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Reynolds stresses – dependence on latitude
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Abstract. We present some results of three-dimensional hydrodynamic simulations of a compressible flow under the in-
fluence of rotation. The code implements a three-layer (stably–unstably–stably stratified) rectangular box placed at various
latitudes in a convection zone of a star. We focus on the Reynolds stresses Qij = 〈u′

iu
′
j〉 which in mean-field models have a

crucial influence on angular momentum transport and differential rotation. Especially we examine the occurrence of a strong
peak of Qθφ at low latitude very close to the equator, which may have implications to the theory of the angular velocity
profile observed on the Sun.
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1. Angular momentum transport

In a convection zone of a rotating star angular momentum
can be transported in the radial and latitudinal directions by
a variety of mechanisms. In the present contribution we con-
sider the transport that can be described by mean-field theory
(Rüdiger 1989), and restrict ourselves to the non-magnetic
case. That is, we shall not calculate dynamo models. Never-
theless, the dynamo generally depends on differential rota-
tion, and therefore on the Reynolds stress tensor which is the
aim of our calculations.

In mean-field theory the transport of angular momentum
is described by (e.g., Stix 2002)
∂

∂t
(ρs2Ω) +∇ · (ρs2Ωvm + ρs〈u′φu′〉) = 0 , (1)

where s = r sin θ is the distance from the axis of rotation, Ω
is the angular velocity, vm is a mean (axisymmetric) merid-
ional circulation, and

Qij = 〈u′iu′j〉 (2)

is the Reynolds stress tensor. The prime indicates the fluctu-
ating part of the velocity u, and the angular brackets mean
averaging over longitude, φ.

In spherical geometry, with polar coordinates (r, θ, φ), the
non-diffusive parts of the Reynolds stress tensor are related
to the Λ effect introduced by Krause & Rüdiger (1974) and
Rüdiger (1980)
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Qrφ = −νrr sin θ
∂Ω
∂r

+ Λr sin θΩ , (3)

Qθφ = −νh sin θ
∂Ω
∂θ

+ Λh cos θΩ , (4)

where νr and νh are radial and horizontal eddy diffusivities,
respectively.

The Reynolds stress tensor has been determined by ana-
lytical methods (Kichatinov & Rüdiger 1993) as well as in
numerical studies (Pulkkinen et al. 1993, Chan 2001). The
present paper belongs to the latter category.

2. The box model

Our calculations are carried out within a rectangular box that
consists of three layers, as shown in Fig. 1. The middle layer,
of thickness d, is convectively unstable; the lower layer, of
thickness 0.68d is stably stratified, but the flow is allowed to
overshoot into it from above. The upper layer, of thickness
0.32d, is also stable; in addition, the upper layer is effectively
cooled so that it remains nearly isothermal. We consider this
upper layer mainly as a technical means to remove the heat
that enters the box from below.

When applied to the Sun, the box has a vertical extent
of order 100 000 km, covering the lower part of the convec-
tion zone plus a layer of convective overshooting below. The
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Fig. 1. The rectangular domain of computation, with three layers,
here located at an intermediate latitude of the southern hemisphere.

horizontal extent is of the same order. By choosing the appro-
priate inclination of the rotation axis, the box can be placed
at any desired latitude.

The initial setup is such that the stratification is polytropic
in each of the three layers, with polytropic indices m1 = 3,
m2 = 1, and m3 = ∞, from below. The top and bottom
boundaries are impermeable and stress-free, and a constant
heat flux is prescribed at the bottom. At the side boundaries
we impose the condition of periodicity.

2.1. Equations

We solve the conservation equations in the form

Dρ

Dt
= −u · ∇ρ , (5)

ρ
Du

Dt
= −∇P + ρg − 2ρΩ× u + 2ν∇ · (ρS) , (6)

ρ
De

Dt
= −P∇ · u + ∇ (κ∇e) + 2νρS2 + Q , (7)

where ρ, u, P , g have their usual meanings; Q is the heat
sink in the upper layer. The angular velocity vector, Ω, is
kept constant within the box. Kinematic viscosity and heat
conductivity (representing transport by radiation) are ν and
κ, respectively; we take a constant ν, while κ has different
constant values in the three layers, with smooth transitions.
The internal energy per unit mass is e = cV T , and the rate-
of-strain tensor S is given by

Sij =
1
2

(ui,j + uj,i)−
1
3
δijuk,k S2 =

3∑

i,j=1

S2
ij . (8)

The conservation equations are supplemented by the
equation of state for a perfect gas,

P = (γ − 1) ρe , (9)

where γ = cP/cV = 5/3.

2.2. Parameters

For the actual calculations we take d as unit of length, and
t0 =

√
d/g as unit of time.

The dimensionless parameters that control the calculation
are the Rayleigh number

Ra =
d4gδ

χνHP
, (10)

the Prandtl number

Pr =
ν

χ
, (11)

and the Taylor number

Ta =
(

2Ωd2

ν

)2

. (12)

In these expressions δ = 1/(m2+1)−(γ−1)/γ = 0.1 is the
superadiabaticity of the middle (unstable) layer in the initial
state, HP is the pressure scale height in the middle of that
same layer, and χ = κ/γρ1 is the thermal diffusivity. For our
choice of parameters, we haveHP = 0.45d initially, and this
remains approximately constant during the calculation. The
heat conductivity κ is also from the middle layer, and ρ1 =
ρ(z1) is the density at the interface between the lower and
middle layers; in the calculation ρ1 serves as unit of density.

For the results shown below the actual values of the di-
mensionless control parameters are

Ra = 250 000 , Pr = 0.4 , Ta = 325 000 . (13)

As far as the rotational influence is concerned, the inverse
Rossby, or Coriolis number, Co = 2Ωd/urms, is of more in-
terest than the Taylor number. In our model Co is a derived
quantity; the chosen parameters yield Co ≈ 4, which is rep-
resentative for the lower part of the solar convection zone.

Qxy

νt

Fig. 2. The component Qxy of the Reynolds stress tensor (divided
by an eddy viscosity νt), according to Käpylä et al. (2004), as a
function of depth z (here oriented inwards), for several southern lat-
itudes. The highest maximum (dotted) occurs at latitude−7.5◦. The
vertical dotted lines mark the layer boundaries.

3. Results

Reynolds stresses have been derived from numerical models
like the present one by a number of earlier calculations ( e.g.
Pulkkinen et al. 1993, Chan 2001). Chan has already inserted
an extra latitude point at 11.25◦ into his model series, but it

c©2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



C. Hupfer et al.: Reynolds stresses – dependence on latitude 225

-0.0024

-0.0020

-0.0016

-0.0012

-0.0008

-0.0004

0.0000

0.0004

 0  0.5  1  1.5  2

Q
xy

Height z

θ
90.0°
92.5°
95.0°
97.5°

100.0°
102.5°
105.0°
120.0°
135.0°
150.0°
165.0°
172.5°
180.0°

Fig. 3. (The following figures are online colour at www.an-
journal.org.) The component Qxy of the Reynolds stress tensor, as
a function of height z, for several positions in the southern hemi-
sphere. The sign of Qxy is reversed in comparison to Fig. 2, as well
as the direction of z. The vertical lines mark the layer boundaries.
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Fig. 4. Reynolds stress component Qxy as a function of colatitude
θ, for four different heights z in the computational box.

appears to us that the peculiar dependence on latitude that
we examine in the present contribution has been noticed only
recently by Käpylä et al. (2004); Figure 2 shows examples
from their work, with Coriolis numbers of order 10.

Since in the model of Käpylä et al. (2004) the x-
coordinate corresponds to latitude rather than colatitude θ,
their positive Qxy (of the southern hemisphere) corresponds
to negative Qθφ. This sign is as expected. Less expected is
the fact that the largest values occur so close at the equa-
tor, in particular as Qθφ should be zero at the equator it-
self. In order to examine this result we did additional cal-
culations, using a completely independent numerical code. In
this code spatial derivatives are approximated by 6th-order
centered differences, while the integration in time employs a
3rd-order Adams-Moulton predictor-corrector scheme (e.g.,
Caunt & Korpi 2001). A resolution of 643 grid points was
used; the time step was adjusted dynamically and was of or-
der 0.004t0. The calculations were parallelized with MPI and
carried out on the 16-processor Linux Cluster KABUL hosted
by the Kiepenheuer-Institut.
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Fig. 5. The component Qyz of the Reynolds stress tensor, as a func-
tion of height z, for several positions in the southern hemisphere.
The coordinate z increases upwards, as in Fig. 3. Vertical lines mark
the layer boundaries.
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Fig. 6. Reynolds stress component Qyz as a function of colatitude
θ, for four different heights z in the computational box.

After an initial phase of ≈ 100 time units the model
calculations reached a statistical equilibrium. The Reynolds
stresses are then calculated from the velocity components as
averages over the horizontal coordinates x, y,
〈u′iu′j〉 = 〈uiuj〉 − 〈ui〉〈uj〉 . (14)
For the results shown in Figs. 3 to 6 we have, in addition,
averaged over 300 snapshots evenly distributed over a period
of 1100 time units following the initial phase. The scatter of
the results is of the same order as the averages shown in the
figures, while the error of those averages is smaller by a factor
300−1/2 ≈ 0.06, apparently of the order of some of the small
wiggles in Figs. 4 and 6.

Figure 3 shows the result corresponding to Fig. 2. The
dependence on depth as well as the dependence on latitude is
fully confirmed. In order to show the low-latitude maximum
more clearly, we have added calculations for more values of
θ in the close neighbourhood of the equator. Plotted at fixed
height z as function of θ, the peculiar behavior ofQxy is even
more conspicuous (Fig. 4). The maximum at latitude 7◦ is
most pronounced in the upper part of the box, in agreement
with the result found by Käpylä et al. (2004).
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The behaviour of Qyz , the component related to vertical
flux of angular momentum, is less clear. The absolute mag-
nitude is less by a factor of about 5. Within the upper stable
layer the sign appears to be well defined (positive); but in the
bulk of the unstable layer there is a sign reversal, with neg-
ative values at intermediate and high latitude, and a positive
maximum at low latitude close to the equator, (Figs. 5 and 6).
Notice that, according to (3) and (4), Qyz need not vanish at
the equator, θ = π/2, butQxy should do so if Ω is symmetric
with respect to the equatorial plane. We have tested our code
in view of the antisymmetry ofQxy and the symmetry ofQyz

with respect to the equator.

4. Discussion

It is worth comparing our calculations with the corresponding
results of Chan (2001). With weak flux (1/8) and Ω = 1/2 he
finds a Coriolis number around 3 (depending on latitude; no-
tice also that his definition differs slightly from ours), which
is close to our value of ≈ 4. Indeed, the latitudinal variation
of the box averages of his correlations, columns (5) and (6)
of Table 3, resembles that of our Qyz and Qxy , respectively,
except for the peculiar behaviour near the equator which we
found with our finer resolution. On the other hand, in spite
of these similarities we should keep in mind that the two
box models have some significant differences, in particular
the lowest layer that allows for convective overshooting; only
our model includes this layer. Incidentally, the same case of
Chan (2001) has been discussed by Rüdiger et al. (2003) in
connection with the mean angular velocity in the supergran-
ular layer near the Sun’s surface, although Co = 3 appears to
be too large for this application.

We have calculated the Reynolds stresses Qxy and Qyz

in rectangular boxes under the influence of rotation, for a
variety of inclination angles of the rotation axis. In dimen-
sionless units, these two components of the Reynolds stress
tensor reach maximum values of order 2 · 10−3 and 4 · 10−4,
respectively.

For the application to the lower part of the solar convec-
tion zone we take d = 108m and g = 400ms−2. Thus, our
results translate to maximum values Qθφ ≈ 8 · 107m2/s−2

andQrφ ≈ 2·107m2/s−2. This is about four orders of magni-
tude larger than the corresponding velocity correlations found
on the surface of the Sun (e.g., Stix 2002, Table 7.3). Since
those correlations are determined on intermediate and large
scale, they should reflect flow properties of the deep convec-
tion zone. This discrepancy in amplitude is a consequence
of the fact that the velocity amplitudes in numerical studies
like the present one generally turn out too large by several or-
ders of magnitude, due to the unrealistic choice of parameters
needed for the actual computations.

If we divide the Reynolds stress tensor by the mean
square velocity we obtain a dimensionless quantity; this
quantity should then be compared to the corresponding ra-
tio derived, e.g., from solar observation, and the actual values
are indeed of similar magnitude.

The dependence of the Reynolds stresses on rotation and
latitude should have an implication to the ensuing differen-
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Fig. 7. Contours of constant angular velocity in the Sun, as derived
by the Global Oscillation Network Group, GONG.Dark (red) at low
latitude indicates fast rotation, dark (blue) at high latitude indicates
slow rotation. The dashed curve marks the base of the convection
zone. Courtesy M. Roth.

tial rotation. For a rate of rotation that is representative of
the deep solar convection zone, with a Coriolis number of
Co ≈ 4, we find a peak of Qxy close to the equator. The
peak is positive in the northern and negative in the southern
hemisphere. We also find a peak of Qyz close to the equa-
tor, positive in both hemispheres. Such a variation with lati-
tude would mean that in an expansion of the Λ coefficients in
powers of sin2 θ one should retain more terms than the usual
first two. The profile of the solar angular velocity, cf. Fig. 7,
shows steep gradients, both in latitude and radius, near the
equator. We wonder if these require a Reynolds stress distri-
bution as found in our calculations. If eq. (1) is applied at the
equator, θ = π/2, and the steady state without meridional
circulation is considered, we find that our numerically deter-
mined Reynolds stresses, including their spatial variation, are
consistent with the angular velocity distribution shown in the
figure. A more quantitative evaluation is postponed to a future
contribution.
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