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Abstract

We continue to study finitary abstract elementary classes, defined in [7]. We
introduce a concept of weak r-categoricity and an f-primary model in a Ng-stable
simple finitary AEC with the extension property, and gain the following theorem: Let
(K,4k) be a simple finitary AEC, weakly categorical in some uncountable «. Then
(K,4k) is weakly categorical in each A > min{, ¥ ,x,)+}. We have that if the class
(K,4k) is also LS(K)-tame, weak k-categoricity is equivalent with k-categoricity in
the usual sense.

We also discuss the relation between finitary AECs and some other non-elementary
frameworks and give several examples.

1 Introduction

This paper continues to study finitary abstract elementary classes, which were studied before
in the papers Hyttinen, Keséla [7], [9]. Especially, we give a categoricity transfer theorem
for these classes with the additional assumption of simplicity. A previous version of this
paper is published in the Ph.D. thesis by Kesila [8]. However, after we learned the results
in Kueker [14], we added to this paper a thorough account on the connections between
our framework and atomic AECs, see section 2.3. We also added a section with examples
of different classes definable in L, , clarifying the relations between properties such as
excellence, homogeneity, tameness and simplicity.

The framework of finitary abstract elementary classes refines the framework of AECs
defined by Shelah in [22]. A finitary class is an abstract elementary class with joint embed-
ding, amalgamation over models, arbitrarily large models, countable downward Léwenheim-
Skolem number and finite character. The novel property is finite character, which gives a
finitary condition for the K-elementary submodel relation < for two models & C 4 in
an abstract elementary class (K, xk): & <x Z if and only if for each finite tuple a € &
the Galois type of a calculated in o is the same as the Galois type calculated in 2. Finite
character holds if <k is given by any fragment of the formal language L., . Furthermore,
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our framework generalizes both homogeneous and excellent classes. Due to finite character,
many of the tools present in these classes generalize to our framework. Our original motiva-
tion was to concentrate on finite dependencies for abstract elementary classes to understand
the geometric properties of non-elementary classes of structures. That is why we decided
to focus on weak types and simplicity implying an independence calculus over arbitrary sets
and not only models. One main motivation were the geometric studies for homogeneous and
excellent classes in Hyttinen, Lessmann and Shelah [12].

In addition of studying a finitary class (K, k), we study the class (K“, 5x), which is the
class of Ng-saturated models of K. Under Nj-stability, these classes are equal if and only if
the class K is RNg-categorical. The class K¥ is usually even better behaved: splitting works
in K“ and we get the full Morley theorem for a simple, tame K“. Furthermore, Kueker
[14] shows that K is definable with a sentence in L, , which makes this class very close
to the framework of R -stable atomic AECs, previously studied by Shelah and Baldwin, see
the book [1]. What exactly is the relation, is clarified in section 2.3. For example, we can
see that splitting is the same notion in both frameworks, but some properties of splitting,
mainly the extension property, are formulated differently, which turns out to be crucial. We
also study the relation between K and K“ with concrete examples in section 6.

We work with two notions of independece: the notion |® is based on splitting and the
notion | is based on Lascar-splitting and has a built-in extension property. Good behaviour
for |? follows from Ng-stability but only over Ng-saturated models. The additional assump-
tion of simplicity gives good behaviour for the notion | over arbitrary sets, and we show
in Theorem 4.9 that this is the only possible notion satisfying certain properties over sets.
It is important to keep in mind which concepts in this paper refer to |® and which refer
to |: U-rank, Morley-sequence and the extension property refer to |° and simplicity and
f-isolation refer to |. We also study the relation between these notions: already in [7] we
showed that Ng-stability, extension property and finite U-rank imply simplicity. Now we
give some more thought to the extension property for non-splitting in section 4.2 and show
that it is implied by categoricity and simplicity (Proposition 4.26). We also know it follows
from tameness, but we would be interested if it would follow already from Ng-stability or
simplicity. A weaker version is used for atomic AECs and this version follows already from
Ny -stability, but this version is not enough for our theory. The extension property for non-
splitting implies that |® and | agree over Rg-saturated models. In the superstable case [9]
we cannot use splitting and hence only use the notion |.

We introduce two notions of isolation in Ng-stable finitary classes with the extension
property. The notion of weak isolation gives a notion of a primary model of the form </[a],
which is a constructible model over a tuple @ and a countable Ny-saturated model <.
These models are used to study properties of the U-rank. In Proposition 3.17 we show that
if both U(a/</) and U(b/</) are finite for a countable Ng-saturated model 7, then

U(ab/</) < U(a) ) + U(b) 7).

The notion of f-isolation gives f-primary models. Simplicity implies that there are f-primary
models over sets of the form . U B, where & is an Ng-saturated model and B is an
arbitrary set. These models are used in the proof of the categoricity transfer theorem.

We introduce also a concept of weak k-categoricity, which means that each model of size
k is weakly saturated, and show the following theorem (Theorem 5.11):

Theorem 1.1 Assume that (K,<k) is a simple finitary AEC and weakly categorical in
some uncountable cardinal . Then



1. (K)¥,<k) is weakly categorical in each uncountable k and
2. (K,<k) is weakly calegorical in each \ such that A\ > min{x,Jong)+}.

Weak categoricity is always implied by categoricity in finitary AECs, but we need tameness
to show that the two notions are equal. As a corollary we get the following (Corollary 5.14):

Corollary 1.2 Assume that (K, <x) 4s a simple LS(K)-tame finitary AEC categorical in
some uncountable k. Then

1. (K)¥,<k) is categorical in each uncountable x and
2. (K,=<k) is categorical in each A such that A\ > min{x,Jone)+ .

The last corollary is another partial result towards a categoricity transfer for abstract ele-
mentary classes. Previous results for AECs is the very general theorem by Shelah [23] for
AECs with amalgamation and joint embedding and the transfer theorems from lower car-
dinals with an additional assumption of tameness by Grossberg and VanDieren [4], [5], [3]
and Lessmann [18]. All of these assume the categoricity cardinal to be a successor. We do
not need such an assumption.

The theorem can also be seen as a categoricity transfer theorem for L, .. The theorem
for an arbitrary sentence in L, by Shelah in [21] assumes categoricity in infinitely many
cardinals XN,, for n < w and also needs some set-theoretical assumptions. The full Morley
theorem holds for sentences in L,,,,, which are either homogeneous (see Keisler [13] or Shelah
[19]) or excellent (see Shelah [21], Lessmann [16] or Baldwin [1]). The only found counterex-
amples for categoricity transfer for sentences L, with amalgamation, joint embedding
and arbitrary large models are given by the construction found by Hart and Shelah [6] and
further studied by Baldwin and Kolesnikov [2]: the examples are categorical in Ry, ..., N, for
a given k < w, but not in Rx41. These examples are not tame. In section 6 we show that
they are neither simple, but have the extension property for non-splitting.

Since the full Morley theorem holds also in the homogeneous framefork and for excellent
atomic AECs, it is reasonable to ask what is the relation between these theorems. Although
tame, finitary AECs include both the homogeneous and excellent framework, our theorem
assumes also simplicity, which makes our theorem incomparable. We discuss the relations
between different frameworks with some examples in section 6. For an atomic AEC, our
theorem gives one method to determine it’s excellence: categoricity in a single uncount-
able cardinal transfers to all uncountable cardinals and hence under certain set-theoretic
assumptions the class will be excellent, see Corollary 5.15.

At the moment there do not exist a resourced library of examples of abstract elementary
classes, which makes the study on the relations between different properties very difficult. We
do not have an example of a simple, Xy-stable and Ng-categorical finitary class which would
not be excellent, or even one that would not be tame. We do have examples of non-excellence
when we drop either the Ng-stability or the Ng-categoricity assumption, see examples 6.21
and 6.4. However, showing for example that every Ng-stable, Ng-categorical simple finitary
class would be excellent would involve much better understanding of the model theory of
finitary AECs. Furthermore, there are different possible notions for ‘excellence’, see the
discussion after Question 6.28.

All the examples in section 6 are definable with a single sentence in Ly, , usually even
a sentence in L, ., but it is an open question whether a finitary class always is. Kueker



[14] shows that a finitary class is always closed under Lo, -equivalence. For more discussion
and open questions on definability issues, see Kueker [14].

2 Finitary abstract elementary classes

Let 7 be a countable vocabulary. We recall the definitions of an abstract elementary class,
amalgamation, joint embedding and finite character.

Definition 2.1 A class of 7-structures (K, <k) s an abstract elementary class if

1. Both K and the binary relation <k are closed under isomorphism.
If o <x $B, then o is a substructure of A.

<K 1§ a partial order on K.

™ e b

If (o; 1 i < §) is an <Xk -increasing chain:
(a) Uz’<6 ; € K;
(b) for each j <0, o Sx U;.5 %

(¢c) if each o <x M €K, then J,_5s A <x M .

<4
5. If o B,CcK, o xkEC, B<IkC and o C B then o x B .

6. There is a Léwenheim-Skolem number LS(K) such that if o € K and B C & a
subset, there is &/’ € K such that B C &' <k & and || = |B| + LS(K).

When & g %A, we say that £ is an K-extension of & and & is an K-submodel of £.
If o, 8 €K and f: & — % an embedding such that f(«/) g A, we say that f is a
K-embedding.

Definition 2.2 (Amalgamation) We say that (K, 5k) has the amalgamation property, if
it satisfies the following:

If o B,EC cK, o xxk B, o/ <k € and BNE = o, there is P € K and a map
f:BUEC — D such that f | B and [ | € are K-embeddings.

Definition 2.3 (Joint embedding) We say that (K, xx) has the joint embedding prop-
erty if for every o/, B € K there is € € K and K-embeddings f : o/ — € and g: B — €.

To define finite character we use the following concept of </ -Galois type.

Definition 2.4 (.«/-Galois type) For o/, €K and a € «/,b € B we say
tp#(a/0, /) = tp#(b/0, B)

if there is € € K and K-embeddings f: o/ — € and g: B — € such that f(a) = g(b).

With finite character, we can decide whether a model is a K-submodel of another model by
only looking at all finite parts of it.



Definition 2.5 (Finite character) We say that an AEC (K, <) has finite character, if
it satisfies the following: If, o/, # € K, of C A, and for each finite a € &/ we have that
tpe(a/0, o) = tp8(a/0, B), then o <x B.

Finite character implies that if &/ g % and f : & — £ is a mapping, then f is a
K-embedding if and only if

p*(a/0, #) = tp*(f(a)/0, )

for each a € &

In [7], the authors defined a finitary abstract elementary class to be an abstract ele-
mentary class with arbitrary large models, LS(K) being ¥y, disjoint amalgamation, a prime
model over () and finite character. In this paper we study a class with weaker assumptions,
but still call it a finitary abstract elementary class, since all the main theorems of [7] hold
for this class also. For completeness, we will reprove some of the results with the weaker
assumptions, but skip those proofs which will be exactly the same. The main difference is
that we are not able to construct a monster model with as good homogeneity properties as
in [7]. For more details, see the thesis [8].

Definition 2.6 (Finitary abstract elementary class) We say that an abstract elemen-
tary class (K, <) is finitary, if it satisfies the following:

1. LS(K) = Xy

2. (K,<k) has arbitrarily large models,

3. (K,<k) has the amalgamation property,

4. (K, <k) has the joint embedding property and
5. (K,=<xk) has finite character.

From now on we will assume that (K, k) is a finitary abstract elementary class. We will
also consider Ng-stability and the extension property. Both of these will be implied by x-
categoricity above the Hanf number H of abstract elementary classes with LS(K) = Xy. We
have that H = 3(2N0)+ .

In [7], we proved a stronger version of the representation theorem of Shelah’s using
disjoint amalgamation and prime model. Here we use a version which is a special case of
the original one in [22]. The reader should look for details in [7] or [24].

Definition 2.7 For n,k < w, let F¥ be a k-ary function symbol, 7% = TU{FF :n k < w}
and K* be the class of all T* -structures such that for o/ € K*:

1. & |.€eK
2 Fordlaecd, o= {(Fng(a))’Q{(d) 10 <n<w}, is such that

(a) 7 €K and o <x o [,
(b) if bC a then bc o C oy

Here bC a means that lg(b) < lg(a) and the members of the tuple b are contained in the set of members
of a,i.e. when b= (bo,...,bx) and a = (ao,...,an), {bo,...,bx} C {ao,...,an}.



Lemma 2.8 (Shelah) If o € K* and B C & a subset such that B is closed under functions
F¥ then B T€K and B|7<x & | T.

Lemma 2.9 (Shelah) For every o/ € K there is &/* € K* such that & | 7 = .
Furthermore, if o4 <x &/ we can choose o/* and < such that <5 is a TF -submodel of
A*.

Theorem 2.10 (Monster model) Let p be a cardinal. There is M € K such that:

1. Universality: M is p-universal, that is for oll o € K, || < p, there is a K-
embedding [ : o — M.

2. K-homogeneity: For all o <x M such that |</| < p and mappings [ : o — M
such that for all finite tuples a € o7

tpon(a/0) = tpson(f(a)/0),

there is g € Aut(IM) extending f.

From the property 2 it follows that for any 7 <x 9 an K-embedding f : &/ — 9 extends
to an automorphism of 9t. We assume that we are in the monster model.

We know by Lemma 2.9 that 9t = 9 | 7 for some 2M* in the extended language
7*, but unlike in [7], we are not able to prove that 2* would be a homogeneous model.
For any model N of 7* and a set A C N denote by SHY(A) the closure of A under
the functions of 7*. For the monster model we abbreviate that SH™ (A) = SH(A). By
Lemma 2.8, for each subset A C M, always SH(A) | 7 <k M. Also Lemma 2.9 gives that
for any particular model o/ <x 9 we may define 9* so that SH(«) = o/ . We will take
advantage of this in Lemma 2.26. Thus we remark that although we fix a monster model
M, there is no reason to fix any particular extension I* € K*.

We recall the definitions of Galois type and weak type from [7]. Galois type is the
usual notion, except that we define it over arbitrary sets, not only models. Weak type has
a built-in finite character.

Definition 2.11 (Galois type) We write tp®(a/A) = tpe(b/A) if there is f € Aut(9M/A)
such that f(a) =b.

We have that the Galois type over () agrees with the type tp&(a/0, 1) of definition 2.4.

Definition 2.12 (Weak type) We write tp%(a/A) = tp“(b/A) if tpt(a/B) = tps(b/B)
for each finite B C A.

Clearly weak type and Galois type agree over finite sets.

2.1 Indiscernible sequences and Ehrenfeucht-Mostowski models

In [7] we used the homogeneity of 2t* to find suitable indiscernible sequences. The following
Proposition does the same in this context. The construction is due to Shelah and a detailed
proof of this formulation can be found in [8].



Proposition 2.13 (Shelah) Let (b;);<u be a sequence of distinct tuples, let A be a countable
set and let (I, <) be a linear ordering. Then there is a sequence (a;)icr and for each suborder
JCI amodel EM(JUA)eK*, EM(JUA) | 7 x I, with the following properties

1. When JCJ C1,

(a) AU(@i)ieJ CEM(JUA),

(b) each element of EM(JU A) is of the form t(d), where t is a term of ™" and
de JUA,

(¢) EM(JUA)C EM(J'UA) a 7 -submodel and
(d) |[EM(JUA)| =|J]+Nog.

2. For every finite 19 < ... < i, there are jo < ... < jn < H such that

tpg(dio, ceny din/A) = tpg(bjm 7BJ,L/A)

Furthermore, there is a T -isomorphism f : EM (a@i,, ..., a;, JA) — SH(bj,, ..., bj, UA)
over A mapping a;, to bj, for each 0 <k <n.

8. If JCI and f:J — I is order-preserving,
tp®((@)ics /A) = 0% ((ar(i))ics /A)-
Furthermore, there is a T -isomorphism
F:EM((ai)ies U A) — EM((a) e U A)
over A mapping a; to ayy for each i€ J.

4. For any linear order I' extending I we can extend the sequence to (a;)icr with co-
herent models EM(J U A), for suborders J C I', with property 3.

When a is an n-tuple in EM (I U A) as in the previous theorem, and I = (i);e; C 9 a
linear order, we have that

a = (t1(ig, iy, @0), s oo (i i n1)),

-1 -1 -n—1 -n—1 = —
for some {ig, ..., 75, ig 5.y ip.  } C 1 and {ao,...,an-1} C A. We want to use a shorter
notation and write
a = t(io,....,ik,a),
where (ig, ..., ik) = (il .erifys il sorip. ') and @ = (do,...,a,). We say that a is

generated by the sequence ¢ of terms from (ig,...,7x) and a.

We recall the definition of a strongly A-indiscernible sequence from [7].

Definition 2.14 (Strong indiscernibility) We say that o sequence (G;)i<a of tuples is
strongly indiscernible over A, or strongly A-indiscernible, if for every ordinal A > « there is
a sequence (a;)i<x extending (a;)i<a such that for any order-preserving partial f: X — X,
there is F' € Aut(M/A) such that F(a;) = ag) for all i € dom(f).

By Proposition 2.13 we easily see the following.



Proposition 2.15 Let (b;);<u be a sequence of distinct tuples and let A be a countable
set. There is a strongly A-indiscernible sequence (@);<. such that for each n < w there are
19 < ... < i, < H such that

tpq(C_L()7 7(_Zn/A) = tpg(bio, ceey BLn/A)

Corollary 2.16 Assume that X is a set of k-tuples from M such that |X| > H, A «
countable set and n is a natural number. There exists a strongly A-indiscernible sequence
(@;)i<w such that {ag,...,an} C X.

In the following we define a technical concept called a tidy sequence. The concept will help
us to form indiscernible sequences of tuples, where each element of a tuple is contained in
another indiscernible sequence.

Definition 2.17 (Tidy sequence) Let if < ... < i < k for each o < wy, where K is a
cardinal. We say that the sequence (i, ...,1%)a<w, 18 tidy, if for each 0 < k <n one of the
following holds.

1. The indezx at k is constant, that is, iy = B3 < k s fized for each o < w;.
2. The index ot k is included in some m-block, that is, k € {p,p+1,....p+m} such that

(a) p+m >n or for each 8 < wy, we have i§+m+1 > sup{ig;,, 1@ <wi},

5—1 < min{ig ra<wi} and
(c) for each a < B < wi, we have iff < .. <i%,, <ib <..< z§+m

(b) p—1i <0 or for each B < w1, we have i

We note that, in the previous definition, the index k is said to be in a 0-block, if whenever
a < 3 we have i < if, all indexes if_l are smaller than { and all indexes zf 41 are greater
or equal to sup{if : @ < w1}.

Lemma 2.18 Assume that if < ... <1 <k for all a < wy, where K is a cardinal. There
is an uncountable subsequence (iy’, ...,in" )j<w, such that it is tidy.

Proof: We first claim that whenever (in)a<w, are different indexes such that i, < k, there
is a subsequence (i, )j<w, such that j < j' < w; implies io; < ia, . We prove the claim
by choosing for j < w; such a; that

io; = min{ia < ko >sup{ay 15’ < j} and iq > suplia, : j° < j}}.

Now since for any countable j there are still uncountably many i, to choose from, the
above set is nonempty.

We prove the lemma by induction on n. First the case when n = 0. Either there are
uncountable many same indexes if or if not, there are uncountably many different. In the
first case we find a constant subsequence, and in the second case we find a 0-block by the
previous claim.

Then assume that we have shown the lemma for 7, and need to find a tidy subsequence of
(4§, .y i 11 )a<w, - By induction, we may assume that (iff, ..., )a<w, is tidy. First we look
at the case where there are uncountably many a < w; such that i} | > sup{if : o« < wy}.



If so, we do as in the case n = 0. Otherwise there must be a subsequence (ak)k<w, Of
different indexes such that

sup{inh, bk <wi} =sup{i; :a <w}.

By renumerating the sequence we write a = v < w;. By the previous claim we may assume
that 7/ < v < w; implies i), < 7). Since the index at n can’t be a constant, there is
m < w and an m-block for indexes p,...,p +m such that p +m = n. But now we define
the subsequence (ig”,...,in% 1 )g<ws OF (i, .y in 1)y<w, as follows. For each countable j,
let a; be such that

covi . -y Y Ne -/ .
iy’ =min{i) <k :i) >4’ for each j* < j}.
Again the minimum exists as a minimum of a non-empty subset of a well-order. Now

(ip” s s ity iny1)j<w, forms an m + 1-block and thus the sequence (ig”, ...,in%1)j<w, i
tidy. O

Lemma 2.19 Let EM((a;)i<x U A) be as in Proposition 2.13, for a sequence (a;)i<, and
a countable set A. Let

by = E((iig, ) ai% ) a)a<w1
be a sequence of tuples such that T is a sequence of terms of 7%, a € A fized and i < ... <
i% < Kk for each oo < wy. Then there exists an uncountable subsequence (bs)p<w, such that
it is a strongly A-indiscernible sequence.

Proof: By Lemma 2.18 we find a subsequence (z'g, ...,i£)5<w1 which is tidy. We want to
show that the sequence (bg)g<w, is strongly A-indiscernible.

Let A > w; be an ordinal. We want to extend the sequence to a suitable sequence
(z'g, vy i) g<r. First by 4. of Proposition 2.13, we can extend (@;);<x to (a@;)icr, where I
is a |A|T-dense linear order extending .

For an index k there are two different cases.

1. Suppose i} = 3 is constant for all v < w;.
2. Suppose that (i}, ...,7} ,,,)y<w, forms an m-block.

For the case in 1., take i = (3 for all & < X. In the case of 2., we use |\|T-density to
extend the m-block to (if,...,4% +m)a<x such that for v/ <y < A we have

i < <) < <. <dly <min{if o <wil}
Finally, let f : A — A be partial and order-preserving. We have that the mapping zg — ii(ﬁ ) ,

for all 0 <k <n and (8 € dom(f), preserves the ordering of I. Thus by 3. of Proposition
2.13, there is a 7*-isomorphism

F: EM((@g7 "'7&g)ﬁ€dom(f) U A) - EM((@57 "'7&2)66rng(f) U A)

fixing A pointwise and mapping (éig, ey @) t0 (@509, .0, @50 ) for all B € dom(f). This
" H A

mapping F extends to an automorphism of 91 mapping bg to Bf(ﬁ) for all 8 € dom(f).
O



2.2 Categoricity and stability

In [7], we had two different notions of saturation. A model & is weakly r-saturated, if
the following holds: Let B C &/, |B| < x and b € 9. Then tp“(b/B) is realized in
/. A model o is weakly saturated, if it is weakly |<|-saturated. Similarly a model is
k-saturated or saturated, if the same holds for Galois types. Clearly weak Rg-saturation is
the same notion as Ng-saturation. We discussed also about k-categoricity for a cardinal s,
that is, each model of size x being isomorphic. First we recall the notion of Rg-stability.

Definition 2.20 (Rg-stability) We say that (K, <k) is No-stable if for all countable A
and @; for i <wi, there are i < j < w1 such that tp¥(a;/A) = tp¥(a,;/A).

Although our notion of X -stability refers to weak types, we will not call it weak Ng-stability.
We recall an important Theorem from [7], there called Theorem 3.12. This implies that our
notion of Ng-stability implies also Ng-stability respect to Galois types.

Theorem 2.21 Let (K, ;<K)_be an Nq-stable finitary AEC. Assume that </ is a countable
model and tp¥(a/</) = tpY¥(b/«/). Then there is f € Aut(IM/o/) such that f(a) =b.

We recall a well-known fact about Galois types. The result can be found in [23], see [17]
for an easy proof.

Lemma 2.22

1. Let o gk B, o <x B, || <|B'| <k and B be r-saturated. Then there is an
automorphism f € Aut(M/ <) such that f(B') <x B.

2. Two saturated models By, PBa containing o, such that || < |B1| = |PBa|, are
isomorphic over < .

We have that Ng-stability of the class (K, 5k) implies that there are countable Rg-saturated
models. Since any two countable Nj-saturated models are isomorphic, we gain from the
previous theorem that any two k-saturated models of size « are isomorphic. Then, under
Ny -stability, if all models of size k are k-saturated, the class is categorical in . This gives
raise to the following concept of weak categoricity.

Definition 2.23 (Weak categoricity) We say that (K, <) is weakly r-categorical if
each model of size k is weakly saturated.

Theorem 2.24 Let (K, <k) be a finitary abstract elementary class, which is weakly -
categorical for some uncountable k. Then it is N -stable.

Proof: Let A be a countable set. By proposition 2.13 there is a model EM ((a;)i<x U A) of
size k such that each element is of the form ¢(a;,, ..., @;, ,a) for aterm t of 7, {ig,...,in} C K
and @ € A, and each partial order-preserving f : kK — k induces F € Aut(9M/A) mapping

a; to ays(; for each i € dom(f).
We denote k = (@;)i<x. Since |[EM (kU A)| = &, it is saturated. Each weak type over A

is realized in SH(xU A). We assume that (b;)i<., are elements of FM(xU A). To prove
the theorem, we should find i < j < w; such that tp%¥(b;/A) = tp™(b;/A).
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Since 7* and &/ are countable, we may assume that each b; is of the form #(a;,, ..., a;,,a)
for a fixed sequence t of terms of 7* and fixed @ € /. Furthermore, we may assume
that each {jo, ..., jn} have the same order in x. But then tp“(b;/A) = tp¥(b;/A) for all
1<j<uwr. O

It is a result of Shelah’s, that k-categoricity also implies Ng-stability. The proof is similar
to the previous proof. We assume that there would be (@;);<w., with different type over A.
Both A and (@;);<,, are included in some model Z of size k. But k-categoricity implies
that % is isomorphic to a model of type EM (k) = EM (kU() as above. But any countable
subset A’ of EM (k) is generated by a countable well-order I C &, and terms t(a) and t(b)
have the same type over A’ if and only if there is a partial order-preserving f : kK — & fixing
I and mapping a@ to b. Thus we can see that there can be only countable many different
Galois types over any countable subset of EM (), a contradiction. By combining these two
results we get the following.

Lemma 2.25 Assume that (K, <k) is a finitary AEC. Then (K, <k) is weakly N;-
categorical if and only if it is Ny -categorical.

Proof: Both Rj-categoricity and weak N;-categoricity imply Rg-stability. By Theorem
2.21, a weakly Ny -saturated model is also N;-saturated respect to Galois types. Let 4 and
P> be two saturated models of size N;. By Ng-stability we may assume that they have a
common Ng-saturated countable submodel, and then by Lemma 2.22 are isomorphic.

We prove the other direction. By Rg-stability, we can build a (weakly) ¥;-saturated
model as an increasing chain of countable models &%, i < wy, such that each (weak) type
over 7 is realized in @%;. Then by N;-categoricity, each model of size X; is isomorphic
to this model. O

We state another corollary of Proposition 2.13.

Lemma 2.26 Assume that (K,<k) 4s weakly categorical in an uncountable cardinal k.
Then each model of size H is Wy -saturated.

Proof: Let & = (b;);<n be a model of size H and A C & a countable set. By Lemma

2.9 we may assume that SH(«) = of. Let tp¥(a/A) be a weak type over A. Then let
EM(IUA), for each I C k, be as in Proposition 2.13. Now A C EM(kUA) and EM(kUA)
is Nj-saturated by weak k-categoricity.

The type tp%¥(a/A) is realized in EM (ig, ..., i, U A) for some finite ig < ... < i, < K.
By condition 2 of Proposition 2.13 there are jy < ... < j, < H and a 7*-isomorphism

f : EM(ZQ, ,’Ln @] A) — SH(bjO, ...,bj" @] A),

fixing A pointwise. Now tp“(a/A) is realized in SH(bj,,...,b;, UA) | T <k <. O

2.3 A presentation theorem for small Finitary Abstract Elementary
Classes

The result by David Kueker [14] states that any finitary abstract elementary class is closed
under L., -equivalence. If the class is in addition Ng-categorical, we can use the Scott
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sentence of the one countable model to define the class in L, . It is known (see for example
the book [13]) that the class of models of a complete sentence in Ly, ., can be written as a
class of all atomic models of a countable first-order theory in an extended vocabulary. Hence
an Wg-categorical finitary AEC can be presented as a class of atomic models of a countable
first-order theory. This is relevant especially if we study the class of Rj-saturated models of
an Ng-stable finitary AEC, since this class is Rg-categorical. We give an alternative proof of
the result in this context emphasizing the relation between the two countable vocabularies.
Hence we are able to see how the behaviour of types, especially stability and splitting, is
preserved in the presentation.

We define that a finitary class (K, xk) is small if only countable many Galois types
of finite tuples over the empty set realized in model of K, or equivalenly, realized in the
monster model M of (K, xx). We denote

ga-S,,(0) = {p :=tp®(a/0) : |a] = n,a € M}.
If K is small, the set ga-S,, () is countable for each n < w. We also denote that
(K)* = {«/ € K: &is Ny-saturated}.

In (K, <xk) is a small finitary class, also ((K)“,<xk) is a finitary class. Especially, it has a
countable Lowenheim-Skolem number. Furthermore, it is Ng-categorical.

Theorem 2.27 Assume that K is a small finitary class of T-structures, where T is a count-
able vocabulary. There is a countable 7" O T, a first-order 7 -theory T and a countable
set T' of T™ -types such that

1. every o € (K)¥ can be expanded to a 7* -structure &/* |=T* omitting T and
2. for every &/* = T* omitting T, &* | 7 € (K)¥.
3. Furthermore, if *,/* =T* and &/* omits T, we have that

B* is an 7" -substructure of A~

if and only if
BTk AT

Proof: Welet 7* =17U{S, : p € ga-S,,(0),0 < n < w}, where each S,, p € ga-S,(0) is an
n-ary predicate. Since K is small, the language 7* is countable.

First we show how to expand a structure &/ € K to an 7*-structure &/*. We may
assume that &7 g M (Otherwise induce the structure from a K-embedded structure in
9M). Let n < w and p € ga-S,(#). We define for each n-tuple @ € & that

" = S,(a) if and only if a realizes p in 9.
For two types p € ga-S,,(0), ¢ € ga-S,,, ;(0) we define that
qln=p

if and only if for each tuple a = (ay,...,an,...,ax) € M, if @ realizes ¢, then (ai,...,an,)
realizes p. Now we also know how to expand the monster model 91 to an 7*-structure 91",
and we can define the theory T%.

T =
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{VZ3y(Sp(7) — S4(7,9)) = p € ga-S,, (1), q € ga-S,, 1, (0),q [n=p,0 <, k <w}
U
{Vz(Sp(Z) — ¢(Z)) : ¢(Z) € 7" atomic or negated atomic s.t. M* = 5,(Z) — ¢(T)}
Finally we define the set of types I' = |J,,, I'n such that
I = {=5p(2) : p € ga-S,(0)}.

We clearly see that if a model o € K is Rp-saturated, then &/* =T and </* omits each
I',,. This holds also for the monster model 9, since it is Ng-saturated.

We introduce the following notation: Let
K* = {&* an 7" -structure : &* =T and /" omits T'},

*and I' are as above. We also write that

M = p(a)

if the tuple a € M realizes p € ga-S,,(0) in M for n = |a|. Hence

where 7, T

M = p(a) if and only if M* = S,(a).
Instead of 2., we prove a stronger claim:

2’. for every &/* € K* there is a K-embedding f : & [ 7 — 91 such that for every finite
tuple @ € &* and p € ga-S, (D),

o/* |= 8,(a) if and only if M = p(f(a)).

Now we prove 2’ by induction of the size of the models & € K, &* € K*. Since (K, 5k)
is a small finitary class, there exists a countable Nj-saturated model.

To prove 2’. for countable models, Let «/* € K* be countable. Let &/ <x 9 be
countable and w saturated. We construct increasing partial finite maps f : &* — &’ such
that for each @ € dom(fx) and each p € ga-S,,(0),

A* = Sp(a) if and only if M = p(fi(a)),

and {J,., dom(fy) = &* and U, mg(fr) = <" .

Let fo be the empty function. Assume that we have defined fi and define fi; adding
a € o/* to the domain and b € &7’ to the range as follows. Let ¢ = dom(fi) € «7*. Since
o/* omits T, there is S, € 7" such that &/* |= S,(¢,a). Denote p’ =p [ |¢|. Since

A =V, Y(Sp(T,y) — Sp(T)),

we have that &* |= S,/ (¢). By induction, fi(¢) realizes p’ in 9. Since &’ is Ry-saturated,
there is o’ € & such that (fx(¢),a’) realizes p. Then let ¢ = tp8(fx(¢),a’,b). Since

o™ ': Vi’,yaZ(Sp(.’f, y) - Sq(i.vya Z))v
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there is O/ € &/* such that & = 5,(¢, a,b"). We define fir41(¢, a,b") = (fr(),a’,b). Now

for any p” € ga-S,(0) and d € dom(fiy1), since &* = T*, &/* &= S, (d) if and only if

VZ(S4(2) — Spr(2')) € T* if and only if ¢ | 2 = p” if and only if M = p"(fr+1(d)).

The union
f=U #
k<w
is a T-isomorphism between &/* and &’ and hence & = &* | 7 € K. Also & is Ng-
saturated.

Now we assume that 2’. hold for all models of size X for Rg < M < X\ and prove 2. for
models of size A\. Assume that o* € K* and |&/*| = A. There are models o7 € K* such
that

o = U %*7
1<w
|| < A and 7" is 7" -substructure of &/ for each i < j < A. We may also take the chain
to be continuous. Denote &* [ 7 = & and & [ 7 = o for each i < A. By induction, for
each i < X there is #; kg M and a K-embedding f; : &4 — Z; such that for all a € &
and p € ga-S,,(0),
o = Sp(a)if and only if M = p(fi(a)).

We claim that we can choose % as above such that %] <k ,%’3 for each 7 < j < A. Then
we are done with the proof of 2’.

We prove the claim by induction on ¢ < A. On limit ordinals we can take unions.
Asgsume that we have chosen %, for i < o and Let %B,41 be as above. Now the mapping
far10 fit: B, — PBay1 is an embedding. Furthermore, it is a K-embedding by finite
character, since #., <x MM and for each a € &, p € ga-S,,(0),

M = (p(a))
if and only if & = S,(f, *(a))
if and only if @7, | | S,(f3"(@))
if and only if M = (p((far1 0 f51)(@))).

Then foi10 f; ' extends to an automorphism f of M. We can take %, | = f~1(Bat1).
Then since (foi1 0 f3 1) (%) <K PBas1, we have that

Bo = (710 far1 0[5 )(BL) Sk By

To prove 3., let B* = T* be a substructure of «7*. Then also %#* omits I'. Hence
B =R | 7€ (K)¥ and as in the previous claim, there is a K-embedding ¢g : Z — 9 such
that for each a € # and each p € ga-S,, (0),

#B* = Sp(a) if and only if M = p(g(a)).
Also, there is a K-embedding f: ./ — 91 such that
/" = Sy(a) if and only if M = p(f(a)).

To show that & <k & it is enough to show that f(%) <k M. Hence then also f(A) <k
f(), the claim follows, since <k is closed under isomorphism. We show this by showing
that the embedding fog~!:g(%#) — M is a K-embedding.
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For all finite tuples g(a) € g(%), and types p € ga-S,(0), M =
it #* = Sp(a) if and only if &/* = S,(a) if and only if M = p(f(a)) if and only if
M = p((fog~')(g(a))). Hence this holds for all g(a) € g(%#) and g(L) <x M, we get that
gt g(PB) — M is a K-embedding. This proves 3. O

p(g(a)) if and only

By looking at the previous proof, we see that the two classes K* and (K)“ will have exactly
the same number of models in each cardinality . For a class of 7-structures K, we denote
|Mod(K, k)| to be the number of 7-structures in K of size x, up to 7-isomorphism.

Remark 2.28 Let K and K* be as in the previous theorem. Then for each cardinal K,
|Mod((K)*, k)| = |Mod(K*, k).

Proof: Clearly it @, .o € (K)* are not 7-isomorphic, then the expansions &*, o €
K* are not 7*-isomorphic. Hence |[Mod((K)“, k)| < |Mod(K* k)|. To prove that
|[Mod((K)¥, k)| > |Mod(K*, k)| we claim that the reducts of two non-isomorphic 7*-
structures in K* cannot be 7-isomorphic.

Assume that 7-structures o4, o% € (K)* have 7*-expansions &, o € K*. To prove
the claim, we show that any 7-isomorhism

froh — b

is also a 7*-isomorphism between /" and %°. Item 2’ from the proof of Theorem 2.27
gives K-embeddings f; : @ — 9 such that for every a € < and p € ga-S,(0),

o = S,(a) if and only if M = p(f:(a)).

Also fyo fo fi* gives a T-isomorphism between fi(#), f2(o%) <x 9. Then for any tuple
ac o and any S, € 7F\ 7,

o4 = Sp(a) if and only if
M = p(fi(a)) if and only if
M = p(f2o fo fi(fi(a))) if and only if
M = p(f2(f(a))) if and only if
oy = Sp(f(a)).

We conclude that f is a 7*-isomorphism between /" and 24" . O

Similarly, there is a close connection between the different notions of type.

Theorem 2.29 Let o/* CIN*, &/* | 7= o <x M and a,b € M. Then the following are
equivalent:

1. tp¥(a/o) = tp¥ (b/ )
2. for all atomic T* -formulas ¢(Z,y) and ¢ € o,

IM* = ¢(a, ) if and only if M* = ¢(b, )
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3. for all T* -formulas ¢(Z,y) and ¢ € o,
IM* = ¢(a, ) if and only if M* = ¢(b,¢).

Proof: We have that tp“(a/«/) = tp™(b/</) if and only if for all finite ¢ € <7, tp8(a,c/0) =
tp8(a,¢/0). This holds if and only if M* |= S,(a,c) « Sy(a,c) for all ¢ € &7, p € ga-S,(0).
Hence 1 follows from 2. Clearly also 2 follows from 3. We prove that 3. follows from 1.

Assume that 1. holds. Let ¢ € &/ be a finite tuple. There is an 7-automorphism f €
Aut(9M) such that f(a,c) = (b,¢). Also for all S, € 7, d € M we have that M* = S,(d)

if and only if 9 = p(d) if and only if M = p(f(d)) if and only if M* = S,(f(d)). We get
that f is also an 7*-automorphism. Hence for all formulas ¢(z,y) € 7" and ¢ € &7,

M* = ¢(d) if and only if M* | &(f(d)).

We have shown 3. O

We recall from [7] that a finitary AEC is Ng-stable with respect to weak types if and only
if it is Ng-stable with respect to Galois types. We get the following corollary.

Corollary 2.30 Assume that (K, <k) is a finitary abstract elementary class. The following
are equivalent.

1. (K, xk) is Rg-stable with respect to weak types.
2. (K, =xK) is Ng-stable with respect to Galois types.

3. (K,<k) is small and the class (K*,<+) is Ng-stable with respect to types in the
language 7.

Finally we see that the class K* is actually atomic. That is, omitting the types I' we omit
all non-isolated types.

Theorem 2.31 K* = {&™* an 7*-structure : &/* = T* and &/* atomic.}.

Proof: Let &/* € K*. By 2. of Theorem 2.27, we may assume that &* <x M. Let
a € &/*. There is S, € 7" such that &* = S,(a). We claim that the formula S,(Z)
isolates the 7*-type of a.

Assume that b is another tuple in M. Then M* = S,(b) if and only if there is an
7*-automorphism of 9* mapping @ to b. (See the proof of Theorem 2.29.) Hence b realizes
the 7*-type of @ if and only if it realizes S,(Z). O

3 Splitting

We recall the definitions of splitting and the notion of independence based on splitting from

[7].
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Definition 3.1 (Splitting) We say that the weak type tp™(a/A) splits over finite B C A
if there are ¢,d € A such that

tp¥(¢/B) = tp“(d/B) but

tp" (¢/B U {a}) # tp" (d/B U {a}).
We say that such ¢ d witness the fact.

Definition 3.2 (Independence) We write that
al% B
if tp¥(a/A U B) does not split over a finite subset of A.

As in Theorem 3.17 of [7], we can now prove the following properties of |* over Rg-saturated
models.

Theorem 3.3 Let (K, k) be an Ng-stable finitary AEC.

1. Momnotonicity f ACBCCCD and a |5 D, thena |3 C.
2. Invariance If f is an automorphism of M, @ |% B if and only if f(a) i f(B).

3. Local character For each model &/ and a finite sequence a there is finite E C o
such that a |3 o .

4. Countable extension Let o/ be a countable N -saturated model. Let B be countable
containing </ . For each a there is b realizing tp™(a/</) such that b 13, B. Moreover,
if tp%(a//) does not split over the finite subset E, then tp™ (b/B) does not split over
the finite set E.

5. Stationarity Assume </ is an No-saturated model and A C B. If tp%(a/o/) =
tp“(b/</), a |5, B and b |5, B, then tp“(a/B) = tp¥(b/B).

6. Transitivity Let A C B C C and B be an N -saturated model. Then a |5 C if and
only if a |5 % and a |3 C.

7. Finite character Let I be finite and ¥ C B. Then a | B if and only if a |% By
for every finite By C B.

The same holds if instead of E we have an Wg-saturated model <f .

This list does not include the extension property for types over models of arbitrary size nor
symmetry. In [7] we prove symmetry over Ng-saturated models from this extension property
using the assumption of disjoint amalgamation. Furthermore, in the thesis [8], we do the
same without assuming digjoint amalgamation.

However, splitting has also been studies in the context of atomic AECs, that is, atomic
models of a countable first-order theory. Most of this work due to Shelah and is collected in
Baldwin’s book [1], see chapters 19 and 20. Since the Ng-saturated models of an Rg-stable
finitary AEC can be presented as an atomic AEC (see section 2.3), we can use the results for
atomic AECs also in this context. Especially, symmetry follows but the extension property
for non-splitting does not.
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Remark 3.4 Assume that &7 is an Ng-saturated model of an R -stable finitary AEC in the
vocabulary T and </* is the T -structure in the corresponding atomic AEC as in section
2.3. Let a be a tuple in the monster model. The following are equivalent.

1. The weak type tp¥(a/<f) splits over the finite set E C o .

2. The atomic T -type tp*(a/ /™) *-splits over the finite set E C &/* as in the definition
20.4 of [1].

In Theorem 20.9 of [1] there is a version of the extension property for non-splitting for
atomic AECs. Unfortunately, this theorem does not imply the extension property for our
context. The theorem states that there is a non-splitting extension which is an atomic type.
However, this type is not necessarily realized in the monster model. Also for finitary AECs
there exists a non-splitting extension which is an abstract type (see section 4.2) but we do not
know whether the type is realized in the monster. For our purposes we need the non-splitting
extension to be found in the monster and that is why we often state the extension property
for non-splitting as a separate assumption. However, symmetry over Rg-saturated models
follows also without the extension property for non-splitting, just using the symmetry for
atomic AECs.

Lemma 3.5 (Symmetry) Assume that </ is an No-saturated model and @, b are finite
tuples in the monster model. Then

al%, bif and only if b |5, a.

Proof: By assumption, tp¥(a/</) does not split over some finite E C <.

By the results in section 2.3, the atomic monster model 91* in the extended vocabulary
7" is Ng-stable in the atomic AEC K* and the expansion &/* to 7* is an atomic 7*-
elementary substructure of 9*. Hence the atomic 7*-type tp*(a/</*) does not *-split
over E by remark 3.4.

We can use Theorem 20.21 (Symmetry) of [1] to conclude that tp*(b/</*) does not *-
split over some finite £/ C &/*. Then by Remark 3.4, tp¥(b/.27) does not split over the
same E’ C <. This proves the lemma. 0

We formulate our assumption of the extension property for non-splitting. The phrase
‘extension property’ will from now on refer to this definition. We note that this property
is about non-splitting extensions for types over models. When studying simplicity, we will
also have a stronger notion of independence and in that context we also talk about free
extensions of types over arbitrary sets.

Definition 3.6 (Extension property) We say that (K,<g) has the A-extension pro-
perty if the following holds:

Let o7 be an W -saturated model and let B contain o7 , |B| < \. Assume that tp™ (a/o)
does mnot split over finite subset E. Then there exists b realizing tp¥(a/</) such that
tp%(b/B) does not split over E .

We say that (K. <x) has the extension property if it has the \-extension property for
all cardinals X.
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See the thesis [8] for the proof of the following theorem, which uses an idea by Shelah. We
remark that weak categoricity is not enough for this proof.

Theorem 3.7 (Extension property) Let (K, <k) be a finitary AEC, categorical in some
k> H. Then (K, <k) has the extension property.

The following can be shown as Theorem 4.9 in [7]. Since the proof only uses symmetry, we
do not need to assume the extension property for non-splitting.

Theorem 3.8 Assume that (K, <xk) is an No-stable finitary AEC. Then there is a weakly
saturated model in every infinite cardinal \.

The previous theorem shows, that for any infinite x and (K, <xk) a finitary AEC, k-
categoricity implies weak k-categoricity.

3.1 Primary models and the U-rank

We will define a concept of a primary model «[a], which is a constructible model over a
countable model &/ and a finite tuple a. A similar construction was used in [7] in the
proof of Theorem 3.12, to show that weak types and Galois types agree over countable
models. Under simplicity, we will define a concept, of an f-primary model in section 5, which
is constructible over &/ U B, where B is an arbitrary set. Throughout this section we will
assume that (K, k) is an Ng-stable finitary AEC.

We recall from [7] the definition of a type being weakly isolated.

Definition 3.9 (Weakly isolated type) We say that a type tp" @/JZ/UEL) is weakly iso-
lated over finite A’ Ua, if whenever d realizes tp™ (b/A’Ua), then d realizes tp¥(b/ </ Ua).

Asin [7], we can use weak Ng-stability to show the following.

Lemma 3.10 Assume &/ is a countable model, A a finite subset of &/ and a be given.
Then for each b there are ¢ and a finite A’ C «/ such that

i) € realizes tp¥(b/AUa) and
i) tp™(c/< Ua) is weakly isolated over A’ Ua.

In Lemma 3.8 of [7] we studied a countable set A having a so called Rg-saturation property,
i.e. for every finite A’ C A and @, the type tp“(a/A’) is realized in A. One consequence
of finite character was that a countable set A having this property is a xk-substructure of
the monster model i.e. a model. We can easily see that this generalizes to larger sets also,
since an uncountable set with Rg-saturation property can always be written as an increasing
union of smaller sets with this property. Thus we write the fact as follows.

Proposition 3.11 Assume that A is a set with the following property: For any finite A’ C
A and a € M the type tp™(a/A’) is realized in A. Then A g M.

Definition 3.12 (Primary model) Assume that o/ = {a; : i < w} is a countable model
and a a finite tuple. Let b;, i < w, be increasing and A;, i < w, finite such that:
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1. by =a and tp™(a/<) does not split over finite subset Ag.
2. 4, UA, C Apt1 C .

8. tp™(bpy1/ Ua) is weakly isolated over A, Ua.

4.

tp¥ (bpy1/9) does not split over A, .

b, is an XNg-saturated model.

5. U

1<w

We call this model </ U|J;_, b, the primary model </[a].

We remark that since both &/ and &/[a] are K-submodels of 9 and & C </[a], also
g <K 527[&] .

Lemma 3.13 Assume that <7 is countable. Then there exists a model </[a] with properties
(1) - (5) of Definition 8.12. If also & <x B, a € B and B is Vo -saturated, we can take
a] <k & .

Proof: Let &/ = {a, : n < w}. By induction, we construct an increasing sequence of
tuples b, € 4, and finite sets A, C A n < w, such that they satisfy properties (1)- (5) of
Definition 3.12.

For n =0, do as (1), using local character of splitting. Assume that Bj €% and Aj C A
have been constructed for j < n. By Ng-stability, we can find {cf 11 < w,j < n} realizing
all the Galois types over A; Ub;, for j < n. Let d, = (¢})ij<n. By Lemma 3.10 there
exists Aj ., finite with A, C A, 41 C &/ and there exists 0'"d' realizing tp" (), d,/A,)
such that tp%(b'"d'/</ Ua) is weakly isolated over Aj ; Ua. Since tp¥(b'/A;,, Ua) =
tp™(bn/A;, 1 Ua) by induction hypothesis, we may assume that 0" = b,. Then since %
is Ng-saturated and Aj ., Ua Ub, is in B, we may also assume that d’' is in . Let
bpt1 =bpd € B.

By local character there is finite £ C </ such that tp“(b,11/4/) does not split over
E. We take Ay41 = A, UEUa,. Then (1), (2), (3) are satisfied. Finite character is
used to show (4) in the form of Lemma 3.11. Let ¢ € 9 and B - of U Un<w b, finite. By
(2), @ = U, <, An, so there exists n < w such that B C A, Ub,. Then tp%(c/A, Uby,)
is realized by some ¢/, and hence belongs to b;11 for some j. We are done with the

n -’

construction. O

Definition 3.14 (Domination) We say that a set A dominates a model % over a model
 , if for every tuple ¢,
Clo AecCly B

In the following lemma we see that @ dominates the primary model </[a] over &/, when &
is Ng-saturated.

Lemma 3.15 Let o/ be a countable N -saturated model and ¢,a finite. Then

¢ |3, a if and only if € |3, </[a].
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Proof: By monotonicity, the other direction is clear. We assume to the contrary, that ¢ |5, a
and ¢ /3, o/[a]. Let o/[a] = &/ U|J,_, b, be as in the definition of a primary model, where
b, are increasing and by = a. Thus, by finite character of splitting, there is n such that
¢ A3, bpi1. Then, by symmetry, b,i1 /5, @ and thus tp¥(b,11/< U¢) splits over any
finite F C <.

Let A, C o/ be the finite set such that b, 1%, @/ and tp¥ (bny1/97) is weakly isolated
over A, . We may find a finite B such that A, C B C & and tp“(b,.1/B UZ¢) splits over
Ay . By assumption and symmetry, a |3, ¢, and since @ | &/, we get by transitivity and
monotonicity that a |5 &/ Ue.

Since 7 is Wg-saturated, there is @ € &/ such that tp¥(¢'/B) = tp¥(¢/B). But
tp¥(a/</ Uc) does not split over B, and thus we get an automorphism f € Aut(9/BUa)
such that f(¢) = ¢ . By invariance, tp% (f(bny1)/BU¢) splits over A,,. On the other hand
tp¥ (bpy1/BUE) does not split over A, , and thus

6% (Bus1/BUE) £ 0" (f(bas1)/BUE).

But tp% (bpy1/A,Ua) = tp™ (f(bny1)/A,Ua), and this is a contradiction, since tp™ (by41/97U
a) was weakly isolated over A, Ua. O

In [7], we defined a concept of U-rank. With primary models we can show that if both
U(a/</) and U(b/</) are finite for a countable Rg-saturated model o7, then

U(ab) o) < U(a)o) + U(b) ).

In the case of [7] we proved that one sufficient condition for simplicity for an Ng-stable
finitary AEC with extension property was the class having a finite U-rank. We defined that
(K, <k) has finite U-rank, if for each finite sequence a,

sup{U(a/<) : & € K countable and Rp-saturated } < Ng.

We also mentioned that it is enough to study, instead of arbitrary finite tuples @, only
singletons a. The previous equation shows this claim. As we will se in the following sections,
we can develop the same theory of simplicity as in [7] for the class with assumptions of
Definition 2.6.

We recall the definition of U -rank.

Definition 3.16 Let o/ be countable and RN -saturated model. Define U -rank of a over
o, Ula/), by induction:

1. Always U(a/</) > 0.

2. Ula/o?) > B+ 1 iff there is countable Vo -saturated model & such that &/ C B,
U@/%#) >0 and a [5,5

For a countable Ng-saturated model <7 , define
U(a/o/) =min{a:U(a/o) # a+ 1}
if such an ordinal exists. Then define U -rank for arbitrary Rg-saturated model <7 as
Ula/o/) = min{U(a/") : &/ C o countable N -saturated model.}
For finite a and a set A, define
U(a/A) = sup{U(b/ <) : tp™ (b/A) = tp™ (a/A), A C & and o N, -saturated}.
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Finally we prove the equation.

Proposition 3.17 Assume that </ is a countable No-saturated model and both U(a/</)
and U(b/</) are finite. Then we have that

U(ab)<t) < U(a)o) + U(b) 7).

Proof: Let U(a/</) =n and U(b/</) = m for finite n and m. We assume the contrary,
that U(ab/«/) > m + n. Then by the definition of U-rank there are countable and N-
saturated % for 0 < i < m + n + 1 such that 4 C /., and ab Ao, i1 for each
i. Using Lemma 3.13 we define inductively, starting from ¢ = m + n + 1, models %, for
m+n+1>1i¢>0 as follows:

1. %ernJrl = dm+n+1[b]a

2. %B; C 1@7;_5_1 and B; = %[E} .

Let 0 < i <m+n+1. We claim that either a [ %11 or b des. “iv1. To prove
the claim, assume that neither holds. By symmetry and monotonicity, %11 @, @. On
the other hand by symmetry <71 |, b, and by dominance, <71 | %;. We get from
transitivity that <%, |, @U%;, but then @Ub |, <1 by monotonicity and symmerty,
a contradiction. This proves the claim.

Now there must be either n+1 indexes i such that @ [, %iy1 or m+1 indexes i such
that b Aoy, iy . Since & C of; and &/ C %; for each i, both cases give a contradiction
with the definition of U-rank. O

3.2 Morley sequences

We also recall the definition of a Morley-sequence and the proof of the following Lemma,
which is a small strenghtening to Lemma 5.3 in [7], proved using Fodor’s Lemma.

Definition 3.18 (Morley sequence) Suppose &7 is an N -saturated model. We say that
(Gi)i<a s a Morley sequence over o7 if for each i < j < o, tp¥(a;/ <) = tp¥(a;/ <) and
for each i < «, @; 3, Uj<i aj.
Lemma 3.19 Let (K, <k) be an Ng-stable finitary AEC with the extension property. Let E
be a set, I o sequence of tuples such that i # j implies a; # @;, and Ro+|E| < X < |I|. Then
there is an Ng-saturated model <7 of size A containing E and subsequence (a;);<x+ C I
such that it is a Morley sequence over < .

Furthermore, there is finite E' C o/ such that tp™(a;/ </ U, a;) does not split over
E' for all i < \T. In addition, if IUE C % for some Vg-saturated model B, we may
choose o/ C AB.

Also the following is proved in Lemma 5.2 of [7].

Lemma 3.20 Let (G;)i<q be a Morley sequence over an Ng-saturated model of . Then for
every n and ip < ... < i, < a we have that tp¥ (ao, ..., an/ ) = tp¥(@iy, ..., ai, /).
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Using Corollary 2.15 instead of the homogeneous model 97" we can prove the following two
results as Lemma 5.8 and Corollary 5.9 of [7].

Definition 3.21 We say that two sequences (a;)i<o and (Ej)__j<5 are equivalent over E, if
for every finite n we have that tp8(ao, ...,an/E) = tp&(bo, ..., bn/E).

Lemma 3.22 Let (K, xk) be an RXq-stable finitary AEC with the extension property. Let
E be countable. The following are equivalent:

1. A sequence (4;)ic. is E-equivalent to a sequence (b;)i<. , which is a Morley sequence
over some countable Ng-saturated model o/ containing E.

2. A sequence (@;)i<. is E-equivalent to a strongly E-indiscernible sequence (b;)i<., .

Corollary 3.23 Let (K, xk) be an Ng-stable finitary AEC with the extension property. Let
FE be countable and I an uncountable sequence of distinct tuples. Then for any n < w
there is a subsequence (g, ...,an—1) C I, which is a beginning of a strongly E -indiscernible
sequence.

4 Simplicity

In this section we recall the definitions of strong splitting, independence, simplicity and
U-rank from [7]. We also recall some results about these and prove some more properties,
which were not needed there but will be of use in this paper. For example, we will show that
simplicity implies extensible U-rank. Throughout this section, if not mentioned otherwise,
we will assume that (K, k) is an Rg-stable finitary AEC with the extension property. We
will restate these assumptions in each theorem, but not necessarily in each lemma.

In the last subsection 4.2 we will give two equivalent conditions for an Rg-stable finitary
AEC to have the extension property, and show that the extension property is implied by
simplicity and weak categoricity in any uncountable cardinal.

Definition 4.1 (Lascar strong type) We say that @ and b have the same Lascar strong
type over E, written -
Lstp(a/E) = Lstp(b/ E),

if £(a) = £(b) and E(a,b) holds for any E -invariant equivalence relation B of ((a)-tuples
with a bounded number of classes.

Definition 4.2 We say that tp"(a/A) Lascar-splits over finite E if there is a strongly E -
indiscernible sequence (@;)i<, such that ap,a1 € A and tpe(ag/EU{a}) # tp8(a,/Eu{a}).

Definition 4.3 (Independence) We say that @ is independent of B over C, write
ale B,

if there is finite E C C such that for all D containing C'UB there is b such that tp“ (b/BU
C) =tp¥(a/BUC) and tp¥(b/D) does not Lascar-split over E. We then write

Alc B,

if a lc B for every finite tuple a € A.
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Definition 4.4 (Simplicity) We say that (K, <k) is simple if for each @ and B there is
finite E C B such that a |gp B.

The main theorem about simplicity, namely Theorem 7.11 of [7], holds also in this context.
In [7] it is also marked out which partial properties hold without simplicity. In this section
we assume simplicity and do not distinguish which results hold also without simplicity.

We should also discuss the role of the extension property for non-splitting in this section.
In [9] we get a similar list of properties using simplicity and superstability, without referring
to splitting at all. The only difference is that we get stationarity of weak types over a-
saturated models instead of Ng-saturated as in 9. Wg-stability and the extension property of
splitting imply that a model is a-saturated if and only if it is Ng-saturated. We also need the
extension property of splitting to prove Lemma 4.6, that the notions | and |® agree over
Np-saturated models. Since the U-rank is defined in terms of |® and simplicity in terms of
1, we really need to assume the extension property for non-splitting for the results in this
section.

Theorem 4.5 Let (K, <k) be an Xg-stable finitary AEC with the extension property. As-
sume that (K, <k) is simple. Then, | satisfies the following properties:

1. Invariance: If A |c B, then f(A) L) f(B) for an f € Aut(IN).
Finite character: A |¢ B if and only if @ |c b for every finite a € A and b € B.
Momnotonicity: If A l¢ B and CC D CCUB then Alc D and A |p B.

™ e

Local character: For any finite a and any B there exists a finite E C B such that
alg B.

5. Extension: For any @, C and B containing C there is b such that tp¥(b/C) =
tp™(a/C) and b |c B.

6. For any finite C', a and any B containing C, there is b such that Lstp(b/C) =
Lstp(a/C) and b |¢ B.

7. Symmetry: A lc B if and only if B ¢ A.
8. Transitivity: Let BCC CD. If AlpC and A |lc D, then A | D.

9. Stationarity over Xo-saturated models: Let o/ be an No-saturated model. If
tp¥(a/) =tpV(b/H), alos B and b | B, then tp¥(a/BU &) = tp¥(b/BU ).

10. Stationarity of Lascar strong types: If Lstp(a/C) = Lstp(b/C), @ lc B and
blec B, then tp¥(a/BUC) =tp¥(a/BUC).

11. Pairs lemma: Let ACB, a|laB and b |auz B. Then aUb |4 B.

Also as in in [7] we gain the following lemma for an Ng-stable finitary AEC with the
extension property.

Lemma 4.6 Let o/ be an Ng-saturated model. Then a | B if and only if a |3, B.
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If a ¢ o and & is an Vg-saturated model, we have that @ J3, a. From the previous
lemma it follows that also a f_, a.

We can prove also another property called Left Transitivity, which shows that the result
of Pairs Lemma is actually an equivalence.

Proposition 4.7 (Left transitivity) Let (K,=<k) be simple. If aUb |4 B, then b | aua
B.

Proof: By symmetry, B |4 aUb and then by monotonicity, B | 4ua b. By symmetry again,
blava B. U
We recall also the proof of the following from Proposition 5.29 of [7].

Proposition 4.8 Let o/ be an Ng-saturated model. Then <f is also a-saturated, i.e. for
every finite subset A C o/ and a the Lascar strong type Lstp(a/A) is realized in <7 .

We prove one more result about our notion of simplicity, namely if a finitary AEC admits
any notion of independence which satisfies a list of properties over sets, then it has to be
simple with respect to our notion. This proof is analogous to the proof of Theorem 3.9 in
[11].

Theorem 4.9 Assume that (K,<k) is a finitary AEC and let |*** be a notion salisfying
1. Invariance: If A |%* B, then f(A) l%é) f(B) for an f € Aut(IM).
2. Finite character: A |2* B if and only if a |%* b for every finite a € A and b € B.
3. Monotonicity: If A |%* B and C C D C CUB then A |¥* D and A |$° B.

4. Local character: For any finite a and any B there exists a finite E C B such that
al¥ B.

5. Extension: For any @, C and B containing C there is b such that tp¥(b/C) =
tp¥(a/C) and b |%* B.

8. Transitivity: Let BC C CD. If A|%°C and A |%° D, then A |%° D.

12. Bounded number of free extensions: There is a cardinal \ such that there are at
most A many free extensions of a type over a finite set, that is, if C is finite and a;,
i <At realize tp¥ (a/C) such that a; |&° B for each i < AT, then there are i,j < A\t
such that tp“(a;/B) = tp¥(a;/B).

Then (K, <k) is simple on the sense of Definition 4.4. Furthermore, for all sets A,B,C,
A 1% B if and only if A |c B,
where | is the notion from Definition 4.4.

Proof: Let |2 be the notion assumed to satisfy the properties listed in the theorem. We
prove that for all sets sets A,C, B

A 1% Bif and only if A |¢ B.
Hence by local character of |%** the class (K, <) is simple in the sense of Definition 4.4.

First we prove a claim towards the result.
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Claim 4.10 Let C be finite. If a |2 B, then tp¥(a/CUB) does not Lascar-split over C'.

Proof: Assume to the contrary, that tp“(a/C'UB) does Lascar-split over C' and let (bi)icw
be strongly C'-indiscernible with bg,b; € C' U B and

tp®(bo/C U a) # tps(b1/C Ua).

Let x = max{H,\"}, where A" is as is item 12. We may extend the strongly C-
indiscernible sequence to (b;);<.. By extension, there is @ realizing tp¥(a/C U B) such
that @’ |%* B U (b;)i<,. Since now also tp(by/C U a@’) # tpe(b;/C U @'), we may assume
that

a2 BU (b)ick.

In addition, we may assume that
tp#(5:/C U @) = tp(by /C U )

for each 0 < i < . This can be done, since there are x many i with b; satisfying the same
Galois type over C' U@ and we must have that this type differs from either tp2(by/C U a)
or tp#(b1/C Ua). We may move to a subsequence, where two first elements have different,
and the rest the same, Galois type over C'Ua.

Let f, € Aut(M/C) be the automorphism given by strong indiscernibility mapping b;
t0 b4 for each i < k. Denote a) = fn,(a). By Invariance we get that

an, 1% BU (by)m<icn-
Furthermore by Extension there is @, realizing tp“(a,,/C U B U (b;)m<i<x) such that
am 1&° BU (bi)o<ick-
Now we show that when ¢ < j < K,
tp(a;/C U b;) # tp(a;/C Ub;),

and hence

This will prove the claim by giving more than A many free extensions of tp*“(a/C) and
hence contradicting 12. To show this, assume the contrary that g € Aut(9/C U b;) maps
a; to a;. Let h, € Aut(9/C Ub;) map a,, to an for m € {i,j}. The automorphism

f;loh;l ogoh;of;
fixes C' U a pointwise and maps by to some b,,, where m > 0. This is a contradiction. [

To prove that the two notions [?** and | are equivalent, it is enough to show that for all
finite tuples a and all sets C, B,

a 1%° B if and only if a |¢ B.

This is due to the definition of | and the finite character of |?**. First we assume that
a 1% B and show that then also @ |¢ B. Using local character and transitivity, we choose
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finite £ C C such that @ |%* C U B. Let D contain C U B. By extension there is a’
realizing tp%(a/CUB) such that @’ |9 D. By Claim 4.10, tp%(a’/D) does not Lascar-split
over E. Hence a |¢ B by definition.

Then we assume that a |¢ B and show that a l‘éb“" B. We assume to the contrary, that
a (%, B. By finite character of |%*® we have that @ [?**, b for some finite b € B. By

the definition of |, there is finite E C C such that @ |z b. By monotonicity, a (% b.
Then we claim that the type tp%¥(b/E) must be unbounded. If not, the set

B* = {i € M: tp"(V//E) = tp* (b/E)}

would be bounded. Then by extension there would be @’ realizing tp¥(a/E) such that
a’ |%* B* and since E is finite, there would be f € Aut(9/E) mapping a to a’. But
since f fixes B* setwise, we would get @ |%* B* by invariance and furthermore a |9 b
by monotonicity. Hence the type tp™(b/E) is unbounded.

Now, using Corollary 2.16, extension and invariance, we can choose a non-trivial strongly
E-indiscernible sequence (b;);<. such that by = b and

b 15 U b

J<i

for each i < w. Since a |p bo, there is @ realizing tp%(a/E U by) such that the type
tpV(@'/E U{b; : i <w}) does not Lascar-split over E. That implies that

tpw(@/BQ/E) =tp" (&lgi/E)

for each i < w. By invariance, -
d/ /KabsE bi
for each i < w and furthermore by symmetry and transitivity,

—/ abs _ 7.
a A" pugs, <y bi

for each i < w. This contradicts the local character of |5, ]

We remark that the notion | of Definition 4.4 satisfies also the property 12 (Bounded number
of free extensions) when (K, xk) is Rg-stable and satisfies the extension property for non-
splitting. This follows from the Stationarity of Lascar strong types and that the number of
Lascar strong types over a finite set is at most Ry. Also in the simple, superstable case in [9]
we have the property 12. There the number of Lascar strong types is strictly less than the
number H and we also have stationarity for Lascar strong types. There we do not assume
the extension property for non-splitting.

4.1 Extensible U-rank

In this section we assume that (K, =<xk) is an RNg-stable finitary AEC with the extension
property for non-splitting. It is necessary to assume the extension property, since only
under that agsumption we can prove that the two notions |° and |° agree over Nj-saturated
models. We recall the definition of extensible U -rank.
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Definition 4.11 (Extensible U-rank) We say that (K, <x) has extensible U-rank if for
each finite E, each a and each No-saturated model o/ containing E there is b such that
tp¥(a/E) = tpY(b/E) and U(b/<?) =U(a/E).

In Theorem 6.17 of [7] we gained the the following result.

Theorem 4.12 Assume that (K, <xk) 4s a finitary AEC, stable in Nq, with extension prop-
erty and extensible U -rank. Then (K, xx) is simple.

Here we add that simplicity also implies extensible U-rank. The proof is again similar to
the one in [11]. First we need a technical lemma for the proof.

Lemma 4.13 Assume that (K, xx) is simple. Let </ be countable Xg-saturated model and
E C & finite such that & |g a and B a set. Then there is f € Aut(9M/E Ua) such that
f(JZ{) lgaUB.

Proof: Write &7 = |J,,., An as an increasing union of finite sets such that £ C Ag. Then
A, g a for each n < w. We define by induction on n mappings f,, € Aut(9/F Ua) such
that m < n implies f,, [ Am = fm | Am and [, (A,) | aU P for each n < w.

First we get fo from extension. Assume we have defined f,,. By invariance f,(4n+1) lE
a and by Left Transitivity we get that f,(An41) lBUf,(4,) @ Again by extension there is
g € Aut(M/E U f(An) Ua) such that g(f(Any1)) leus(a,) BUa. By induction and Pairs
Lemma also g(fn(An+1)) g BUa. We can take fr,41 =go fp.

Finally J,,.,, fn | Ay : @ — 9 extends to an automorphism f’ € Aut(9/E). By the
construction f'(«/) |g BUa. But now f'o f,1 € Aut(™M/f'(A,)) maps a to f'(a) for
each n < w, and we get that tp“(a/f'(&)) = tp™(f'(a)/f'(«/)). By Theorem 2.21 there
is f € Aut(M/f'(«)) such that f(f(a)) = a. Since f"(f(«/)) = f'(&), we can take
f=f"of e Awt(M/EUa). O

We also recall the proofs of the following facts from [7].

Theorem 4.14 Let (K, xx) be an N -stable finitary AEC with the extension property. As-
sume that &/ <x B are Ng-saturated. Then

1. U(a/#B) <Ula/) and
2. a3, A if and only if U(a/o/) =U(a/B).
Lemma 4.15 Assume that E is finite. Then
U(a/E) =sup{U(a/) : o Ny-saturated and countable, E C o}.
The following proposition is similar to the one in [11].

Proposition 4.16 Assume that (K, <K) s simple. Let C be finite, &/ an Ro-saturated
model containing E and b a tuple. Then b |g o/ implies that U(b/E) =U(b/<7).

28



Proof: By definition we have that
U(b//) =min{U(b/<') : &' C o, o/"Ng-saturated and countable}.

Let /' be countable and Rg-saturated such that U(b/«7') = U(b/</). By Theorem 4.14(1)
we may assume that £ C «/’. We need to show that U(b/E) = U(b/<").

We prove that for every countable Ng-saturated model &7 containing E such that b B
o, U(b/E) > a implies that U(b/«/) > «a. Tt is enough to prove this for successor
cardinals. Assume that U(b/E) > a + 1. By Lemma 4.15 there is some countable Ng-
saturated % such that F C % and U(b/E) = U(b/%). By symmetry, &/ |g b and we
get from Lemma 4.13 an automorphism f € Aut(9/E Ub) such that f(&/) |g B UYD.
Since U(b/a?) = U(b/f(<7)), we may assume that </ |p % Ub. From monotonicity and
symmetry we get that b |z o/ U .%.

Now let %’ be countable and Ng-saturated containing both &/ and %. By extension
there is b’ realizing tp™ (b/.«/U%) such that V' | %'. By Theorem 4.14 and since weak type
preserves U-rank we get that U(b/</) = Ut/ /o) > U /%) = U /B) = U(b/B) >
a—+ 1. g

Finally we get the result.
Corollary 4.17 Assume that (K, k) is simple. Then (K, <k) has extensible U -rank.

Proof: Let E be finite, a a tuple and &7 an Rg-saturated model containing E. By extension,
there is b such that tp¥(b/E) = tp%(a/E) and b | </ . The previous proposition implies
that this b is the one needed for the definition of extensible U-rank, since now U(a/E) =
Ub/E)=U(b/). O

Simplicity implies the result of Theorem 4.14 holds also for finite sets A C B. For this we
need another technical lemma.

Lemma 4.18 Assume that (K,<k) is simple. Assume that @ is a tuple, A a finite set
and B an Ng-saturated model containing A. Then there is a countable Wg -saturated model
A <k B such that AC o/ and o/ |4 a.

Proof: We define finite sets B; C £ such that By = A and B; |4 a for each i < w
and J;_,, B; has the Rg-saturation property of Proposition 3.11. Then we have that < =
U, <o Bi <x # and & |4 a. Simultaneously we define weak types p; with domain B; for
each 7 < w.

First we let By = A C #A. Then By |4 a by simplicity and symmetry. Assume we
have defined B, . By, Ng-stability, there are countably many different types over B, . Let
(0})i<w be representatives of all types over B,. Let p, be the type of the conjunction of
tuples b! for i,7 <n over B,,.

Let B C % be finite such that a U B,, |p #. By simplicity and extension there is
B,,4+1 satisfying the type p, such that B,11 |p, B, U B. Since & is Ng-saturated, we
may assume that B,i; C #A. Now, by symmetry, B,11 |p a U B,. By monotonicity,
Bpny1 |IB,us @ and by transitivity, B,11 |p, BUa. We have that B,+1 |B,ua @ and
B,, |4 @, and since by Pairs Lemma B, 11 |4 G.

We can easily see that |J,_,, B; has the Rg-saturation property, and thus is a model by
Proposition 3.11. O
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Proposition 4.19 Assume that (K, <k) is simple. Let A C B be finite sets. Then
1. always U(a/B) < U(a/A) and
2. U(a/A)=U(a/B) if and only if a |4 B.

Proof: Ttem 1 is clear from the definition. We prove item 2. Let %’ be countable and Ng-
saturated containing B. By extension there is an automorphism f € Aut(9t/B) such that
f(a) |p #'. Denote Z = f~1(#'). Now Z is a countable Rg-saturated model such that
A C B C # and by invariance a |p #. Proposition 4.16 says that U(a/B) = U(a/%).
Furthermore, Lemma 4.18 gives a countable Ng-saturated &/ g % such that A C &/ and
&/ |4 a. By symmetry, a |4 &/ and again by Proposition 4.16, U(a/A) = U(a/</).

Assume that U(a/A) = U(a/B) and thus U(a/</) = U(a/%). Theorem 4.14 gives that
a | %, and by transitivity a | 4 & and by monotonicity a |4 B.

Then assume that a J4 B. By the previous reasoning we must have that a /[, %.
Then similarly by Theorem 4.14, U(a/A) > U(a/B). O

The following corollary will be used to prove the existence of f-primary models in section 5.

Corollary 4.20 Assume that (K, <x) is simple. Let a; be tuples and A; finite sets such
that A; C Aiy1 and tp¥(a;41/A;) = tp¥(a;/A;) for each i < w. Then there is i < w such
that di+1 lAi Ai+1 .

Proof: Assume to the contrary that a;11 {4, Ait1 for each © <w. Then by the previous
Proposition U(a;/A;)i<w. is a strictly decreasing sequence of ordinals, a contradiction. [

4.2 Further comments on the extension property for non-splitting

In this section we study some equivalent and some sufficient conditions for the extension
property for non-splitting.

We will show that simplicity together with weak k-categoricity imply the extension
property. First we write two equivalent conditions for an Rg-stable finitary AEC to satisfy
the extension property. We define a concept of an abstract type p. We say that p is a
finitely realized weak type over B, if p is a collection

p={as: A C B finite},

such that for any finite A C A’ C B, tp“¥(aa/A) = tp¥(aa/A). Two types p and p’ are
equal if when a4 € p and @y € p', tpV(aa/A) = tp¥(ay/A). Also when B’ C B, the
restriction p | B’ is defined as

p| B ={asep: AC B'}.

We also say that p is realized if there is a such that tp¥(a/A) = tp¥(aa/A) for each finite
A C B and aa € p. We recall the following result, which is Lemma 3.13 of [7].

Lemma 4.21 Let (K, xk) be an Ng-stable finitary AEC. Assume that </ is a model and
|| <Wy. Let p be a finitely realized type over o/ . Then p is realized.
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The next lemma shows that for a finitely realized weak type p over a model o/ there is a
finite ¥ C o/ such that p does not split over E. We define that a finitely realized weak
type p over a model o/ does not split over E, if for every finite B C &/ and a realizing
p | (EU B), the type tp¥(a/E U B) does not split over E. By finite character of splitting,
this is a reasonable definition.

Lemma 4.22 Let (K, xk) be an N -stable finitary AEC. Let p be a finitely realized weak
type over a model o7 . Then there is finite E C </ such that p does not split over E.

Proof: We agsume the contrary. By finite character of splitting we can construct a sequence
of countable models <7, <x &/, n < w such that the type p | o,+1 splits over each finite
E C o,. Denote &' = J, ., % <x </. But now, the type p | &/’ is realized and splits
over any finite £ C &/’ a contradiction. O

Finally we represent the three equivalent conditions.

Proposition 4.23 Assume that (K,<k) is an Rg-stable finitary AEC. The following are
equivalent:

1. (K, <K) has the extension property for non-splitting.

2. There exists an infinite cardinal k such that every finitely realized weak type p over a
weakly r-saturated model <7 is realized.

3. For any N -saturated model </ and any a there is finite E C @/ such that the following

holds: For any B D o/ there is b realizing tp™(a/</) such that tp™(b/B) does not
split over E.

Proof: Clearly 1 implies 3 by local character of splitting. First we show that 2 implies
1. Assume that &7 is Ng-saturated and tp(a/</) does not split over finite F C o/. We
would like to find a free extension of tp¥(a/<7) to a set B containing 7. By increasing
the size of B if necessary, we may assume that B = Z is a weakly rk-saturated model for
the x from condition 2. Let &’ <k &/ be a countable Ng-saturated model containing FE.
By countable extension, for any finite A C % there is a4 realizing tp%(a/</’) such that
tp¥(aa/«?’ U A) does not split over E. By stationarity, when A C A’ are finite subsets of
B, tp¥(aa o' UA) = tp¥(as/«/'UA). Then by 2, there is b realizing the type tp%(a/A)
for each finite A C %. By finite character of splitting, the type tp¥(b/%) does not split
over F, and again by stationarity, tp“(b/<) = tp™(a/<).

Finally we show that 3 implies 2, where we take k = Ny. Let p be a finitely realized
type over a Ng-saturated model /. By Lemma 4.22 there is finite A C & such that p
does not split over A. Let &’ <x & be countable Ng-saturated model containing A and
let @ realize p | @'. By 3, there is finite £ C &’ and b such that b realizes tp%(a/</")
and tp¥(b/</) does not split over E. But now by stationarity, b realizes p. O

We say that (K, <) is strongly Ng -stable there are only countably many different Lascar
strong types over a countable set E. Strong Np-stability implies Xg-stability, since having
the same weak type over a countable set F is an FE-invariant equivalence relation with
a bounded number of classes. In [7], we showed that an RNg-stable finitary AEC with
the extension property is strongly Np-stable. We show that also without the extension
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property, strong Ng-stability is implied by weak categoricity in some uncountable x. We
recall from [7], that whenever (@;);<o is a strongly E-indiscernible sequence, we have that
Lstp(a,;/E) = Lstp(a;/E) for each i < j < . This is based only on the definitions of strong
indiscernibility and the Lascar strong type.

Proposition 4.24 Assume that (K,<k) is a finitary AEC and weakly categorical in an
uncountable cardinal . Then (K, <x) is strongly Ng-stable.

Proof: Let E be a countable set and let (b;);<., be a sequence of distinct tuples. We want
to find i < j < wy such that Lstp(b;/E) = Lstp(b;/E). Let EM(xU E) be a model as in
Proposition 2.13, where k is a wellorder of length x. By weak k-categoricity, the model
EM(k U E) is weakly N;-saturated, and then also N;-saturated respect to Galois types.
We are able to construct an automorphism mapping the sequence (b;)i<., into EM(kUE)
and fixing E pointwise. Since having the same Lascar strong type over FE is invariant under

automorphisms fixing E, we may assume that (b)i<,, C EM(kUE).

Since 7* and E are countable, we may assume that each l_)j is generated similarly and
with the same sequence of terms of 7* from a fixed finite subset of F and some (aoﬂo'7 e aa%)

for af) < ... < o, < k. By Lemma 2.19 there is a subsequence (bj, )k<w, such that it is a
strongly E-indiscernible sequence. Thus Lstp(b;, /E) = Lstp(b;,/E) for all k < p < w;.
g

We recall the group Saut(9t/E), which is a normal subgroup of Aut(9t/E) such that
f € Saut(M/E) if for all a, Lstp(a/E) = Lstp(f(a)/E). We say that an f € Saut(90/E)
is a strong automorphism. We also recall that a model &7 is said to be a-saturated, if for
any finite F C & and a, there is b € & such that Lstp(b/E) = Lstp(a/FE). Imitating the
proofs of similar results in [7], we are able to prove the following.

Lemma 4.25 Assume that (K, <k) s a strongly Wo-stable finitary AEC. Then we have
that

1. Let E be countable. Then Lstp(a/E) = Lstp(b/E) if and only if there is [ €
Saut(9MM/E) such that f(a) =b.

2. Each X -saturated model is also a-saturated.

3. For countable E and @ # b, Lstp(a/E) = Lstp(b/E) if and only if there exists n<w,
a; and strongly E -indiscernible sequences I; for i <n such that ap =a, a, =b and
G, Gi+1 € I; for i < n.?

4. Let o be an Ro-saturated model and E C </ finite. Then tp“(a/</) Lascar-splits
over E if and only if there are ¢,d € </ such that Lstp(¢/E) = Lstp(d/FE) and
tp¥(¢/EUa) # tp¥(d/EUa).

5. Assume that o/ C 9 are No-saturated. Let a and b be such that tp“(a/</) =
tp"(b/</), the type tp“(a/%) does not Lascar-split over finite £ C </ and the
type tp™(b/B) does not split over finite E' C o/ . Then we have that tp“(a/B) =
tp™ (b/ %) .

2In the proof of item 3 we should use Corollary 2.16 instead of Corollary 6.10 of [7].
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Finally we are able to show the following.

Proposition 4.26 Assume that (K, <x) is a simple finitary AEC and weakly categorical
in some uncountable k. Then (K, <k) has the extension property.

Proof: By Proposition 4.24, the class (K, xk) is strongly Rg-stable and hence also RXg-
stable. We will show that condition 2 of Proposition 4.23 holds. For this, let p be a finitely
realized type over an Wg-saturated model <.

By Lemma 4.22 there is finite E C & such that p does not split over E. Then p does
not Lascar-split over F neither. Let &4 <x &/ be countable and Ny-saturated such that
E C af. Then by Lemma 4.21 there is a realizing p [, . But now by simplicity, a |, 2%
and thus there is finite £’ C % and b such that tp¥(b/%) = tp(a/<%) and tp“(b/)
does not Lascar-split over E’. But now by 5 of Lemma 4.25, b realizes p | % for each
countable Ng-saturated o <x & <k &, and thus realizes p. O

5 F-primary models

In this section we introduce f-primary models. The notion imitates the notion of Ff-primary
in [20]. The existence of f-primary models is implied by simplicity, and they can be used
to show that weak categoricity implies every Ny-saturated model being weakly saturated.
Again we will assume that (K, 5k) is an Rg-stable finitary AEC with the extension property.

To construct F-primary models we need to assume both simplicity and the extension
property for non-splitting, mainly to use Corollary 4.20. In [9] we construct a-primary
models where the use of splitting and U-rank is replaced with the use of Lascar strong
types. There we have a different notion of isolation and the use of Corollary 4.20 is replaced
with a different result (see Proposition 3.11 of [9]).

Definition 5.1 (F-isolated) Let a be a tuple and A a set. A weak type tp“(a/A) is
f-isolated over E C A if whenever b realizes tp“¥(a/E), then b |g A.

We remark that if tp¥(a/A) is f-isolated over E C A and E C E' C A, then tp¥(a/A) is
also f-isolated over E'.

Definition 5.2 (F-primary) We say thal o/ is f-primary over a set A for some ordinal
& there are tuples a; and finite sets A; for i < & such that

1. the weak type tp“(a;/AUU,;, a;) is f-isolated over A; C AUUJ;_;a; and

2. of = AUJ,_,a; has the Xg-saturation property.

1<§

Lemma 5.3 Assume that (K <x) is simple. For every tuple a, set A and finite B C A
there is b and finite Ag C A such that tp%(b/B) = tp“(a/B) and tp™(b/A) is f-isolated
over Ag.

Proof: Assume that a, A and finite B C A would witness the contrary. We define tuples

a; and finite sets A; for i < w to contradict Corollary 4.20. First let ap = a and Ay = B.
Then assume we have defined a,, and A,, for ¢ <n such that
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1 tp¥(ai/B) = tp*(a/B),
2. sets A; are finite and A; C A;41 C A,
3. tp¥(ait1/A;) = tp%(ai/A;) and

4. Gip1 K4, Ais1-

Since we have 1, the type tp“(a,/A) can’t be f-isolated over finite 4,, C A. Thus there is
a tuple Gn11 such that tp%(any1/A,) = tp¥(@n/An) but @,y fa, A. Furthermore, by
finite character of independence, there is finite A, C A such that an,11 fa, Any1. We
may assume that A,, C A,4+1. This construction contradicts Corollary 4.20. O

Lemma 5.4 Assume that (K <k) is simple. For every set A there is an Nq-saturated
model B os size |A| such that it is f-primary over A. Furthermore, if B’ is Ng-saturated
model containing A, we can choose such X that B <x %’ .

Proof: We prove the last claim. Denote |A] = A. By induction on n < w we define sets
B, C #' of size A, tuples a' € A’ and finite sets A} C &’ for i < A. First let By = A.

Assume we have defined B,,. Let (tp%(b;/D;))i<x enumerate all weak types over finite
subsets of B, . Such enumeration exists by Wo-stability. Let i < A and assume we have
defined @ for j < i. We use the previous lemma to find a tuple d; realizing tp" (b;/D;) and
a finite subset A} C B,UlJ,_, @} such that tp" (d?/B, UU, <, a}) is fsolated over A7. By
Ng-saturation, there is al' € %’ realizing tp™ (d?/D;UA?). Then also tp™(ai/BnUU, ., @)
is f-isolated over Ay . Finally let B, 1 = B, U, @} .

Each weak type over a finite subset of B,, is realized in B,11. Thus & = Un<w =
AU U(n,i)ewx)\ al has the Ng-saturation property. We have that & is an f-primary model

over A and is of size ). O

Lemma 5.5 Assume that (K, k) is simple. Let o/ be Ng-saturated, Ay, A1 C o finite
and

1. tp¥(ag/ e/ Ub) is f-isolated over Ag Ub and
2. tp¥(ay/ o/ UbUag) f-isolated over A UbUay.

Then there is finite A C o/ such that tp™(ag U a1 /a7 Ub) is f-isolated over AUD.

Proof: Let A C &/ be finite such that AU A; C A and b |4 «/. We claim that this is
the set as wanted. To prove the claim, we assume the contrary. Let ¢y and ¢; be such that
tp¥(Go U e /AUD) = tp%(ap Ua /AUb) but &gU¢ fap . By finite character there is
finite d € & such that CoUe [fapd. From 1 we get that ¢y | 45 7. Since b |4 o7, we
get from symmetry and transitivity that </ |4 bU &. Similarly 7 |4 bU ag.

Let f € Aut(9/AUb) be such that f(¢o) = ao. By Proposition 4.8, there is d* € &/
such that Lstp(d*/A) = Lstp(f f(d)/A). Since d* € o, we have d* |4 bUag. Furthermore
d |4 bU¢ implies that f(d) |4 bUay. From stationarity for Lascar strong types we get
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that tp™(d*/AUbU ag) = tp™(f(d)/AUbU dg) and furthermore tp™(d* U ao/A U b) =
tpV(dUcy/AUD). Let @) be such that

tp™ (d* UapUay/AUb) =tp¥(dUcyUec /AUD).

Since @) Udg Jfaup d* and ag | 45 d*, Pairs Lemma implies that @) {4 pue, d°, and
thus by monotonicity @) f4,upus, @° U A. Now we have that tp%(ai/A1 UbUag) =
tp%(ay /A1 UbUag) but aj {4, pua, <, a contradiction with 2. O

Lemma 5.6 Assume that &/ = AU U¢<5 a; is f-primary over A and d € /. Then there
is finite A’ C A and ig < ... <1, < & such that d C A’ Uag, ...,a, and for each 0 <p<n
there is finite A, C A'Uay, ...,ap—1 such that tp*“(a,/AUay, ..., ap—1) is f-isolated over Ay.

Proof: First let By U Tig ) < - < Gigg ) be such that By C A and the finite tuple d is
included in these. For each 0 < p < kg there is finite A, C AU Uj<i(0,p) a; such that
tp™ (@i, /AUUKZ-(M) a;) is f-isolated over A ). Welet BiUa;, o < ... <@, , ,, where
By C A, contain all tuples included in the sets A ). Then the sets A(; ;) C AUUj<i<1,p> a;
are defined similarly. We continue this and define a tree of ordinals such that i(,41,p) <r
i(tnpy if @i, is included in A, ). We get tree whose branches go down the ordinals
and each level is finite. Since there can’t be an infinite branch, the tree must be finite. Let
A’ contain all sets B, for those m appearing in the tree and let ag, ..., @, contain all Qi )
similarly.

Proposition 5.7 Assume that (K, <xx) is simple. Let o/ bg Ng -saturated and B a set. Let
o* =/ UBU Uz‘<§ a; be f-primary over o/ UB and let d be a tuple in </*. Then there

are a4 = Gy, ..., @i, for ip < ... <in, <&, finite A C o/ and b C B such that
1. dc AubuUa,
2. tp¥(a/</ Ub) is f-isolated over AUb and
3. the tuple b dominates aUb over < .
Proof: Let A/ UbC o/ UB, Ap for 0 <p <nand ip < ... <ip, <& be as in the previous

Lemma. We show by induction on m < n that there is finite A/, C &/’ UbUa,,,...,a;,_, _,
such that

tp¥(a;,_, U..Ua;, /< UbUa,,,...,a;,_, _,) is f-isolated over A/, .
When m =0, n —m = n and the claim is clear. Assume the claim holds for m. Then
1. tp%¥(ai,_, U..Ua;, /o UbUay,,.

o @iy, (mi1y) 18 f-isolated over A, and

2. tpY (@i, _ iy /L Vb U iy, ey iy _,ryy_,) 18 Fisolated over Ay, (1)
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Item 1 holds by induction and item 2 by the choice of A,,_(p,11). We find A;, ,, C .&/U buU
igy s @iy _ iy, DY Lemma 5.5. We can take A = Aj,. This proves 1 and 2.

To prove 3, assume to the contrary, that ¢ |, b but ¢ f,, bUa for some tuple ¢. Let
A’ C o/ be finite such that A C A’ and ¢ | 4» &/ Ub. Since A C A’, the type tp¥(a/«/ Ub)
is f-isolated over A’ Ub. By finite character, there is finite B’ such that A’ C B’ C &/ and
¢ fa B'UaUe. By symmetry and Lemma 4.6, b |, ¢. We may assume that tp“ (b/.«/ U¢)
does not split over B’.

Since & is Rg-saturated, thereis f € Aut(9/B’) such that f(¢) € 7. Since tp™ (b/.o/U
¢) does not split over B’, we may assume that f(b) = b. By f-isolation we get that
f(@) | aug &, and furthermore f(a) | 4.5 f(€) U B’. On the other hand, by monotonicity
and invariance f(¢) | a» B'Ub, and by symmetry, bUB’ | 4 f(¢). Now by the Pairs Lemma,
f(@UbUB' L [(©).

But since ¢ f4 aUbU B’, by invariance f(¢) J4 f(@)UbU B’, and by symmetry,
f(@ubuB’ [ f(©), a contradiction. O

By finite character we gain the following corollary.

Corollary 5.8 Let =< UBU (G;)i<e be an f-primary model over o/ U B, where < is
an Vg -saturated model. Then B dominates B over the model < .

We prove here also an easy remark using Pairs Lemma.

Remark 5.9 Assume that (K, <) is simple. Assume that G, lAUSKk@ a. B for all
0<p<n. Then agU...Ua, |4 B. N

Proof: By induction on p we prove that

Gn—pU ... UGy | a,° B.

0<k<n—p ak
First when p =0, n—p = n, and the claim follows from the assumption. Then assume that

the claim holds for p. In addition we have that @,_(y41) lAUSo<k<n4p+1>@k B, and thus
the claim for p + 1 follows from Pairs Lemma. - O

5.1 Categoricity transfer
In the next proposition we prove the ‘weak categoricity transfer’ for Ng-saturated models.

Proposition 5.10 Assume that (K, <x) o simple finitary AEC with the extension property,
weakly categorical in some uncountable cardinal . Assume that </ is an uncountable Ng-
saturated model. Let B C </ be such that |B| < |</| and let d € 9. Then the type
tp™¥(d/B) is realized in < .

Proof: It is enough to prove the claim for all such &/ that || is a successor cardinal. If
|&7| is a limit, there is an Ng-saturated model B C &' <x & of size |B|T, and tp¥(b/B)
is realized in 7’

By Lemma 3.19 there is a Morley sequence (b;)i<n, C & over an Ng-saturated model
% C o containing B. Also there is finite E' C % such that tp"(b;/# U J;_;b;) does not
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split over E for all + < Ny. By local character there is finite £/ C % such that d 1% AB.
Let ¢ <x # be countable and Ro-saturated model containing F'U E’. Then d |3, % and
bi 1% ZUU,.;b; for all i <N;. We show that tp“(d/#) is realized in <.

Using extension we continue the Morley sequence to (b;)i<,, where k is the (weak)

categoricity cardinal. Let
¢r=culJbul]a
<K j<é&

be f-primary over € U U_z‘<;< b;. By weak categoricity the model ¢ is R;-saturated and
thus the weak type tp¥(d/%) is realized in €*. We find finite A C ¢, b=b,, U...Ub;,_,
B0 < ... <ipm <k and @ = ajy, ..., a5, , jo < ... < jn < & as in Proposition 5.7. Denote
b* = by,....by, € &/. By Lemma 3.20 and since % is a countable model, there is an
automorphism f € Aut(9/¥) mapping b;, to by for each 0 < k < m. Proposition 4.8
gives a* € o/ such that

Lstp(a*/A U b*) = Lstp(f(a)/AUb").

By 2 of Proposition 5.7 and invariance, tp™(f(a)/¢ Ub*) is f-isolated over A Ub* and thus
@* | yup- € . By stationarity of Lascar strong types a* realizes tp%(f(a)/% Ub*). Then 3 of
Proposition 5.7 gives that b* dominates a* Ub* over €. But we had that b; |5 BUU;<;bj
for all 7 < ¥, and thus by Remark 5.9, b* & % . Using symmetry we gain that arub* | A.

We had that tp%(d/%) was realized in aUbU A, where A C %, and tp¥(aUb/¥) =
tp% (f(a)ub*/€) = tp¥(a* Ub*/€). We claim that tp¥(d/%) is realized in a*Ub*UA C & .
But this follows from stationarity over Rg-saturated models, since d | # and a*Ub* |4 A.
U

Finally we state the main theorem. For an abstract elementary class (K, <), we define
(K)Y, k) ={« € K: o is Ng-saturated}.

If (K, <k) is an Rg-stable finitary AEC with the extension property, then clearly also the
class ((K)¥, k) is. We formulate the ‘weak categoricity transfer’ as follows.

Theorem 5.11 Assume that (K, <k) is a simple finitary AEC and weakly categorical in
some uncountable cardinal . Then

1. ((K)*, k) is weakly categorical in each uncountable x and

2. (K, <k) is weakly categorical in each A such that X > min{x, H}.

Proof: By Theorem 2.24 and Proposition 4.26, the class (K, xk) is also Rg-stable and has
the extension property. The first claim follows from Proposition 5.10. For the second claim,
we need to show that each model of size > min{x,H} is Ng-saturated. If x < H, this
is clear, since the model of size k is Np-saturated. But also each model of size > H is
Np-saturated by Lemma 2.26. O

We recall the definition of tameness. The class (K, k) is tame (or LS(K)-tame), if whenever
2/ is a model and

tp#(a/ o) # to® /b)),
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there is a submodel B <xx &7 of size LS(K) such that
tp5(a/ %) # to* /b B).
With tameness the result of Theorem 2.21 generalizes as follows.

Theorem 5.12 Assume that (K, =k) is an Xq-stable tame finitary AEC and </ is a model.
Then tp¥(a/of) = tp™ (b/ <) if and only if tpe(a/o/) = tp8(b/ ).

We recall that an Rg-stable and tame finitary AEC always has the extension property. The
previous theorem guarantees that unions of types over models behave well, and thus the
condition 2 of Proposition 4.23 holds. This was stated in [7] as Theorem 4.13.

Theorem 5.13 Assume that (K,<k) is an Ng-stable tame finitary AEC. Then (K, =xx)
has the extension property.

Let x be an uncountable cardinal. By Corollary 3.8, k-categoricity always implies weak
k-categoricity for an Ng-stable finitary AEC. Now Theorem 5.12 together with Lemma 2.22
imply that if (K, <k) is also tame, weak k-categorigity is equivalent with x-categoricity.
As a corollary we get the following.

Corollary 5.14 Assume that (K, <k) is a simple tame finitary AEC categorical in some
uncountable k. Then

1. ((K)*,<Kk) is categorical in each uncountable x and

2. (K, =xK) is categorical in each A such that A\ > min{x,H}.

We remark that if in the previous theorem (K, <k) happens to be Rg-categorical (equiva-
lently atomic, see Definition 6.1), then we get the full Morley theorem for (K, <k). That
is, categoricity in any uncountable cardinal transfers to total categoricity. In this case, the
class is also definable in L, ., by Kueker [14]. By earlier work by Shelah and Keisler, the
full Morley theorem holds also for L, -definable classes which are either ezcellent or ho-
mogeneous. Such classes are tame finitary AECs but they are not necessarily simple. Also
neither excellence nor homogeneity is known to follow from the assumptions of Corollary
5.14, except as in Corollary 5.15. Hence our theorem gives a new Morley theorem for sen-
tences in L, which is incomparable to the previous results. We will study the relation
between the three L, -definable frameworks in the following section.

We should remark that the assumptions of 5.14 do imply excellence using the corollary
5.14 itself. This is based on the famous result by Shelah that under certain set-theoretic
assumptions, if a sentence in L, is categorical in each R,, for n < w, then it is excellent.
See the book [1] for the definition of excellence and proof of the result mentioned above.

Corollary 5.15 Assume that 2% < 2%++1 for each n < w. Assume that (K, <x) is a simple
tame finitary AEC categorical in Rog and in some uncountable k. Then it is excellent.
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6 Examples

In this section we present several examples of finitary AECs. The examples are meant
to study the relations between such concepts as excellence, homogeneity, tameness, Ng-
stability, atomicity, simplicity etc in such classes. However, we will not present any examples
motivated by some ‘natural’ mathematical examples arising outside model theory, although
we would be very interested to find such examples. These examples are motivated by the
study of the relations between different non-elementary frameworks, mostly definable in
L, , which have been studied in the literature.

We state the following definition.

Definition 6.1 We say that a finitary abstract elementary class (K, <) is almost atomic,

if
K = (K)w7

that is, all models in K are Ng-saturated.

By Kueker’s results in [14], if (K, =<k) is an Ng-stable finitary class, it is almost atomic
if and only it is definable with a complete sentence ¢ in L,,, and <k is the syntactic
Z -elementary equivalence relation a countable fragment # C L, containing ¢. Also a
non- almost atomic finitary class might be defined with a sentence in L, , but then the
sentence cannot be complete.

We write almost atomic, since the class will become an atomic AEC after adding count-
able many predicates to the language as in section 2.3. However, since ezcellence is only
defined for atomic AECs in [1], we will have to be careful with what we mean by excellence
in an almost atomic class. See the discussion after Question 6.28.

The following easy example demonstrates that there are finitary classes, which are not
definable with a single sentence in L, . For more examples, see [14].

Example 6.2 Define the language L to be countable many unary predicates P,,n < w.
Denote by S(L) the set of all (complete) basic L-types i.e. types consisting of atomic
formulas and negations of atomic formulas. We have that |S(L)| = 2%0.

For any subset ® & S(L) denote by (Ko, <x) the class of all L-structures omitting ®
with <k as substructure. Then (Ko, <x) is a finitary abstract elementary class.

For different ®1, Py C S(L), the classes Ko, ,Kg, are not equivalent in Ly, . Also there
are 22"°) different subsets of S(L). Since there are only 2% different sentences in Ly, ,
all such classes cannot be definable with a sentence in L, .

The classes are also simple and tame, and also superstable with the Tarski-Vaught prop-
erty, see [9] for the definitions of the latter two. These properties are inherited from the
first-order empty theory of L, since the monster model of each class Kg is a submodel of
the first-order monster model.

However, all the classes are closed under L., -equivalence and weak type equals L, -
type. Also, each class is definable with a sentence in L, for some x < (2%0)*,

On the other hand, if such class K¢ is Np-stable, the set S(T') \ ® must be countable.
Then the class is definable in L,,,,,, since we can list all possible types in one sentence.

Another easy example shows that the class ((K)“,<xk) of Wg-saturated models of an
AEC (K, k) does not determine the original class (K, k). We define two different finitary
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classes (K1, <k,) and (K, <x,) where the classes ((K1)“, <k, ) and ((K2)¥, <k,) are equal.
This example is due to Kueker.

Example 6.3 Let L = {E}, where E is a binary relation symbol. We let K be the L-
structures such that E is an equivalence relation with infinitely many infinite classes and
infinitely many 2-element classes but no finite classes of size n for n > 2. One-element
classes are allowed. We let K; = Ky = K.

For o/, % € K, we define that A <k, B if A is a substructure of B and all finite
FE -classes in A stay finite in B.

For o/, 2 € K, we define that A <k, B if A is a substructure of B and all two-element
classes in A are not increased in B.

For both cases, the class of Ny-saturated models is the class of models with no one-element
classes. In this class the notions <k, and =<k, agree. The notion of a Galois 1-type differs
in the classes (Ki,=<k,) and (Ko, <k,). In K;, there are two 1-types, one saying that ‘z is
an element in a finite class’ and ‘z is an element in an infinite class’. In Ks, the 1-types are
‘x is an element in a two-element class’ and ‘x is not an element in a two-element class’.
Both classes are finitary and Ng-stable and definable in L, , but the notions <k, and
<K, are not given by L, .

6.1 A non-atomic example

We give another example, where the class of ((K)¥,<k) is very different than (K, 5g). We
define a simple, Ny-stable, Ng-tame, finitary class, which has the maximal number of models
in each cardinality. Also it is not excellent in the sense that we don’t have prime models
over independent diagrams. But, the class (K)“ is excellent and categorical in all powers.
We thank David Kueker and John Baldwin for comments on this example.

Example 6.4 Let L = {m, m}U{Q}U{P,| n € 2<“}, where m1 and m are unary function
symbols, Q is a unary predicate symbol and the others are ternary relation symbols. Let T
be a first-order theory that says:

(i) V2(Q(2) V Q(z) V JxFyPy(z, y, 2)))
(it) Vavyvz(Py(z,y,2) — (Q(z) A Qy) A —Q(2))
(iii) YaVyVx'Vy'Vz(Py(x,y,z) A Py(z',y',2)) = (x = 2" Ay =7v'))
(iv) @Q is infinite
(v) for all n € 2<%,
(a) Vavy(Q(z) A Q(y)) — F2Py(2,y, 2))
(b) Vavy(Q(z) A Q(Y)) — Va(Py(x,y,2) < (Pr~(0)(#,y,2) V Py(1) (2,9, 2))))
(c) YaVy=Vz(P,—(0)(,y,2) A Py~ 1y (2,9, 2)).
(vi)(a) Va(mi(x) =z — Q(x)) AVeVz(mi(z) = 2 < JyPy(z,y,2)).
(b) Vy(ma(y) =y < Q) AVyVz(m(z) = y < FzPy(x,y,2)).
For all n € 2% let
qn ={2 # 2’} U{Pyn(z,y,2) A Pyin(z,y,2")| n € w}
and
Dy = {PVIM(IvyaZ)‘ ne w}'
Let K be the class of all models of T' which omit every type g, and those p, such that both
n=1(0) and n~1(1) are infinite. Let <x be the first-order relation <. .
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Items (i) — (iv) say that the predicate Py divides the elements outside the predicate @ to
infinitely many disjoint sets indexed by the pairs (z,y) in the predicate. We call such a set
a tree indexed by (z,y). Furthermore, (v) says that each element in the tree satisfies a type
py for some branch 7 in the binary tree.

Functions m; and 7y are added for convenience, to make the theory T to have quantifier
elimination. Axiom (vi) gives the coordinates (71(z), m2(z)) for the tree of each z not in Q.
Hence the ‘columns’ and ‘rows’ of trees are definable with quantifier-free formulas 7 (z) = «
and m(z) =y.

We omit the types ¢, to make each type p, to have at most one representative, and
we omit all but countably many types p, to make all trees countable. The class (K, <k)
becomes Nj-stable.

For any model @ in K, we can define two models & and # extending .o such that
Q(A)\Q() = a1 and Q(o%)\Q(%) = az for some distinct a; and ay. Then the models
oy, o, o form an independent 2-diagram. However, there are Z and %’ <k-extending
both 7 and <% such that no substructure of & can be embedded to %’ over &7} U @/ or
vice versa. Namely, we can choose the (a1, az)-tree in % so that all branches are eventually
one and in %’ so that all branches are eventually zero. Hence there cannot be a prime
model over o] U 25 .

In an Ng-saturated model, all the trees will be isomorphic. Hence the class (K)“ is
categorical in every infinite cardinal.

6.2 Non-simple examples

All the remaining examples in this section will be some further developments of the construc-
tion introduced by Hart and Shelah in [6] and further studied by Baldwin and Kolesnikov
in [2]. We will refer to the paper [2] for the properties of the construction, but we will
also recall the necessary definitions here. Unlike we claimed in the introduction of [9], the
constructed AEC is not simple. However, we get a non-tame Ng-stable finitary AEC with
the extension property for non-splitting.

To see that the original example is not simple, one can use a similar proof than we will
show in the following. However, here we present a much more elementary example of non-
simplicity. This example will be even totally categorical, homogeneous and excellent. It will
serve as an introduction to the original example. This version of the example was suggested
by Kolesnikov.

The first Np-stable and non-simple example was suggested by Shelah and is presented
in Hyttinen, Lessmann [10]. There the cause for non-simplicity is similar. However, that
example is not categorical.

We want to emphasize that although we only prove that the examples in this section are
not simple according to our definition of simplicity, by Theorem 4.9 there could not be any
other notion of independence which would give a sufficient independence calculus.

Example 6.5 The language L contains unary predicates I, G, H and G*, a binary func-
tion e from G x I to H and a 3-ary relation tg on G x G* x G*.

The universe of a structure M in the class contains of disjoint copies of I, G, G* and
H, where

1. I is an infinite set,
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2. H is Zg,
3. G is the set of finite support functions from I to H and
4. G* is an affine copy of G.

Furthermore, e(g,i) € H gives the value of the finite support function g € G at a point
i € I. The affine action of G on G* is coded by te, we write tg(g,x,y) asy=x+g.

The class of structures is a finitary AEC when we take as the relation <x the & -
elementary substructure relation given by a suitable fragment F C L, .

The construction can be defined in L, ., and the models are is determined up to isomorphism
by the size of I. Let 9t again be the monster model of the class and we refer as I, G,G*, H
to the corresponding parts of the monster model.

We denote by ¢1 + g2 the coordinate-wise addition of two functions g1,92 € G. We
denote by S, the support of g € G. When we write g € M for some submodel M C M
and g € G we mean that S, C M.

We recall that tp¥(b/B) Lascar-splits over A C B if there are g, a1 € B which belong
to the same strongly A-indiscernible sequence such that tp®(ag/AUb) # tps(a;/AUD).

We recall that a finitary AEC is simple, if for every finite A and a and arbitrary B
extending A there is b realizing tp¥(a/A) such that tp¥(b/B) does not Lascar-split over
A.

Lemma 6.6 The finitary class (K, <x) described in Example 6.5 is not simple.

Proof: Let M be an elementary submodel of 91 such that ¢,d € M N G* belong to a
strongly indiscernible sequence. (And they are not the same element.) We can find such M
and c¢,d, since G* is unbounded. We claim that the type of any element = € G* over the
empty set cannot be extended to a free extension over M .

Assume (to the contrary) that a € G*\ M would be {ree of M over (). That is, tp%(a/M)
does not Lascar-split over .

Since tg codes a regular action, for each a,b € G* there is a unique ¢ € G such that
a=0b+g. If both a and b belong to the model M, we have that this g isin M NG. That
is, the support Sy isin M N G. Hence we define:

e Let g € G be such that a=c+g.
e Let he GN M be such that c=d+ h.
o Let ho € GN M be such that Sy NSy, = S, .

Now since hg is its own inverse, the functions g + hg and h have disjoint support. Let F
be an automorphism of the monster such that F' fixes I,Zs and G pointwise and for all
x € G*,

F(z) =2+ ho.

Then since hg € M, F fixes M setwise.
By invariance, the element F'(a) is also free of M over the empty set. We can write

Fla) = c+ (g +ho)
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and similarly
F(a)=d+ (g+ho+h).

But since g + hg and h have disjoint support and & is not the zero function,
|S(g+ho)‘ # ‘S(g+ho+h)|7

and hence there is no automorphism of the monster model mapping g + hg to g+ ho + h.
Hence ¢ and d have different Galois type over F'(a). This is a contradiction, since now ¢
and d witness that tp(F(a)/M) Lascar-splits over (. O

Now we recall the construction as defined in [2]. This construction gives for each natural
number k > 2 an example of a finitary AEC which is categorical in g, ...,X;_o but not in
N;_1. The examples will also be almost atomic, Ng-stable and have the extension property
for non-splitting for £ > 3 but non-tame and non-simple for any k.

Example 6.7 Let k > 2 be a natural number. Let L again denote the vocabulary, where
the L-structures contain

1. unary predicates I, K, G,H,G*, H*,
. binary function eg taking G x H to H,

. a function mg mapping G* to K,

2

3

4. a function 7y mapping H* to K,

5. a 4-ary relation tg on K x G X G* x G*,

6. a 4-ary relation ty on K X G x G* x G*,

7. other projection functions and

8. A (k+1)-ary relation symbol Q on (G*)* x H .
A structure M(I) is as follows.

1. 1 is a set
2. K is [I]*, the set of k-tuples of elements in I,

3. H is Zso, and G is the set of finite support functions from K to H .

Note that now the functions in G are from K, not I. The function ec(g,u) € H gives the
value of the finite support function on g € G on u € K. Furthermore

4. G* is the set of affine copies of G indexed by K. We write the elements of G* as
pairs (u,x), where u € K .

5. H* is the set of affine copies of H indexed by K. We write the elements of H* as
pairs (u,i), where u € K.

6. mg is a projection function from G* to K. For u € K, we say that W&l(u) is the
G* -fiber over u and write n;' (k) = G¥,

u?’
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7. and similarly, the pre-images of the projection w1 H* — K give the H* -fibers H, .

8. The regular (free and transitive) relation tc(u,g,y,x) C K x G X G* x G* codes the
affine action of G on each fiber u € K. When x and y are on the same fiber u, we
write tg(u,g,y,x) as y=x+g.

9. Similarly, tg(u,h,z,y) codes the affine action of Zs on each fiber of H*. On the
same fiber u we may write y =x + h.

10. The (k+ 1)-ary relation Q satisfies the following:

(a) Q is symmetric with respect to all permutations of the k first elements from G*

(b) Q((ur,x1), ..., (up, ), (W41, Tr41)) implies that uy, ..., up41 form a compatible
k + 1-tuple, i.e. all k element subsets of a k+ 1 element subset of I.

(c) ((u1,91), s (uk, gx), (ur+1, b)) € Q iff
((u1,91), s (U, gi)s (U1, h + 1)) ¢ Q.

(d) If g € G is such that g(ug+1) =1, then
((u1,91); s (un, gk), (ur+1,h)) € Q iff
((U17g1 + g>7 ey (ukmgk)’ (uk+17 h)) ¢ Q

We only take as models such structures where I is infinite. We can write the above de-
seription as an Ly, -sentence ¢ and we take as the abstract elementary class the class
(Mod(¢r),<z), where F is a suitable countable fragment of Ly, .

We call a standard structure on I the structure M (I) as above, where each G} and H}
are really a copies of G and H, and we can talk of the zero function 0 of each G}, and the
zero 0 of each H} . Of course, such things are not definable in the models of ¢, but we
will use these concepts in the metalanguage, when we are constructing models of ¢;. On
the standard structure we also define for each compatible (k+ 1)-tuple w1, ..., ug, ug+1 that
Q((u1,0), ..., (ug,0), (ug, 0)) and hence

Q((ulagl)? sy (Uk,gk;), (Uk+1,i))

if and only if
g1(ug+1) + oo + gr(ugs1) +4 =0 mod 2.

The following is proved in [2].

Fact 6.8 For any k > 2, (Mod(¢r),<Kk) has arbitrarily large models, the joint embed-
ding property and the disjoint amalgamation property. Furthermore, we can amalgamate
disjointly over full substructures of sturctures in K.

When k > 3, (Mod(¢r),<Kk) is categorical in N, ...,Rg_o and hence also Ng-stable.

By Fact 6.8, there is a monster model My, for ¢y . Furthermore, any isomorphism between
so called full substructures of the monster model extends to an automorphism.

A full substructure of M is defined in Definition 1.5 of [2] as a substructure of 9T which
is isomorphic to a structure M(I") | L\ {Q} for some, possibly finite, I’ C I. To describe
a full substructure, we recall the Fact 4.1 from [2].
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Fact 6.9 Let &/ = ¢r. If a subset A" of the universe of </ is the universe of a full
substructure of <7 , then

1. A’ is an L-substructure of < ,

2. G(A) is the set of all finite support functions in G(&7) whose support is contained in
K(A),

3. for all u € K(A’) and for some v € G (&), we have GL(A") ={z+~v:v € G(A)}
and

4. for all we K(A') and for some x € H: (), we have H(A") ={x+: € Zs}

Let o/ be a model of ¢p. We recall from [2] the notions of a solution over a set A C
&/ (I) (Definition 2.3), extension property for solutions over a set A (Definition 2.5) and
n-amalgamation property for solutions over a set A (Definition 2.9). For completeness, we
write the definitions here:

Definition 6.10 (A solution over a set) A solution (g,h) is a pair of functions
g: K(&)— G (&) and h:K(«)— H (o),

where g(u) € G% and h(u) € H.

We say that (g,h) is a solution for the subset W C K (<) if for each uw € W there are
g(u) € G and h(u) € HY such that if uy,...,ug, up1 are a compatible (k + 1)-tuple from
W, then

Q((Ul, g(ul))v ety (uka g(uk))v (Uk+17 h(uk-‘rl)))'

If (g,h) is a solution for a set W = [A]¥ for some A C I(</), we say that (g,h) is a
solution over A.

Definition 6.11 (n-amalgamation property for solutions) Let A be a subset of ()
of size A. Let {by,....,bp_1} be an n-element subset of 1(<7) such that for any (n — 1) -
element subset w of n =1{0,...,n — 1}, we have a solution (gy,hy) over AU{b : 1 € w}.
Assume also that the solutions are compatible, i.e. (U, guw,U,, hw) is a function.

We say that &/ has n-amalgamation for solutions over sets of size A if for every such
situation, there is a solution (g,h) over AU {by,...,bn_1} extending simultaneously each

(gun h’w) .

We call the l-amalgamation property for solutions over sets of size A as the extension
property for solutions over sets of size A. The same definitions can be written over finite
sets, i.e. where A is finite. We also recall the following facts from [2]. Fact 6.12 follows
from Lemmas 2.11 and 2.14, Fact 6.13 follows from the proof of Lemma 2.6 and Fact 6.14
is Lemma 2.11.

Fact 6.12 (Existence of solutions over countable sets) Let k > 3. For all & |= ¢y,
there is a solution over every countable J C I(</).

Fact 6.13 Let k > 2. If o and o/ are models of ¢ with solutions (g,h) and (¢, h'),
respectively and identity is an isomorphism from < | (L\ {Q}) to &' | (L\{Q}), then
there is an isomorphism [ : o/ — &' such that if B C & is a full substructure, g |
(BNK(A))=¢g | (BNK(H)) and h | (BNK(A)) =1 | (BNK(A)), then [ | B =1id.
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Fact 6.14 (Extension property for solutions over finite sets) Let k > 2. If o/ € K
and J,J C I(&) are finite and with solutions (g,h) and (¢’,h') and they agree on JNJ',
then there is a solution for JU J' which extends both (g,h) and (¢', ).

We recall (Lemmas 4.2 and 4.4 of [2]) that for any & | ¢ and any set B C & there
is a minimal full structure Mp in & containing B. Furthermore, if B is finite, also Mp
is finite and unique up to isomorphism over B. Also, if C' C B, we can choose M¢ to be a
substructure of Mpg.

Definition 6.15 Let 9, be a monster model for ¢i . For any subset A C My, let M4 be a
minimal full substructure </ of M such that A C &7 . Define L4 to be the least J C I(9My,)
such that A C M for some Mj.

For subsets A,B,C C My, we write Az C if IapNIpc =1p.
Studying the properties of full substructures we can prove the following characterization.

Lemma 6.16 We have that A |5 C iff there are full structures Map, Mp and Mpc such
that Map N Mpc = Mp and that then these structures can be found inside any Mapc .
Also if A |5 C, then Iapc = Iap U lpc.

Clearly the notion |~ is invariant under automorphisms.
By 6.16, |~ is symmetric and transitive. We show that |~ has the extension property.

Lemma 6.17 For all finite sequences a and all B,C C My, there is @’ such that @’ and a
have the same Galois type over B and @' |5 C.

Proof: Let Mp, Mpc and Mpz be some minimal full structures, containing B, BUC and
B U a respectively, such that Mp C Mpc and Mp C Mps. By Fact 6.8, there is a disjoint
amalgam % of Mpc and Mpg over Mp. We may assume that Mpc C # <g M. Hence
there is an automorphism f € Aut(9,/Mp) such that f(Mpsz) N Mpc = Mp. By Lemma
6.16, f(a) |5 C. O

We prove the following lemma, to show that (Mod(¢r), <x), k > 3, has the extension prop-
erty for non-splitting over models. Here it is essential that B = Mp is a full substructure. If
we could prove the same for arbitrary sets B, we would get simplicity. But (Mod(¢r), <k)
is not simple by Theorem 6.20.

Lemma 6.18 Assume that finite tuples a and B_have the same Galois-type over finite B
with B = Mp, C O B is finite, a |5 C and b |5 C. Then a and b have the same
Galois-type over C'.

Proof: We may assume that C' = M¢. Fix some minimal full substructures Mc,, and
Mpa, My € Mcap such that Mp,NMe = Mp and MpyNMc = Mp. Since @ and b have
the same Galois-type over B, there is an isomorphism f : Mg, — Mpyp such that f [ B =id
and f(a) = b. By Facts 6.12 and 6.14 there are solutions (g,h) over I and (¢',h') over
Ip, such that they agree on Ip and the values are in M¢ and in Mp,, respectively. Let
g"=fogof tand b = foh'of~!. Then (¢”,h") is a solution over Ip;, and it agrees
with (g,h) on Ip. By Fact 6.14 there is a solution (gq,he) over Io, extending (g,h) and
(¢, 1) and a solution (gp, hy) over Icp extending (g, h) and (¢”,h"). Let J C I(IM) be
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countable such that JN (Igq Uley) = 0. By Fact 6.14, we can extend the solutions (gq, hq)
and (gp, hpy) to solutions over I, UJ and Iy U J respectively. By Fact reffaktakaksi there
is an automorphism f* : Mo, — Meyp such that Mo, Mg, € Mco, Mo, Mpy, € Mey,
f* 1 Mc =id and f* | M, = f. Hence f*(a) =b. O

The class of models of ¢y has the extension property for non-splitting for k > 3. The proof
uses Ng-stability.

Theorem 6.19 For any k > 3 the class (Mod(¢r),<k) has the extension property for
non-splitting.

Proof: We show that for any Ng-saturated model M and any a there is finite £ C M
such that for any B O & there is b realizing tp%(a/M) such that tp¥(b/B) does not split
over E. This is an equivalent formulation of the extension property for non-splitting by
Proposition 4.23.

Let M be an Ng-saturated model and @ a tuple. Since (Ky,=<k) is an Ng-stable finitary
AEC, splitting has local character and hence there is finite £ C M such that tp®(a/M)
does not split over E. Furthermore, there is a minimal full substructure Mg containing
E, which is finite, such that Mg C M. Then the type tp“(a/M) does not split over Mg
either. We claim that this finite Mpg is as required.

First we claim that a lwa M . If not, there is some element ¢ € Ip;.5 NIy C M such
that ¢ ¢ Iy, . Since Iy is infinite, there is d € Ins \ Ins,a C M. Clearly tp8(c/Mg Ua) #
tp8(d/Mg U a). But since the models of ¢ have the extension property for solutions over
finite sets, there is an automorphism fixing Mg pointwise and mapping ¢ to d. Hence
tp¥(a/M) splits over Mg, a contradiction.

Let B be a set containing M. We need to find b realizing tp"(a/M) such that tp™ (b/B)
does not split over Mp. By Lemma 6.17 there is b = tp8(a/M) such that b |, B. By
invariance, b la, M and by transitivity, EL&E B.

Finally we claim that tp¥(b/B) does not split over M.

Assume that tp®(¢/Mg) = tp&(b/Mg) for some ¢,d € B. By monotonicity and symme-
try of |7,

¢y, band d |y, b
Hence by Lemma 6.18, tp#(¢/Mg Ub) = tp8(d/Mg Ub). This proves the claim. O

Finally we see that (Mod(¢r), <k) is not simple for any k.
Theorem 6.20 Let k > 2. The class (Mod(dy), <) is not simple.

Proof: The proof is the same as the proof of Lemma 6.6. Only that we pick an element
uw € K, an choose an elementary submodel M with ¢,d € G}, N M, where ¢ and d are

elements in a strongly {u}-indiscernible sequence. Also we do not study a type over the
empty set but over the element v € K, namely the type of an element on the fiber G},. O
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6.3 A tame, non-excellent example

The last example is an example of a tame, simple, finitary, almost atomic class which is not
excellent nor homogeneous. It is also definable in L,,,. This example takes advantage of
the properties of the construction in Example 6.7, namely from the case k¥ = 4. However,
this example is not Ng-stable.

This example is not categorical, but it is a-categorical in all cardinals strictly above the
continuum and superstable in the sense of [9].

Example 6.21 We assume the continuum hypothesis. Let the vocabulary L* be the vocab-
uwlary L of the previous example together with

(P,E,fYU{E, :n<uw},

where P is a unary predicate, f a function symbol and E, E,,n < w binary relation symbols.
We define the class K to consists of L* -structures o/ such that

1. The relations E,E,,n < w are equivalence relations on < .

2. The relations E,,n < w form a binary tree structure on P(</): Ey has two infinite
classes on P and E, 11 divides each class of E,, on P into exactly two infinite classes.
We call P(</) the ‘tree of o/ .

3. We omit the type
p={z#2}YU{E.(2,7):n<w}

to make the size of the tree P(/) at most continuum i.e. at most Ny .

4. The relation E divides o/ \ P(</) to infinitely many infinite classes, which we call
‘bozes’.

5. Fach box X is a model of ¢4 from Example 6.7 with the L-structure respectively.

6. For the predicate I € L and any box X the function f | X(I) is a bijection from the
I-part of X to the tree P(<).

7. We define E on P(/) and each E,, on o/ \ P(</) to consist of singleton classes and
f be the identity on P().

We choose <k to be the substructure relation.

To summarize, each model of the class consists of a tree (which is some subtree of the full
binary tree, countable or uncountable) and an infinite number of models of ¢4, each of
equal size than the tree. Since ¢4 is categorical in Ry and N;, all the boxes of a model are
isomorphic. We leave as an exercise to show that he class is a finitary abstract elementary
class, except we prove the amalgamation property in lemma 6.25. We also leave as an
exercise to show that each model of K is Rj-saturated.

The monster model 9 of K consists of a full binary tree and a big number of models
of ¢4 of size N;. We see that K is simple: Two elements a1,as € 9 can be in the same
strongly C'-indiscernible sequence only if they are in different F-boxes not intersecting with
C. If a type tp¥(a/B) Lascar-splits over C C B, there must be witnesses ag,a; in A in
different boxes of 9, both boxes disjoint from C, such that a intersects exactly one of their
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boxes. Hence A |¢ B iff for each a € A and b € B, if E(a,b), there is ¢ € C such that
E(a,c). This gives simplicity.

Since ¢4 has the 2-amalgamation property for solutions for sets of size ¥y and the
extension property for solutions over sets of size Ny, the class is tame, but since it does not
have 2-amalgamation for solutions over sets of size Nj, it is not excellent. We prove these
claims in Lemmas 6.26 and 6.27.

First we recall the following facts from [2]. Fact 6.22 is proved as Lemma 2.6 of [2],
using the fact that the models of ¢4 have the extension property for solutions over sets of
size Ny. Fact 6.23 is proved as Theorem 5.1 of [2], using the 2-amalgamation property for
solutions over sets of size Ng.

Fact 6.22 Let My, My | ¢4 be of size Ny, N; C M; full substructures for i € {1,2},
h : Ny — Na an isomorphism and f: I(My) — I(Ms) a bijection which agrees with h on
I(Ny). Then fUh extends to an isomorphism between My and Ms.

Fact 6.23 Assume that |Mi| = |[My| =Ry, M g My, M5 and f : Mi(I) — Ms(I) is a
bijection fixing M(I) pointwise, a1 € My and Gy € My and f extends to an isomorphism
h between minimal full substructures Mg C My, My C My containing @, b respectively,
such that h | M = id and h(a) = b. Then fUh extends to an isomorphism between M
and My, fixzing M pointwise.

The following fact is not stated in [2], but it follows from Lemma 2.6, Lemma 2.14 and
Theorem 7.1(2).

Fact 6.24 Models of ¢4 do not have the 2-amalgamation property for solutions over all
sets of size Vo, that is: There are a,b, J C I(IMy4) such that a £ b, |J| =Ry and solutions
(ga, ha) and (gp, hy) over JU{a} and JU{b} respectively, which agree on J but (gq,hq)U
(gb, hey) does not extend to a solution over J U {a,b}.

Lemma 6.25 The class K has the amalgamation property and the joint embedding property.

Proof: Let %y, 9, 9% be in K such that @ <x < for i € {1,2} or o is empty. First we
amalgamate the trees P(o) and P(a%) over P(a%) and denote the amalgam by P. This
will be the P-part of the final amalgam.

Both o4 and 9% may add new E-classes not intersecting <% or extend an existing E-
class in 7. For each E-class in @4 and % we must construct a E-class in the amalgam
together with the corresponding embedding.

First we treat the case where an E-class X7 in & and an E-class X, in 4% extend
an F-class Xy in 2. We need to amalgamate the ¢4-structures X; and X5 over Xj.
Denote by fo, f1 and fo the bijections from I(X;) to P(<) respectively. They determine
how to amalgamate I(X;) and I(X3) over I(Xp) so that fi U fo becomes a 1-to-1 map
onto the new tree extending fo. We might not be able to amalgamate I(X;) \ I(Xy) and
I(X5) \ I(X,) disjointly.

Let M be the standard structure on the amalgam of I(X;) and I(X3). This will be
one E-class in the amalgam of 7 and <%. We have natural embeddings of the K, H and
G-parts of X; to M, but for each 4-element subset u € K(X;) we need to embed the fibers
G (X;) and H(X;) to M so that @ is preserved.
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There are solutions (g1,h1) and (g2, he) over I(X;) and I(X3) in X7 and X which
agree over I(Xo). We use these to define the embeddings F; : X; — M as follows: for any
4-element subset u € K(X;), map each g;(u) to the zero function of G (M) and h;(u) to
the zero of H}(M). Then induce the rest of the map with the actions on the fibers.

The second case, where one of the structures, say <7, adds a new E-class X to the
structure o7, is even easier. In order to construct a new FE-class to the amalgam, we need
to extend I(X), and K(X), H(X) and G(X) respectively, in order to extend the bijection
fI(X) — P(o) onto the tree P of the amalgam. This can be done just adding the
right number (countable or ®; many) elements to get I'(X) extending I(X) and picking
an arbitrary extension f’ : I'(X) — P of the bijection f. Then again let M be the
standard structure on I'(X). M will be a new E-class of the amalgam. Embeddings of
I(X),K(X),H(X) and G(X) to M can be taken to be the identity. A solution on I(X)
gives an embedding of each fiber G (X) and H}(X) to M.

Finally the number of E-classes in the amalgam will be the maximum of numbers of
F-classes in 7] and % . We are done with the construction. O

Lemma 6.26 The class (K, <x) is tame.

Proof: Let 9 be the monster model of K, and let &/ xx K and a,b € K be such that
tps(a/<’) = tps(b/«/’) for all countable &/’ <k «/. We need to show that tp2(a/«/) =
tpe(b/).

Let o <k </ be an arbitrary countable substructure and let hy € Aut(9M/o%) map a
to b. We study the automorphism hy.

First we see, that since P(«%) is ‘dense’ in P(9M), ho fixes P(OM) pointwise: If there
would be a € P(9N) such that a # ho(a), by 3. of the definition we could find some n < w
such that —FE,(a,ho(a)). Since E, has exactly 2**1 classes, there is some o’ € P(a%)
such that E,(a,a’). But now —E,(ho(a), ho(a’)), a contradiction.

Since hg preserves FE-classes, it maps each box X of 9 bijectively to some other box
ho(X) of M, preserving the L-structure of X . Furthermore, on elements i € I(X), hg is
determined by the equation

f(ho(@)) = ho(f (@) = [(3).

Hence if X N # (0, ho must be an automorphism of X fixing I(X) pointwise. On the
other hand, if MX C X is a minimal full substructure containing @ N X, ho maps it to a
full substructure of ho(X) containing b ho(X), again fixing o4 N I(X) pointwise.

Since this holds for arbitrary countable <% <k </ (especially a countable <7 such that
for some choices of minimal full structures MzX in X we have that MX N« C o N X in
each box X intersecting a), we can use Facts 6.22 and 6.26 to construct isomorphisms hx

between corresponding boxes such that the automorphism of 9 consisting of these and the
identity on 9(P) fixes each o/ | X and maps a to b. O

Lemma 6.27 There are %, 94, € K such that o C 94,90 and o) | o, o but there
is no primary model over <y U o) U of5.

50



Proof: Let J, a, b C I(My) and solutions (ga,ha), (gp,hy) be as in Fact 6.24. Let
My, Myia, M jup be full substructures containing J, JUa and J Ub respectively, with the
images of the solutions included in the models. Then clearly M j, 1174] Mj,. We claim
that there is no prime model over the triple. Assume the contrary, that N would be the
prime model.

The solutions (g4, he) and (gp, hp) induce K-embeddings f,, fp from My, and My
to the standard model M containing JUaUb. Also f,U fp is an elementary function, since
the solutions agree on J. Since N is prime, f,U f; extends to a K-embedding f: N — M.
But when 0,, denotes the zero function on a stalk u in G*(M) for u € K (M), the mappings
g:ur g 1(0,) and h:u+— g=1(0,) give asolution (g, h) over JU{a,b} extending (ga, ha)
and (gp, hy). This is a contradiction.

Now we can build some models %), @/, 2% with @/ |z, 3 such that M;, M, and
My are in corresponding boxes in these structures. There cannot be a prime model over
this triple, either. (

Although this example has the amalgamation property over models, it cannot have amalga-
mation over sets, i.e. it is not included in homogeneous model theory. Amalgamation over
countable sets would imply categoricity transfer for models of ¢4 by Keisler’s theorem [13].

We remark also that the class is a-categorical in cardinals > 2%¢ in the sense of [9]. In an
a-saturated structure of & € K, , the tree of o7 is the full binary tree. For a-saturated <
and %, the isomorphism between P(</) and P(#) induces a bijection between the I-parts
of any two boxes in & and A, given by the function f in the language. Each such bijection
extends to an isomorphism between the boxes by Fact 6.22. If |«/| > 2% the number of
boxes must be |</|. The class is also superstable. This can be shown straightforwardly or
by Theorem 3.38 of [9], which stated that superstability is implied by a-categoricity in a
suitable cardinal.

Now we have two examples of simple, finitary classes which are even tame but not
excellent, namely Examples 6.4 and 6.21. It is only that the Example 6.4 is not almost
atomic, even though it is Ny-stable, and the almost atomic Example 6.21 is not Rg-stable.

By Example 6.5, simplicity does not follow from tameness even with categoricity. Since
our only non-tame example (Example 6.7) is not simple, we could also ask if tameness would
follow from simplicity. However, the authors believe this is very unlikely. The following
questions remain.

Question 6.28 Is there an example of a simple, tame finitary almost atomic class which is
N -stable but not excellent?

Question 6.29 Is there a simple finitary AEC which is not tame?

To ask Question 6.28 correctly, we will have to be careful what excellence means. We require
that, to have excellence, we will have to have prime models over independent diagrams of
models. This requirement is somewhat looser that to require primary models over indepen-
dent, diagrams, where primary refers to the notion of isolation available in atomic AECs. We
can add countably many predicates to the language to transfer an Ng-stable almost atomic
finitary class into an atomic AEC (see section 2.3) and then the definitions will become
equal.
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If we do not add any predicates to the language of a finitary AEC and look at the more
strict definition of excellence, we will get more examples of ‘non-excellence’. For example, the
Ny -saturated models of a complete, Wg-stable first-order theory with eni-dop will become
an example of a simple, tame, finitary, Ng-stable and almost atomic class, which is not
‘excellent’, see Laskowski [15] for such examples. That is due to the fact that the atomic
model over the diagram (in the first-order sense) is not Np-saturated. There is a prime
model in the class of Rg-saturated models which is not atomic, but will become atomic after
adding the predicates.
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