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Application 4: Expectation values of Wilson loops

Pexp [ig fo A"dw#J C = closed loop, Tr is gauge invariant

Expectation value of a Wilson loop ! in the boundary field theory = Action of the string hanging from the
loop in the 5th dimension.

Take Q at 2 = —L/2, ) at L/2. How deep does the string connecting them hang in the z direction, i.e.,
what is 2 = 2(z, ) = 2(x) for the extremal configuration (expected to be static, no t)?

Particle action = —m f dr = String action = —T [dA. T = .

5o = Tension.
String X*(r, #) moving in a space with metric ds? = Fudztdz” has the action:

AXFaXY
S = —Tf deO' A% _detrhab, hab = ggyﬁmj Ua = (T7 J)
Nambu-Goto: g, = 7,
. X-X XX . .
Bap = (X’-X X’-X’) X Y =g, XPYY =8/0r,' =98/00.

“For a discussion of a Wilson loop and its relation to a Q@ — § (free)energy at T = 0 and T # 0, and real ¢ <
imaginary time ™ = 4, see H.J. Rothe, Lattice gauge theories, Ch. 7 and 8 and Sect. 20.2.

a9

String hanging 2 from a Q and a @ at z = 0 in the metric ds® = Gu(2)dt? + gry(2)da® + g, (2)d22. B

-

I For = —§H /7
"""""""""""""""""""" Zy Tux =_ ’_.r_ # 27

Jz2 " #=z) 2

. L

+- § \/:I-=\[ 5(2‘ fZ'l—;—i=— z2

. ‘ y

y \E j"}‘h J sra 2o L2> - %a

172 0 rz X ?

ol = t, o'= I,
+ gpx2? F74 — .
gy = ( gttg gf; % grg 22 ) —h = \/_gttgx: — 91192227 — e
ZZ T zZ
Extremize (I' = 1/(2ma) = tension, 4 = 0, g(z) = 1 — 21/ 2% specialising to the 5d AdS BH)
. 2
S =TAt /_"ﬁz dev/—h = TAt2 [ dza’(2)V—h = Atf—a—, I “ns g(2)2'(2)?

Key technical point: dz L = dz L{2(z), #(z)) = dz=/(2)L = dz L..(z'(2))

X¥ = (t,2,0,0,2(t,z) — 2(z))

“Rey-Yee, hep-th/9803001; Sonnenschein, hep-th/9810089
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Equation of motion is &

8L  d oL oL ~ g1z T
- = =0= = = constant. 5
8z{z) dz07'(z) 0z'(z)  V—91Gez — HtJezT Q
The constant is fixed neatly so that the maximum value of z is 2, 2(z = 0) = ., 2(z) = 0. This gives
#'2 = (dz/dz)? from which by integration (Exercise)

dz dz
2 2% —
L:2./€—>0 - ) =2 o ﬂ;} zf 1 gft:gﬁ(z*),etc
\]gzz (gttgma: - ) \Jg(z) [ Z 9_("45 - ]
Inserting this 2 to the action gives the extremal action {Exercise}
— £? 1
§=TAt2[*de | 2T — TAt2 [ di 5 ——pp
l_gttg:c:c JI_RZ_) 2%
Separate divergence of the 5d AdS BH at z — 0:
% 1 2
A dz;f(z): [f(z -1+1]——~—|— dz—[f(z)—l]——

throw away 1/e. For Euclidian Wilson loop (At x R — loop) ~ exp[— ALV (R)] so write here

V(L, z) = S/At:

-30-

37
dz 1 1
V(L) =2TL [ = ( - ] — *]
_ A gl 2
1 g(Z)ﬂTl
Scaling z = Y20, 2 = Ym2o: =
dy 4 4
= 2z ay) =y* /01—y (6)
k" V= y)lalym)/a(y) — 1]
L2 dy 1 1
Vi) = [ —[————1}——} @
a'Tz b ¥ 1yl - a(w)/a(ym) Ym
Units of length and energy given by
Tz = x —Vog = £ IN: T;
ZO_TH’ QQ_O{’TI'ZO goive 1H-
Small L (and ym — 0, g(y) = y*):
0.2285/ N,
()= -2
Intermediate 0 < L < L. can fit to
4 o,
V(L)=~-—=+cL
(Ly=-37 *+
Small L again for y, — L
£2
zo
V(L 20) = Voo = 'rra’/ ez

After some g, for L > some value (see Fig) the dominant config is that with separate @Q. Thisis also a

solution of (5) with =’ = 0, z, = zp.
=Plotted with Mathematica using ParametricPlot[{Liym|, V[ym]}, {ym, 0.15, 0.894}] in Fig.1
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Figure 1: The distance L as function of g, evaluated from (6}, the extremal action and its tip region from (7) (all scaled by the factors outside
the integral) and the QQ configuration.

Picture from AdS/CFT: 39

o at small distances conformally invariant form V' ~ 1/L, Ve dependence on g*N, is typical of strong
coupling.

e at some distance interaction is screened and Q() separate.
e one can put in numbers %

¢ mathematics of the curves is pretty: the independent QQ solution is obtained also from the
string-connected solution when 2z, — 2z and the two branches approach each other

This was just an example of numerous applications of AdS/CFT to Wilson loop computations. Works even
for gluonic scattering amplitudes!! 2

#“Large number of papers, mine is Kajantie-Tahkokallio-Yee, hep-ph/0609254
s Alday-Maldacena, arXiv:0705.0303




