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Introduction

History and games in logic

In mathematics abstract games are widely used to model biology, economics,

computer science and logic. The �rst known discussion of game theory occurred in

a letter written by James Waldegrave in 1713. In this letter Waldegrave provides a

minimax strategy solution to a two-player version of the card game le Her. It was

not until the publication of Antoine Augustin Cournot's research paper [Cournot]

in 1838 that a general game theoretic analysis was pursued. In this work Cournot

considers a duopoly1 and presents a solution that is a restricted version of the Nash

equilibrium.

However game theory did not really exist as a unique �eld until John von Neu-

mann published a series of papers in 1928. Although Borel did some earlier work on

games, von Neumann can rightfully be credited as the inventor of game theory. Von

Neumann's work in game theory culminated in [vonNeumann]. This work contains

methods for �nding optimal solutions to two-person zero-sum games. During this

period work on game theory was primarily focused on cooperative games, which an-

alyzes optimal strategies for groups of individuals, presuming that they can enforce

agreements between them about proper strategies.

Games appeared in logic in 1930's, when Leon Henkin introduced the notion of

game semantics, later developed by Paul Lorenzen in the 1950's. The idea is to climb

up the semantic tree of a logical sentence. A semantic tree branches at quanti�ers

and at the signs ^ and _. Here branching at a quanti�er means checking all possible

values of the quanti�ed variable. For example let  = (8x0R(x0)) ^ (9x1R(x1)) and

let the structure A be such that A = fa; bg and RA = fag. The semantic tree will

look like this:

R(a) R(b) R(a) R(b)

n = n =

8x0R(x0) 9x1R(x1)

n =

(8x0R(x0)) ^ (9x1R(x1))

1A market form where only two producers exist in one market.
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The game starts at the root. If the quanti�er 8 or the sign ^ is in question, then

player l chooses which branch to continue along, otherwise 2 chooses. lf a negation

occurs, then it is dropped and the players change roles. They end up with an element

in the structure for each quanti�er encountered on their way and an atomic formula

into which the elements are substituted. If the atomic formula with this substitution

is true, then 2 wins. The sentence is de�ned to be true if and only if 2 has a winning

strategy and false if and only if l has a winning strategy.

In 1954 Roland Fra��ss�e introduced in his thesis [Fra��ss�e] a back-and-forth method,

which was soon reformulated by Andrzej Ehrenfeucht in terms of a game, today

known as the Ehrenfeucht-Fra��ss�e game. This back-and-forth method was a char-

acterization of elementary equivalence. The point is to look at isomorphisms one

at a time and how might they be extended to larger �nite isomorphisms. If the

isomorphism player wins the Ehrenfeucht-Fra��ss�e game of any �nite length, i.e. the

�nite isomorphisms can be extended "far enough", then the structures are elemen-

tarily equivalent and the converse holds if the vocabulary is �nite and relational.

In [Karp] Carol Karp proved that 2 wins the game of length ! (which means that

there exists a back-and-forth system) if and only if the structures are L1!-equivalent.

Later on, in the 1980's, this result was generalized to languages with in�nitely deep

quantifying by Karttunen, see [Karttunen], and Hyttinen, see [Hyttinen]. Those

languages were introduced by Vaught, Karttunen, Hintikka and Rantala. In them

the truth of a sentence is de�ned through the above-described semantic game or

some version of it. In fact when the amount of quanti�ers can be in�nite, game

semantics turn out to be in many cases the best way to handle the truth de�nition.

It turns out that long games such as games of length !1 are not generally deter-

mined. That is, it is possible that neither of the players has a winning strategy. In

particular non-determined sentences (sentences whose truth value can not be deter-

mined) of in�nitary languages exist as pointed out by Hyttinen in [Hyttinen]. It

was shown in [MekSheV�a] that the Ehrenfeucht-Fra��ss�e game of length !1 is non-

determined on certain structures unless we require their size to be @2. In the case

when structures are of size @2 it is independent of ZFC whether EF!1 is determined.

Although the notion of a game in mathematics generally serves merely as a

guide to intuition, these games have become central in logic and have been studied

independently. This has led to games which do not arise from languages or truth

de�nitions but from other, purely model theoretic features. In this thesis we study

such games, which we call weak Ehrenfeucht-Fra��ss�e games. The name refers to the

fact that it is like the EF-game, but easier for the isomorphism player. There were

two attempts to de�ne this game, although one of them is leading throughout the
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paper. While in the ordinary EF-game the isomorphism player has to extend the

isomorphism at each move, in the weak game she has only to ensure that the chosen

structures at the end of the game are isomorphic. Evidently whether one of the

players has a winning strategy in this game reveals something about the similarity

of the structures, and this thesis is an attempt to understand what kind of similarity

this is. At the �rst place it is shown that at certain game lengths the weak game is

very similar (and sometimes equivalent) to the ordinary EF-game.

In [Kueker] Kueker showed that structures A and B are L1!-equivalent if and

only if the set

S = fX � A \ B j jXj � !; X \ A �= X \ Bg

contains a closed unbounded subset of P!1(A [ B), the collection of all countable

subsets of A [ B ordered by inclusion. This corresponds to the weak Ehrenfeucht-

Fra��ss�e game of length ! studied in this paper, i.e. isomorphism player has a winning

strategy in that game if and only if S contains a closed unbounded set.

We take a look also at games of ordinal length, but a major part of the paper is

devoted to studying the games of length !1.

The paper is divided to parts according to di�erent game lengths going eventually

to longer and longer games. In chapter II of de�nitions some general observations

are given, then the game of length ! is revealed after which games of ordinal lengths

are considered. Finally various consistency results are proved considering the games

of larger cardinal lengths as that of !1. In particular we proved that it is consistent

that the weak EF-game is always determined on structures of size @2 and that it is

also consistent that there are structures of this cardinality on which this game is not

determined.

Prerequisites

Prerequisites for chapters I{IV are that the reader is familiar with the basics of

ordinal and cardinal arithmetic and with elementary model theory. The appendix A

is for deeper information on ordinals and cardinals.

With these prerequisites the reader is able to understand also the shapes of

ideas of chapters V and VI, but complete understanding requires some familiarity

with mathematical logic (such as G�odel's incompleteness and completeness theorems,

which are stated without proofs), axiomatic set theory (ZFC, GCH, independence

etc..) and group theory.

Su�cient group theory is though given in appendix B. Any familiarity with ZFC

and independence will be helpful but avoidable until the end of chapter V, where
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the reader needs to have gone through the basics of forcing. Even there the reader

can skip the forcing part, believe in the consistency of the obtained statements and

read further. Of course, in this case the understanding will be incomplete.

Notations

I use standard set theoretical notations in this paper. Thus A � B means that

A is a subset of B or is equal to B. For a proper subset I use A ( B. Union,

intersection and set theoretical di�erence are denoted respectively by A [B, A \B

and A nB. For larger unions and intersections
S
i2I Ai etc.

If f : A ! B is a map, then f(x) is the value of the function f at x 2 A

and fX is the image of a subset X � A. If confusion is possible (as in the case

X = A [B), I write f [X]. Similarly f�1X and f�1[X] for pre-image. On the other

hand if it is clear from the context that f has an inverse, I use f�1 to denote that

inverse. A map f : X ! Y is said to be injective or an injection or just one-to-one

if x 6= y ) f(x) 6= f(y). Surjective or onto means f [X] = Y . A surjective injection

is a bijection.

Usually the greek letters �, � and � will stand for cardinals and �, � and 
 for

ordinals, but this is not strict. The co�nality of an ordinal � (the least ordinal � for

which there exists an increasing unbounded function f : � ! �) is denoted by cf(�).

As in [Jech] I will write Smn to mean f� < !m j cf(�) = !ng (where !0 = !).

I follow [Hodges] in the sense that 'I' means I and 'we' means we.
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I Preliminaries

First I introduce the necessary notions from model theory. As mentioned in the

introduction, I assume the basic notions of set theory such as ordinal and cardinal

numbers as well as their elementary arithmetic1, although in appendix A some more

demanding cardinal arithmetic is reviewed on account of chapter V. In that chapter

I also assume a basic familiarity with the set of axioms ZFC in which we work.

The languages L�! and L1! will now be de�ned in usual few steps (essentially

I follow the treatment in [Hodges]).

I.1. Languages

I.1. Definition (Vocabulary). Let �; � and � be cardinals (possibly �nite). A

vocabulary is a set V = fRi j i < �g [ ffi j i < �g [ fci j i < �g which consists of �

relation symbols Ri, � function symbols fi and � constant symbols ci.

If one of the cardinals is 0, then there is no respective symbols in the vocabulary.

Each function symbol and relation symbol is of some positive �nite valence (some

authors prefer the word arity). In the next three de�nitions a vocabulary V and a

countable set X = fxi j i < !g of variables are given. By R;F and C we denote

respectively the sets of relations, functions and constants of V .

I.2. Definition (Terms). The set of terms over V is the set T of �nite strings

de�ned as follows.

(i) If x 2 X then x 2 T .

(ii) If c 2 C then c 2 T .

(iii) If f 2 F has valence n and t1; : : : ; tn 2 T then f(t1; : : : ; tn) 2 T .

(iv) Nothing else is in T .

The last requirement (iv) is necessary if we want to keep control on what we

de�ne. It is not listed in the following de�nitions although it is implicitly assumed.

I.3. Definition (Atomic formulas). The set A of atomic formulas is another set of

�nite strings and is de�ned by

1The axiom of choice is accepted throughout the paper but CH is not involved unless speci�ed.



I.2. MODELS 8

(i) If s; t 2 T then s = t 2 A (i.e. s = t is an atomic formula).

(ii) If P 2 R has valence n and t1; : : : ; tn 2 T , then P (t1; : : : ; tn) 2 A.

And �nally:

I.4. Definition (Language). Let � be a regular cardinal. The language L�! over

the vocabulary V , denoted by L if no confusion is expected, is the collection of

(not necessary �nite) strings obtained from atomic formulas using connectives ^, _,

negation : and quanti�ers 8 and 9. (The connective = is already embedded in the

de�nition of atomic formulas).

(i) Every atomic formula is in L�!, A � L�!.

(ii) If ' 2 L�! then :' 2 L�!.

(iii) Let � < � be a cardinal. If 'i 2 L�! for all i < �, then
V
i<� 'i 2 L andW

i<� 'i 2 L.

(iv) If ' 2 L and x 2 X, then 8x' 2 L and 9x' 2 L

The language L!! is the so called �rst-order language and consists only of �nite

strings. We say that ' belongs to L1! if ' 2 L�! for some �. The second ! refers to

the accepted amount of quantifying. We will talk only about languages with �nite

quantifying and so no need in de�ning L��, � > !.

A variable x that occurs in a formula such that there is no 8x or 9x before that

variable is called a free variable. Otherwise it is bounded. A formula with no free

variables is sometimes called a sentence. From now on we use L for a vocabulary as

well as for a language obtained from it if there is no danger of confusion. Now we

are ready to de�ne the basic concept that we shall use.

I.2. Models

First of all I mention that technically Model and Structure are synonyms. There

are two words just for convenience. The word model is more often used as "Let M

be a model of '", which then means the same as "Let M be a structure such that

M j= '". For de�nitions of these concepts, read further.

I.5. Definition (Structure). Let L be a vocabulary. Then an L-structure A consists

of the following things

(i) A set A called the domain of A.

(ii) A named element (a constant) cA 2 A for each constant symbol c 2 L.

(iii) A function fA : An ! A for each function symbol f 2 L, which has valence

n.
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(iv) A relation RA � An for each relation symbol R 2 L, which has valence n.

Note that the above de�nition involves only a vocabulary, but not a language.

The de�nition is very abstract and covers all signi�cant mathematical structures

such as groups, vector spaces, topologies (as lattices) and in a sense even the whole

mathematics itself (as models of ZFC). I will use letters A;B; C for structures and

A;B;C to denote respectively their domains. By a structure we will mean an L-

structure, where L is either an arbitrary vocabulary or is clear from the context.

I.6. Definition. Let A be an L-structure. A substructure B of A is an L-structure

such that

(i) B � A.

(ii) If c 2 L is a constant symbol, then cB = cA and cB 2 B.

(iii) If f 2 L is a function symbol of valence n, then B is closed under fA, i.e.

fA[Bn] � B, and fB = fA � Bn.

(iv) If R 2 L is a relation symbol of valence n, then RB = RA \Bn.

AssumeA is a structure and B � A. Then hBi is the smallest substructure ofA, such

that its domain includes B. Sometimes I write ha�i�<
 instead of hfa� j � < 
gi.

I.7. Definition. An isomorphism between two L-structures A and B is a function

F : A! B such that

(i) F is bijective.

(ii) For all constant symbols c in L, F (cA) = cB.

(iii) For all function symbols f of valence n in L and x = (x1; : : : ; xn) 2 An,

F (fA(x)) = fB(F (x1); : : : ; F (xn)).

(iv) For all relation symbols R in L, x 2 RA () F (x) 2 RB. Here x 2 An,

where n is the valence of R and F (x) is really (F (x1); : : : ; F (xn)) 2 B
n.

Let A and B be L-structures and A0 � A, B0 � B and f : A0 ! B0. If there

exists an isomorphism g : hA0i ! hB0i such that g � A = f , then f is called a partial

isomorphism A ! B.

If there exists an isomorphism A ! B then A and B are said to be isomorphic

and this fact is denoted by A �= B. The relation �= is an equivalence relation in the

class of L-structures (it is elementary to check that a composition of isomorphisms

is an isomorphism) and usually one identi�es structures which belong to the same

equivalence class.

We now lack only the de�nition of truth for full equipment.
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I.8. Definition (Tarski). Let A be an L-structure. We de�ne that a formula '

(no free variables) of the language L = L�! is true in A or that A satis�es ' or just

A j= ' in a following manner:

(i) If ' is the formula s = t, where s; t are terms, then A j= ' () sA = tA.

(ii) If ' is the formula R(t1; : : : ; tn), where t1; : : : ; tn are terms, then

A j= ' () (tA1 ; : : : ; t
A
n ) 2 R.

(iii) If ' is of the form
V
i<�  i, then A j= ' () for all i < �, A j=  i.

(iv) If ' is of the form
W
i<�  i, then A j= ' () for some i < �, A j=  i.

(v) If ' is of the form : ,then A j= ' if and only if it is not the case that

A j=  .

(vi) Assume ' is of the form 8x . Then if x does not occur freely in  , then

A j= ' () A j=  . On the other hand, if x occurs freely in ' = '(x),

then let c be a constant symbol which is not in L and let L0 = L [ fcg.

We de�ne A j= ' () A j=  (c) no matter what cA is. Here  (c) is the

formula that is obtained from  by changing all free occurrences of x by c.

It is easy to see by induction on the length of the formula that  (c) 2 L0.

(vii) The truth of ' = 9x is de�ned in a similar way. The di�erence is that

"no matter what cA is" is changed to "for some interpretation cA of c".

Let � � �. If '(x) has free variables x = (xi)i<� and a = (ai)i<� 2 A
�, then we

de�ne the truth of '(a) as follows. Let c = (ci)i<� be constants that are not in the

vocabulary of L and let L0 = L [ fci j i < �g and let A0 be the L0-structure, which

agrees with A with respect to L and which is such that cA
0

i = ai for each i < �.

Then A j= '(a) () A0 j= '(c). Note that the left part has an L-formula with

elements of the model substituted for variables but the right hand side has just an

L0-formula without free variables.

I.9. Definition. Two L-structuresA and B are �-elementarily equivalent, A ��! B,

if for all ' 2 L�! with no free variables,

A j= ' () B j= '

holds. If A �!! B, then we say just that they are elementarily equivalent and

sometimes forget the index !! from the notation: A � B. If on the other hand

A ��! B for all cardinals �, then we write A �1! B.

As a special case, if A � B, A � B and for every formula '(x1; : : : ; xn),

A j= '(a1; : : : ; an) () B j= '(a1; : : : ; an);
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where a1; : : : ; an are new constant symbols and aAi = aBi for all i. This is equivalent

to saying that the inclusion map A ,! B is an elementary embedding. Then we write

A � B and say that A is an elementary substructure of B

The relations ��! are clearly equivalence relations in the class of L-structures.

I.10. Lemma. If structures A and B are isomorphic, then they are �-elementarily

equivalent for any �, that is A �1! B. �

We shall not use the following except at one tiny point, but it is still worth

mentioning:

I.11. Theorem (L�owenheim-Skolem). Let A be an L-structure, where L is a count-

able language, and X � A a countable subset. Then there is a countable elementary

submodel A0 � A such that X � A0. �
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II Weak Ehrenfeucht-Fra��ss�e Games

II.1. De�nitions

II.1. Definition. A game G
(S) consists of a set S, game length 
 (an ordinal)

and a winning set W � (S � S)
 . It is played between two players, l (he) and 2

(she). At the move � < 
 player l chooses a� 2 S and then 2 chooses b� 2 S. Player

2 wins if and only if (ai; bi)i<
 2W .

This de�nition covers all games de�ned in this paper, though these games will

not be de�ned by formally describing W . The above de�nition is rather for conve-

nience when de�ning general concepts such as winning strategy. For example in the

following S would be the union of the domains of A and B.

II.2. Definition. Let A and B be structures and 
 an ordinal. The Ehrenfeucht-

Fra��ss�e game of length 
, EF
(A;B), is played as follows. On the move �, � < 
,

player l chooses an element a� 2 A (or b� 2 B). Then 2 answers by choosing an

element b� 2 B (or a� 2 A). 2 wins if the function f , which takes a� to b� for each

� < 
 is a partial isomorphism A ! B. Otherwise l wins.

The players l and 2 are referred respectively as male and female.

II.3. Definition. Let A, B and 
 be as in II.2. The weak Ehrenfeucht-Fra��ss�e game

of length 
, EF�
(A;B), is played as follows.

Player l: On the �:th move (� = �+ 1 < 
) player l chooses an element

a� 2 A, if he chose an element from B on the previous move,

b� 2 B, if he chose an element from A on the previous move.

If � is a limit ordinal or 0, then l decides which structure he picks the

element from.

Player 2: On the �:th move she chooses

b� 2 B, if l chose from A,

a� 2 A, if l chose from B.

Player 2 wins if the substructures ha�i�<
 and hb�i�<
 are isomorphic. Otherwise l

wins.
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As we will see in section II.2, when � is a cardinal, EF�� is equivalent to an easier

de�ned game
�
EF1;1� (A;B), where on the move �

Player l: chooses an element a� 2 A [B

Player 2: chooses an element b� 2 A [B.

In the original game that we studied there was no restriction for player l from

which structure to choose but a restriction for player 2. That game was somewhat

in the middle of the games of de�nitions II.2 and II.3. It turned out that the main

results we proved for that game hold for the above de�ned EF� as well.

II.4. Definition. The game, which is exactly as in II.3, but where l can freely

choose the structure from which to play, will be denoted EF�
(A;B).

By the weak Ehrenfeucht-Fra��ss�e game we will refer to the game EF� de�ned in

II.3 and by the weak EF-games we will refer to all, EF�, EF� and
�
EF, which will be

de�ned in the next section.

II.5. Definition. A strategy for player l in some gameG
(S) is a function � : S
<
 !

S. A strategy � for player l is winning if player l wins the game G
(S) by playing

the element �((b�)�<�) on the (�+1):th move, where b� are the elements that player

2 has chosen, for each � < 
.

Note that in the case of Ehrenfeucht-Fra��ss�e games on structures A and B a strat-

egy is a function � : (A[B)<
 ! (A[B). The concepts of a strategy and a winning

strategy are de�ned analogously for player 2. A game is said to be determined if one

of the players has a winning strategy. Otherwise not determined or non-determined.

II.6. Definition. Assume that � is a strategy of player l and � is a strategy of

player 2. Consider the game, where l uses � and 2 uses �. If 2 wins, we say that �

beats � and vice versa.

II.7. Lemma. A game G is non-determined if and only if for every strategy � of l

there exists a strategy of 2, which beats � and for every strategy � of 2 there exists a

strategy of l which beats �.

If 2 has a winning strategy in the (weak) EF-game (of length 
) on the structures

A and B then we say that A and B are (weakly) EF
-equivalent. Some notations to
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be used:

X " G Player X has a winning strategy in the game G:

A �= B A and B are isomorphic.

A �
 B means the same as 2 " EF
(A;B):

A ��
 B means the same as 2 " EF�
(A;B):

A ��
 B means the same as 2 " EF�
(A;B):

All of the relations, �
 , �
�

 and ��
 are equivalence relations in the class of

L-structures. As an example of how to prove it, let us show

II.8. Theorem. The relation ��
 is an equivalence relation in the class of L-structures.

Proof. Let A, B and C be structures of the same vocabulary.

Re
exivity: A ��
 A.

Proof: The winning strategy for 2 is to play the same elements as l did. Thus at

the move �, if l chooses a 2 A, 2 must choose also a 2 A. Clearly 2 wins. �Re
.

Symmetry: A ��
 B () B ��
 A

Proof: The de�nition of EF� did not in any manner distinguish between (A;B) and

(B;A). �Symm.

Transitivity A ��
 B ^ B �
�

 C ) A ��
 C

Proof: Let �1 be a winning strategy of 2 in EF�
(A;B) and �2 respectively in

EF�
(B; C). In the game EF�
(A; C) she imagines that she is actually playing all

three games at a time. At the move � some sequences (xi)i<�, (bi)i<�, (b
0
i)i<� and

(yi)i<� are picked (all empty, when � = 0). Suppose l chooses x� 2 A. Then 2 �rst

de�nes b� = x� and picks b0� = �1((bi)i��) 2 B and then answers in the actual EF�

by y� = �2((b

0
i)i��) 2 C. On the other hand, if l picks y0 2 C, then 2 �rst de�nes

b0� = y� and picks b� = �2((b
0
i)i��) 2 B and then answers in the actual EF�
 by

x� = �1((bi)i��) 2 A. Thus 2 thinks of bi as the moves of player l in EF�
(A;B) and

at the same time as moves of 2 in EF�
(B; C). Similarly for b0i's.

In the end, because �1 and �2 are winning, we have

fxi j i < 
g
�1�= fbi; b

0
i j i < 
g \ B

�2�= fyi j i < 
g;

thus we have constructed a strategy for 2 in EF�
(A; C). �Trans.

We conclude that ��
 is an equivalence relation. �
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It is clear that

2 " EF
(A;B)) 2 " EF�
(A;B)) 2 " EF�
(A;B)

and

l " EF
(A;B)( l " EF�
(A;B)( l " EF�
(A;B):

The converses are those that are interesting. Because of these implications I shall

prefer to prove that 2 " EF�(A;B) though the intended result might be that 2 "

EF�(A;B). Similarly it is enough to show that l " EF�(A;B) in order to prove that

l " EF�(A;B). We say that EF� is easier than EF� for player 2 and that is also the

reason to say that EF� is weaker than EF�. Similarly for EF� and EF etc.

An easy example shows that EFk(A;B) and EF�k(A;B) are non-equivalent games

for �nite k > 1. Let A = N and B = Z equipped with the usual ordering on both.

Then l wins EFk(A;B) by playing �rst 0 2 N and then n � 1 2 Z, where n is the

�rst move by 2, so l " EFk(A;B). On the other hand all �nite linear orderings are

isomorphic if and only if their cardinality is the same. Thus 2 " EF�k(A;B) and so

also 2 " EF�k(A;B). In fact 2 " EF�k(A;B) for all k < ! and linear orders A and B.

Another example are the abelian groups A = hQ;+i and B = hZ;+i: player l easily

wins EF3(A;B) by playing subsequent elements from B and then in the middle of

the answers of 2. On the other hand all �nitely generated subgroups of A or B are

isomorphic to hZ;+i, so 2 " EF�n(A;B) for all n < !.

We turn now to investigate in�nite game lengths.

II.2. Equivalent and similar de�nitions

Let � be a cardinal. Consider the game EF��(A;B). Let S = fX � A [ B j

jXj � �; X \ A �= X \ Bg. Player 2 has a winning strategy in EF��(A;B) if and

only if S contains a �-cub set and player l has a winning strategy if and only if the

complement of S, e.g. P�+(A [B) n S contains a �-cub set. The used concepts will

be de�ned �rst.

In appendix A a �-cub set is de�ned as a subset of an ordinal number. The next

de�nition is a generalization.

II.9. Definition. Let (X;<) be a partial order. That means we have transitivity,

antisymmetry and irre
exivity:

� 8x; y; z 2 X(x < y ^ y < z ! x < z)

� 8x; y 2 X(x < y ! y 6< x)

� 8x 2 X(x 6< x).
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We say that a subset C � X is a <-�-cub or just �-cub if the conditions below are

satis�ed:

� Closeness: if (ci)i<� is a <-increasing chain of elements of C and there

exists an element c 2 X such that for all i 2 � ci < c and for all c0 2 X

either c0 > c or there exists i < � such that ci > c0, then c 2 C. The

element c is called the supremum of the chain (ci)i<�.

� Unboundness: For each c 2 X there exists c0 2 C such that c < c0.

It is a trivial task to see that the set P�+(X) = fY � X j jY j < �+g equipped

with the proper subset relation Y < Y 0 () Y ( Y 0 is a partially ordered set

according to the above de�nition, so it is understood what is meant by a �-cub

subset of P�+(X). A set C is cub if it is �-cub for all � < jCj. Equivalently one

can say that a set C is cub if and only if it is unbounded and closed in the order

topology.

Let A and B be two structures and let S = fX � A [ B j jXj � �; X \ A �=

X \ Bg � P�+(A [B).

II.10. Theorem. If S (resp. P�+(A [ B) n S) contains a �-cub set, then 2 (resp.

l) has a winning strategy in EF��(A;B). If �<� = �, then the converse is also true:

if 2 (resp. l) wins the game EF��(A;B), then S (resp. P�+(A [ B) n S) contains a

�-cub set.

Proof. Assume S contains a �-cub set C.

The strategy for player 2 in EF��(A;B) is to make sure that if in the end of

the game the resulting substructures of A and B are respectively X and Y , then

X [ Y 2 S.

Assume that on the move � the sequences sequences (ai)i�� (moves by l) and

(bi)i<� (moves by 2) are played from A[B and an increasing chain of elements of S

is de�ned (Xi)i<� (empty in the beginning). Player 2 de�nes X� to be an element

of S, which contains the set
S
i<�Xi [ fai j i � �g [ fbi j i < �g, which exists by

unboundness of S. Then 2 plays some element b�. The way she plays is revealed in

what follows.

Because the sets Xi are of cardinality � �, we can write

X� = fx(�;�) j � < �g:

Set f : � � � ! � n f0g to be a bijection such that f(x; y) > y for all x; y 2 �.

Player 2 plays a� = xf�1(z), where z < � is the least such ordinal that xf�1(z) is not

played yet and is in the structure from which 2 is ought to play. De�nitely we have

z � �, hence xf�1(z) 2 X� with � < �. In the end the set X =
S
�<�X� has been
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enumerated and that set belongs to S, because S is closed. So X \ A �= X \ B and

2 wins.

The proof for l, when the complement of S contains a �-sub set is exactly the

same. One just changes roles of the players.

Let us now show that under �<� = � if 2 " EF��(A;B), then S contains a �-cub

set. In fact the set W = fX � A [ B j X is closed under � and jXj � �g is such a

set. W � S, because player l can enumerate any element X of W by his moves and

because that element is closed under �, player 2 answers only in X and because � is

winning, we have X \ A �= X \ B. It is unbounded, because if we take Y � A [ B,

we can take closure of that set under �, which by A.5 is of size less or equal to �.

If we take a �-sequence (Yi)i<� of sets that are closed under �, then obviously their

union is also closed, because the domain of � contains only sequences of size strictly

less than �, so any such sequence is inside some Yi (� is regular by the assumption

�<� = �), which itself is closed under �.

On the other hand if � is a winning strategy for l, then take W = fX � A [B j

X is closed under � and jXj � �g and continue similarly as above. �

II.11. Corollary. If l (resp. 2) does not have a winning strategy in EF��(A;B),

then S (resp. P�+ n S) is �-stationary (intersects all �-cub sets). �

This gives an alternative de�nition for the game at cardinal length.

II.12. Definition. Let A and B be some structures of the same vocabulary and

�; � � � non-zero cardinals. Let us de�ne the game
�
EF�;�� (A;B), which is played

between l and 2 as follows. At the move �,

Player l: chooses X� � A [B such that jX�j � � and then

Player 2: chooses Y� � A [B such that jX�j < �

In the end 2 wins if the substructures generated by A \
S
�<�X� [ Y� and B \S

�<�X� [ Y� are isomorphic. Otherwise l wins.

In II.3, EF�� was de�ned for ordinals �. We shall see now that when � = � is an

in�nite cardinal, the de�ned games coincide.

II.13. Theorem. Let �, � and � be non-zero cardinals such that �; � � � and �

in�nite. Player l/2 wins the game
�
EF�;�� (A;B) if and only if he/she wins the game

EF��(A;B).

Proof. Fix a bijective map f : � � � ! � n f0g such that for each � we have

f(�; �) > �.
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Assume �rst that 2 has a winning strategy in the game
�
EF�;�� . Then the strategy

of 2 in EF��(A;B) is as follows. She imagines that she is playing
�
EF against l.

At each move she chooses X� � A [ B according to her strategy in the game
�
EF�;�� and anytime he chooses an element x� 2 A [ B, she considers it as the set

fx�g being played by l in her imaginary game. Also she enumerates all these sets

X� = fx�;� j � < �g (enumeration need not be one-to-one) and at the 
:th move

she plays xf�1(
) in the actual game. Thus she eventually enumerates the same set

as she would in
�
EF�;�� .

On the other hand if 2 wins EF��(A;B) the strategy for her in
�
EF�;�� is some-

what a converse reasoning to the previous: she imagines that they are playing EF��.

Everytime he chooses a set X� 2 A[B, she enumerates it X� = fx�;� j � < �g and

imagines that he played xf�1(�) in the game EF�� and in the actual game she plays

fx
g, where x
 is according to the winning strategy in EF��. Eventually the same

sets are enumerated as they were playing the imaginary game of 2. So the resulting

substructures are isomorphic as she used a winning strategy.

The proofs for l are exactly the same. �

Remark. This shows that actually all games
�
EF�;�� (A;B) are equivalent to the game

�
EF�;�� (A;B).

It is also not di�cult to see that in
�
EF�;�� (A;B) we could require player 2 to

choose at each move such an X � A [ B that X \ A �= X \ B and it would not

change the game (i.e. 2 wins exactly on the same structures as before as well as l).

The question "Can EF��(A;B) be non-determined?" is given a positive answer in

chapter V.
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III Similarity of EF� and EF
�

�

First I state a simple result of model theory spiced with weak equivalence.

III.1. Theorem. Let � be a cardinal and let the structures A and B be such that

jAj = jBj = �. Then the following are equivalent.

(i) A �= B

(ii) 2 " EF�(A;B)

(iii) 2 " EF��(A;B)

(iv) l has no winning strategy in EF�(A;B)

(v) l has no winning strategy in EF��(A;B):

Proof. We shall prove (i)) (ii)) (iii)) (iv)) (v)) (i).

(i)) (ii): The strategy for 2 is based on going along the isomorphism between the

structures. Let f : A! B be an isomorphism. If l plays a 2 A, 2 answers

f(a) 2 B. If l plays b 2 B, then 2 answers f�1(b) 2 A.

(ii)) (iii): Player 2 just uses the same strategy in EF�� as she would use in EF�.

(iii)) (iv): Because 2 has a winning strategy, she wins the game in which l �lls

both structures with his moves. Thus the structures are isomorphic and

so by (i)) (ii) 2 " EF�(A;B), which implies :l " EF�(A;B).

(iv)) (v): Assume l has a winning strategy in EF��(A;B). So he can play such that

the resulting substructures are non-isomorphic. Thus the same strategy

would work for EF�(A;B).

(v)) (i): Assume on contrary that A and B are not isomorphic. Then l has a

winning strategy: he can �ll the structures with his moves.

�

This theorem implies that both games, EF� and EF��, are determined when

played on structures of size � and we have 2 " EF�(A;B) () 2 " EF��(A;B). In

such case I say that the games EF�(A;B) and EF��(A;B) are equivalent.

Since the weak game is easier for the second player, we know a priori the impli-

cations, shown on the Figure 1.

One more implication can be proved:

III.2. Theorem. Let A and B be any structures and � a cardinal such that �<� = �.

Then l " EF�(A;B)) l " EF��(A;B).
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2 " EF��(A;B)

��

:l " EF�(A;B)

((RR
RR

RR
RR

RR
RR

R

2 " EF�(A;B)oo

hhQQQQQQQQQQQQQ

:l " EF��(A;B)

Figure 1. Implications that follow directly from the de�nitions of

the games.

For later needs we shall prove a slightly more general result:

III.3. Theorem. Let A and B be any structures, � a cardinal and � an ordinal such

that �<� = � (see lemma A:5). Then l " EF�(A;B)) l " EF��(A;B).

Proof. Assume � : (A [ B)<� ! (A [ B) is the winning strategy of player l. We

now claim that the set

W = fX 2 P�+(A [B) j X is closed under � and �(?) 2 Xg � P�+(A [B)

is �-cub. To see this, use lemma A.5:

(i) If X 2 S, then by A.5 there exist X 0 � A [ B, such that jX 0j = �, X 0 is

closed under � and which satisfy X [ f�(?)g � X 0. So X < X 0 2W .

(ii) Assume (X�)�<� is increasing and each X� is closed under � . To see thatS
�<�X� is also closed under � , let k 2

�S
�<�X�

�<�
. Then k 2 (X�)




for some � < � and 
 < �, but X� [ Y� is closed under � .

Now it remains to show that if X [ Y 2 W (X � A, Y � B) then X and Y

cannot be isomorphic. By de�nition of W the set X [ Y is closed under � , the

winning strategy of l in EF�(A;B). If were f : X �= Y , then 2 could win the game

EF�(A;B) when l uses � : she plays according to the isomorphism f . Note that the

�rst move of l �(?) is in X [Y again by de�nition of W and since W is closed under

this strategy, also all subsequent moves are there. A contradiction. So W is a �-cub

set outside the set S of theorem II.10.

Now by theorem II.10 l has a winning strategy in the game EF��(A;B) and so

also in the game EF��(A;B). �

III.4. Corollary. If � is such that �<� = � and EF�(A;B) is determined, then

EF��(A;B) as well as EF
�
�(A;B) are determined and

2 " EF�(A;B), 2 " EF��(A;B), 2 " EF��(A;B):



21 III. SIMILARITY OF EF� AND EF��

Proof. When EF -game is determined, the diagram on Figure 1 endowed with

theorem III.2 looks like the diagram on Figure 2.

2 " EF��(A;B)

��

:l " EF�(A;B)hh
III:2

((RR
RR

RR
RR

RR
RR

R

2 " EF�(A;B)//oo

hhQQQQQQQQQQQQQ

:l " EF��(A;B)

Figure 2. Implication of theorem III.2 added

and can be straightforwardly completed to the form

2 " EF��(A;B)OO

��

hh

((QQ
QQ

QQ
QQ

QQ
QQ

Q

:l " EF�(A;B)hh

((RR
RR

RR
RR

RR
RR

R

vv

66lllllllllllll
2 " EF�(A;B)//oo
66

vvmmm
mm
mm
mm
mm
mm

:l " EF��(A;B)

�



22

IV Countable Games

IV.1. Applications to EF�!

Let C = fX � A [B j X \A �= X \ B and jXj � !g for some structures A and

B. Recall that A �1! B means that for all ' 2 L1!, A j= ' () B j= '. It was

proved in [Kueker] (Theorem 3.5) that

(a) A �1! B () C contains a cub subset of P!1(A [B)

(b) A 6�1! B () P!1(A [B) n C contains a cub subset of P!1(A [B)

This can be reformulated by theorem II.10 as follows:

(a) A �1! B () 2 " EF�!(A;B)

(b) A 6�1! B () l " EF�!(A;B)

We will prove the former formulation of Kueker's theorem for the sake of complete-

ness. Already Carol Karp proved [Karp] that this formulation holds if the weak

game is replaced by the ordinary EF!.

IV.1. Definition. Recall the general de�nition II.1 of a game G�(A). The game

is said to be closed if the winning set W or its complement is closed in the product

topology of (A�A)�.

The game EF!(A;B) can be seen as G!(A[B) with an appropriate W . By the

Gale-Stewart theorem, [GaleStwrt], which says that every closed game of length !

is determined we have the following.

IV.2. Theorem. EF! is determined.

Proof. By Gale-Stewart theorem it is enough to show that the winning set for

player l is open in the product topology. Let s 2 (A [ B)! be a sequence of moves

such that l won the game. Assume he won on the n:th move. Then

fs0 2 (A [B)! j s0 � (n+ 1) = s � (n+ 1)g

is open and contains only winning sequences for l. So every point in the winning set

for l has an open neighbourhood in that set. �
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IV.3. Corollary. The games EF�!(A;B) and EF�!(A;B) are determined for every

A and B and

A �! B () A ��! B () A ��! B:

Proof. Because !<! = !, we can apply III.4. �

IV.4. Corollary. For any structures A and B we have A ��! B ) A � B

Proof. By corollary IV.3 A ��! B implies A �! B, which in turn implies A � B.

A proof for the last fact can be found in [Hodges], but is also a consequence of the

next corollary. �

IV.5. Theorem ([Karp]). Let A and B be any structures. Then A �1! B ()

A �! B.

Proof. The proof of A �1! B ( A �! B is by induction on the length of the

formula ' 2 L1! and can be found in [Karp] and in [Hodges] (page 80, theorem

3.2.4). It now follows, again by IV.3 that A �1! B ( A ��! B.

Let us prove the converse: A �1! B ) A ��! B. We will construct a winning

strategy for 2 in the game EF!(A;B) and apply once more IV.3.

Assume sequences a0; : : : ; an�1 2 A; b0; : : : ; bn�1 2 B are played such that

(A; a0; : : : ; an�1) �1! (B; b0; : : : ; bn�1)

(in the beginning n = 0 and the sequences are empty). Let l play an 2 A (the

situation being symmetric, the same works for bn 2 B). We want to show that

2 can �nd bn 2 B such that A j= '(a0; : : : ; an) () B j= '(b0; : : : ; bn) for all

' 2 L1!. Assume on contrary that for each bn 2 B there is 'bn 2 L1! such

that A j= 'bn(a0; : : : ; an) but B 6j= 'bn(b0; : : : ; bn). In the following the notation

'(x0; : : : ; xn) means that x0; : : : ; xn are the only free variables of '; in particular

that there are n+ 1 free variables. We let

�n = f'bn(x0; : : : ; xn) 2 L1! j A j= 'bn(a0; : : : ; an); B 6j= 'bn(b0; : : : ; bn); bn 2 Bg:

Because now

A j=
^

�n(a0; : : : ; an�1; an)

as well as

A j= 9x
^

�n(a0; : : : ; an�1; x);

we conclude by the induction hypothesis that

B j= 9x
^

�n(b0; : : : ; bn�1; x):
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But this is a contradiction by the de�nition of �n, which implies

B 6j= 9x
^

�n(b0; : : : ; bn�1; x);

so 2 �nds bn 2 B such that (A; a0; : : : ; an) �1! (B; b0; : : : ; bn). �

IV.6. Corollary ([Kueker]). Let A and B be any structures. Then A �1!

B () A ��! B.

Proof. By IV.5 A �1! B () A �! B and by IV.3 we obtain the statement. �

IV.7. Corollary. The following are equivalent

� A and B are back-and-forth-equivalent

� 2 " EF�!(A;B)

� :l " EF�!(A;B).

�

As an example we use the weak EF-game to prove a well known theorem IV.8:

IV.8. Theorem. If A and B are models of a countable !-categorical theory T , then

A and B are back-and-forth-equivalent, that is A �1! B.

Remark. An !-categorical theory is a theory whose all countable models are iso-

morphic.

Proof. First of all A and B are elementarily equivalent. If on contrary A j= T [ '

and B j= T [ :', then by the L�owenheim-Skolem theorem I.11 there are countable

submodels A0 � A and B0 � B such that A0 j= T [ ' and B0 j= T [ :'. But now A0

and B0 are countable models of T and non-isomorphic, which is a contradiction with

!-categoricity.

By the Tarski-Vaught-criterion (see [Hodges] or [SlamanWoodin] for details)

if (Ai)i<! is an increasing sequence of elementary substructures of A, then
S
i<!Ai

is an elementary substructure of A. Also by the L�owenheim-Skolem theorem each

countable X � A extends to an elementary countable substructure. Hence the set

C = fX � A [B j X \ A � A; X \ B � B and jXj = @0g

is a cub-set. Moreover by !-categoricity 8X 2 C(X \ A �= X \ B), so by II.13 we

have 2 " EF�!(A;B), now apply IV.7. �
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IV.2. Counterexamples for game length �, ! < � < !1

As mentioned in chapter II, the result of theorem IV.3 does not work for �nite

ordinals and it does not generally extend for example to ordinals ! < � < !1 either.

Let us give some examples with di�erent nature to show that for games of count-

able length > !, the theorems III.2, IV.3 fail.

A simple example, which uses the fact that players are allowed to play same

points over and over again shows that there are structures such that 2 wins EF�� for

every countable ordinal � but looses EF!+1:

IV.9. Example. Let A = B = !1, R a unary relation such that RA = !, RB =

!1 n!. Now clearly A �! B. Also if l �lls the set ! � A during the �rst ! moves, the

second player loses the ordinary EF game on the next move. But 2 survives in the

weak game. She survives as long as the length of the game is countable, because only

thing she has to do is choose points with the same property as l (property means R

or :R).

Although the previous example reveals some speci�c nature of the weak game, I

do not consider it very informative, because the order of the moves is not involved

and 2 does not have to take to account the previous moves of l, only the last one.

The next example, though more complicated, shows how the weak game can be

won due to its order-of-the-moves-blindness and f(ai) = bi keeps to be one-to-one

(but not isomorphism, that is 2 loses EF).

IV.10. Example. Consider the structures constructed in [NadelStavi]: For B �

!1 let

�(B) =
[
�<!1

f�g � ��;

where �� = 1 +Q if � 2 B and �� = Q if � =2 B. The order on � is lexicographical,

that is (�; q) < (�; p) if � < � or � = � and q < p. We set now A = �(?) and

B = �(!1 n !): The game EF!+2(A;B) is a win for l, which implies the same for

EF!+n(A;B), where n � 2. Proof: The strategy for player l is as follows. Assume

the last pair of moves consists of (�; p) 2 A and (�; q) 2 B. Then if � � �, then

player l plays (� + 1; p) 2 A and otherwise (� + 1; q) 2 B: Thus after ! moves

the chosen sets in A and B are respectively of the form f(�1; p1); (�2; p2); : : : g � A

and f(�1; q1); (�2; q2); : : : g � B, where �1 < �2 < � � � and �1 < �2 < � � � . Let

� = supn �n and � = supn �n. On the ! + 1:st move let l choose the element

(�; a) 2 B. Here a denotes the least element of the set 1 + Q. Player 2 is now

forced to answer an element (
; r), such that (
; r) > (�n; pn) in A for all n < !,

in particular 
 � �. Here r 2 Q, so l can play (
; r � 1) 2 A, which also satis�es
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(
; r � 1) > (�n; pn) for all n. But there is no corresponding element in B, because

if (
0; r0) < (�; a), then 
0 < �n for some n.

On the other hand consider EF�!+n(A;B). For � < !1 de�ne the substructures

A� = f(
; x) 2 A j (
; x) < (�; 0)g � A

and

B� = f(
; x) 2 B j (
; x) < (�; 0)g � B:

The corresponding domains will be denoted by A� and B�. For any �; � < !1 the

structures A�, B� are both countable dense linear orderings without end points

and so isomorphic. Player 2 will construct a sequence of partial isomorphisms

f0 < f1 < � � � during the game, where f < g means g � dom(f) = f .

Claim: If �; �; �0; �0 < !1, � < �0; � < �0 and f : A� ! B� an isomorphism,

then there exists an isomorphism g : A�0 ! B�0 which extends f , i.e. f < g.

Proof of the claim: The sets A�0 n A� and B�0 n B� are both countable dense

linear orderings with a "�rst point" but without the "last point" with respect to the

ordering respectively in A and B. Thus we obtain a partial isomorphism

h : A�0 nA� ! B�0 nB�:

Set

g(
; r) =

8<
:f(
; r); if (
; r) 2 A�

h(
; r); if (
; r) 2 A�0 nA�

�Claim

We now provide a strategy for player 2. After the very �rst move of player l

(say he played (�; p) no matter from which structure), set f0 : A�+1 ! B�+1 to

be an isomorphism and the �rst move of 2 will be f0(�; p) or f
�1
0 (�; p) depending

in which structure l played. Assume n moves are played and partial isomorphisms

f0 < � � � < fn are constructed and assume that l plays an element (�; q), no matter in

which structure. If (�; q) is in the range or the domain of fn, then set fn+1 = fn and

player 2 chooses her element according to this isomorphism (fn+1(�; q) or f
�1
n+1(�; q)).

If (�; q) 2 A n dom fn or (�; q) 2 B n Rng fn, then set 
 to be

max
�
�+1; supf� j 9x 2 Q (�; x) 2 dom fng+1; supf� j 9x 2 1+Q (�; x) 2 Rng fng+1

	
:

Now by the claim above there exists a partial isomorphism fn+1 : A
 ! B
 , which

extends fn. Now 2 can play again according to the isomorphism fn+1. After !

moves are done, set f! = [n<!fn. Finitely moves are left. On each of these moves 2

proceeds similarly: if l plays in A n dom f!, then she answers in B nRng f! and vise

versa. If he plays in dom f! or Rng f! then she follows the partial isomorphism f!.



27 IV. COUNTABLE GAMES

In similar way we can construct structuresA and B for which the game EF�+n(A;B)

is non-determined but in the game EF��+n(A;B) player 2has a winning strategy. As-

sume � > ! and �<� = � and let A � fx < �+ j cf(x) = �g be �-stationary such

that fx < �+ j cf(x) = �g nA is also �-stationary. Now put

��(A) =
[

�<�+

f�g � ��;

where �� is the saturated dense linear ordering � of cardinality � without end

points if � 2 A and 1 + � if � =2 A. In the article [Hyttinen] it is shown that

EF�+n(��(A);��(?)) is not determined. But the proof of the previous example

shows that 2 " EF��+n(��(A);��(?)). (Everywhere is assumed 1 < n < !.) For

more discussion and the proof why

EF�+n(��(A);��(?))

is not determined, see [Hyttinen].

One might think that if 2 wins EF�!, then she wins also EF�� for any � < !1,

because she is anyway seeking only for isomorphic countable structures and j�j = j!j

whenever ! < � < !1. This is the case in the example IV.9 and the same intuition

is o�ered in IV.10. However this doesn't hold as the example below shows. This

example is also the �rst one to manifest that it is not true in the weak game that if

2 wins a long game, she also wins a shorter one, though in EF-game it is clearly the

case and is one of the most important properties of the ordinary EF-game.

IV.11. Example. Let A = hR; <i be the real numbers with the usual ordering and

B with domain B = R� !1 and lexicographical ordering ((x; �) < (y; �) () � <

� _ (� = � ^ x < y)). These are dense linear orderings and are EF!-equivalent as

a simple back-and-forth argument shows. However l " EF�!+1(A;B): he can play

such that an unbounded set of A is chosen. But since any countable subset of B is

bounded, l can play an upper bound on the last move ! + 1. But when the length

of the game is increased again to ! + !, 2 wins again using the same method. Thus

actually l " EF��(A;B) for successors ! < � < ! and 2 " EF��(A;B) for limits �.

Inspired by this example we prove a theorem:

IV.12. Theorem. Assume 2 " EF��(A;B), where � is a cardinal such that �<� = �

and let � < �+ be an ordinal with cf(�) = �. Then 2 " EF��(A;B).

Proof. By II.10 there is a �-cub set S � P�+(A [ B) of such X that A \ X and

B \X are isomorphic. Let � : � ! � be an increasing co�nal map. By II.13 player

2 has a winning strategy in the game
�
EF�;1� (A;B). Assume that the move number
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is �. If � =2 �[�], then 2 chooses anything. If � 2 �[�], she thinks of the game
�
EF�;1�

and assumes that the previous move of l in
�
EF�;1� is the set of all previously played

points in the actual EF�� and then she chooses her point according to the winning

strategy in
�
EF�;1� . �

If we let l to choose freely the structure from wich he plays, the following example

will work.

IV.13. Example. Let A = (R; <) and B = (R n f0g; <). Then 2 " EF�!(A;B) but

l " EF�!+1(A;B). These are EF!-equivalent being again dense linear orderings. Still

l wins EF�!+1(A; B): he plays the Cauchy sequence�
(�1)n

n+ 1
j n < !

�
in B. Player 2 has to response with a similar one in A. Now by the completeness

of the ordering of the real numbers l �nds a point in A, which corresponds to the

missing 0 in B. Apparently 2 looses.

The questions whether games EF��, EF
�
� and EF� are di�erent becomes relevant,

when � > ! since if � = !, the games are equivalent. The next section is devoted to

establishing the di�erences between these games, when � = !1.
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V Weak Games of Length !1

In this section I use the methods of [MekSheV�a] to show that assuming the

consistency of a measurable cardinal it is consistent that EF�!1(A;B) is determined

for all structures A and B of cardinality � @2 and that it is also consistent that

Continuum Hypothesis holds and there are structures F and G of cardinality @2 such

that EF!1(F ;G) is not determined but 2 " EF�!1(F ;G) (and 2 " EF�!1(F ;G) with an

extra assumption). Then, in section V.3 models A and B are constructed such that

in EF�!1(A;B) player 2 does not have a winning strategy, but in EF�!1(A;B) player

2 does have a winning strategy. Finally another structures A and B of cardinality

@2 are made up using a forcing argument, such that EF�!1(A;B) is not determined.

Thus the assumptions of theorem III.2 are not enough to prove the equivalence of

the games from point of view of player 2 though enough to prove it from the point

of view of player l.

Continuum Hypothesis and the statement @<!22 = @2 are assumed throughout

this chapter except section V.2.

Some background on consistency results is provided �rst.

V.1. On consistency results

Kurt G�odel gave the fundamental result of the whole modern theory of consis-

tency and independence proofs: the second incompleteness theorem. The result was

�rst stated in G�odel's paper [G�odel]. Applied to ZFC it states:

V.1. Theorem. The statement Con(ZFC)="ZFC is a consistent set of formulas"

can be proved in ZFC alone if and only if ZFC is inconsistent. �

Thus if we assume Con(ZFC) and are able to prove ZFC+A)Con(ZFC), where

A is some axiom, then A is not provable from ZFC (in particular it might con-

tradict ZFC). Otherwise we had ZFC)ZFC+A)Con(ZFC) which by V.1 implies

:Con(ZFC). What kind of an axiom A should be such that ZFC+A)Con(ZFC)?

Answers to this question would yield an intuition to what are we actually assuming

when assuming Con(ZFC).

Another result of G�odel called the completeness theorem, to contrast the previous

one, will be helpful:
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V.2. Theorem. A set of sentences is consistent if and only if it has a model. �

In terms of our paper T is a consistent set of sentences if and only if there is a

structure M such that for every ' 2 T M j= '. By V.1, if we assume Con(ZFC),

then it follows that the existence ofM, which would satisfy all of ZFC, is not provable

from ZFC. Can we make A to be the axiom "there exists M such that M j=ZFC"?

Well, this is almost the case. What is needed is a large enough set (to be the domain

ofM). Thus an assumption that there exists a large enough cardinal number would

be enough.

V.3. Definition. An uncountable cardinal � is weakly inaccessible if it is a regular

limit cardinal. It is strongly inaccessible if it is regular and for all � < �, 2� < �.

Clearly strongly inaccessibles are weakly inaccessibles and under GCH1 the no-

tions coincide. From now on inaccessible means strongly inaccessible.

For an intuition what is going on, let us consider ZFC{Inf (ZFC with the axiom of

in�nity deleted). Note that if the assumption that � is uncountable is dropped, then

! is inaccessible. Assuming only Con(ZFC{Inf) we cannot deduce the existence

of a model which satis�es ZFC{Inf, but intuitively if we take the collection of all

hereditary �nite sets (the sets obtained from ? by iterating union and power set

operations a �nite number of times), it would satisfy our axioms. But assuming Inf,

namely the existence of !, the "inaccessible" from the point of view of �nite sets

(taking power sets of �nite sets we can never "access" !), we can make the existence

of the universe of hereditary �nite sets precise and it is not di�cult to show that

it satis�es ZFC{Inf. Thus ! is large enough cardinal to prove the consistency of

ZFC{Inf.

It turns out that an inaccessible cardinal is large enough to imply consistency of

ZFC: assuming the existence of such a cardinal � we can construct the set of all < �

hereditary sets and show that it satis�es ZFC.

V.4. Theorem. Assuming ZFC and that there exists an inaccessible cardinal, one

can prove Con(ZFC). �

In general we can call a cardinal number � whose existence implies consistency

of ZFC a large cardinal. A measurable cardinal is such. We will not go here into

the de�nition of a measurable cardinal. A comprehensive review of the subject can

be found in [Jech]. Yet I shall state some facts about measurable cardinals and the

�rst one is: from ZFC it follows that a measurable cardinal is inaccessible. Hence

(assuming consistency of ZFC) from ZFC one cannot prove that Con(ZFC) implies

1The Generalized Continuum Hypothesis: 2� = �
+ for all in�nite cardinals �.
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Con(ZFC+there exists a measurable cardinal). To see this, denote I="there exists

an inaccessible" and make a counter assumption that we can prove

Con(ZFC) ) Con(ZFC+I). �

Now because ZFC+I)Con(ZFC), we get by G�odel's theorem V.1 applied to ZFC+I

(substitute ZFC+I instead of ZFC in the formulation of V.1) and � that ZFC+I is

inconsistent. But then using � again, we get that ZFC is inconsistent. It follows

that it is consistent that no inaccessibles exist.

In the section V.2 I will state another fact concerning measurable cardinals,

namely that the statement ~ (de�ned in V.2) implies the consistency of the existence

of a measurable cardinal and thus cannot be proved in ZFC.

V.2. All games can be determined on structures of size @2

Here we show that it is consistent with ZFC that all the games EF!1 , EF
�
!1

and

EF�!1 are determined and equivalent when played on structures whose cardinality is

� @2.

The assumption that a measurable cardinal exists can be weakened to the as-

sumption that there is a weakly compact cardinal. This is shown in [HytSheV�a].

Nevertheless we follow [MekSheV�a] and make the following assumption.

~ Let S be the set of all !1-stationary subsets of !2. Then there exists a

�-closed dense K � S. That is, for every s 2 S there exists k 2 K such

that k � s and if ki 2 K for all i < !, then \iki 2 K.

As remarked in [MekSheV�a] this implies that the !1-nonstationary ideal on

!2 is precipitous, so the consistency of this statement implies the consistency of a

measurable cardinal. For the result that this assumption is consistent relative to the

consistency of a measurable cardinal, the reader is referred to [JechMagMit].

Let A and B be of cardinality @2. We can assume that the domain of both

structures is !2. Let us write A� = � \ A and B� = � \ B.

V.5. Lemma. If l does not have a winning strategy in EF�!1(A;B) and jAj = jBj =

!2, then f� < !2 j A�
�= B�g is !1-stationary.

Proof. This is essentially as theorem II.11. Assume there is an !1-cub set C outside

f� < � j A�
�= B�g. Then by II.10, player l can make sure that in the end of the

game substructures A� and B� are chosen, where � 2 C. �

V.6. Theorem. Assuming ~, the game EF�!1(A;B) is determined for any structures

A and B of cardinality @2.
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Proof. Let us assume that l does not have a winning strategy. By V.5 the set

S = f� < !2 j A�
�= B�g is !1-stationary. For each � 2 S let h� : A�

�= B� be the

isomorphism. We will now describe a winning strategy for player 2 in EF!1(A;B)

(the ordinary EF-game). At the �rst move assume l played a0 2 A. Then by pressing

down lemma (see appendix A, lemma A.4) the set S0 = fi < !2 j hi(a0) = b0g is

!1-stationary for some b0 2 B. Let 2 choose that one b0. Assume a sequence

(ai; bi)i<� has been played, � < !1. Player 2 has constructed a decreasing sequence

of stationary sets (Sj)j<� which all belong to K, which is de�ned in ~. Thus

S0 =
T
j<� Sj 2 K and is !1-stationary. Assume player l plays now a� 2 A. Then

the set S00 = fi 2 S0 j hi(a�) = b�g is !1-stationary for some b� 2 B (again by

pressing down lemma). The next move by 2 is b� and S� is an !1-stationary subset

of S00, which is also an element of K (which is dense). �

Note that we have described a strategy for player 2 in the ordinary game, so we

can conclude that under ~ the games EF!1 and EF�!1 are equivalent for structures

of cardinality � @2.

V.7. Corollary. If ~ and A and B are of cardinality @2, then

2 " EF!1(A;B), 2 " EF�!1(A;B), 2 " EF�!1(A;B)

and all games are determined. �

I remind the reader that the assumption about a measurable cardinal can be

weakened to the one about a weakly compact but the proof is more complicated and

is o�ered in [HytSheV�a].

V.3. A ��!1 B 6) A �!1 B on structures of size @2

The weak EF-game is easier for player 2 and we have proved the equivalence of

EF�� and EF� from the point of view of player l, under �<� = �. In this section I

will present two groups F and G, constructed assuming �!1 which are such that

� EF!1(F ;G) is not determined.

� If the groups F and G are presented as L-structures with L = f+;�; 0g,

where + and� are function symbols (as in appendix B), then 2 " EF�!1(F ;G).

(see section V.4)

� 2 " EF�!1(F ;G) even if the vocabulary is relational (ternary relation instead

of the binary function + and no distinct symbol for �).

Before we construct the groups F and G, we shall make the square principle �!1

familiar.
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V.3.1. The square principle �!1

V.8. Definition. The statement �!1 says that there exists a sequence hC� j � <

!2;[� = �i of sets such that

(i) C� is a closed and unbounded subset of �.

(ii) If cf(�) = !, then jC�j = !.

(iii) If 
 is a limit point of C�, then C
 = C� \ 
.

For the proof of the next theorem the reader is referred to [Jech] or to the

primary source of this result by Jensen [Jensen].

V.9. Theorem. If V = L then �!1 holds. �

This square principle, �!1 , implies the existence of a non-re
ecting stationary

set E on !2, which we will use to construct our groups. Recall that S20 = f� < !2 j

cf(�) = !g.

V.10. Lemma. Assume �!1. Then there exists an !-stationary set E � S20 such

that for every ordinal 
 < !2 of co�nality !1, the set E \ 
 is non-�-stationary on


 for any �.

Proof. Let hC� j � < !2;[� = �i be as in the de�nition of �!1 and let ORD(C�)

denote the ordinal, which is order isomorphic to C�, i.e. the order type. Then the

mapping � 7! ORD(C�) is regressive for all � 2 S20 n !1, since by the de�nition of

�!1 , jC�j = !, when � 2 S20 and we have ORD(C�) < !1. Now by lemma A.4 there

is � 2 !1 such that the set

E� = f� 2 S20 j ORD(C�) = �g ¸

is !-stationary. Denote that E� by just E. We have to show that E does not re
ect,

namely that if 
 is an ordinal of co�nality !1, then E \ 
 is non-stationary on 
. If

cf(
) > !, then C
 is cub on 
 and the set of limit ordinals � 2 C
 that are above

the �:th element of C
 form a cub set and for each of them we have ORD(C�) > �,

because C� = C
 \ �. �

V.3.2. Construction of the groups F and G

Now we are ready to construct the groups we talked about in the beginning of

this section. We shall use some well-known facts about free groups, direct products

etc. These are reviewed in appendix B.

The groups we shall de�ne has been constructed in [MekSheV�a] in order to show

that it is consistent that EF!1 is non-determined. The principle �!1 (speci�cally the
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set E of lemma V.10) is used in the construction. As both, �!1 and CH hold if

V = L, the use of CH makes no contradiction. One of the groups is rather simple:

F will be the free abelian group generated by !2:

F =
M
i<!2

Z:

Another group will be a so called almost free abelian group. The idea is that an

almost free group G is the union G = [i<�Gi of its subgroups Gi such that

� Each Gi is free.

� Gi � Gj whenever i < j

� G is not free.

V.11. Definition. A subgroup S of an abelian group G (write it additively) is pure

if for all x 2 S (9y 2 G(ny = x))! (9y 2 S(ny = x)). That is, if x 2 S is divisible

in G, it has to be divisible in S.

Let Z!2 stand for the direct product ��<!2Z of !2 copies of integers. By x


we shall denote the element of Z!2 which is zero on coordinates 6= 
 and 1 on the

coordinate 
.

For each � 2 E (de�ned in ¸) let us �x an increasing co�nal function �� : ! ! �

such that ��[!] \ E = ? (for instance take successor ordinals only). De�ne

z� =
1X
n=0

2nx��(n) 2 Z
!2 :

For each � � !2 let G� be the smallest pure subgroup of Z!2 , which contains the

set fx
 j 
 < �g [ fz� j � 2 E \ �g: We set G = G!2 . Let also F� be the free group

generated by fx
 j 
 < �g and set F = F!2 . We shall denote by hy� j � < �i the

group generated by the set fy� j � < �g.

V.12. Lemma. For each � < !2 the group G� is free and if � 2 � nE, then any free

basis of G� can be extended to a free basis of G�.

Proof: Induction on �. When � = 0, we have G� = f0g, which is free. Let the

induction hypothesis be the following

I:H: For all � < �, G� is free and if � < " < � and � 2 � n E, then any free

basis of G� extends to a free basis of G". That is, G" = G� � H for some

H and moreover if " 2 E, then H = K � K 0, where K 0 is generated by

fx�"(n) j n0 < n < !g for some n0.

Then the claim is the same thing for �+ 1. We have distinguished three cases:
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C1: � = 
 + 1 is a successor and 
 =2 E. By I:H: G
 is free and by de�nition

does not contain any element of the group hx
i. On the other hand E

does not contain successor ordinals, so G� = G
 � hx
i. Also if � < 
 and

� =2 E, then by I:H: G
+1 = G
 � hx
i = G� �K � hx
i, where K is some

free group (recall theorem B.6).

C2: � = �+1 and � 2 E. Let � 2 �nE, whence by I:H: we have G��K�K
0 =

G�, where K
0 is generated by fx��(n) j n0 < n < !g for some n0. Then

G�+1 = G� �K �K 00, where

K 00 = h
1X

n=m

2n�mx��(n) j n > n0i:

It is easy to see that K 0 � K 00 and that K 00 \K = f0g. Also

1X
n=m

2n�mx��(n) �
1X

n=m0

2n�m
0

x��(n) 6= 0;

for all m0 6= m, so the above makes sense.

C3: � is a limit ordinal. Let � < � be such that � 2 � n E 6= ?. Then one

can take a continuous co�nal sequence (�i)i<cf(�) in � with the property

�0 = � and �i 2 �nE. It is possible to take a continuous sequence, because

there is a cub set � � n E. If � 2 E, then choose8<
:�n = ��(n); when n > n0 and n0 is such that ��(n0) > �

�n = �; when n � n0:

Now by I:H: and the fact that if a base of a free abelian group R is

extended to a base of a free abelian group R0, then there exists a free

abelian group � such that R0 = R� � (see theorem B.6) we have

� G�i+1 = G�i �Hi for some Hi

� G�
 =
[
i<


for a limit 
.

We obtain

G� = G� �
M

i<cf(�)

Hi: ~

It remains to consider the last statement of the claim: For all � < " < �

and " 2 E G" = G� � H, where H = K � K 0 and K 0 is generated by

fx�"(n) j n0 < n < !g for some n0.

By theorem B.6 it is enough to show that fx�"(n) j n0 < n < !g � H

for some n0. Let n0 be the smallest such that �"(n0) > �: By ~ we have

G" = G��
L

i<!Hi, whereHi is of the form G�"(n+1) (n > n0) and contains
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G�"(n)+1 (since �"(n)+1 � �"(n+1)). Then by the de�nition of �", G�"(n)+1
is de�ned according to C1 and thus contains x�"(n). �

V.13. Theorem. If �!1 and CH, in particular if V = L, then there exist structures

F and G such that EF!1(F ;G) is not determined.

Proof. The structures are of course the groups (constructed using �!1) F and G.

Player l does not win:

Assume the opposite: � is a winning strategy for l. Now by CH the set

f� 2 S21 j F� [ G� is closed under �g

is an !1-cub set. Let now � be such that cf(�) = !1 and F� [ G� is closed under � .

But both, F� and G� are free and thus isomorphic. So 2 can play according to the

isomorphism and � cannot be a winning strategy.

Player 2 does not win:

Suppose that � is a winning strategy for 2. We will construct a strategy for l

which beats �. Let us denote �! the restriction of � to the �rst ! moves, i.e.

�! = � � (F [G)<!. The set

f� < !2 j F� [ G� is closed under �!g

is !-cub. Since E is !-stationary, we can �nd � such that � 2 E and F� [ G� is

closed under �rst ! moves of 2. If n < !, player l will play the element x��(n) 2 B�

on the 2n:th move and the odd moves he plays in F�. He plays his elements from F�

in such a way that after ! moves some direct summand K of F� is picked. Assume

now that J � G� is the countable set that the players enumerated during the �rst

! moves. Let A be the smallest pure subgroup of G containing J [ fz�g and let l

enumerate that group during the next ! moves. Because � is winning, there should

be an isomorphism f : A ! H, where H is the set that the player chose from F

during these �rst ! + ! moves. Moreover, because the ordinary game is in question

it should hold that fJ = K. But this is a contradiction, because H=K is free, but

A=J is not free: the element z� + J is in�nitely divisible by 2. �

V.14. Theorem. Player 2 wins EF�!1(F ;G).

Proof. Recall theorem II.13. In the game
�
EF1;!1!1 player 2 can choose at each move

G�, where � is such that all elements played before this move are in G�. Eventually

substructures F� and G� are enumerated in the end of the game. By lemma V.12

they are isomorphic. �



37 V. WEAK GAMES OF LENGTH !1

V.4. A ��!1 B 6) A ��!1 B 6) A �!1 B, jAj = jBj = @2

Here we shall show that all these games can be di�erent on structures of size

@2. This section is separated from the previous one because here we use some extra

assumptions we did not need to prove directly A ��!1 B 6) A �!1 B.

To prove that EF�!1 is di�erent from EF!1 , we use vocabulary with function

symbols whereas to prove that EF�!1 is di�erent from EF�!1 , we allow vocabulary to

contain uncountably many relation symbols. The author is nevertheless fairly sure

that these assumptions are not necessary.

V.4.1. A ��!1 6) A �!1 B

Let L be a language which contains function symbols f1; : : : ; fn, such that fi is

a ki-place function and A and B L-structures. Let L0 be another language, which

is obtained from L by changing each function symbol fi to a ki + 1-place relation

symbol Ri. Let now A0 and B0 be L0-structures such that

� A0 � L \ L0 = A � L \ L0 and B0 � L \ L0 = B � L \ L0

� For all i 2 f1; : : : ; ng, RA
0

i (x1; : : : ; xki ; xki+1) () fAi (x1; : : : ; xki) =

xki+1 and similarly for B0 and B.

V.15. Lemma. Let A and B be L-structures and A0 and B0 L0-structures as above.

Then if � is a winning strategy for player 2 in EF
(A;B), then � is a winning strategy

for 2 in EF
(A
0;B0).

Proof. Recall the de�nitions of EF-game II.2, of generated substructures I.6 and

of a partial isomorphism I.7. If f is a partial isomorphism A ! B, then it is clearly

a partial isomorphism A0 ! B0 (less is required). �

Thus the proof that l does not have a winning strategy in EF!1(F ;G) in section

V.3 is independent of how the groups are presented: with function symbols + and

� or with a ternary relation, which replaces them. Also at cardinal game lengths we

have:

V.16. Lemma. Let A and B be L-structures and A0 and B0 L0-structures as above

and � an in�nite cardinal. Then if a player has a winning strategy in EF��(A;B),

then the same player has a winning strategy in EF��(A
0;B0).

Proof. The generated substructures at the move � < � will have cardinality

j�+ !j < � (countable language and function symbols of �nite valence), so it is

easy to see that if e.g. player l wins the game with function symbols, he will win the

game
�
EF�;1� (see II.13) with relation symbols: he will just choose the substructures

that the previous moves would generate. Similarly for 2. �
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It remains open to the author how EF� behaves in this context at cardinal game

length. The generated substructures may carry much less information than the

particular sets, which generate them. In �nite case it makes a di�erence. For example

any �nitely generated subgroups of additive groups of rationals Q and integers Z are

isomorphic and player 2 wins a �nite game if viewed with function symbols, but if

viewed with relation symbols, the situation is not that clear (l at least wins EF on

these structures if game is long enough).

V.17. Theorem. Let F 0 and G0 be the groups constructed in V.3 presented with

function symbols +, �. Then EF!1(F
0;G0) is non-determined.

Proof. By lemma V.15 and theorem V.13, player 2 does not have a winning strategy

in EF!1(F
0;G0). On the other hand player l does not have a winning strategy in this

game by exactly the same argument as in the proof of V.13. If � is any strategy of

l, then there is � such that F 0
� [ G

0
� is closed under � (and it is always closed under

the function symbols + and �, because F 0
� and G0� are subgroups) and 2 can just

follow the isomorphism. �

V.18. Theorem. Let F 0 and G0 be the groups constructed in V.3 presented with

function symbols +, �. Then player 2 wins EF�!1(F
0;G0).

Proof. Note that now any substructure is a subgroup. Assume the players chose

X � F 0 and Y � G0 and the subgroups hXi and hY i are isomorphic. Assume that l

picks next x 2 F 0. If

dimhX [ fxgi > dimhXi;

then obviously

dimhX [ fxgi = dimhXi+ 1

(see de�nition B.8 and corollary B.9 in appendix B) wherefore let 2 pick an element

y 2 G0 such that

dimhY [ fygi = dimhX [ fxgi

(it is possible since X and Y are still countable subsets of F 0 and G0, which are of

cardinality @2). On the other hand, if x is such that dimhX [ fxgi = dimhXi, then

we have three cases:

C1: dimhXi < !. 2 has to pick an element, which is already in Y .

C2: dimhXi = ! and x 2 X. 2 has to pick an element, which is already in Y .

C3: dimhXi = ! and x =2 X. 2 has to pick an element, which is in G0 n Y .

If l picks an element from G0 instead of F 0, the reasoning for player 2 would be

exactly the same with the structures switched.
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This strategy guarantees that at each move the groups generated by the played

sequences remain isomorphic and simultaneously it guarantees that if l picks at the

end of the game an uncountable amount (i.e. @1) of points from one of the structures,

then also uncountable amount is picked from the other one, while the chosen groups

are also isomorphic, because their sets of generators must be of cardinality @1 (see

appendix B). �

Thus F 0 ��!1 G
0, however by theorem V.17, we have F 0 6�!1 G

0 even with function

symbols. Thus the intended result is proved.

V.4.2. A ��!1 B 6) A ��!1 B

Let us consider two structures, A and B such that EF!1(A;B) is non-determined,

but 2 " EF�!1 . Using these structures, we shall construct new structures M(A)

and M(B) such that EF�!1(M(A);M(B)) is non-determined but 2 " EF�!1 . Such

structures A and B of cardinality @2 were constructed in V.3.2, thus we can assume

that A = F and B = G (as in V.3). Under the assumption @<!12 = @2, we will have

jM(A)j = jM(B)j = @2.

V.19. Definition. Let A be an L-structure. Let

L+ = L [ f<g [ fP� j � < !1; P� is a unary relation symbolg;

where the new symbols are not in L. We de�ne M(A) to be the L+-structure with

the domain

dom(M(A)) = ff : �+ 1! A j � < !1g

and if fi 2 dom(M(A)), i < n and R is an n-place relation symbol of the vocabulary,

we de�ne

RM(A)(f0; : : : ; fn�1) () RA(f0(�0); : : : ; fn�1(�n�1));

where �i is the maximum of the domain of fi. The partial order f < g is de�ned

for f; g 2M(A;B) if f � g, that is g � dom(f) = f: The relations are interpreted as

P
M(A)
� = ff j f : �+ 1! Ag.

Note that if A and B are isomorphic, thenM(A) andM(B) are isomorphic. Also

if (fi)i<� is an increasing chain, then the reduction of the substructure ffi j i < �g �

M(A) to L is isomorphic to the substructure ffi
�
max(dom(fi))

�
j i < �g � A. But

if we have a chain ffi j i < �g in M(A) and another chain fgi j i < �g in M(B),

then if there is an isomorphism ffi j i < �g ! fgi j i < �g, then it has to be order

preserving.
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Assume A and B are the groups F and G of section V.3.2. We need only the

fact that EF!1(A;B) is non-determined and 2 " EF�!1(A;B). We claim now that

EF�!1(M(A);M(B)) is non-determined.

V.20. Theorem. Player 2 does not have a winning strategy in EF�!1(M(A);M(B)).

Proof. Assume that � is a winning strategy of 2. Player l will play such that the

played elements form a <-chain. This will force � to do the same: if on some move

2 plays such that the chosen elements of say M(A) fail to form a chain, the chosen

elements of B still form a chain and l will play all subsequent moves from M(B)

continuing that chain. Apparently in the end the structures will not be isomorphic

with respect to <. Also if player l plays an element f on the move �, then dom(f) =

�+ 1. This forces 2 to do the same because of P�'s.

Now player l, as playing EF�!1(M(A);M(B)), imagines that they are playing

the game EF!1(A;B): whenever 2 picks f 2 M(A) or M(B), he imagines that she

played f(max dom(f)) from A or B. Let � be a strategy of l which wins that game

EF!1(A;B) (strategy of 2 is �xed by �). He will pick elements according to this

strategy except that interpreting them as functions in the structures M(A) and

M(B) in the way described above.

Because � wins in EF!1(A;B), the chosen structures are not isomporphic by the

isomorphism which respects the order of moves. But the order of moves is the same

as that induced by the ordering in M(A) and M(B). �

However it is necessary for l to be able to choose from which structure to play:

V.21. Theorem. Player 2 has a winning strategy in EF�!1(M(A);M(B)).

Proof. Again, the only thing we use about A and B is that EF!1(A;B) is non-

determined but 2 " EF�!1(A;B).

If X � A [ B, let

N(X) = ff 2M(A) [M(B) j Rng f � Xg

and if Y �M(A) [M(B), then

N�1(Y ) = fx 2 A [ B j x 2 Rng f for some f 2 Y g:

Realize that for all X;X 0 � A [ B, Y; Y 0 �M(A) [M(B) we have

� jXj � !1 () N(X) � !1

� N(N�1(Y )) � Y

� N�1(N(X)) = X

� N(X \ A) = N(X) \M(A) and N(X \ B) = N(X) \M(B)

� X �= X 0 () N(X) �= N(X 0).
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By II.10 it is enough to show that there is an !1-cub set

C � S = fX �M(A) [M(B) j X \M(A) �= X \M(B); jXj � !1g:

We know that S0 = fX � A[B j X \A �= X \B; jXj � !1g contains a cub set. Let

it be denoted by C 0. We claim that the set

C = fY �M(A) [M(B) j Y = N(X); X 2 Cg � S

is cub.

Let Y 2 C. Then there is X 2 C 0 such that X � N�1(Y ). Then N(X) �

N(N�1(Y )) � Y . And on the other hand, because X \ A �= X \ B, we get

N(X) \M(A) = N(X \ A) �= N(X \ B) = N(X) \M(B):

Thus C is unbounded.

Assume that (Yi)i<!1 = (N(Xi))i<!1 is an increasing chain in C. Then Xi

is in fact an increasing chain in C 0. Thus we know
S
i<!1

Xi 2 C 0. But then

N
�S

i<!1
Xi

�
2 C and it easy to see that

N

 [
i<!1

Xi

!
=
[
i<!1

N(Xi):

It is easy to see because the functions have always a countable domain, so if f 2

N
�S

i<!1
Xi

�
, then surely f 2 N

�S
i<�Xi

�
for some � < !1 and since the chain is

increasing this implies f 2 X�. �

V.5. All games can be non-determined on structures of size @2

The structures that are constructed in this and the next chapters were introduced

to me by my supervisor Tapani Hyttinen.

Recall that, by II.11, in order to construct A and B such that EF�!1(A;B) is

non-determined, we have to �nd models A and B such that the set fX � A [ B j

X \ A �= X \ Bg is !1-bistationary i.e. a stationary set whose complement is also

stationary. For that purpose we will force a set S � S20 , which is such that the set

E = f� 2 S21 j � \ S contains an !-cub in �g

is bistationary.
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V.5.1. Forcing a bistationary set

The aim is to produce a stationary S � S20 , which re
ects to a bistationary set:

i.e. the set

E = f� 2 S21 j � \ S contains an !-cub setg

is !1-stationary and S21 n E is as well.

We will have a ground modelM and a generic extensionM [G]. If K is an object

in M [G], then _K denotes a name for that object. If H is an object in M , then Ĥ

will denote the standard name for H. We will use p � q to mean q is stronger than

p and ? is the least element of the partial order and at the same time the weakest

condition.

Let

P = fp : �! f0; 1g j � < !2g

be the forcing notion.

V.22. Lemma. Let P be as above and G a P-generic. Assume that in the ground

model 2@0 = @1 and 2@1 = @2. Then in the generic extension the same holds:

(2@0 = @1 ^ 2@1 = @2)
M [G]. Moreover P preserves cardinals.

Proof. We will do the case 2@0 = @1, the other case being similar.

We will show that for all p 2 P and a name _f such that p 
 _f 2 2̂! there exists

q � p and a function g 2 2! such that q 
 _f = ĝ.

This shows that for each f 2 M [G] the set of conditions which force _f = ĝ for

some g in 2! is dense and so G must intersect it.

Let p be such that p 
 _f 2 2̂!. Let us construct q and g by induction as follows.

De�ne q
0
= p and assume that q

0
� q

1
� � � � � qn and g(0); g(1); : : : ; g(n � 1) are

de�ned (the sequence g(0); g(1); : : : ; g(n� 1) being empty in the beginning). Let us

de�ne g(n) and qn+1. If

qn 
 _f(0) = 0̂ _ qn 
 _f(0) = 1̂;

then let qn+1 = qn and g(n) = 0 if qn+1 
 _f(n) = 0̂ and g(n) = 1 if qn+1 
 _f(n) = 1̂.

On the other hand, if

qn 6
 _f(n) = 0̂ ^ qn 6
 _f(n) = 1̂;

then �nd qn+1 > p such that

qn+1 
 _f(n) = 0̂ _ qn+1 
 _f(n) = 1̂

and set g(n) = 0 if qn+1 
 _f(n) = 0̂ and g(n) = 1 if qn+1 
 _f(n) = 1̂.

Now it is clear that q =
S
n<! qn is a condition such that

q 
 _f = ĝ:
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Because there is only @1 functions g 2 2! in the ground model, there can then

be at most the same amount in M [G].

For the moreover-part, note that under GCH P has !3-chain condition and thus

preserves cardinals � !3. On the other hand P is !2-closed and thus preserves

cardinals � !2. For details, see Chapter VII, §6 of [Kunen]. �

V.23. Lemma. Let P be as above and G a P-generic. Then S = S20 \ ([G)�1f1g

re
ects to a bistationary set.

Proof. We have to show that E = f� 2 S21 j � \ S contains an !-cub setg is

stationary. By a symmetric argument the same will follow for the complement:

E = S21 n E is stationary.

Assume that _C is a name of an !1-cub set C, i.e. ? 
 _C is cub. We want to

show that the set

D = fp 2 P j p forces C \ E 6= ?g

is dense. For that it is enough to show

z for all q 2 P there exists p > q and an ordinal c 2 S21 such that p 
 ĉ 2 _C

and the set f� 2 S20 \ c j p(�) = 1g contains a cub set in c.

Note that the set D� = fp 2 P j 9� > �(p(�) = 1)g is dense, so we can always

extend a condition p to such which has value 1 at a point > dom p.

To prove z, let q 2 P be arbitrary. We have ? 
 9x 2 _C \ f� j � > ^dom qg.

Now using note above we can �nd a sequence (pi)i<!1 as follows.

(i) p0 is such that p0 > q, p 
 ĉ0 2 _C and p(�0) = 1 for some �0 > c0 > dom q.

(ii) pi+1 is such that pi+1 > pi, pi+1 
 ĉi+1 2 _C for some ci+1 > dom(pi) and

pi+1(�i+1) = 1 for some �i+1 > ci+1, cf(�i+1) = !.

(iii) Assume that 
 is a limit ordinal. Then p
 is such that p
 > [i<
pi and

p
(�
) = 1, where �
 = [i<
 dom(pi) = [i<
�i.

Now let p = p!1 and c = dom(p!1). Then

� For all i < !1, p 
 ĉi+1 2 _C, because p > pi+1.

� p 
 " _C is an !1-cub".

� From the above two it follows that p 
 ĉ 2 _C.

� The set f� 2 S20 \ c j p(�) = 1g contains a cub set. Indeed: let F = f�i j

i < !1g, and (�n)n<! be an increasing sequence in F . Assume �n = �in
and 
 = [n<!in. Then �
 is as de�ned in (iii) is in F and is the supremum

of (�n)n<!.

Thus z holds and we are done. �
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V.5.2. On determinacy of cub-games

The next de�nition is a modi�cation of that given in [HytSheTu].

V.24. Definition. Let � � � < � be such that � and � are regular cardinals and �

an ordinal. Then let A � �. The cub-game G�
�(A) is the following game by players

l and 2. At the move 
 < � �rst player l picks x
 2 �, such that x
 is greater than

any element played so far in the game and then player 2 chooses y
 2 A such that

y
 > x
 . Finally sequences (x
)
<� and (y
)
<� are formed. Player 2 wins if (1)

she could play according the rules and (2) cl�fy
 j 
 < �g � A, Where cl�B is the

smallest �-closed set, which contains B.

The concepts of strategy, winning strategy and beating strategy are de�ned ac-

cording to section II.1.

Remark. Clearly if l wins the game G�
�(S), then he wins also the game G�

�(S) for

every � > �.

Let S � S20 be as forced in the above paragraph and E = f� 2 S21 j S \

� contains cubg. We are interested in the game G�
!(S), where !1 � � < !2 and

cf(�) = !1.

V.25. Lemma ([HytSheTu]). Assume A � !2. If l does not have a winning strategy

for G!1
! (A), then he has no winning strategy for G�

!(A) for any !1 < � < !2 either.

Proof. I will use notation [�]� = fincreasing sequences in � of length �g and [�]<� =

[�<�[�]
�, which in fact can be identi�ed with P�(�)

Assume on contrary that l has a winning strategy for some � > !1. Then by

the remark above, there is the smallest �� for which l has a winning strategy. We

will show that cf(��) = ��, which implies �� = !1 or �� = !, which will produce a

contradiction.

Clearly �� is a limit ordinal. Assume cf(��) < �� and let � : [!2]
<�� ! !2 be a

winning strategy for l. Let � : cf(��)! �� be a continuous increasing co�nal sequence.

By the counter assumptions we have cf(��) < �� and if 
 < cf(��) and �
 is such that

�(
+1) = �(
)+�
 , then �
 < ��. We will use the fact that l does not have winning

strategies for G
�

! (A) for 
 < cf(��) and produce a winning strategy for G

cf(��)
! (A).

Let x 2 [!2]
<cf(��), say x : � ! !2. We will de�ne a strategy �x : [!2]

<�(�) ! !2,

which beats � � [!2]
<�(�) in the game G

�(�)
! (A).

�x0 = ?

�x
 = [i<
�i if 
 is a limit ordinal
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The case �xi+1 goes as follows. Let �i be such that �(i)+ �i = �(i+1). Then we can

de�ne

� ix : [!2]
<�i ! !2

to be such that if (yj)j<�(i) are the choices of 2 in the game G
�(i)
! (A), where l plays

according to � � [!2]
<�(i) and 2 according to �xi , then

� ix((yj)j<�(i)+k) = �((yj)j<�(i)
_x(i)_(yj)�(i)�j<�(i)+k)

(implicitly assuming x(i) < 
�(i) < � � � ) and

� ix((yj)j<k) = �((yj)j<k)

if k < �(i). Then �̂ ix : [!2]
<�i ! !2 de�ned by

�̂ ix((yi)i<k) = � ix((yj)j<�(i)
_(yj)�(i)�j<�(i)+k)

is a strategy for l in the game G�i
! (A \ f� > x(i)g) and there exists a strategy

�x� : [!2]
<�i ! !2

for 2, which beats it. De�ne now

�xi+1((xi)i<k) = �xi ((xi)i<k)

if k < �(i) and

�xi+1((xj)j<�(i)+k) = �x� ((xj)�(i)�j<�(i)+k):

Finally set �x = �x� . We see that if x � x0, then �x � �x
0

. Let us now de�ne

�� : !
<cf(��)
2 ! !2

such that ��(x) is the least element which is greater than any element played in the

game G
�(dom(x))
! (A), when l uses � restricted to �(dom(x)) and 2 uses �x.

Now because � is winning, we see that �� is in fact a winning strategy of l in

G
cf(��)
! (A). �

V.26. Corollary. Let � be such that !1 � � < !2. Player l does not have a

winning strategy in G�
!(S). (S is the set forced above.)

Proof. By previous lemma it is enough to show that l does not win G!1
! (S).

Let � : [!2]
<!1 ! !2 be any strategy for l in G!1

! . Then the set

C = f� < !2 j � is closed under �g

is !1-cub, so we �nd �0 2 C \ E, whence S \ �0 contains an !-cub in �0. Let C�0

be that !-cub set. Now 2 can pick elements from C�0 and l will be forced to answer

by elements < �0 by the de�nition of �0. Clearly 2 wins (note cf(�0) = !1). �
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V.27. Lemma. The set

T = f� 2 E j there is an !-cub C� � S \ � s.t. ORD(C�) = �g

is !1-stationary.

Proof. Let us have an !1-cub set C � !2. We will show that C \ T 6= ?. Let

�((y)i<k) = minC n fyi j i < kg be a strategy of player l (no matter in how long

game). Similarly as in the previous proof, for each countable sequence c = (�i)i<�

in C, � < !1, let �c be a strategy of player 2 which beats � in the game Gsup c
! (S)

(game of length sup c < !2) in such a way that if c � c0, then �c � �c0 and the

choice of �c at move i is greater than �i. Denote by Cc the !-closure of the set of

the choices made by 2 in the game G�
!(S) where l used � and 2 used �c. Because �c

beats � , we have that Cc � S. Note also that

ORD(Cc) = sup c: F

Now let �� be a strategy of player l in G!1
! (S) which is such that ��(c) = supCc.

Now let �� be a strategy of 2 in G!1
! (S), which beats ��. At move 
 player l will

choose an element x
 2 C and 2 answers by �
 = ��((xi)i�
). De�ne cj = (�i)i<j .

Thus c0 � c1 � c2 � � � � . Then C = [j<!1Ccj is the desired cub-set. Why:

� It is a cub set.

Let (ai)i<! be an increasing !-sequence in C. We can assume that it is

either contained in one of Ccj or in f� j � = supj<!1 Ccj for some cg. But

both are chosen using a beating strategy of 2.

� It satis�es ORDC = supC.

From the construction of C and note F we have that

supORD(Ccj ) � sup cj+1
F
= ORD(Ccj+1) � supORD(Ccj+1):

But this implies that at limits 
 we have supORD(Cc
 ) = ORD(Cc
 ).

� Finally supC 2 E.

This is clear, because C is a cub set of supC and this is now by de�nition

in E. �

V.5.3. Construction of the structures

Let S � S20 be as forced in the paragraph V.5.1. Notation: if f : X ! Y � Z

is function we can write f = (f1; f2), where f1 : X ! Y and f2 : X ! Z are the

components in the natural way.
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In the cartesian product !2 � ! we use the reversed alphabetical order, that

is (�; n) < (�;m) () [(m < n) _ (m = n ^ � < �)]. The projection map

pr1 : !2 � ! ! !2 is de�ned by pr1(�; n) = �.

A = ff : �+ 1! !2 � ! j � < !2;

f is strictly increasing,

(+) for each n < ! the set pr1[Rng(f1) \ (!2 � fng)]

is closed in !2 and is contained in Sg

Now let us de�ne

B = ff : �+ 1! !2 � ! j � < !2;

f is strictly increasing,

(�) for each n < ! the set pr1[Rng(f1) \ (!2 � fng)]

is closed as a subset of !2 and if n > 0, then is contained in Sg

The structures A = hA;�i and B = hB;�i are formed from the above de�ned

sets with an ordering added. This ordering is the subset ordering of functions:

f � g () f � g. Clearly A is a substructure of B as the condition (�) is

weaker than (+). Some of the elements that are in B but not in A are of the form

f : �! �� f0g, 8
 < �(f(
) = 
). These will be denoted by id�.

V.28. Theorem. Player 2 cannot have a winning strategy in EF�!1(A;B).

Proof. Let � be any strategy of 2. Recall that P!2(A[B) = fF � A[B j jF j < !2g.

De�ne a function G : P!2(A[B)! !2 such that G(F ) = supfRng(f1) j f 2 Fg Let

C1 = fF 2 P!2(A [B) j F is closed under �g;

C2 = fF 2 P!2(A [B) j 8� < G(F )(id� 2 F )g

C3 = fF 2 P!2(A [B) j 8� < G(F )(�+ � < G(F ))g

By CH these sets are !1-cub in P!2(A[B), so also C = C1 \C2 \C3 is cub. Hence

the set G[C] contains an !1-cub in !2. Let � 2 S21 \ G[C] n E. Now if � were

winning, then for F 2 C with G(F ) = � we should have F \ A �= F \ B, but in

B \ F there is increasing �-sequence (the sequence (id�)�<�), but in A \ F there is

no such, because S \� contains no closed unbounded set and by de�nition of A and

by the property introduced by C3 there cannot be such a sequence. �

V.29. Theorem. Player l cannot have a winning strategy in EF�!1(A;B).
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Proof. First we prove two claims. Let

A� = ff 2 A j Rng(f1) ( �g

and similarly

B� = ff 2 B j Rng(f1) ( �g:

A map g : � ! � is !-continuous if for every increasing sequence (xk)k<! in �

g([k<!xk) = [k<!g(xk). De�ne C to be the set of such functions h:

C = fh : �! S \ � j � 2 S; h is !-continuous increasing and unboundedg

and

C� = fh 2 C j dom(h) < �g:

Claim 1: For each h 2 C, there exists an isomorphism Fh : A�
�= B� in such a way

that if h � h0, then Fh � Fh0 .

Proof of Claim 1. Let h : �! S \ � be as in the assumption. Then in particular h

is an order isomorphism � ! h[�] and the former is a closed unbounded subset of

�. Hence we can write h�1 for the inverse h[�] ! �. For de�ning the isomorphism

Fh : A� ! B�, let f 2 A� be arbitrary, say f : � ! S � !, � < �. Put

�f = minf� j f(�) =2 h[�]� f0gg [ f�g:

Now for all 
 < �f let Fh(f)(
) = (h�1(f1(
)); 0) and for all 
 � �f de�ne

Fh(f)(
) =

(
(f1(
); f2(
) + 1); if f1(�f ) =2 h[�];

(f1(
); f2(
)) = f(
); if f1(�f ) 2 h[�]:

Clearly Fh(f) 2 B� and in fact Fh(f) : � ! � � ! (same domain as that of f). We

will show that Fh is an isomorphism.

(1) Fh is one-to-one. Assume f 6= g are in A. If dom(f) 6= dom(g), then

clearly Fh(f) 6= Fh(g), so we can assume dom(f) = dom(g). If �f < �g,

then Fh(f)2(�f ) > 0 but Fh(g)2(�f ) = 0, thus Fh(f) 6= Fh(g), so we can

even assume �f = �g. Now by f 6= g there exists 
 such that f(
) 6= g(
).

Case 1.: 
 < �f = �g. Now Fh(f)1(
) = h�1(f(
)) and Fh(g)1(
) = h�1(g(
)).

Because h�1 is bijection and f(
) 6= g(
), we conclude that Fh(f)1(
) 6=

Fh(g)1(
), hence Fh(f) 6= Fh(g).

Case 2.: 
 � �f = �g. If f1(�f ) 2 h[�] but g1(�g) =2 h[�] or vice versa,

then we are done, since we assume �f = �g. Hence we have either

Fh(f)(
) = f(
) and Fh(g)(
) = g(
) or Fh(f)(
) = (f1(
); f2(
)+1)

and Fh(g)(
) = (g1(
); g2(
)+1); in both cases the assumption f(
) 6=

g(
) gives Fh(f) 6= Fh(g).



49 V. WEAK GAMES OF LENGTH !1

(2) Fh is onto. Let g 2 B� be arbitrary, g : � ! !2 � !. Let �0 = minf� j

g2(�) 6= 0g [ f�g and let f : � ! S � ! be such that

f(
) =

8><
>:

h(g(
)); if 
 < �0;

g(
); if 
 � �0 and g1(�0) 2 h[�];

(g1(
); g2(
)� 1); if 
 � �0 and g1(�0) =2 h[�];

It is not di�cult to check that f 2 A� and Fh(f) = g.

(3) Fh preserves ordering. Assume f < g. If �g � dom(f), then for all


 < dom(f) we have Fh(f)(
) = h�1(f(
)) = h�1(g(
)) = Fh(g)(
), thus

Fh(f) < Fh(g). So assume then �g < dom(f), in which case �f = �g and

f1(�f ) 2 h[�] () g1(�g) 2 h[�]. Hence clearly Fh(f)(
) = Fh(g)(
)

whenever �f � 
 < dom(f). The case 
 < �f as above.

By (1), (2) and (3) Fh is an isomorphism. �Claim 1

Claim 2: Let h 2 C and 
 � dom(h). Then there exists h0 2 C, which extends

h and 
 � dom(h0).

Proof of Claim 2. Let � be such that

� � 2 E,

� There is a cub-set W � S \ � of order type �,

� h 2 C�.

Assume � : � !W is an order isomorphism. Let �0 = min(W n 
) and

�n+1 = �(�n) and �! = [n<!�n:

Then � � (�; �!) is a function from (�; �!) to W \ (�; �!). Thus we can de�ne

h0 = h [ � � (�; �!):

Then h0 : �! ! S \ �! and h0 2 C�. �Claim 2

Let now � be any strategy of player l in EF�!1(A;B). Let G : P!2(A [ B) ! !2

be as in the proof of the theorem V.28.

If h 2 C then by Claim 1, there is a unique isomorphism Fh : Adom(h) ! Bdom(h).

Notation: if f : X<� ! X is a function (� � 1) and P � X, let fcl[P ] denote the

closure of P under f :

fcl[P ] = the smallest subset of X, which contains P and is closed under f:

If h 2 C, de�ne H(h; 
) to be the h0 given by Claim 2 and h0 2 C arbitrary. Let

(
i)i<k be an increasing sequence. If C = cl!f
i j i < kg � S, we can de�ne a new
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increasing sequence (
i)i<k, which enumerates C and a sequence of functions

h0; h1 = H(h0; 

0
0); : : : ; h! = [ih

0
i; : : : :

Denote the function [i<khi = h[(
i)i<k]. Thus we have a mapping (
i)i<k 7!

h[(
i)i<k] 2 C de�ned, when cl!f
i j i < kg � S. De�ne �� : !<!12 ! !2 and

Xi, i < !2, to be as follows. Because I want the following to �t the page, I shall

write s(�) instead of "� is a successor ordinal".

X0 = �cl[(Fh0)cl(�(?))]

��(?) = G(X0)

X� =

8>><
>>:
anything; if cl!fyi j i < �g 6� S and s(�)

�cl[(Fh[yi]i<� [ F
�1
h[yi]i<�

)cl[fidyig]]; if cl!fyi j i < �g � S and s(�)

[j<�Xj ; � is a limit

��((yi)i<�) =

8<
:anything > supfyi j i < �g; if cl!fyi j i < �g 6� S and s(�)

G(X�); otherwise

Let �� be a strategy of 2 which beats �� in G!1
! . Then the cases "anything"

are never used and X0 � X1 � � � � and each Xi is closed under � and under the

isomorphism F[i<!1hi (which exists because �� is winning). Thus

X =
[
i<!1

Xi

is closed under � , but A\X �= B\X. Our conclusion is that � cannot be a winning

strategy. �
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VI Do Long Games Determine Short Games?

Evidently A �� B ) A �� B for � < �. It is one of the most central properties

of Ehrenfeucht-Fra��ss�e games. In the case of the weak game situation is di�erent.

As example IV.11 showed it might happen, that player 2 has a winning strategy for

a limit ordinal but l has a winning strategy for a smaller successor ordinal. Also the

theorem IV.12 provided a result for the opposite direction: if player 2 wins the game

EF��(A;B) for �
<� = �, then she wins the game for � < �+ with cf(�) = �. If n � !,

the assertion EF�!(A;B)) EF�n(A;B) follows from III.2. For regular cardinal game

lengths an example as good as that of IV.11 is impossible due to

VI.1. Theorem. Let � be a regular cardinal and � such an ordinal that �<� = �.

Then if l has a winning strategy in EF��(A;B) then he has one also in EF��(A;B).

Proof. Assume l wins EF��(A;B). Then he wins EF�(A;B) and then by theorem

III.3 he wins also EF��(A;B). �

If furthermore EF��(A;B) happens to be determined, this implies A ��� B )

A ��� B for such cardinals � and ordinals �. In particular if GCH holds, then

A ��� B ) A ��� B holds for all regular cardinals � and ordinals � < � provided

that EF�� determined. Theorem VI.1 in ensemble with III.2 also implies (GCH not

needed) that for all regular cardinals � we have A ��� B ) A �! B.

Despite all this, it is possible that there are structures A and B and cardinals

� < � such that 2 has a winning strategy in EF��(A;B) but not in EF
�
�(A;B). We will

now provide a similar construction to that made in section V.5, which will give such

an example, where however � is singular. In fact we will have an in�nite sequence

of cardinals

�0 < �0 < �1 < �1 < � � �

such that A 6���n B but A ���n B.

VI.1. Structures with non-re
ecting winning strategies

As mentioned, the construction will be very much as that in V.5. Let � = !+!�!.

This is a cardinal number of size @!�!+1, a successor of the singular cardinal @!�!.

In this section we assume GCH.
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De�ne: �n = !!�n+1 and �n = !!�(n+1). Then �0 < �0 < �1 < �1 < � � � and

�n's are regular and �n's singular of co�nality !.

Using P = fp : �! f0; 1g j � < �g one can force a set S � � such that

En = f� < � j cf(�) = �n; � \ S contains a cub set of order type �ng

is bistationary for every n � 0. The proof is exactly as in paragraph V.5.1 with

indices changed a bit.

Then de�ne as in paragraph V.5.3:

A = ff : �+ 1! �� ! j � < !2;

f is strictly increasing,

for each n < ! the set pr1[Rng(f1) \ (�� fng)]]

is closed in � and is contained in Sg

and

B = ff : �+ 1! �� ! j � < !2;

f is strictly increasing,

for each n < ! the set pr1[Rng(f1) \ (�� fng)]]

is closed as a subset of � and if n > 0, then is contained in Sg

VI.2. Theorem. Player 2 can not have a winning strategy in the game EF��n(A;B).

Proof. Almost precisely as the proof of theorem V.28. Use P�+n (A [B) instead of

P!2(A [ B), En instead of E and by GCH one can close under the strategy � of 2.

Thus proceeding as in V.28 we obtain a set C � A [ B of size �n, which is closed

under the strategy � and

G(C) = supfdom f j f 2 Cg 2 f� < � j cf(�) = �ng n En:

Similarly as in V.28, we can add a branch of length �n to C \B but C \A does not

contain such a branch. �

VI.3. Theorem. If cf(�) = !, � < � (for example � = �n), then player 2 has a

winning strategy in the game EF��(A;B).

Proof. As in section V.5 there are isomorphisms F� : A� ! B� for each � in a

particular subset of [n<!En. For our purpose it is enough to know that this subset

is unbounded. In the game
�
EF1;�� player 2 will take a co�nal � : ! ! � and at the
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move �(n) assume that Xn is the set of already picked elements. By the methods

of section V.5 she can choose an isomorphism F�n such that �n is greater than

supfdom f j f 2 Xg keeping in mind that in the end of the game [k<!F�k should

be a partial isomorphism. Then she will pick a set, which contains X and is closed

under each F�k , k 2 f0; : : : ; ng. �

Thus the sequence

�0 < �0 < �1 < �1 < � � � ;

where �n = !!�n+1 and �n = !!�(n+1) is such that A 6���n B but A ���n B.
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A Appendix: On Cardinal Arithmetic

In this appendix I introduce some of the basic notions of cardinal arithmetic,

which are used throughout the paper.

A.1. Definition.

(i) A subset C of an ordinal is closed unbounded or cub if for every increasing

sequence (a�)�<� the point supfa� j � < �g is in C and C is unbounded

in �.

(ii) A subset S of an ordinal � is stationary if it intersects all cub sets of �.

(iii) C � � is �-cub, where � < � is a (�xed) cardinal, if C is unbounded and

closed under increasing sequences of length �.

(iv) S � � is �-stationary if it intersects all �-cub subsets of �.

A.2. Lemma. Let � be regular, � < �, and (C�)�<� a sequence of �-cub sets. Then

C =
T
�<�C� is �-cub.

Proof. If (a
)
<� is increasing in C, then it is increasing in every C� and thus

sup
 a
 is in every C�. Hence C is closed.

Let � < �. Let ��(�) be the least element of C� which is greater than �. We

de�ne f(�) = sup�<� ��(�). By regularity f(�) 2 �. Let us now de�ne f
+1(�) =

f(f
(�)) and if 
 is limit f
(�) =
S
�<
 f

�(�).

It is clear that for each � there is now a sequence �0� (�) < �1� (�) < � � � such that

f�(�) = sup
<� �


� (�) for each � < �. Thus f�(�) is in C. �

A.3. Lemma. Intersection of a �-cub set and a �-stationary set is �-stationary.

Proof. Let C be �-cub and S be �-stationary. Let C 0 be any �-cub. We want to

show that (C \S)\C 0 is non-empty. But C \C 0 is �-cub by A.2 and (C \S)\C 0 =

(C \ C 0) \ S, so by stationarity of S this is non-empy. �

The following is a modi�cation of Fodor's lemma. Fodor's lemma is stated for

stationary and cub sets like in i. and ii. of the de�nition A.1. In the proof I

thereabouts follow [Jech], theorems 8.4, 8.7.

A.4. Lemma (Fodor). Let � be a regular cardinal and S � � a �-stationary subset.

Assume that f : S ! � is a mapping such that for all � 2 S, f(�) < �, i.e. a

regressive mapping. Then there exists � 2 � such that the set f�1f�g is �-stationary.
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Proof. Let us assume that this is not true. Then for each � 2 fS there is a �-cub

set C� outside f�1f�g. We will now deduce that there is � 2 S such that f(�) � �.

Let

(1) C = f� < � j � 2
\
�<�

C�g:

It is clear that \
�<�

C� =
\
�<�

\
�<�

C�

(intersection over the same indices), so we can write

C = f� < � j � 2
\
�<�

C 0
�g;

where C 0
� =

T
�<�C and the main advantage is that

(2) C 0
� � C 0

� whenever � < �:

Note that C 0
� is �-cub for each � by A.2.

Claim: C is �-cub.

Proof of the claim: Let (a�)�<� be an increasing �-sequence in C. We have to show

that supfa�g 2 C
0
� for each � < supf�g. Let � < supfa�g. Then there exists some


 2 � such that if � > 
, then a� > � (because � < supfa�g). We know that a� 2 C

and thus a� 2 C 0
� for all � > 
 (by � < a� and by de�nition of C). Because C 0

� is

cub, we have supfa�g = supfa� j � > 
g 2 C 0
� and we are done.

To show that C is unbounded, let � < �. We will construct a sequence as follows:

�0 2 C0 such that � > � and let �n+1 2 C�n be such that �n+1 > �n. We want to

show that � = supn �n 2 C. Let � < �. Then there is n such that �m > � for all

m � n. By (2) �m 2 C�n for all m > n also by (2) C�n � C�� and because the latter

is cub, we have � 2 C�� , which proves the claim. �Claim

As an intersection of �-cub set and a �-stationary set, C \ S is �-stationary by

A.3 (thus non-empty). Let � 2 C \ S. Now by (1) � 2 C� � S n f�1f�g for all

� < �, which means f(�) 6= � for all � < �. Hence f(�) � �. �

Another lemma which we use in proving theorems and which is closely related

to cardinalities is stated next. If � is an ordinal and � a cardinal, we de�ne �<� =S
�<� j�

�j.
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A.5. Lemma. Let � and � be such that �<� = �. Let A be any set, f : A<� ! A

and B � A a subset of cardinality � �. Then there exists X � A such that jXj = �,

f [X<�] � X and B � X. That is, X is closed under f and is an extension of B.

Proof. If jAj = �, then take X = A. Assume that jAj > �. Moreover we can

assume that jBj = �: just extend it to some set of that cardinality. Let

X0 = B � A:

For each ordinal �, 0 < � < � set

X� =
[
�<�

�
f(k) j k 2 X


� ; 
 < �
	
:

By �<� = �, and by the fact that jX0j = �, we conclude that jX1j = jffi(k) j k 2

X

0 ; 
 < �

	
j � �. By induction we see that for each � holds jX�j � �.

Now set

X = X� =
[
�<�

X�:

Now

jXj = j
[
�<�

X�j � j
[
�<�

��j = �<� = �:

Actually jXj = � since jX0j = �. Moreover X is closed under f . Indeed, if k 2 X


for any 
 < �, then obviously k 2 X

� for some �. Otherwise pick x 2 X�+1 n X�

such that x is a member of k and obtain co�nal 
-sequence in �. Then by K�onig's

lemma (see [Kunen], lemma 10.40) �<� � �
 > �. So f(k) 2 X�+1 � X. �
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B Appendix: On Free Abelian Groups

In section V.3 we used some properties of free abelian groups. The aim of this

appendix is clarify these notions. As we are working in model theory, we try to

view groups in this context. For more details a book (e.g. [Lang]) by Serge Lang is

recommended.

B.1. Definition. Let L = f+;�; 0g be the language consisting of one binary func-

tion symbol +, unary function symbol � and a constant symbol 0. Then a group G

is an L-structure, which satis�es the L-sentences described below. Instead of +(a; b)

and �(a) we write a+ b and �a. The sentences are as follows.

� 8x8y8z((x+ y) + z = x+ (y + z))

� 8y(y + 0 = y)

� 8x(x+ (�x) = 0):

If G satis�es also

� 8x8y(x+ y = y + x);

then it is called abelian.

A homomorphism f from a group G to a group F is a function f : G! F such

that f(x+Gy) = f(x)+F f(y) and f(0G) = 0F . We will drop the structures from the

upper indexes when no confusion is expected. Note that a bijective homomorphism

is an isomorphism in the sense of de�nition I.7. It is easy to see that a substructure

of a group (de�nition I.6) is also a group; we say that it is a subgroup.

Sometimes we shall talk about groups with a relational vocabulary. It means

that the function symbols +, � above are replaced by one ternary relation symbol

+0 such that +0(a; b; c) () a + b = c. Then the fact a = �b can be viewed as

+0(a; b; 0). In this case obviously submodels of groups need not be groups, so the

term subgroup would mean a submodel, which is itself a group.

However in this appendix we consider only groups viewed with function symbols.

B.2. Definition. Let fAi j i 2 Ig be a family of pairwise disjoint groups (i 6= j )

Ai \Aj = ?). Let

G = ff : I !
[
i2I

Ai j 8i 2 I (f(i) 2 Ai)g:



B. APPENDIX: ON FREE ABELIAN GROUPS 58

We de�ne the addition in G by (f + g)(i) = f(i) + g(i). Clearly G is now a group.

It is the direct product of the groups Ai denoted by �i2IAi.

B.3. Definition. Let fAi j i 2 Ig be as above. The direct sum of the groups Ai,M
i2I

Ai

is de�ned to be the subgroup of �i2IAi which consists of mappings f : I ! Ai that

are 0 almost everywhere. Almost everywhere means that for each f 2
L

i2I Ai there

is �nite S � I, such that for all i in I n S we have f(i) = 0.

B.4. Definition. Let S be a set, G a group and f : S ! G a mapping. Then G is

the free group generated by S if for every group F and a mapping g : S ! F there

exists a unique homomorphism ' : G! F such that g = ' � f .

If in the above de�nition B.4 all groups are replaced with abelian groups, then

G is said to be a free abelian group (generated by S). In fact the is a good article

for the free (abelian) group generated by S, since it is quite clear from the de�nition

that any two free (abelian) groups generated by (the same set) S are isomorphic.

Note also that f in the de�nition B.4 has to be one-to-one because otherwise g

could not be one-to-one. This implies that actually the free group generated by S

is isomorphic to the free group generated by S0 if and only if jSj = jS0j. If G is

generated by a countable set S, then it is itself countably in�nite and if jSj = � � !,

then jGj = jSj = �. We say that fS generates G or is a basis of G (f is as in the

de�nition B.4).

We use only abelian groups in this paper, so we shall prove the following result

only for them.

B.5. Theorem. For every set S the free abelian group generated by S exists.

Proof. For each s 2 S let Zs = fsg � Z, where Z is the additive group of integers.

Let

F =
M
s2S

Zs:

and let f : S ! F be such that f(s) is the element, which is 1 at s and 0 everywhere

else. We claim that F is the desired free group. To show this, let G be any abelian

group and g : S ! G a mapping. Because f is clearly one-to-one, we can de�ne

'(f(s)) = g(s) for each f(s) 2 F . By de�nition every element x of F has a unique

representation as a �nite sum

x =
X
i2I

zif(i); I � S �nite;
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where zi 2 Z and zia means

zi timesz }| {
a+ � � �+ a if zi > 0, 0, if zi = 0 and

�zi timesz }| {
(�a) + � � �+ (�a)

if zi < 0. Therefore for every x =
P

i2I zif(i) 2 F we can de�ne

'(x) =
X
i2I

zi'(f(i)):

From construction it is rather obvious that ' is a homomorphism and is unique:

under the requirement ' � f = g there is no other way to de�ne '(f(i)) and under

the requirement that it should be a homomorphism, there is no other way to de�ne

'(x) for x 2 F . �

For example the group F =
L

i<!2
Z used in V.3 is the free group generated by

a set of cardinality @2 (in V.3 we think that this set is !2). More generally one sees

that a free abelian group F is always isomorphic to
L

i2I Z for some I (for instance

I = dimF , see end of this appendix). Thus if H and K are free, their direct sumM
i2I1

Z�
M
i2I2

Z =
M

i2I1[I2

Z

is also free. For the converse we have the theorem B.6.

The next proof is an application of Zorn's lemma, so I will state it for the sake of

completeness. The proof that Zorn's lemma is equivalent to the Axiom of Choice is

omitted and can be found e.g. in [Jech]. If � is a cardinal and (ai)i<� is a sequence

of sets such that i < j ) ai � aj , we call it a chain. A closure of a chain (ai)i<� is

a chain (ai)i��, where a� �
S
i<� ai (this is not unique).

Zorn's lemma. Let X be a set and A � P(X) a subset of its power set. If for

every chain of elements of A a closure of this chain is contained in A, then there is

a maximal element b 2 A, i.e. 8a 2 A(b 6� a).

This is equivalent to the situation, where instead of A is some arbitrary partially

ordered set (P;�) (see de�nition II.9) chains are �-chains and a closed chain is a

chain with a greatest element. Partial order by inclusion is clearly a partial order,

on the other hand given a partial order P one can take

A = fW 2 P(P ) jW is a chain closed downward and has a greatest elementg:

B.6. Theorem. Let F be a free abelian group generated by the set X = fxk j k 2 Ig

and let G � F be a subgroup. Then G is free and a basis of G can be indexed by

a subset of I. Moreover if G is generated by a subset of X, then there is a group

H � F such that F = G�H.

Proof. This proof can be found in [Lang], Appendix 2 §2.
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If G = f0g, the statement holds, so we can assume that G is non-trivial. First

we shall prove this for �nite X by induction. When jXj = 1, G is isomorphic to Z

(being non-trivial) and clearly free. Assume that if a group is generated by a set of

size � k, then every subgroup of it is free. Let X = fx1; x2; : : : ; xk; xk+1g, F the free

group generated by X and G � F a subgroup. Let pr : G! F be the projection

pr(a1x1 + � � �+ ak+1xk+1) = a1x1:

If Rng(pr) = f0g, then G is a subset of hx2; : : : ; xk+1i and free by the induction

hypothesis. Thus we can assume that the range is non-trivial. Let m > 0 be

the least such that mx1 2 Rng(pr) and choose some x such that prx = mx1. It is

standard to verify that x =2 Ker(pr) and if y 2 G, then y = nx+k, where k 2 Ker(pr)

and n 2 Z. Hence

G = Ker(pr)� hxi:

By the induction hypothesis Ker(pr) and hxi are free: �rst is isomorphic to a sub-

group of hx2; : : : xk+1i and the second to Z.

Assume now that X = fxi j i 2 Ig is arbitrary. For each subset J of I let FJ be

the free group generated by fxi j i 2 Jg, thus FJ � F is a free subgroup and denote

GJ = FJ \G. Now set

S = f(GJ ; w) j GJ is a non-trivial free group and w is a basis of GJg:

Formally w is a one-to-one mapping w : J 0 ! GJ such that w[J 0] generates GJ and

J 0 � I.

Clearly S is non-empty: Let us have an element x in G. Then

x = a1xi1 + � � �+ anxin

and thus the free group generated by S = fxi1 ; : : : ; xing contains x and the intersec-

tion G \ FJ is a non-trivial subgroup of a �nitely generated free abelian group and

thus free by the induction above.

If (GJ ; w); (GK ; u) 2 S, de�ne order (GJ ; w) � (GK ; u) if and only if J � K and

the basis u is an extension of w; formally if w : J 0 ! GJ and u : K 0 ! GK , then

J 0 � K 0 and u � w = w.

If (GJr ; wr)r2L is a �-chain (L is some linear order) of elements of S, then

obviously

(
[
r2L

GJr ;
[
r2L

wr) 2 S;

so we can apply Zorn's lemma and conclude that there exists a maximal (GJ ; w).

Since GI = G, it is enough to prove now that J = I. Assume on contrary that there
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is k 2 I n J . Put K = J [ fkg. If

GK = FK \G = GJ ;

then it means that (GJ ; w) � (GK ; w), but they are not equal, so (GK ; w) is bigger,

which contradicts maximality of (GJ ; w). Otherwise there is an element

nxk + y 2 GK

such that n 2 Z n f0g and y 2 GJ � FJ . The set of n 2 Z for which there exists

y 2 GJ such that

nxk + y 2 G

forms a subgroup of Z. Let n0 be a generator of this group and let

wk = n0xk + y 2 G;

with y 2 FJ . Now if z 2 GK , then for some m 2 Z z = z � mwk + mwk, where

z �mwk 2 GJ . On the other hand clearly wkZ \GJ = f0g, so

w0 = w [ fhk;wkig

is a basis of GK , and (GK ; w
0) � (GJ ; w) contradicting the maximality again. Thus

G is free and by de�nitions, the basis w of G is indexed by a subset of I.

Assume that G is generated by a subset Y of X. Let H be the group generated

by X n Y . We have G \H = f0g, because otherwise we had xi � xj = 0 for some

distinct xi; xj 2 X. On the other hand evidently G+H = F , hence F = G�H. �

If F is generated by S such that jSj > @0, then jF j = jSj. On the other hand

if jF j = � > ! it can be generated only by a set of cardinality �. Thus in this case

obviously if F is generated by S and is isomorphic to a free group G generated by

S0, then jSj = jS0j. We can prove this also for smaller cardinals.

B.7. Theorem. If S and S0 are two bases of a fee group F , i.e. F is isomorphic to

the free group generated by S and to the one generated by S0, then jS0j = jSj.

Proof. Assume that F is generated by S, G by S0 and there is an isomorphism

f : F ! G. Assume S � F and S0 � G. Clearly now f [S] generates f [F ] = G.

Because f [F ] � G, by the theorem B.6 we are able to index the basis of f [F ] by a

subset of S. Thus jf [S0]j � jSj. On the other hand f is bijective, so G � f [F ] and

by the same argument jSj � jf [S0]j. Hence jf [S0]j = jSj and again by bijectivity of

f we see jSj = jS0j. �

B.8. Definition. Let S be a basis of a free group F . Then by above theorem

� = jSj is a cardinal number depending only on F . The cardinal number � is the

dimension of the free abelian group F and is denoted by dimF:
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B.9. Corollary. If G and F are free groups and G � F , then dimG � dimF .

Proof. Let X be a basis of G. By theorem B.6 the basis X can be indexed by a

subset of a basis of F . Since the size of a basis of F is some unique cardinal number

�, we can actually index X by a subset I of � and thus we have

X
i�1 // I

�
� j

// �;

where i is the indexing map and j the inclusion map. It follows that dimG = jXj �

� = dimF: �



63

Bibliography

[Cournot] Cournot, Augustin: Researches into the mathematical principles of the theory of

wealth, 1838 New York, Macmillan, 1897.

[Fra��ss�e] Fra��ss�e, Roland: Sur quelques classi�cations des syst�emes de relations, thesis,

University of Paris, 1953; published in Publications Scienti�ques de l'Universit�e

d'Alger, series A 1 (1954), 35{182.

[GaleStwrt] Gale, D. and Stewart, F. M. In�nite games with perfect information. In Contribu-

tions to the theory of games, vol. 2, Annals of Mathematics Studies, no. 28, pages

245{266. Princeton University Press, Princeton, N. J., 1953.

[G�odel] G�odel, Kurt: "�Uber formal unentscheidbare S�atze der Principia Mathematica und

verwandter Systeme," Monatshefte f�ur Mathematik und Physik 38: 173-98, 1931.

[Hodges] Hodges, Wilfrid: A Shorter Model Theory, Cambridge University Press 1997.

[Hyttinen] Hyttinen, Tapani: Games and in�nitary languages, Ann. Acad. Sci. Fenn. Ser. A

I Math. Dissertationes 64 (1987), 1-32.

[HytSheTu] Hyttinen, T., Shelah, S., Tuuri, H.: Remarks on Strong Nonstructure Theorems,

-Notre Dame Journal of Formal Logic Volume 34, Number 2, Spring 1993, p.

157{168.

[HytSheV�a] Hyttinen, T., Shelah, S. and V�a�an�anen, J. More on the Ehrenfeucht-Fra��ss�e game

of length !1, Fundamenta Mathematicae, 175 (2002), no. 1, 79-96.

[JechMagMit] Jech, T., Magidor, M., Mitchell, W. and Prikry, K., Precipitous ideals, J. Symbolic

Logic 45 (1980), 1-8.

[Jech] Jech, T., Set Theory. ISBN-10 3-540-44085-7 Springer-Verlag Berlin Heidelberg

New York, 2003.

[Jensen] Jensen, R., The �ne structure of the constructible hierarchy, Ann. Math. Logic 4

(1972), 229-308.

[Karp] Karp, Carol R. Finite-quanti�er equivalence. In Theory of Models (Proc. 1963

Internat. Sympos. Berkeley), pages 407{412. North-Holland, Amsterdam, 1965.

[Karttunen] Karttunen, M.: Model theory for in�nitely deep languages. -Ann. Acad. Sci. Fenn.

Ser. A I Math. Dissertationes, vol. 50, 1984.

[Kueker] Kueker, D.W. Countable approximations and L�owenheim-Skolem theorems, An-

nals of Math. Logic 11 (1977) 57-103.

[Kunen] Kunen, Kenneth: Set Theory: An Introduction to Independence Proofs. North-

Holland Publishing Company 1980. ISBN 0-444-85401-0.

[Lang] Lang, Serge: Algebra, Revised Third Edition. Springer Verlag, January 2002,

ISBN-10: 038795385X, ISBN-13: 9780387953854.

[MekSheV�a] Mekler, A. H., Shelah, S., and V�a�an�anen, J.: The Ehrenfeucht-Fra��ss�e-game of

length !1. Transactions of the American Mathematical Society, 339:567-580, 1993.



BIBLIOGRAPHY 64

[NadelStavi] Nadel, M. and Stavi, J.: L1�-equivalence, isomorphism and potential isomor-

phism. -Trans. Amer. Math. Soc., vol 236, 1978, pp. 51-74.

[Schreier] Schreier, Otto: "Die Untergruppen der freien Gruppen". 1928, Abhandlungen aus

dem Mathematischen Seminar der Universit�at Hamburg 5: 161-183.

[SlamanWoodin] Slaman, Theodore A. and W. Hugh Woodin. Mathematical Logic: The Berkeley

Undergraduate Course. Spring 2006.

[vonNeumann] von Neumann, J. and Morgenstern, O.: Theory of Games and Economic Behavior

Princeton University Press (1944).


