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Analysis of nucleation ability of cluster configurations with Monte Carlo
simulations of argon
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We determine the nucleation ability of argon clusters from Monte Carlo simulations. The nucleation
rate appears to be defined by a sole characteristic of the clusters, namely, the stability. The stability
is calculated as the ratio of grand canonical growth and decay rates and can be assigned to individual
cluster configurations. We study the connection between the stability of the cluster configurations
and their volume and total potential energy. Neither the potential energy nor the volume of a cluster
configuration has a clear relation to its stability, and thus to the nucleation ability. On the other hand,
we show that it is possible to use a specific volume for each cluster size to calculate the work of the
cluster formation. These clusters with a unique volume have the same average stability as the full
set of clusters. Our simulation method allows us to study the effect of possible deviations from
equilibrium in the cluster configuration distributions. We argue that the nucleation process itself can
produce a source for such a deviation. We show that even a small deviation from equilibrium in the
cluster configuration distribution can lead to a dramatic deceleration of the nucleation rate. Although
our simulations may overestimate the magnitude of the effect, they give qualitative estimates for its
importance. © 2006 American Institute of Physics. �DOI: 10.1063/1.2336776�
I. INTRODUCTION

The theoretics of nucleation is deeply related to the
properties of nucleating clusters. The classical nucleation
theory1–3 �CNT� treats clusters as tiny bits of bulk material
sharing the same thermodynamic properties. CNT success-
fully provides a simple and general theory of nucleation, but
unfortunately its predictions for the nucleation rate are often
unsatisfactory. In particular, the temperature dependency of
the nucleation rate given by the theory is generally too strong
compared to experiments.4–6 The extensions7–10 to CNT have
not been able to make the agreement better. The self-
consistent form10 of CNT improves the temperature depen-
dence of the theory, but fails to provide accurate predictions
for the experimentally measured nucleation rates. Scaling
models6,11 based on CNT have also been proposed, and they
successfully predict some of the experimental nucleation
rates. However, we still lack a rigorous theory of nucleation
that would explain the experimental results accurately.

Much attention has been focused to microscopic ap-
proaches based on molecular interactions. There are several
efficient Monte Carlo methods12–18 available for the calcula-
tion of the free energy of cluster formation, which is the key
quantity required for the evaluation of nucleation rate. How-
ever, the classical molecular interaction models applied with
the methods are always simplifications of the true interac-
tions governed by complex quantum mechanical laws. Be-
cause of this, if two different model potentials are used in
nucleation simulations of the same substance, one may ob-
serve large differences in evaluated nucleation rates. How-
ever, in case of homogeneous nucleation of water, the tem-
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perature dependence of the nucleation rate given by different
potentials is in good agreement with experiments.18 This is
encouraging for the molecular approach to nucleation.

Two important assumptions in the present molecular
nucleation theories are the equilibrium of the clusters and the
inverse order of averaging for the calculation of the nucle-
ation rate. The latter one implies that, instead of considering
how individual droplets develop into the critical droplets and
taking the average of those individual rates, theoreticians
consider the rate at which an average cluster develops into
the critical droplet. It is usually argued that the clusters
quickly reach equilibrium after acquiring a molecule or
evaporating one. In that case, the growth rate of a cluster is
independent of the growth history of the cluster, and invert-
ing the order of averaging is justified. The equilibrium of
the clusters means that the probability to observe cluster con-
figurations is proportional to the Boltzmann factor
exp�−Ui /kT�, where Ui is the internal cluster potential en-
ergy, k is the Boltzmann constant, and T is the temperature.
In the literature the validity of the equilibrium of clusters has
already been questioned.19,20

Further development of molecular approaches can be
done with the inclusion of the nonaveraged cluster proper-
ties. To that end, the cluster definition which has the volume
of the cluster as a parameter has been introduced.19 In the
dynamical nucleation theory the nucleation rate is calculated
through the evaporation rate;21 it allows one not to use the
thermodynamic properties such as the free energy of the
clusters, but to deal only with the kinetic variables.

In contrast to the molecular approach, the modified clas-
sical nucleation theories use only macroscopic parameters
and need no intermolecular potentials. Recently developed

extended modified liquid drop �EMLD� model appears to be
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compatible with molecular approaches.22 Therefore, it is im-
portant to find a link between the parameters needed for liq-
uid drop models and values provided by simulations.

For developing future nucleation theories, whether based
on equilibrium assumption or not, it is important to under-
stand how the differences between molecular configurations
affect their nucleation ability. The current paper studies the
stability properties of nucleating clusters with the aid of
Monte Carlo simulations for argon. We show that each clus-
ter configuration can be assigned with specific decay and
growth probabilities. Their ratio describes the stability of the
configuration, and hence its nucleation ability.

The method presented in this study is based on a Monte
Carlo approach developed earlier.18,23 It allows one to study
the nucleation ability �the stability� of individual cluster con-
figuration. The calculation of stability for a large number of
cluster configurations, whose probability to exist is weighted
according to allowed phase space, gives the stability distri-
bution for the studied cluster size under given temperature
and supersaturation. We study how the stability distribution
evolves with the cluster size and how the stability is linked to
intrinsic properties of the clusters such as their volume and
potential energy. We locate the average clusters participating
in nucleation, having unique volumes or potential energies
but exhibiting the same work of formation behavior as the
whole set of clusters.

We also illustrate the importance of understanding
whether the clusters are in equilibrium or not. We demon-
strate that even very small deviations of the clusters from
equilibrium lead to dramatic changes of the nucleation rate.

II. THEORETICAL BACKGROUND
TO THE SIMULATION METHOD

In our Monte Carlo method18,23 we simulate one cluster
at a time with a fixed number of particles. The cluster con-
figuration space is traced out in a canonical Metropolis simu-
lation. Instead of letting the cluster size fluctuate in a grand
canonical fashion, we only calculate the probabilities for the
grand canonical annihilation and creation moves. Earlier,18,23

we have shown how the resulting average grand canonical
cluster growth and decay probabilities can be linked to the
kinetic condensation and evaporation rates of Becker and
Döring.2 Here, we give a short revision of the theoretical
concepts behind the simulation technique.

We consider a cluster of n fully interacting cluster par-
ticles with nmax−n noninteracting particles at arbitrary posi-
tions inside a large simulation box of volume V, the center of
mass of the cluster being placed at the center of the simula-
tion box. The annihilation probability A�n , �Ri��R j� for an
interacting cluster particle at a position R j is given by

A�n,�Ri� � R j�

=
n

�VZ
exp�− �Un−1��Ri� � R j� − Un��Ri���

kT
� , �1�

where �=1/�−3, � is the de Broglie wavelength of the par-
ticles, Un��Ri�� is the total interaction energy associated with
the configuration �Ri�, k is the Boltzmann constant, and T is

the temperature. The notation �Ri��R j indicates that the par-
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ticle at position R j is turned to noninteracting form configu-
ration �Ri�. The activity Z=exp�� / �kT��, where � is the
chemical potential, is equal to the number density of the
surrounding vapor under the ideal gas assumption. The prob-
ability to turn a noninteracting particle into a fully interacting
particle, the creation probability C�n , �Ri� � Rk�, is given by

C�n,�Ri� � Rk�

=
�VZ

n + 1
exp�− �Un+1��Ri� � Rk� − Un��Ri���

kT
� . �2�

The probability of a certain n cluster to decay into an
�n−1� cluster during a Monte Carlo step is given by sum-
ming up the individual annihilation probabilities for each
interacting cluster particle and normalizing the sum with the
number of particles n,

Dn��Ri�� =
�D

n
	
j=1

n

�clu min�1,A�n,�Ri� � R j�� , �3�

where �D is the probability that the annihilation is attempted
during a Monte Carlo step and �clu is zero when annihilation
would result in splitting the resulting �n−1� cluster into two
or more clusters according to given cluster definition, and 1
otherwise.

In a similar fashion, the probability of an n cluster to
grow to an �n+1� cluster during a Monte Carlo step is given
by summing up the probabilities of the nmax−n possible non-
interactive particle creations and normalizing with the num-
ber of attempts nmax−n

Gn��Ri�� =
�C

nmax − n
	
k=1

nmax−n

�clu min�1,C�n,�Ri� � Rk�� .

�4�

The creation is attempted during a Monte Carlo step with a
probability �C=�D. �clu now ensures that the created particle
becomes a part of the cluster according to the applied cluster
definition.

During a simulation, D�n , �Ri�� and G�n , �Ri�� are calcu-
lated for a large number of configurations �Ri� created ac-
cording to the Monte Carlo Metropolis scheme. They can be
summed up and normalized with the number of configura-
tions in order to gain the canonical ensemble averages of the

growth and decay probabilities Ḡn and D̄n. This procedure is
carried out for each cluster size n separately. Earlier,18 we
have shown that the detailed balance

PnḠn = Pn+1D̄n+1, �5�

where Pn is the probability to observe an n cluster, holds. We
also showed that the work of formation �also referred to as
the Gibbs free energy� of an n cluster �Wn has a simple

relation to the growth and decay probabilities Ḡn and D̄n

�Wn = − kT	
j=2

n

ln
Ḡj−1

D̄j

, �6�

which has the same form as �Wn derived from the kinetic
2,24
approach
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�Wn = − kT	
j=2

n

ln
� j−1

� j
, �7�

where �n−1 is the condensation rate constant for an �n−1�
size cluster and �n is the evaporation rate constant for an
n-size cluster.

III. COMPUTATIONAL DETAILS

Our Monte Carlo method simulates isolated clusters of
fixed size without explicitly involving the surrounding vapor.
In this paper we have applied the method to simulations of
argon clusters. The interaction between the argon atoms is
described by the Lennard-Jones potential

�ij�Rij� = 4	�
 


Rij
�12

− 
 


Rij
�6� , �8�

where Rij is the distance between molecules i and j, and 	
and 
 are the energy and distance parameters of the selected
potential, respectively. In our simulations we used the full
potential without cutoff with parameters 	=119.4 K and

=3.4 Å.

We have applied the Stillinger cluster definition,25 stat-
ing that each molecule in a cluster must have another cluster
molecule within some given connectivity distance, and that
no molecules can exist within the connectivity distance that
do not belong to the cluster. We have taken the connectivity
distance to be 1.5
, which is the standard choice for
Lennard-Jones particles corresponding to the first minimum
in the radial distribution function of liquid argon.

Simulations of argon nucleation have been carried out at
60 K temperature and with monomer vapor number densities
7.59�10−4
−3 and 1.90�10−3
−3 �corresponding to satura-
tion ratios S=20 and S=50 assuming the simulated vapor
behaves like ideal argon gas26�. In a simulation, a single
isolated cluster is placed on the center of a large spherical
simulation box, and no periodic boundary conditions are ap-
plied. During the simulation, we assure that the center of
mass of the cluster coincides with the center of the simula-
tion box. The size of the simulation box does not affect the
results as long as the selected simulation box is large enough,
so that cluster particles are always far from the walls of the
box. Randomly generated initial cluster configurations con-
taining n argon atoms were first equilibrated for n�105

Monte Carlo steps. Then, an additional 200�106 cluster
configurations were created and one in thousand configura-
tions was analyzed, totaling to 200 000 analyzed configura-
tions that were significantly different from each other. The
main values that are calculated were the growth and decay
rates Gn��Ri�� and Dn��Ri�� given by Eqs. �4� and �3�, the
spherical cluster volume Vn��Ri�� with a radius defined as the
distance of the furthest cluster particle from the center of
mass of the cluster, and the total potential energy Un��Ri��

for different cluster configurations �Ri�.
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IV. APPLICATIONS OF THE METHOD

A. The stability of individual cluster configurations

If a cluster is characterized by the number of molecules
only, its properties are thermal averages over all possible
cluster configurations. Molecular simulations provide a
means to study individual configurations and their contribu-
tion to the average values. We consider a similar cluster for-
mation mechanism as in the kinetic nucleation theory by
Becker and Döring. Nucleation is described as a chain of
reactions

�1� + �n − 1� �
�n

�n−1

�n� . �9�

Here, only condensation and evaporation of monomers are
considered as they dominate in the nucleation process of
nonassociating vapors.27 As Eqs. �6� and �7� show, the aver-
ages of the grand canonical growth and decay probabilities

Ḡn and D̄n gained from the simulation can be related to con-
densation and evaporation rates �n and �n according to

Ḡn−1

D̄n

=
�n−1

�n
. �10�

Average values Ḡn and D̄n are quite smooth functions of n.
Hence, we can assume that Eq. �6� can be transformed to

�Wn � − kT	
j=2

n

ln
Ḡj

D̄j

, �11�

where we have replaced Ḡj−1 in the numerator by Ḡj.
We have carried out simulations of clusters containing

between 1 and 120 argon atoms at temperature T=60 K and
saturation ratio S=20. Our results shown in Fig. 1 verify that
the difference between right hand sides of Eqs. �6� and �11�
is small. At the critical cluster size the difference in �W does
not exceed 1.5kT. Thus, we can characterize each cluster size

FIG. 1. Works of cluster formation for argon vapor at 60 K and S=20
calculated from Eqs. �6� �continuous line� and �11� �dashed line�.
with the average instability
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�n� =
D̄n

Ḡn

. �12�

If the average instability is less or more than 1, the cluster is
overcritical or undercritical, respectively. For the critical
cluster size n*, the instability is �n*�=1. We also define the
cluster stability as the inverse value of the instability.

The variations in Gn��Ri�� and Dn��Ri�� between differ-
ent cluster configurations ��Ri�� are shown in Fig. 2 for
n=68 representing the critical cluster. Note that the y axis
representing the decay probability in the figure is logarith-
mic, while the x axis representing the growth probability is
linear. The figure shows that Gn��Ri�� and Dn��Ri�� are
slightly correlated, and that the variation in Dn��Ri�� is more
than two orders of magnitude between different cluster con-
figurations, whereas variations in Gn��Ri�� are within 40%.
An enhanced growth probability of a cluster is greatly over-
compensated by the enhanced decay probability.

Since the growth probability varies only little between
different cluster configurations, we can express the ratio be-
tween mean growth and decay probabilities of an n-size clus-
ter approximately as

D̄n

Ḡn

=
Dn��Ri�� + Dn��R j�� + ¯ + Dn��Rl��
Gn��Ri�� + Gn��R j�� + ¯ + Gn��Rl��

�
1

l
�Dn��Ri��

Gn��Ri��
+

Dn��R j��
Gn��R j��

+ ¯ +
Dn��Rl��
Gn��Rl��

� , �13�

where l represents the total number of studied configurations
and the subscripts i , j , . . . , l correspond to the different clus-
ter configurations. The difference between the right hand side
and the left hand side of Eq. �13� turns out to be 3% at most.
This fact is not trivial because the variation in denominators
in the right hand side is about 40%, while the sum of ratios
gives only 3% difference from the exact value. It is evidently
a consequence of the correlation of the growth and decay

FIG. 2. Connection between the growth probability and the decay probabil-
ity for an argon cluster at T=60 K and at S=20. The cluster contains 68
atoms and corresponds to the critical cluster. The probabilities have been

scaled with respect to the average growth probability Ḡ68=1.
rates shown in Fig. 2.
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Results �13� allows us to assign instability �n��Ri�� to
each individual cluster configuration �Ri�:

�n��Ri�� =
Dn��Ri��
Gn��Ri��

. �14�

If �n��Ri��1, the probability that the configuration ��Ri��
grows to size n+1 is greater than the probability of ��Ri��
decaying to size n−1. We call these configurations the qua-
sistable configurations. Figure 3 shows the instability distri-
bution for the clusters containing 5, 30, 68, and 120 atoms.

D̄n / Ḡn is 15.38, 2.26, 0.99, and 0.61 for these cluster sizes,
respectively. On a logarithmic scale the instability distribu-
tion has a form of a skewed Gaussian distribution. The varia-
tion of instability between different cluster configurations is
significant both for small and large clusters.

The total proportion of quasistable configurations as a
function of cluster size is presented in Fig. 4. The work of
cluster formation calculated from Eq. �6� is also shown. The

FIG. 3. Distribution of instability �n for n=5, 30, 68, and 120 from left to
right. �n=1 is shown with a vertical line. Simulations were carried out for
argon at T=60 K and S=20.

FIG. 4. Work of cluster formation for argon at T=60 K and S=20 and the
corresponding proportion of quasistable configurations as functions of
cluster size. The critical cluster contains 68 argon atoms and has 68% of

quasistable configurations.
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figure illustrates that even clusters containing only a few ar-
gon atoms have configurations that are quasistable. For the
critical cluster containing 68 atoms, 68% of the configura-
tions are quasistable. Clusters containing a large number of
atoms compared to the critical size still have a large propor-
tion of configurations that decay more easily than grow.

At first sight it seems that for the critical cluster the
proportion of the quasistable clusters should be 50%. How-
ever, careful consideration shows that it is not necessarily so.
Indeed, for the critical cluster the net growth flux is exactly
compensated for by the net decay flux. The balance require-
ment can be written as

	
i

�Gn*��Ri�� − Dn*��Ri���Pn*��Ri��

= 	
j

�Dn*��R j�� − Gn*��R j���Pn*��R j�� , �15�

where index i counts over quasistable configurations and j
counts over quasiunstable configurations. From Eq. �15� one
should not expect �iPn*��Ri��=0.5 or � jPn*��R j��=0.5.

Equations �11�, �13�, and �14� show us that the work of
the cluster formation can be calculated by using instabilities
of individual cluster configurations. A configuration with
lower instability contributes to the nucleation rate

I � exp
−
�Wn*

kT
� �

1

� j=2
n* ��1/l�	i=1

l � j��Ri���
�16�

more significantly than one with higher instability.
However, we note that the above expression does not

describe the true dynamics of clusters. Importantly, the qua-
sistable configurations can create an unstable configuration
by acquiring or evaporating a monomer, and vice versa.
Thus, we may not argue that only quasistable clusters con-
tribute to nucleation. Furthermore, summation over quasis-
table clusters alone would lead to incorrect results; the for-
ward rate and backward rate contributions must all be taken
into account. Also, we have only considered clusters de-
scribed with the equilibrium configuration distribution. Thus,
we have neglected the relaxation process of new-born clus-
ters, and presumed a rate theory which only takes into ac-
count the growth and decay of equilibrated clusters.

What Eqs. �11�, �13�, and �14� can do is to determine the
contribution of each cluster configuration to the nucleation
process. Thus, for a snapshot of cluster configurations taken
at any time, we can clearly show which configurations add
weight to the nucleation rate more than others. Importantly,
we have found a characteristic value which defines the nucle-
ation ability of each individual configuration. It is also vital
that this characteristic value can be calculated with Monte
Carlo simulations. One can apply calculations of the cluster
stabilities to determine the characteristics of average clusters
contributing to nucleation, as we do in Sec. IV C. Besides
that, it seems that for the equilibrium molecular theory the
knowledge of the nucleation ability of cluster configurations
does not offer other direct applications. However, for the
molecular approach which takes into account the deviations
from the equilibrium cluster configuration distribution, this

knowledge might be important. If we know the nonequilib-
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rium cluster configuration distribution for each cluster size,
we are able to calculate the work of cluster formation using
values of the cluster configuration instabilities defined by Eq.
�14�.

B. Growth and decay probabilities with respect
to intrinsic cluster properties

We now study the relationship between the cluster insta-
bility and its volume V and total potential energy U. For the
calculation of V we define the radius of the cluster by calcu-
lating the distance of the furthest cluster molecule, the “shell
molecule,” from the center of mass of the cluster. Using this
definition of cluster volume together with the Stillinger clus-
ter definition, we actually obtain the n /v Stillinger cluster,
which is the centerpiece of a molecular nucleation model of
Senger et al.19

We study the critical cluster size n*=68 in detail. Figure
3 shows the instability distribution for this size calculated
from all configurations. We organize the simulation results in
narrow energy and volume bins, and calculate the average
growth and decay probabilities as well as the average insta-
bility corresponding to each bin. Figure 5 illustrates the in-
stability distribution for the critical cluster restricted to a
single volume. The selected volume corresponds to that of
the average cluster participating in nucleation, a concept fur-
ther explained in the next subsection. We observe the insta-
bility distribution to be as wide as the distribution for all
configurations shown in Fig. 3. Figure 6 demonstrates the
moderate connection between the instability of the cluster
and its volume. There is some correlation between the vol-
ume of configuration and its stability, the correlation coeffi-
cient being 0.62. Similar results were observed also when
comparing potential energy with stability. Therefore, neither
the cluster volume nor the energy can be used to characterize
the nucleation ability of the cluster configurations.

Figure 7 shows the growth and decay probabilities as

FIG. 5. Distribution of instability �n for n=68 calculated for a single vol-
ume bin corresponding to volume with average instability V��. �n=1 is
shown with a vertical line. The width of the instability distribution is only
slightly narrower than the width of the instability distribution for all vol-
umes shown in Fig. 3.
well as the instability for the critical cluster as a function of
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the cluster volume. The growth probability of clusters in-
creases only slightly with increasing cluster volume. This is
due to only a moderate increase in the available volume
where new cluster particles can be added to satisfy the Still-
inger cluster definition, and due to subsequent weakening of
the cluster potential energy. The decay probability, however,
is a strong function of the cluster volume. Thus, the variation
in cluster instability is almost entirely associated with the
variation in decay probability. The most stable states of the
cluster correspond to the smallest cluster volumes, and larger

FIG. 6. Instability �n vs volume for n=68 cluster. In �A�, �n is shown on a
logarithmic scale to emphasize the variation in �n with respect to all volume
states. In �B�, �n is shown on a linear scale to emphasize the slight corre-
lation between �n and volume.

FIG. 7. Instability �, growth probability, and decay probability for the
critical cluster n*=68 as functions of cluster volume V on the left y axis. The
distribution of cluster volume during the simulation is shown on right y axis

as a proportion of all configurations.

Downloaded 04 Nov 2006 to 128.214.182.159. Redistribution subject t
clusters tend to evaporate more easily. The proportion of
quasistable states according to the volume distribution for
the critical cluster is 62% compared to 68% proportion, all
states being quasistable. The difference arises from the aver-
aging of growth and decay probabilities for each volume
state; while most of the cluster configurations can be stable
for a given cluster volume making it stable on average, there
can still exist some configurations that decay more easily
than grow. Figure 8 shows the variation of growth and decay
probabilities as well as the instability as a function of cluster
interaction energy. The variations in the cluster growth and
decay probabilities are similar to the ones shown in the pre-
vious figure. The proportion of quasistable states according
to the energy distribution is again 62%. We have thus dem-
onstrated that sorting the cluster configurations by the value
of their volume or energy does not enable us to calculate the
number of quasicritical configurations. This is a consequence
of only a moderate correlation between the stability and vol-
ume or energy.

C. The average cluster participating in nucleation

Most molecular nucleation theories are based on the as-
sumption of cluster equilibrium. Therefore, all of them lead
to the expression of nucleation rate which look like Eq. �16�.
Different theories differ in the way a cluster is defined and in
the method of calculating �Wn*. If the same cluster definition
and molecular interaction model are used all methods should
give the same results, provided that the same equilibrium
principles are used both for the internal structure of the clus-
ters and for the cluster size distribution. When calculating
�Wn* in molecular theories, all possible cluster configura-
tions are taken into account. In contrast, in the classical
theory and its modifications, droplets of each size are as-
sumed to have only one volume. Clearly, the molecular ap-
proach is more rigorous, but the classical theory has the ad-
vantage of being able to assign macroscopic properties to the
droplet. That is why the attempts to find an average nucleat-

FIG. 8. Instability �, growth probability, and decay probability for the
critical cluster n*=68 as functions of the total cluster potential energy U on
the left y axis. The distribution of the total potential energy during the
simulation is shown on the right y axis as a proportion of all configurations.
ing cluster, whose properties can be related to a macroscopic
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droplet, are still going on. The average cluster is the cluster
of certain volume or energy which gives the same �Wn as
the whole spectrum of clusters of the same size. In attempts
to improve the classical nucleation theory, several liquid
drop models have been used to describe the clusters partici-
pating in nucleation.7,9,22,28 In recent EMLD model22 the vol-
ume of the droplet is calculated by minimizing either the
change of free energy or the evaporation flux from the
droplet21 with respect to volume. These two cases proved to
be equivalent.22

To verify EMLD model from the microscopic point of
view, we have looked for the average cluster participating in
nucleation. This n-size cluster has the same nucleation ability
as the whole set of n-size clusters with varying characteristic
properties such as volumes or potential energies, but with
one characteristic property fixed. Thus, this cluster is defined
both according to the number of molecules it contains and an
additional condition, which in here is taken to be either its
volume V or its potential energy U. We showed in Sec. IV A
that one can express the work of cluster formation through
the stability of clusters. Now, we locate the volumes and
potential energies of the configurations for which the insta-
bility is, on average, the same as for the whole set. The
volume Vn,��, for which the average instability of the n-size
cluster corresponds to the average instability �� over all
configurations, is displayed in Fig. 9 as a function of cluster
size. We see that Vn,�� follows the average volume Vn�
fairly closely, but has a slightly different slope as a function
of cluster size compared to Vn�. At small cluster sizes Vn,��

is less than Vn�, and at larger sizes Vn,�� exceeds Vn�.
When a similar analysis is carried out for potential energies,
it turns out that Un,�� is �0.17 standard deviations higher
than Un� for all clusters, corresponding to less confined po-
tential energy states. This difference is only about one-fourth
of the difference in average potential energies of n and
n+1 clusters.

FIG. 9. Average volume V� of clusters and the volume corresponding to
average instability V�� shown as functions of cluster size.
We calculate the work of cluster formation Wn,Vn
corre-
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sponding to a selected volume or potential energy bin. The
works or formation of such clusters are described by expres-
sions

�Wn,Vn
= − kT	

j=2

n

ln
Ḡj−1,Vj−1

D̄j,Vj

, �17�

�Wn,Un
= − kT	

j=2

n

ln
Ḡj−1,Uj−1

D̄j,Uj

, �18�

where Ḡn,Vn
and D̄n,Vn

are the average growth and decay

probabilities of n-size clusters having volumes Vn, and Ḡn,Un

and D̄n,Un
are the corresponding probabilities of clusters hav-

ing potential energies Un. Calculations of the work of forma-
tion of V�� and U�� clusters using Eqs. �17� and �18� show
that these clusters indeed yield the �Wn behavior equal to the
whole set of clusters with varying volumes and potential
energies. This is illustrated in Fig. 10, which demonstrates
that all three work of formation curves lie on top of each
other. Furthermore, we have checked that clusters chosen
according to some other criteria than the average instability
do not produce the correct work of formation curve. Thus,
we have identified the average nucleation pathway of Still-
inger clusters as a function of cluster volume and potential
energy. We have proven that it is possible to choose one
specific volume for each cluster size in order to correctly
describe the work of the cluster formation, and hence the
nucleation rate. This supports the idea behind the EMLD
model.

D. Nucleation in a perturbed system

In the the Becker-Döring approach the steady state
nucleation rate is defined through the following set of kinetic

FIG. 10. Work of formation of all cluster �Wn, clusters having volume
corresponding to average instability �Wn,V�

, and clusters having potential
energy corresponding to average instability �Wn,U�

shown as functions of
cluster size.
equations:
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�Nn

�t
= �n−1Nn−1 + �n+1Nn+1 − �nNn − �nNn, �19�

where Nn is the concentration of clusters containing n mol-
ecules, �n is the condensation rate of monomers onto a clus-
ter, and �n is the evaporation rate from the cluster. Defining
net rate In as

In = �nNn − �n+1Nn+1, �20�

we can write Eq. �19� as

�Nn

�t
= In−1 − In. �21�

Two time-independent cases are considered. The first is the
balanced steady state where the net rate is zero, In=0, for all
sizes n, and thus we observe the detailed balance

�nNn = �n+1Nn+1. �22�

From the thermodynamic point of view, the balanced steady
state is considered as the metastable equilibrium with the
equilibrium distribution for sizes and configurations. The
second case is the unbalanced steady state where the net rate
In is independent of n but not zero and is equal to the nucle-
ation rate. In both cases the left hand side of Eq. �21� is zero
and Nn is thus time independent, but the steady state cluster
distributions are different. The cluster work of formation is
calculated in the balanced steady state, and the unbalanced
state only affect the preexponent factor in Eq. �16� for the
nucleation rate. This is the standard routine for calculating
the nucleation rate.29,30

However, it is not self-evident that nucleation can be
described by calculating the condensation and evaporation
rates for the equilibrium cluster configuration
distribution.19,20 Indeed, the nucleation process itself can
change this distribution, Evaporation and condensation
events occur at some specific locations of the clusters, which
define the boundary of the clusters. The portion of the par-
ticles that are situated at these boundary states define the
cluster evaporation rate. Since the net flux In in the nucleat-
ing vapor is positive, the statistical weight of cluster configu-
rations with a high number of boundary particles can be
higher than in the case of equilibrated distribution. There-
fore, the average evaporation rate for the same size cluster
can be higher in the nucleating vapor than in true equilib-
rium. The scale of this effect is unclear because, evidently,
the cluster relaxation attenuates this effect. The average clus-
ter relaxation time after acquisition of the molecule31 is not
very much shorter than the average cluster lifetime32,33 and
the average evaporation rate of the cluster population right
after accommodation of a molecule is slightly higher than in
the population of relaxed clusters. These facts indicate that
the cluster configuration distribution in the nucleating vapor
is slightly different from the one in the equilibrium vapor.
However, even a small shift in this distribution can produce a
strong effect on the nucleation rate.

Earlier,18 we have established a link between the evapo-
ration and condensation rates and the grand canonical growth
and decay rates �see Eqs. �6�, �7�, and �10��. In the deriva-

tion, the equilibrium of cluster distribution was a secondary
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issue, so we can conclude that similar relations are valid if
the clusters do not follow the equilibrium distribution. These
relations demonstrate a general isomorphism between a real
nucleation process and imaginary grand canonical growth
and decay moves. Therefore, by simulating the growth and
decay of clusters with small deviations from the equilibrium
configuration distribution, we can estimate the nucleation
rate of nonequilibrium clusters.

We have performed simulations in a perturbed system to
estimate how much the cluster configuration distribution in
the nucleating vapor differs from the equilibrium distribu-
tion, and how this difference can affect the nucleation rate.
The unperturbed distribution, corresponding to the equilib-
rium configuration distribution of n clusters, is represented
by a distribution function fn��Ri�� over which, in fact, we
perform canonical averaging. For example, the growth rate is
given by

Ḡn = �
V
�
i=1

n

dRi fn��Ri��G�n,�Ri�� , �23�

where fn is normalized to unity. Suppose that we pick only
those configurations which occur just after creation or anni-
hilation moves. The chosen distribution of configurations is
clearly not the same as in equilibrium. On the other hand,
deviation from the equilibrium distribution should not be big
since the acceptance of acts of creation and annihilation are
weighted according to the Boltzmann factor. Note that in real
nucleating vapor, molecules arrive at the boundary states of a
cluster, while in our Monte Carlo growth process, molecules
can be placed at any available location �even at the center� in
the cluster, and the growth moves are accepted according to
the Boltzmann factor. It means that a configuration after a
growth event does not correspond to a cluster state right after
an arrival of a new molecule in the real nucleation process. It
rather corresponds to a cluster state after partial relaxation;
partial because the full thermalization or relaxation would
involve also the restructuring of the body of the old cluster.

In Fig. 11 we have plotted the volume distribution for
n=70 clusters born in creation events. We observe a small
shift to higher volumes compared to the equilibrium cluster
volume distribution. For smaller clusters the relative shift is
slightly larger. The figure also demonstrates that the volume
of clusters born in annihilation events practically follow the
equilibrium volume distribution. As a consequence, the
population of clusters born in creation events have, on aver-
age, a higher decay rate than the one calculated for the equi-
librium cluster population. The average decay rate in a popu-
lation of clusters born in annihilation events is almost the
same as in equilibrium.

At first sight our simulated configuration distribution
seems equivalent to the one obtained in the special case of
grand canonical Monte Carlo, in which only the growth and
decay moves are performed, but in fact there is a substantial
difference. If the creation or annihilation move appears to be
unsuccessful in the grand canonical Monte Carlo sampling,
the old configurations is taken into account again. Thus the
old configuration gains some more statistical weight. An in-

finite run of the grand canonical Monte Carlo sampling,
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where canonical moves are not performed, should produce
merely the equilibrium distribution. In our simulated distri-
bution there are no unsuccessful creation or annihilation
moves to give the additional statistical weight to the old
configuration. Their contribution to the new distribution is
just weighted according to their relative probability. This
causes the expected shift from equilibrium, and we observe
that our simulation gives a rather smooth distribution of vol-
umes different from the equilibrium one. The smoothness
convinces us that the sampled set is big enough.

Figure 11 demonstrates that the distribution of configu-
rations just after the occurrence of creation or annihilation
events imitates a small perturbation from the equilibrium dis-
tribution. The direction of the shift of the cluster configura-
tion distribution is similar to the shift likely caused by nucle-
ation. The magnitude of the shift is small and we use it as an
estimate for the shift in the real nucleating vapor. Our aim is
to demonstrate that even such a small shift can produce a
strong effect on the nucleation rate, and thus attract more
attention to the study of the cluster configuration distribution
in the real nucleating vapor.

To calculate the work of formation for a perturbed sys-
tem we need to average the growth and decay rates over the
perturbed configuration distribution and then apply Eq. �6�.
The perturbed configuration distribution can be described by
the distribution function fn,p��Ri�� normalized to unity,

fn,p��Ri�� = cnfn,c��Ri�� + anfn,a��Ri�� , �24�

where fn,c��Ri�� and fn,a��Ri�� are the distribution function
normalized to unity for clusters born after creation and anni-
hilation, respectively, and cn and an are the weights of the
distribution functions. Figure 11 shows that fn,a��Ri�� is very
close to the equilibrium distribution function. From hereafter
subscript p corresponds to a perturbed system or averaging
over a perturbed distribution function, and subscripts c and a
correspond to distribution functions of clusters born after
creation and annihilation, respectively, or averaging over

FIG. 11. Volume distributions of clusters containing 70 atoms. Continuous
line corresponds to an equilibrium cluster distribution, dashed line to clus-
ters born when one particle is annihilated from n=71 clusters, and dotted
line to clusters born when one particle is created to n=69 clusters.
these functions. Since the distribution functions are normal-

Downloaded 04 Nov 2006 to 128.214.182.159. Redistribution subject t
ized to unity, integration of Eq. �24� over all coordinates
leads to

cn + an = 1. �25�

The number of n clusters born in annihilation events is de-
fined by the decay rate of �n+1� clusters, while the number
of n clusters born in creation events is defined by the growth
rate of �n−1� clusters. Thus, the following equation holds:

cn

an
=

Pn−1,pḠn−1,p

Pn+1,pD̄n+1,p

. �26�

To calculate the work of formation of clusters in the per-
turbed system, we have to resort to the concept of corre-
sponding balanced steady state; this is a state where the clus-
ter size distribution has equilibrated, but the cluster
configuration distribution is perturbed from the equilibrium.
In the standard calculation of the nucleation rate the work of
formation is solved from the detailed balance, which in turn
is the solution of the balanced steady state case. The bal-
anced steady state is an artificial construction, and imaginary
constraints are needed to maintain it; this is also true in the
case of the metastable equilibrium in a supersaturated vapor
related to Eq. �22�. All the consequences of the unbalanced
steady state contribute to the preexponential factor, decreas-
ing the nucleation rate by one or two orders of magnitude.
We use the same approach, and construct the artificial bal-
anced steady state for the nonequilibrated clusters. The con-
sequences of the unbalanced steady state are again taken into
account in the preexponential factor, which is of the same
order as in the case of equilibrated clusters since the kinetic
equations are formally the same in both cases. Thus, we may
apply the detailed balance

Pn,pḠn,p = Pn+1,pD̄n+1,p �27�

also in the case of nonequilibrated clusters.
Using Eqs. �25�–�27�, we obtain

cn =
D̄n,p

D̄n,p + Ḡn,p

�28�

and

an =
Ḡn,p

D̄n,p + Ḡn,p

. �29�

Equations �28� and �29� give us an explicit expression for the
distribution function defined by Eq. �24�, which allows us to
average the growth and decay rates over the perturbed con-
figuration distribution, producing

D̄n,p =
D̄n,p

D̄n,p + Ḡn,p

D̄n,c +
Ḡn,p

D̄n,p + Ḡn,p

D̄n,a �30�
and
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Ḡn,p =
D̄n,p

D̄n,p + Ḡn,p

Ḡn,c +
Ḡn,p

D̄n,p + Ḡn,p

Ḡn,a. �31�

Values of Ḡn,c and Ḡn,a can be obtained via simulations, thus

allowing us to find values for D̄n,p and Ḡn,p. We loosely use
the growth and decay rates given by Eqs. �30� and �31� to
estimate the work of formation in the perturbed system using
Eq. �6�. A sound proof of the relation between the work of

formation and quantities P̄n,p, D̄n,p, and Ḡn,p related to the
noncanonical distribution in the perturbed system is beyond
the scope of this paper.

We carried out a simulation at 60 K and saturation ratio
S=50. We calculated the work of cluster formation for the
unperturbed system according to Eq. �6�, and for the per-

turbed system by using values of Ḡn,c and Ḡn,a obtained with
Eqs. �30� and �31�. Figure 12 shows the resulting work of
formation curves in the two cases. A huge increase in the
work of formation can be seen if the system is perturbed. The
energy barrier separating the two phases rises from 26.3kT to
54.3kT, and the critical cluster size from n*=27 to n*=46.
This would cause the nucleation rate to be suppressed by
over 13 orders of magnitude.

Our result underlines the extreme sensitivity of the
nucleation process; a small shift from equilibrium cluster
configuration distribution leads to a dramatic change in the
nucleation rate. The evaporation rate increases due to small
perturbations in the cluster configuration distribution. Al-
though the perturbations can be overestimated with the
method we used, the effect is so large that even if the real-
istic perturbations are significantly smaller, they can still
drastically suppress the nucleation rate. We believe that the
result presented here gives a strong motivation to reconsider
the theoretical framework behind equality of the evaporation

FIG. 12. Works of cluster formation �Wn �unperturbed configurations� and
�Wn,p �perturbed configurations� from a simulation at T=60 K and S=50.
rates for nucleating clusters and clusters in equilibrium.
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V. SUMMARY

We have applied an earlier developed Monte Carlo
method18,23 to study properties of the individual cluster con-
figurations in nucleating vapor. We have established that the
work of the cluster formation is with a good accuracy de-
fined by a sole characteristic, which can be assigned to indi-
vidual cluster configurations. This characteristic is the stabil-
ity of the cluster configurations. Therefore, the stability of a
cluster configuration defines its nucleation ability. The stabil-
ity has only a moderate correlation with the cluster volume
and potential energy.

We have shown that it is possible to use one specific
volume for each cluster size to calculate the work of cluster
formation. For this cluster with a unique volume the average
stability is equal to the average stability of all clusters. The
EMLD model22 does not require intermolecular potentials,
but uses only macroscopic parameters. Therefore, it requires
also the value of volume of the droplets. Our simulations
have justified that such volume can be defined from the point
of view of the molecular approach. A comparison between
the volumes calculated with a macroscopic approach and
molecular simulations is beyond the scope of this paper, but
should be performed in the future.

The formalism that we have developed here and in our
earlier works18,23 allows us to calculate nucleation rate not
only for the clusters in equilibrium, but also for nonequilib-
rium clusters. We have generated the cluster configuration
distribution that differs slightly from the equilibrium distri-
bution. The direction of the shift from equilibrium is the
same as could be expected in a nucleating vapor, although
our method probably overestimates the shift. We have shown
that even small deviations from equilibrium in the cluster
configuration distribution can lead to a dramatic deceleration
of the nucleation rate. The assumption that the evaporation
properties of nucleating clusters can be considered the same
as those of equilibrium clusters should be carefully reconsid-
ered.
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