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ABSTRACT. The continuous images of Borel sets are not usually Borel sets. How-

ever they are measurable and that is the main purpose of this lecture.

Main reference of this presentation is [Jech]|, chapter 11.

1. Polish spaces and the Baire space

A Polish space is a topological space that is homeomorphic to a complete sepa-
rable metric space. For example R and every interval (open/closed/none) of R is a
Polish space. The space N' = NN = {a: N — N} endowed with the product topology
is also a Polish space, called the Baire space. It is metrizable as a countable prod-
uct of metric (discrete) spaces. Polish spaces are so named because they were first
extensively studied by Polish topologists and logicians, like Sierpinski, Kuratowski,
Tarski, and others. In this presentation we will concentrate on uncountable Polish

spaces.

1.1. DEFINITION. Let Seq denote the set of finite sequences of natural numbers:
Seq={f:{0,....,m} = N|meN}={a[{0,...,n}|a €N, neN}L

We also assume @ € Seq. Let us order this set by s <t <= t | doms = s. If
s€Seqand k € N, s = (ng,...,nn,), denote by s™k = (ng, ..., nm, k) the extension
of s by k. When z € N, we write z | n to mean x | {0,...,n — 1}. Note that
x [ n € Seq for any n.

Then for each s € Seq one can define a basic open set of N:

Os ={z e N |z |doms = s}.
1.2. THEOREM. The Baire space N is a Polish space.

PrROOF. For a,b € N define d(a,b) = 27", where n = min{n | a(n) # b(n)}. This
turns A into a metric space. The set {a € N | Im3Ing € NVn > ng(a(n) = m)}
(all eventually constant functions) is countable and dense. In this metric N is also
complete. O
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REMARK. Identifying a € N with continuous fraction [a(0);a(1),a(2),...] one ob-

tains a homeomorphism from A to irrational numbers.

1.3. THEOREM. Let X be any Polish space. Then there exists a continuous surjective
map f: N — X.

PROOF. In a Polish space X it is easy to construct a set of closed balls {Cy | s € Seq}
indexed by elements of Seq such that C'z = X and
(i) diameter(Cys) < 1/n, where n = length(s).
(7)) For all s,t € Seq, if s < t, then center(Cy) € Cs
(i1i) For all s € Seq, Cs C Upeg Cs—r-
Now for a € N one can define f(x) to be the unque element in (7" y Cypp. It is not
difficult to see that f is continuous and by the construction of C it is onto. (]

From the proof above one does not obtain a bijection N' — X and in general it
is not possible, but in the case X = R it is possible. Let b: N — Z be any bijection.
In the proof above choose Cz = R,

(1) For n € N, C,y = [b(n),b(n) + 1].
(7)) Assume Cs = [a1, a9 is defined and k& € N. Then let

as — aq ag—al]

ai +
Then f as defined in the proof above becomes a continuous bijection (not a homeo-

Cs’\ == 9
p=lot S k+1

morphism of course, since N is not locally connected).

2. Projections of Borel sets

2.1. DEFINITION. The smallest o-algebra of a Polish space X, which contains all
closed sets is called the collection of Borel sets.

The collection of the Borel sets is closed under countable intersections and unions,
complements and inverse images by continuous (or generally Borel) functions. How-
ever the continuous images of Borel sets need not be Borel sets. Let us study the

class of sets that are continuous images of Borel sets.

2.2. DEFINITION. A subset A of a Polish space X is analytic if it is a continuous
image of the Baire space N.

REMARK. The next theorem together with the next section give four alternative
ways to define analytic sets.

2.3. THEOREM. Let X be a Polish space. The following are equivalent for any
AcCX.



(i) A is the continuous image of N, the Baire space.

(ii1) A is the projection of a Borel set B C X xY for some Polish space Y .

)
(i) A is the continuous image of a Borel set B C'Y, for some Polish space Y .
)
(iv) A is the projection of a closed set C C X x N.

PROOF. The implications (iv) — (iii) — (ii) are trivial. We shall prove that every
closed set (in any Polish space) is a continuous image of the Baire space and that
every Borel set in X is the projection of a closed set in X x A/. This will immediately
lead (i7) — (7). After this it remains to show (i) — (iv). But if A is the continuous
image of NV, then A = {f(z) | * € N}, which is the procection of the closed set
{(f(z),z) |z e N'}.

In order to prove that a closed C' C X set of a Polish space X is a continuous
image of V, recall that C is itself a Polish space (completeness is preserved by closed
subspaces) and by theorem 1.3 there exists a continuous surjective map N' — C.

Let us now prove that every Borel set in X is the projection of a closed set in
X x N. Let P be the collection of all subsets of X that are such projections. It
suffices to show that P contains all closed sets, all open sets, and is closed under
countable unions and intersections.

Clearly every closed set of X isin P: if C' C X is a closed set, then C' = prC' x {a}
for any a € N. Every open set is a countable union of closed sets, so open sets are also
in P. It remains to show that P is closed under countable unions and intersections.

Let A, be the projection of a closed F,, C X x N, i.e. A, ={z € X | Ja €
N((z,a) € F,)} for each n € N. Let us first consider unions. For that purpose let
I': N = N x N be a continuous onto map. For instance such that I'1(a)(n) = a(2n)
and I'y(a)(n) = a(2n + 1).

[e.9]
= UAn <~ dneNzeA,
n=0
<= dneN3da € N(z,a) € F,, next pick ¢s.t. I'1(c) =a and F(c)(0) =n

<~ dce N(m, F1<C)) S FFQ(C)(O)'
Thus
U 4 = pr{(@,¢) | (. T1(¢)) € Frye)0)}

n=0

It remains to show that H = {(z,c) | (z,T'1(c)) € Fry()0)} €N x N is closed. Let
us prove that the complement is open. Assumme (xg,co) ¢ H. Then we can find a
neighbourhood U C N of T'1(co) such that (zo,u) & Fr, (o)) for all u € U. Then
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V =TI '{UxN]is aneightbourhood of ¢y. Let V! = VNn{c € N | T'a(c)(0) = I'a(co)(0)}.
open

Also because FT,(cy)(0) is closed, there is a neighbourhood W C N x N of (zg,cp)
such that W C N x N\ Fp,(q)0)- Take W' = W NN x V'. Then it is a neigh-
bourhood of (g, co) such that for all (z,c) € W we have Fp,()0) = FTy(c0)(0) and
(z,¢) ¢ Fry(co)(0), 16 (2,¢) & H.

Then let us look at intersections. Let p: N x N — N be a bijection. and I': AN

a continuous onto map such that I'(a)(n)(m) = a(p(n, m)).

T E ﬂAn ~— VYneNzxzecA,

n=0
<= Vn € Nda € N(x,a) € F,,
< Jc e NVn € N(z,T'(c)(n)) € F,.
Thus (p—g An = preni(z,¢) | (#,(c)(n)) € F,}. So it remains to show that
H ={(z,c)| (z,T'(c)(n)) € F,} is closed for each n. If (xo, cp) is not in H, then there
exists a neighbourhood W C N x N'\ F,, of (z¢, ¢p) and a neighbourhood U C N of
I'(co)(n) such that N x U C N x N'\ F,. Then V =T (dp)ren € NV | d,, € U}

is a neighbourhood of ¢y. It is easy to see now that W N A x V is a neighbourhood
of (zg, co) outside H. O

2.4. COROLLARY. All Borel sets are analytic. U

In section 4 we will see that the converse is not true.

3. The Suslin operation A

Recall that when z € N, we write z [ n to mean = | {0,...,n — 1}. Note that
x [ n € Seq for any n.

3.1. DEFINITION. Let {As | s € Seq} be a family of sets indexed by elements of Seq.
We define the Suslin operation A as follows.

o0

A{A; | s € Seq} = U ﬂ Aatn.

aeN n=0
REMARK. Note that for any a € N' we have
oo [o.¢]
ﬂ Aa[n = ﬂ Aa[O mAa[l n---N Aa[n
n=0 n=0
Thus redefining A/, tn = Aajo M A NN Agpn We get

A{Ag | s € Seq} = A{A’ | s € Seq}
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and a useful property: if s < ¢, then A’ D Aj. Hence we can restrict our attention
to families which satisfy this property.

3.2. DEFINITION. A set is Suslin if it is the result of the operation A applied to a
family of closed sets.

It is an equivalent condition for a set A to be analytic:

3.3. THEOREM. Let X be a Polish space. A set A C X is analytic if and only if it

18 Suslin.

PROOF. Assume that A = A{Fs | s € Seq}, where each F; is a closed subset of X.
Then

oo
r€A & JacNzc ﬂFam
n=0
<= da € N(z,a) satisfies € Fy,, for alln € N

< Ja e N(z,a) € ﬂ{xa|x€F n}
n=0

Borel!

Thus A is the projection of the set ()" ({(z,a) | € Fy;n} € X x N, so by theorem
2.3 it is enough to show that B, = {(z,a) | * € F,},} is a Borel set. For any n € N
there is at most countably many such b € A that all Fy,, are different (because there

is only countably many different sequences of length n). Thus

By = |J{(@,a) |z € Fap} = |J Famm xO

aeN aeN

closed open

and the union is really a countable union of Borel sets. Hence B,, and ﬂzozo B,, are
Borel.

Assume now that A is analytic and that there exists a continuous surjective map
f: N — A. For every a € N we have

) f[Oan] ﬂf a] = {f(a)}.
n=0

closure

(Reason: by continuity for all € > 0 there is n such that f[Oqp,] C B(f(a),€) etc..)
Hence

fIN] = U[Wf = A{f[Oatn] | a | n € Seq}

aeN n=0
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4. Analytic set which is not a Borel set

Because complement of a Borel set is Borel, it is sufficient to find an analytic set
A whose complement is not analytic (and hence not Borel by corollary 2.4).

4.1. LEMMA. There exists a universal closed set V in N3, i.e. a closed set V such
that for every closed set C C N there exists a € N such that

C=A{(,y) | (z,y,a) € V}.

PROOF. Let us construct a universal open set, i.e. an open set V' such that for every
open A C N? there exists b € A such that

A=A{(zy) | (z,y,b) € V'}.

Then the universal closed set will (clearly) be its complement. Let (G;)2, be an
enumeration of all basic open sets in A2. Now every open set is a union of these.
Define
V' = (J{(,y,2) e N | (2,y) € Gomy}-

neN
Each set By, = {(z,y,2) € N'| (x,y) € G(»} is open: assume that (z',y',2') € By,
then G/(,) X {2 | 2/(n) = 2(n)} is an open neighbourhood of (2,4, 2") C B,,. Hence
V' is open. Now consider any open A C A2, There exists a function b € A such
that A = J,,eny Gy(n)- We have

A= U {(:Cay) | (l‘,y) € Gb(n)} = {(SU,y) | (‘T’yv b) € V/}
neN

Now V = N3\ V' is the intended universal closed set. (]
4.2. THEOREM. There is an analytic set A C N whose complement is not analytic.

PROOF. Let V be the universal closed set in N® constructed in the previous lemma.
Then

U=rpr,V ={(z,2) e NIy e N((z,y,2) € V)} C N?

is analytic being projection of a closed set (Theorem 2.3). We claim that it is a
universal analytic set, i.e. for every analytic A C N there exists b € N such that
A={z|(x,b) e U}.

Let A C A be any analytic set. By theorem 2.3 there exists closed C' C A2 such
that A = prC. But since V was universal, there exists a € N such that

C= {(xvy) | (1:7y’a) € V}’
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whence

prC = pr{(z,y) | (z,y,a) e V}={x | b€ N(x,b,a) e V} ={x | (z,b) € U}.

condition for U!

Now let D = {x | (z,x) € U}. D is analytic being a homeomorphic image of the
projection of U to the diagonal. But its complement can not be analytic. Namely
if the complement is analytic, then N'\ D = {z | (z,a) € U} for some a; observe a

contradiction taking z = a. ([l

5. Analytic sets are Lebesgue measurable

5.1. LEMMA. Let p be a locally finite Borel measure on a Polish space X. Then p

is Borel reqular.

5.2. LEMMA. Let p be locally finite Borel measure on a Polish space X. For every
set A C X there exists a measurable set B O A with the property that whenever
Z C B\ A is measurable, then p(Z) = 0.

PROOF. By previous lemma p is Borel regular. If u(A) < oo, choose B such that
w(B) = pu(A). If p(A) = oo, then A = J,,cny An with each A, being of finite measure
and A, N A, = &, when n # m. Choose B, D A, with the inteded property and
take B = (J,ey Bn. If Z C B\ A is measurable, then it is a countable union of
measurable Z,, C B, \ A,, which are null. O

5.3. THEOREM. Let p be a locally finite Borel measure on a Polish space X. Then

every analytic set is p-measurable.

PROOF. Let A be analytic, A = f[N]. Like in proof of theorem 3.3, define A; =
f[Os], we can now view A in the form

A{As | s € Seq} = A{A; | s € Seq} *

Furthermoe we know that Oy = [,y Os—k and so A, = |, As—.

For each s, let Bs D As be (by previous lemma) such that By is measurable and
whenever Z C B\ A is measurable, then p(Z) = 0. Because A, is measurable, we
can make As C Bs C A;. Then by % A = A{Bs | s € Seq}. Note that Az = A and
B = Bz D Ag. It is now enough to show that B\ A is null.

We claim that

B\A=B\ |J () Banc U (BS\ UBSA,C>.
aeN n=0 s€Seq k=0

First equality is clear by A = A{Bs | s € Seq}. For the second let x € B be such
that x is not a member of the right-hand side. Then for every s € Seq, if z € By,
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then z € Bs~j for some k. Recalling that B = By we can construct by induction a
sequence (ko, k1, . ..) such that @ € B, , .k, for each n and hence z € (2 Bajn,
where a = (ko, k1, ...) and thus  cannot be in the left-hand side.

Let us now show that each B, \ Jy—, Bs~ is null. Because Seq is countable it
will follow that B\ A is null. But taking

o0 o0
Z =B\ | ) Bok € B\ | Aok = Bs\ 4,
k=0 k=0

and applying the definition of B, we see that Z is measurable and thus must be
null. U

5.4. COROLLARY. Analytic sets are Lebesgue-measurable. (]
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