, <x). We find that the monster model is of the form
P?2(K) for some large, algebraically closed field K. This model is homogeneous
and saturated with respect to first order types. Furthermore, it is w-stable
and hence forking gives an independence calculus with the properties listed in
Theorem 2.2. Hence by Theorem 4.9 of [9] forking is equal to our notion of
independence |. We conclude that (K, =<x) is simple and Ry-stable and hence
superstable in the sense of Definition 2.1.

Let us fix lines £ and [ and their point of intersection co. Define the types

i<a

p={zrxel:x#cc}landg={x €k:x # oo}

as types over the set {l,k,oo}. These types are clearly unbounded. We prove
that they are regular Lascar strong types. It is enough to prove that p is a
regular Lascar strong type. Furthermore, by Lemma 6.6 it is enough to show
p is quasiminimal, that is, for every bounded B, every {I,k,co} U B-invariant
subset of the set of realizations of p is bounded or co-bounded.

Since any two lines can be mapped to any other two lines with an auto-
morphism, we may assume that co = {(0,%,0) : k € K\ {0}}, ! =[-1,0,0] =
{(0,y,2) :y,z € K} and k =[0,0,1] = {(z,9,0) : z,y € K}.

To show that p is quasiminimal, let B be bounded. We may assume that B
is a set of points. Let Ky C K be a bounded subfield so that all coordinates of
points in B are in Kj.

Assume that S C I\ {oo} and both S and [\ S are unbounded. Then there
must exist coordinates (1,y,0) € S and (1,y,0) € I\ S such that both y and ¢’
are transcendental elements over the field K. There exists an automorphism of
K fixing K and mapping y to y’. This automorphism extends to an automor-
phism of P?(K) taking (1,y,0) € S to (1,%',0) € 1\ S and fixing each of B, [, k
and co. Hence S cannot be {l, k,c0} U B-invariant, and we have shown that p
is quasiminimal.
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We check the condition for dimensions. It is known that any two distinct
points of I\ {oo} can be mapped to any other two distinct points of [\ {oo} by an
automorphism fixing [ setwise and k£ pointwise. Hence for any two independent
a1, as of realizations of p and any bounded set C' of realizations of ¢ we have
dim(ay, a2 /AUC) = 2. However, if a1, as, as are distinct points in I\ {co}, we can
draw lines [1, I3 and 3 intersecting [ in the points a1, a2, as respectively, which
all intersect in some point P ¢ k U!. Let by, by and b3 be the points where the
lines intersect k. Now if f is an automorphism fixing the points a; and a2 and the
points by, by and b3 on k, it must fix P and the line [, and hence also the point as.
We find that dim(al, as, [13/A @] {bl, bg, bg}) S dim(al, ag/A @] {bl, b2, bg}) S 2.
Then the condition 2. of Theorem 6.5 follows, since p is quasiminimal.

Finally we will show that if G is the group constructed in the proof of
Theorem 6.5 for this example, then G is (isomorphic to) K x K*. Assume that
k =10,0,1] and I = [-1,0,0] are as above. For all (a,b) € K x K*, (z,y,2) —
(bx,by + az, z) induces an automorphism Fj;, of P?(K) such that if fixes [ and
every element of k. Also an easy calculation shows that (a,b) — F,p, [ [ is an
action and of rank 2 (in fact, these are the automorphisms that move any two
distinct points of | — {oo} to any other two distinct points of [ — {o0}). Thus
K x K* is a subgroup of G. As seen above, the action of G is 2-determined and
so G =K x K*.

[1] John T. Baldwin. An almost strongly minimal non-Desarguesian projective
plane. Transactions of the American Mathematical Society, 342(2):695-711,
1994.

[2] John T. Baldwin, Paul C. Eklof, and Jan Trlifaj. ~N as an abstract ele-
mentary class. Annals of Pure and Applied Logic, 149(1-3):25-39, 2007.

[3] John T. Baldwin and Alexei Kolesnikov. Categoricity, amalgamation, and
tameness. Israel Journal of Mathematics, 170:411-443, 2009.

[4] Martin Bays and Boris Zilber. Covers of Multiplicative Groups of Alge-
braically Closed Fields of Arbitrary Characteristic. To appear in Bulletin
of the London Mathematical Society.

[5] R. P. Burn. Deductive Transformation Geometry. Cambridge University
Press, 1975.

[6] Ehud Hrushovski. Almost orthogonal regular types. Annals of Pure and
Applied Logic, 45(2):139-155, 1989. Stability in model theory, II (Trento,
1987).

[7] T. Hyttinen and M. Kesila. Independence in finitary abstract elementary
classes. Annals of Pure and Applied Logic, 143(1-3):103-138, 2006.

[8] Tapani Hyttinen. Groups acting on geometries. In Logic and algebra, vol-
ume 302 of Contemp. Math., pages 221-233. Amer. Math. Soc., Providence,
RI, 2002.

38



19]
[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

Tapani Hyttinen and Meeri Kesédla. Categoricity transfer in simple finitary
abstract elementary classes. To appear in Journal of Symbolic Logic

Tapani Hyttinen and Meeri Keséla. Superstability in simple finitary AEC.
Fundamenta Mathematicae, 195(3):221-268, 2007.

Tapani Hyttinen and Meeri Keséld. Lascar types and Lascar automor-
phisms in Abstract Elementary Classes. Notre Dame Journal of Formal
Logic, 52(1):39-54, 2011.

Tapani Hyttinen and Olivier Lessmann. A rank for the class of elementary
submodels of a superstable homogeneous model. Journal of Symbolic Logic,
67(4):1469-1482, 2002.

Tapani Hyttinen, Olivier Lessmann, and Saharon Shelah. Interpreting
groups and fields in some nonelementary classes. Journal of Mathemat-
ical Logic, 5(1):1-47, 2005. Shelah [HLSh:821].

David W. Kueker. Abstract elementary classes and infinitary logics. Annals
of Pure and Applied Logic, 156(2-3):274—-286, 2008.

Anand Pillay. Geometric Stability Theory. Oxford University Press, 1996.

Saharon Shelah. Classification of Non Elementary classes II, Abstract ele-
mentary classes. In John T. Baldwin, editor, Classification theory, Proceed-
ings, Chicago 1985, volume 1292 of Lecture notes in Mathematics, pages
419-497. Springer-Verlag, Berlin, 1987. Shelah [Sh:88].

Jan Trlifaj. Abstract elementary classes induced by tilting and cotilting
modules have finite character. Proceedings of the American Mathematical
Society, 137(3):1127-1133, 20009.

Boris Zilber. Uncountably categorical theories, volume 117 of Translations
of Mathematical Monographs. American Mathematical Society, Providence,
RI, 1993. Translated from the Russian by D. Louvish.

39



