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1. Calculating likelihood on a tree: Felsentein’s pruning algorithm
2. Overview of the main properties of Markov models

3. General workflow for tree inference using DNA
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Ingredients to derive continuous-time Markov models

Continuous-time
and discrete-state
Markov models

Binomial Poisson Exponential

distribution distrubution distribution




Poisson distribution

e Ais called the rate parameter
* Poisson distr. shows the number of
changes k given A and time t
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Exponential distribution
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Exponential and Poisson are the
same processes but different
aspects

Same interpretation of the
parameter A (=rate)

A is the mean number of changes

over time interval in Poisson



Simulating data under Markov models on a

tree

> time

Q [ state 1 state 2

2—2l .
H B

T =(1/2, 1/2)

Initial vector

0 NO kW

Random number
S

generator
: —

Randomly select state at the root from a uniform distribution.
RND=0.4 (starting state 1)

Draw a random number from Exponential distribution with 4 = 1.
RND=2.4 - k

Draw a random number from Exp(A = 1). RND=8

Draw a random number from Exp(A = 1). RND=4.2 (to state 2)
Draw a random number from Exp(A = 2). RND=4.6

Draw a random number from Exp(A = 2). RND=4.9

Draw a random number from Exp(A = 1). RND=9.1 (to state 2)
Draw a random number from Exp(A = 2). RND=3.3




state 1 state 2

H-— B

From rates to probabilities Nl
state 3

* Transition rate matrix. Infinitesimal rates * Probability transition matrix. Exponentiate rate matrix
— t

) M[-05 04 01 0.72 0.2 0.08
Q-m|08 -1 02 e®1 =1046 0.46 0.08
1096 0.24 —1.2 046 0.2 0.34]

Matrix exponential transforms rates into probabilities:
Qt'  Qt*  Qt’
1! * 2! * 3!

et =1+ + -




Inference: estimating tree likelihood
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Integrate over all possible combinations of the
ancestral states




Let’s calculate likelihoods

* HTH

* H?H



Let’s calculate likelihoods

z 2 L
_[_1 1] 5001 _ [o.91 0.09 eQ*m:[o.@é 0.33
L2 =2 »10.17 0.83 210.66 0331

——

e S2 ->S1 after t=0.1

e S2 ->S2 after t=10




Let’s calculate likelihoods

5 D e =000 033



Inference: estimating tree likelihood

Our Data

A B B N
A
n
l
L
H B B N
|
A B B N

Integrate over all possible combinations of the
ancestral states




Likelihood

of DNA sequence
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(from John Huelsenbeck’s presentation)
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#NEXUS

begin data;
dimensions ntax=5 nchar=895;
format gap=- datatype=dna;
matrix
Human AAGCTTCACCGGCGCAGTCATTCTCATAATCGCCCACGGACTT. . ... AACCCAAACAACCCAGCTCTCCCTAAGCTT
Chimpanzee AAGCTTCACCGGCGCAAFTATCCTCATAATCGCCCACGGACTT. .. .. AACCCAAACAACCCAGCTCTCCCTAAGCTT
Gorilla  AAGCTTCACCGGCGCAGFTGTTCTTATAATTGCCCACGGACTT..... AACCCAAACAATTCAACTCTCCCTAAGCTT

end;

1. Calculate likelihood for each site
2. The likelihood of the entire DNA sequence is
the product of the likelihoods for each site

3. Orthe sum of the log likelihoods for each site



Felsenstein’s coding data at tips

110 0|1 0|1 0|1

Given values: [ ] L L
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Felsenstein’s pruning algorithm

110 0|1 0|1 0|1

Given values: [ ] L L

state 1 state 2 2 2

H. B o

1 0 0 1
state 1  state 2

S I I B A

m =(1/2, 1/2) 9




Felsenstein’s pruning algorithm

Given values:

state 1 state 2

.
«—

1|0 0|1

Qzl_zl —12]

T =(1/2, 1/2)

Node 0

At state 1 |

Left br. e9*2 = l0'66 0.34

0.66 0.34

0.66

Right br. e9*2 = lO 6 034

Pr(N, at black)= 0.34* =0.12

At state 2 i}

Left br, e@*2 = [0-66 0.34

0.66 0.34

Right br. e9*2 = [8-22 034

Pr(N, at red)= 0.34* =0.12



Felsenstein’s pruning algorithm

110 0|1 0|1 0|1

Given values: [ ] L L

state 1 state 2 2 2

.
«—
o e

1 0 0 1
state 1  state 2

S I I B A

m =(1/2, 1/2) 9




Felsenstein’s pruning algorithm

Given values:

state 1 state 2

.
«—

1|0 0|1

Qz[_zl —12]

T =(1/2, 1/2)

o 0.12 | 0.12

state 1  state 2

6 10

Node

O

At state 1

Left br. e9*8 = [0-66 0.33

0.66 0.33

Right br. e9*6 = [0.66 0_33]

Pr(N, at black)=0.66%( *0.12+ *0.12)=0.08

At state 2
0.66 0.33
Q*8 _
Left br. e 066 033
Right br. e?*¢ = 10'66 0'33]

Pr(N, at red)=0.66%( *0.12+ *0.12)=0.04



Felsenstein’s pruning algorithm

1|0 0|1 0|1 0|1
Given values: [ ] | | ||
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Felsenstein’s pruning algorithm

Given values:

state 1 state 2

H. B

1 0 0 1

Qz[_zl —12]
H B

T =(1/2, 1/2)

o 012 | 0.12

state 1  state 2

8 6 10

e 0.08 | 0.04

Node o

0.66 0.34

Left br. e9*2 = lO 6 094

. 0.66 0.33
Q*10 —
Right br. e [0.66 0.33
Pr(N; at black) =
(0.08*0.66+0.04*0.34)*0.33=0.02

Pr(N; at red)=
(0.08*0.66+0.04*0.34)*0.33=0.02



Felsenstein’s pruning algorithm

Given values:

state 1 state 2

.
«—

1|0 0|1

Qz[_zl —12]

T =(1/2, 1/2)

0 1 (1}
2 2
o 0.12 | 0.12
state 1  state 2
6 10

0.08

0.04

0.02

0.02

Likelihood (at the root):

L(tree) = Pr(black)* 1T,+Pr(red)* m, =
0.02*1/2+ 0.02*1/2 = 0.02

Log Likelihood:
Ln(0.02) =-3.91




Maximum Likelihood

Find those values of the following
parameters that maximize the likelihood

Likelihood (Ln)

function:
|
B —a «a
a-| g g mm
O T =(1ry, TT;)
N
Topology and branch Rates of the rate matrix Initial vector at the root of tree

lengths



Gradient — ascent algorithm to find a
maximum of the likelihood function

. Start with some initial values

. Calculate the slope near the

neighborhood of the initial values

. Move along the direction of steepest 1(6,,6,)

ascent

. Maximum is achieved when the slope

is zero .



Models of DNA evolution

* GTR (Generalised time-reversible model) model (Tavaré 1986)
10 parameters

A G C T

—(ang + prc + y7r) ang Brc I

_ QT 4 —(amy + dme + enr) dme eTT
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Ancestral state
reconstruction

Ancestral Probabilities

o 0.67 | 0.33

state 1 state 2

6

o

0.2

Traverse tree from
root to tips

05 | 05

e

10




Note the units for the branch length

e ML trees are not ultrametric

e The branch length indicates the the expected number of changes per site/state over time

Pe. occidentalis

6
Pelecanus conspicillatus
Morus serrator
94, 1.00 5
G S. sula
100, 1.00 —B
C -
51, 0.62 Sula dactylatra C
NI 4
Anhinga anhinga D
97, 1.00
F —— A novaehollandiae
100 99, 1.00 3
1.00 D
A A. rufa
—— Phalacrocorax carbo 2
99, 1.00
E .
100, 1.00 L P.varius A
B
P. melanoleucos 1

0.05 substitutions/site

Units are the expected number of changes Units are the time



Summary

e We have derived a discrete state Markov model from Binomial distribution

* Discrete state Markov model is the core of almost all phylogenetic
approaches that use different type of data (morphology, DNA, proteins,

etc.)

* We learnt how infer parameters of Markov model using Felsentein’s

pruning algorithm



Main terms used in Markov models

* Equilibrium frequencies

* Time-reversibility

* Time-homogeneous vs. time-inhomogeneous



Main terms used in Markov models

* Equilibrium frequencies

* Markov chain is at equilibrium (= stationary distribution, =invariant
distribution) when its probabilities remain the same over time

Qz[_zl —12]




Main terms used in Markov models

* Equilibrium frequencies

* Markov chain is at equilibrium (= stationary distribution, =invariant
distribution) when its probabilities remain the same over time

Qz[_zl —12]

0.17 0.83

50401 _ [0.91 0.09

- 0% 83

-3 23]

Pr

time



Main terms used in Markov models

* Equilibrium frequencies

* Markov chain is at equilibrium (= stationary distribution, =invariant
distribution) when its probabilities remain the same over time

Initial vector is not at equilibrium

1L o1 1
w _(212) Q_[ 2 _2]
£0+0.1 _ 10.91 0.09

0.17 0.83

we?*01 =(0.54,0.46)



Main terms used in Markov models

* Equilibrium frequencies

* Markov chain is at equilibrium (= stationary distribution, =invariant
distribution) when its probabilities remain the same over time

Pr

B T T
0 2 4

time

Initial vector is at equilibrium

0.66

Q+10 —
€ [O.66
L0+20 _ [0.66
0.66

0.33
0.33

0.33
0.33

(0.66,0.33) * e9*01=(0.66,0.33)



Time-reversibility

—a

Q—[ I _alg] T =(1m4, Ty)

Markov model is time-reversible if ma =m, [



Why time-reversibility and equilibrium
frequencies are important

* All models of the GTR family are time-reversible and have initial
vector at equilibrium

* They allow to express branch lengths in the expected number of changes per
site/state per unit of time

* They allow working with unrooted trees when calculating likelihood as the
likelihood is the same irrespective the placement of the root. Rooted trees
require additional parameters.



Time-homogeneous vs. time-inhomogeneous

o

SE

Time homogeneous Markov model means that Q is constant
(=same rates) over time



Non-time-homogeneous and non-stationary

models
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The workflow for
phylogenetic reconstruction




Observed data “
(DNA & —
Morphology)

\ 4

<«—1-1.5mya

M R Saslimya
Inference

<«—8.5-12 mya

<«—9-13 mya




The workflow for tree reconstruction using
molecules

Get : Select the best Infer
Align n :
orthologous substitution phylogenetic
seguences
sequences models tree



Quick Demo

* Phylogeny of dung beetle genus Helictopleurus using COI




