
Behaviour of Lipschitz functions on negligible sets

David Preiss

(joint research with Giovanni Alberti and Marianna Csörnyei)

Abstract

In various connections it has been observed that the behaviour of
(Lipschitz) functions R

n → R
m on Lebesgue null sets is considerably

more regular in higher dimensions (n ≥ 2) then in the one dimensional
case (n = 1). Perhaps the clearest manifestation of this phenomenon
is [4]: there is a Lebesgue null set E ⊂ R

2 such that every Lipschitz
function R

2 → R is differentiable at some point of E. A rather different
flavour has the result of [1]: the singular part of the derivative of
any BV function R

n → R
m (which is, by definition of BV, a vector-

valued measure) is a rank one measure. In yet another direction, a
closer inspection of arguments of, e.g., [2, 3, 5] showing that for some
continuous f : R

n → R, equations such as div u = f fail to have locally
Lipschitz solutions reveals that the obstacles are caused by behaviour
of f on a null set.

We study those features of this phenomenon that stem from the
fact that (all or at least the relevant) null sets are much smaller than
they seem. A Lebesgue null set E ⊂ R

n can be, by Fubini’s theorem,
covered by a finite union of (Borel) sets Ej where Ej is null on every
line parallel to some vector ej . A set of non-differentiability points
of a Lipschitz function can be covered by a finite union of (Borel) set
Ej where each Ej is null on every curve with derivative close to some
vector ej . This seemingly much stronger decomposition property could
be responsible for the result of [4] quoted above. However, this is not
the case: for subsets of R

2 the two properties are equivalent. The key
problem whether or not this is true also in R

n, n ≥ 3 remains open,
but we can at least prove that every null set in R

n is contained in the
union of a set having this property and of a purely n− 1 unrectifiable
set.

The talk will give a more precise discussion of the above decompo-
sition property of a null set E and show that it is equivalent to the
existence of a natural n−1 dimensional tangent field on E. This imme-
diately leads to a better understanding of Alberti’s rank one theorem
and, with some additional work, to a complete description of sets of
non-differentiability of Lipschitz maps R

n → R
k for k ≥ n. In particu-

lar these sets do not depend on k as long as it stays ≥ n, although [4]
implies that they are different if k = 1.



References

[1] Alberti, G. Rank one property for derivatives of functions with bounded
variation. Proc. R. Soc. Edinb., Sect. A 123, No.2, 239-274 (1993).

[2] Burago, D.; Kleiner, B. Separated nets in Euclidean space and Jacobians
of biLipschitz maps. Geom. Funct. Anal. 8, No.2, 273-282 (1998).

[3] McMullen, C.T. Lipschitz maps and nets in Euclidean space. Geom.
Funct. Anal. 8, No.2, 304-314 (1998).

[4] Preiss, D. Differentiability of Lipschitz functions on Banach spaces. J.
Functional Anal. 91, 312-345 (1990).

[5] Preiss, D. Additional regularity for Lipschitz solutions of PDE. J. reine
angew. Math. 485, 197-207 (1997).


