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Hadrons are Ultra-Relativistic Bound States

But look much simpler than one might expect

V (r) = c r ! CF
!s

r

The quark model explains the spectrum
in terms of valence quark dof’s only

Where are the gluons and sea quarks?
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4Can we get away with Perturbation Theory?

At least we should try!

There is more than the spectrum which suggests that αs(0) < 1
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Figure 1: Left: The dependence of the QCD coupling !s on the momentum scale Q [10]. Right:
The average coupling !0 defined by (2.1) as determined from data in the range 0 < Q < 2 GeV
[13].

I discuss the evidence that QCD remains perturbative at long distances in Sec. 2.
Sec. 3 introduces general issues related to the perturbative description of bound states. The
possibility of using retarded propagators at Born level and how this a!ects wave functions
is discussed in Sec. 4, and then applied to Dirac bound states in Sec. 5. Sec. 6 addresses
the dynamical (as opposed to manifest) boost invariance of states defined at equal time of
their constituents. Each order in an ! expansion must be Lorentz invariant, as discussed
in Sec. 7. In gauge theories the A0 potential is at each instant of time determined by
the charges through Gauss’ law. In Sec. 8 I note that the Coulomb field of the Hydrogen
atom therefore is di!erent for each wave function component (position of the charges).
This allows me in Sec. 9 to consider solving Gauss’ law with a boundary condition where
A0 does not vanish at spatial infinity. This generates a linear confining potential without
breaking the symmetries of the theory. In Secs. 10 and 11 I use this boundary condition to
derive the QCD bound state equations at lowest order in ! and !s for qq̄ and qqq states.
Final comments are given in Sec. 12.

2. The freezing of !s(Q)

Strong interaction phenomena are characterized by the scale "QCD ! 200 MeV ! 1 fm!1.
This fundamental constant also determines the value of !s in the perturbative regime:
!s(MZ) = 0.1184 ± 0.0007 [10]. The running of !s(Q) shown in Fig. 1 (left panel) agrees
well with data down to the scale of the " lepton mass, where !s(1.8 GeV) ! 0.33.

It is often claimed that !s(Q) grows large as Q " "QCD, and that confinement is
a consequence of strongly coupled QCD. Actually, several analyses indicate that !s(Q)
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“freezes”, i.e., becomes independent of Q at low scales [11]. A dispersive approach [12]
which uses moments of event shapes to extract an average coupling !0 at low scales,

!0(µI) !
1
µI

! µI

0
dQ !s(Q) (2.1)

gave [13] !0 " 0.5 (for µI = 2 GeV) as shown in the right panel of Fig. 1. A recent
analysis of event shapes in e+e! annihilations which combined the dispersive method with
perturbative calculations at NNLO accuracy resulted in [14]

!s(MZ) = 0.1153± 0.0017 (exp)± 0.0023 (th)

!0 = 0.5132± 0.0115 (exp)± 0.0381 (th) (2.2)

A moderate coupling at long distances would help explain why perturbative results are
found to qualitatively describe data at low Q2. Examples include Bloom-Gilman duality
[15], precocious dimensional scaling [16] and the inclusive distribution of hadrons in and
between jets [17]. Hadrons are, like atoms, classified according to the spin and orbital
angular momentum of their valence constituents. The success of the quark model in de-
scribing hadron masses, magnetic moments and other properties suggests a perturbative
structure. In the words of a well-known expert [18]:

QCD is about to undergo a faith transition.

QCD practitioners prepare themselves – slowly but steadily – to start using,
in earnest, the language of quarks and gluons down into the region of small
characteristic momenta – “large distances”.

This is a perplexing statement since we know that QCD is not perturbative in the same
sense as QED is – there are no free quarks or gluons. Applied to the phenomenological
quark model potential

V (r) = kr # 4
3

!s

r
(2.3)

it suggests that the coe!cient k of the linear term is of lower order in !s than the gluon
exchange contribution #4

3!s/r. In Sec. 9 I show that a linear term arises in the pertur-
bative expansion if a non-vanishing energy density $ "4

QCD is imposed on the solution of
Gauss’ law. Then k $ %!s "2

QCD is indeed of lower order than the O (!s) gluon exchange
contribution, which may be treated as a higher order perturbative correction.

3. Bound states in perturbation theory

Bound states appear as poles in scattering amplitudes. In a perturbative expansion the
poles are generated by the divergence of the sum – no finite order Feynman diagram has
a bound state singularity. This is intuitively understandable, since the constituents must
continuously interact in order to stay bound. It may nevertheless seem surprising that
the QED perturbative series diverges even for atoms, however small is ! (I return to
this in Sec. 7). Having to sum an infinite set of diagrams raises the question of which
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Dokshitzer et al

T. Gehrmann et al (2010)



Paul Hoyer Madison 16 June 2011

5

QCD is about to undergo a faith transition

QCD practitioners prepare themselves - slowly but steadily - to 
start using, in earnest, the language of  quarks and gluons down 

into the region of  small characteristic momenta - “large distances” 

Unusual analytic properties of  quark and gluon Green functions 
will take responsibility for what we refer to as “colour confinement”.

Gribov supercritical quark confinement scenario implies all above 

and demands the  QCD coupling in the infrared  to exceed

One can well expect that in n years from now (with                  )
participants of  Munich alpha_s meetings will be discussing the 
accuracy of         determination at scales of  1 GeV and below!s

n = O(1)

Yuri Dokshitzer (2011)
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6ABC of Relativistic Bound States

Questions that weren’t asked, but can be answered

A. Does the Hydrogen atom 
wave function Lorentz contract?

 ⇒
?

p = 0 p >> m

B. How does its Dirac wave function
describe the infinite # of e+e– pairs?

C. Is there a Born term for bound states,
as there is for scattering amplitudes?

Matti Järvinen, Phys. Rev. D71, 085006 (2005)

PH, 0909.3045

S. Brodsky, PH, Phys. Rev. 
D83, 045026 (2011)

hbar expansion in QFT
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?

p = 0 p >> m

A. Does the Hydrogen atom wave function 
Lorentz contract?

 ⇒
In analogy to classical relativity, it is the equal time w.f.  
might Lorentz contract in a moving frame.

Observers measure endpoints of rigid rod 
at equal times in their respective frames.

HΨ(x) = E Ψ(x) Quantization at t = 0
Boosts are dynamical

HLFΨLF(x) = P  ΨLF(x)
– Quantization at constant x+ = t+z

Boosts are kinematical
 ΨLF is invariant
Limiting case: Infinite momentum frame - zero modes

Here: Use equal time quantization:
  Theoretically more correct (space-like quantization surface) 
  Study dynamical boosts (Yes, we can!) 
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coupling expansion of the Bethe-Salpeter equation is done using “old-fashioned”
time ordered perturbation theory where the relevant Fock state components and
the internal dynamics are explicitly seen.

In [I] the weak-coupling limit of the Bethe-Salpeter wave function is evaluated in
1 + 1 dimensional QED. The 1 + 1 dimensional case is particularly simple as in the
A1 = 0 gauge there are no time derivatives of the photon fields in the Lagrangian.
Thus the photon field does not propagate in time and there only is an instantaneous
Coulomb interaction between the constituents at the same instant of time as in the
’t Hooft model. The leading component of the wave function in the QED coupling
! is seen to Lorentz contract in the classical fashion, and the Lorentz covariance
of the energy spectrum E =

!
M2 + (P 1)2 is verified in the weak-coupling limit.

These results are also valid in 1 + 1 dimensional QCD and in the ’t Hooft model,
which are similar to 1 + 1 dimensional QED in the weak-coupling limit.

In [II] the derivation of [I] is generalized to the 3 + 1 dimensional physical
QED, i.e., to the hydrogen atom or positronium. In 3 + 1 dimensions transverse,
propagating photons are present which adds new features to the problem. The
lowest, e!e+, Fock state contracts again classically to leading order in !. The wave
function of the next-to-leading e!e+" Fock state is also evaluated and seen not to
contract classically. This implies together with the various examples discussed in
the previous section that classical contraction is not a general property of bound
states in field theory.

!P

P

!EF !EF

!EI

!EF

!EI

!EF

Figure 3.3: Typical structure of the hydrogen atom dynamics for P != 0 in
time ordered perturbation theory and Coulomb gauge. !P is the equal-time wave
function, the dashed exchange represents the instantaneous Coulomb photon in-
teraction, the wavy lines are transverse photons, and time flows to the right. The
dashed vertical cuts indicate time slices, and the !E’s are the corresponding en-
ergy di"erences.

I present now some details of the more general 3+1 dimensional calculation. The
constituent masses m are set equal for simplicity. As in the CM frame one-photon
exchange dominates the bound state equation for P != 0. When the BSE (Fig. 2.2)
is iterated, the leading bound state ladder typically looks like that of Fig. 3.3 with
Fock states of only two fermions. The uncertainty relation implies that the lifetime

18

A. Does the Hydrogen atom wave function 
Lorentz contract? II

Matti Järvinen, Phys. Rev. D71, 085006 (2005)

In rest frame, A0 dominates: Instantaneous Coulomb interaction
In boosted frame, longitudinal AL 
contributes as well: 
| e–p γ〉 Fock state

E(p) =
!
(me +mp ! Eb)2 + p2c2The correct momentum dependence 

arises in a non-trivial way:

Only Coulomb exchange
does not increase Fock content
(recall |qq〉 and |qqq〉 hadrons)

... but is guaranteed by perturbation theory: Each order in α is L-covariant

The | e–p γ〉 Fock state does not Lorentz contract classically.



Paul Hoyer Madison 16 June 2011

9B. How does the Hydrogen’s Dirac wave function
describe the infinite # of e+e– pairs?

Chapter 2

Bound states in field theory and

the Bethe-Salpeter formalism

In this chapter I briefly review the definitions of bound states in field theory, their
wave functions and the Bethe-Salpeter formalism. I show how the weak-coupling
limit leads to the familiar nonrelativistic results in the center of mass frame.

Bound states in quantum field theory are defined in the same way as in non-
relativistic quantum mechanics: they are eigenstates of the Hamiltonian. However,
in moving from nonrelativistic to relativistic quantum mechanics several complica-
tions arise that make solving the eigenstates a di!cult task. In special relativity the
concept of time is frame dependent, and, e.g., particle scattering from an external
source may involve pair creation in the intermediate state (see Fig. 2.1). Lorentz
covariance requires that the Hamiltonian of an interacting field theory can change
particle number. Thus bound states, in general, involve Fock states with arbitrary
numbers of particles. Instead of a single wave function, the state is described by an
infinite number of wave functions each of which depends on all the momenta and
spins of the constituents of the corresponding Fock state. The eigenvalue equation
of the Hamiltonian is a complicated integral equation connecting wave functions of
Fock states with di"erent numbers of particles (see, e.g., [3]).

.

.

+

Figure 2.1: The two time ordered diagrams for double scattering of an electron
from an external source. The diagram to the right involves a Fock state with an
extra e!e+ pair. The contributions of individual diagrams are frame dependent
and only the sum is Lorentz covariant. Time flows to the right.

The Bethe-Salpeter formalism [1] is an alternative formulation of the bound

6

| e– e+ e–〉| e–〉

Relativistic electron scattering in a
fixed external potential A0 = – α/r
generates states with extra pairs

H |Ψ〉 = E |Ψ〉 in a fixed external A0 potential
requires |Ψ〉 to have an infinite number
of Fock states, since 
H creates e+ e– pairs.

The same condition holds in relativistic field theory, but is impractical even for the simple
case of an electron bound by a Coulomb potential just discussed. Since the hamiltonian can
create an e+e! pair from the Coulomb field the state |!! must necessarily contain an infinite
number of pairs – the same conclusion that we reached previously. Hence in relativistic
theory one usually determines bound states as poles of Green functions in 4-momentum
space rather than using a hamiltonian formulation.

According to our discussion above the standard (single particle) Dirac wave function
follows from using retarded propagators in a perturbative evaluation of Green functions
as in (4.4). We may then ask whether we can set the boundary conditions in the oper-
ator equation (5.1) correspondingly, such that it defines a single particle bound state |!!
with a Dirac wave function. For this we need a “retarded vacuum” in which the electron
propagator

SR(x " y) = R#0| T ["(x)"̄(y)] |0!R (5.2)

agrees with the retarded one in (4.3). The definition

|0!R = N!1
!

p,!

d†
p,!|0! (5.3)

where all the positron states are filled1 and N is an (infinite) normalization constant works
since

"(x)|0!R = 0 (5.4)

implies no contribution for x0 < y0 in (5.2). A single-electron state with both positive and
negative energy components can then be parametrized by a Dirac (c-number spinor) wave
function !(x) as

|!, t! =
"

d3x "†
"(t,x)!"(x)|0!R (5.5)

where a sum over the Dirac index # is implied. With the QED hamiltonian in the Inter-
action Picture

H(t) =
"

d3x "̄(t,x)
#
" i! · ! + m + e$0A0(x)

$
"(t,x) (5.6)

the state (5.5) in (5.1) gives, using
%
""(t, x),"†

#(t, x")
&

= %3(x " x") %"# and (5.4), the
Dirac equation for the wave function !(x) of a bound state of energy E in the external
Coulomb potential A0(x),

("i! · ! + e$0A0(x) + m)!(x) = E$0!(x) (5.7)

In Sec. 4 we saw that the energy E is independent of the boundary condition (Feynman
or retarded) when the potential is static and there are no loop corrections. The possibility
to describe the same state |!! using di!erent wave functions is not so surprising when we
recall that the time-ordering of events which are separated by a space-like distance depends

1Equivalently, in the retarded vacuum all the negative energy states are empty, which is why pair

production is suppressed.
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or, equivalently:
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which apparently describes the x-distribution of a single electron?
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The bound state energies ER of a fermion in a t-independent Coulomb potential

+ + + ...+ k1 k2

p0,0 p0, p

p

p0
p0 p0

p0,0
G(p0,p) =

may be evaluated using retarded propagators (since p0  ≠ – Ep)

SR(p0,p) = i
/p + me

(p0 ! Ep + i!)(p0 + Ep+i!)

which only propagate forward in time,

SR(t,p) =
!(t)
2Ep

!
(Ep"

0 ! p · ! + me)e!iEpt + (Ep"
0 + p · ! !me)eiEpt

"

Tree diagrams are independent of the iε prescription.

B. How does the Hydrogen’s Dirac wave function
describe the infinite # of e+e– pairs? II
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k1 k2=

t2t1E E

Ei > 0

Retarded (t, p)

k1 k2

p0

Covariant (p0, p)

p0 p0

k1 k2
k1k2

= +

t2t1
t1

t2p0 p0 p0

p0

Feynman (t, p)

The time-ordered diagrams, and hence also the equal-time wave functions of 
bound states, depend on the iε prescription,

Ei > 0

Ei < 0

Ei < 0

The Dirac “single particle” states
with E > 0 and E < 0 are obtained
with retarded propagators.

B. How does the Hydrogen’s Dirac wave function
describe the infinite # of e+e– pairs? III

Bound state energies are independent of iε only in the absence of loops! 
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We now can formulate  a hamiltonian description of Dirac states. 
We need a boundary condition which gives retarded fermion propagators:

B. How does the Hydrogen’s Dirac wave function
describe the infinite # of e+e– pairs? IV
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since
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%
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production is suppressed.

– 8 –

The same condition holds in relativistic field theory, but is impractical even for the simple
case of an electron bound by a Coulomb potential just discussed. Since the hamiltonian can
create an e+e! pair from the Coulomb field the state |!! must necessarily contain an infinite
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With the Dirac state defined by

H|!! = E|!!the bound state condition

gives the Dirac equation for the c-numbered spinor φ(x).
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13C. Is there a Born term for bound states,
as there is for scattering amplitudes?

!     is a fundamental constant related to quantum effects. Each order in an     
expansion must obey all symmetries of the theory.

!

!The    expansion is relevant for both relativistic and nonrelativistic, 
scattering and bound state dynamics.

Born terms are defined as being of lowest order in    .!

 ⇒ It defines the proper starting point for 
a relativistic description of bound states.

This field is plagued by a large number of suggestions for 
“relativistic-looking wave equations”

As the Hydrogen example (A) showed, boosts are dynamic symmetries in 
QFT. Boost invariance is not manifest.
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in the Harmonic Oscillator

Z =
!

[dx] exp
"

i

!

!
dt(1

2mẋ2 ! 1
2m!2x2)

#

"
!

[dx̃] exp
"
i

!
dt(1

2m ˙̃x
2 ! 1

2m!2x̃2)
#

The     can be completely absorbed in  ! x̃ ! x/
"

!

Bound states with En = !!(n + 1
2 ) have small 

!

The classical path xi(ti)! xf (tf ) is obtained when the

boundary positions xi,f are held fixed as  !! 0 , hence  n ! 1/!
ensuring a classical limit.

x !
"

! n

does not always imply classical physics. For the harmonic oscillator

(with fixed n).
!! 0 as

!! 0
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15expansion in QED

Dimensions: Requiring c = !0 = 1[S] ! [
!

d4xL] = [!] = E · L

[!] = E1/2 L!1 {!†(t,x),!(t,y)} = ! "3(x! y)also from:

[Aµ] = E1/2 L!1/2

[m̃] = L!1 wave number! m̃ = m/!

!
(e is the classical charge)

! =
e2

4"! =
ẽ2!
4"

! 1
137

ẽ
We shall define the             limit by keeping the
quantities    ,      of the “classical” action fixedm̃

!! 0

ẽ = e/!

LQED = !̄(i/" ! ẽ /A! m̃)! ! 1
4Fµ!Fµ!

!

[ẽ] = E!1/2 L!1/2

[e] = E+1/2 L+1/2
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Rescaling the fields with

Z =
!

[D!D!̄DA] exp
"

i

!

!
d4xL

#
!

!
[D!̃D ¯̃!DÃ] exp

"
i

!
d4xL̃

#

The rescalings
 
introduce an    dependence in the interaction term:!

now appears only in the coupling:!

and the perturbative (loop) expansion is equivalent to the      expansion.!

!̃ ! !/
"

!, Ãµ ! Aµ/
"

!

! =
ẽ2!
4"

= O (!)

!

L̃ = ¯̃!(i/" ! ẽ
"

! /̃A! m̃)!̃ ! 1
4 ("µÃ! ! "!Ãµ)2
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A comment on:

!

This paper appears to use a different definition of the limit !! 0
where m and e are held fixed, hence m̃ = m/!!", ẽ = e/!!"

Then also ! = e2/4"!!" hence the     and loop expansions are not 
equivalent.
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k q–k

p1

p2

p1+k

p2–k

A1:

A2 :

C. Is there a Born term for bound states,
as there is for scattering amplitudes? II

q = (0,q) k q–k

p1

p2

p1+k

p2–k

(a)

ẽ
!

!

ẽ
!

!
(b)

Figure 4: The first two ladder diagrams contributing to non-relativistic atoms in the limit of small
coupling !.

factors of ! explicit, with dimension [!] = E · L. We keep c = 1, so the units of space and
time are both L. The QED action

SQED =
!

d4x

"
"̄

#
i/# ! e

!
/A! m

!

$
" ! 1

4
Fµ!F

µ!

%
(7.2)

should have the same dimension as !, hence ["] = E1/2L!1 and [A] = E1/2L!1/2. From
the fact that the fine structure constant ! = e2/(4$!) is dimensionless we conclude that
the dimension of the classical charge is [e] = E1/2L1/2. This is why the charge in the QED
action (7.2) enters in the form e/!. Similarly the classical mass appears as m/!.

In considering the classical limit of quantum field theory it seems natural to keep the
classical quantities e and m fixed as ! " 0 [23]. For a connection between the power of !
and the number of loops we need instead to keep ẽ # e/! and m̃ # m/! fixed [20]. After
a rescaling of the fields, "̃ # "/

$
! and Ã # A/

$
! we get

1
!SQED =

!
d4x

&
˜̄"
#
i/# ! ẽ

$
! /̃A! m̃

$
"̃

'
(7.3)

where ! appears exclusively in the combination ẽ
$

!. Adding a loop to any given Feynman
diagram gives a factor (ẽ

$
!)2 and thus a factor of !. This establishes the equivalence

between the ! and loop expansions3. The conclusion is the same for QCD.
How about the ! expansion for bound states? In the weak coupling limit (! " 0)

QED atoms are given by a sum of ladder diagrams, the first two of which are shown in
Fig. 4. Each ladder increases the number of loops by one, so atoms would seem to be of
no definite order in !. On the other hand, the binding energies En = !1

2!2me/n2 are of
definite power of ! = ẽ2!/4$. The loop and ! expansions appear not to be equivalent in
this case.

Bound states are indeed a special case because the momenta in the ladders depend
on !. For the ladder sum to maintain an overlap with the bound state wave function the
momentum transfer in Fig. 4 must be of the order of the Bohr momentum, |q| = O (!me),
while the energy transfer should be commensurate with the binding energy, q0 = O

(
!2me

)
.

3A Green function also has a factor !1/2 for each of its external legs, due to the conversions ! ! !̃ and

A! Ã of the corresponding operators. Thus the free electron and photon propagators are of O (!).
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+

Bound state poles are generated by the divergent 
sum of ladder diagrams (in the non-relativistic case)

+ ...

A2 !
!
dk0d3k ẽ4!2

!
p0
1+k0!

"
(p1+k)2+m2+i!

"!
p0
2!k0!

"
(p2!k)2+m2+i!

"
k2(q!k)2

α2 α3 α2

α2 α2 α2 α2

A1 ! !
q2 ! 1

!

A = A1 +A2 + . . .

For an overlap with the bound state wave function,

q0 ! !2me q ! !me

This makes all ladder diagrams 
of the same order in ! and !
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19C. Is there a Born term for bound states,
as there is for scattering amplitudes? III

Hence ladder diagrams are special: They are the most singular ones as α → 0
All ladders are of the same order in α and hbar, and their sum diverges when
the q-distribution is given by the Schrödinger wave function.

Hence the Schrödinger bound states are Born terms: Lowest order in hbar.

The momenta in loop corrections to propagators or vertices do not scale with
α and hence give true higher order corrections.

The Dirac equation turns into the Schrödinger equation in the α → 0 limit.
Its O(α) relativistic contributions are of the same order as loop corrections. 

En,j = m

!

"1 +
Z2!2

n! j ! 1
2 +

#
(j + 1

2 )2 ! Z2!2

$

%
!1/2

(j + 1
2 " n)

Indeed, the Dirac energy levels are unphysical (complex) for Z α > 1 :
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20Determination of A0 for an e–µ+ bound state

The equal-time Bethe-Salpeter wave function (with explicit Dirac indices for clarity)
should have a stationary time dependence,

!!"(t;x1,x2) = R!0|"†
µ"(t,x2)"e!(t,x1)|E, t" = e!iEt!!"(t = 0;x1,x2) (3.13)

where !!"(t = 0;x1,x2) = #!"(x1,x2) follows from the anticommutation relation (3.4)
and (3.12).

Matrix elements of the operator equation of motion for the photon field A#

$µFµ#(x) # e
!

i=e,µ

"̄i(x)%#"i(x) = 0 (EOM) (3.14)

constrain the instantaneous A0 field and allow to judge the accuracy of our bound state
approximation. The relevant matrix element for the BS amplitude (3.13) at t = 0 is

R!0|"†
µ"(0,x2)"e!(0,x1) (EOM) |E, 0" = 0 (3.15)

Since the states do not contain physical (transverse) photons only the classical (instanta-
neous) A0 field survives in Fµ#(x) at lowest order in the coupling e. For & = 0 in (3.14)
the constraint (3.15) is

#!"(x1,x2)
"
#!2A0(x)

#
= e

!

i=e,µ

R!0|"†
µ"(0,x2)"e!(0,x1) "†

i (0,x)"i(0,x) |E, 0"

= e
"
'3(x # x1) # '3(x # x2)

#
#!"(x1,x2) (3.16)

where we used

"e(0,x)†"e(0,x)|E, 0" = "†
e(0,x)

$
d3y2#(x,y2)"µ(0,y2)|0"R (3.17)

The standard solution is

A0(x) =
e

4(

%
1

|x # x1| #
1

|x # x2|

&
(3.18)

The interpretation of this result di!ers from the case where A0(x) is regarded as a fixed
external field, which is sampled by the charged particles according to their positions x1 and
x2. Now there is no external field but rather a bound state (3.10) which is a superposition
of Fock states. The gauge field A0(x) is constrained for each Fock component and each
instant of time by the QED equation of motion. If we would measure A0(x) far away from
the muonium atom we would need to average over all Fock states and find that the its
monopole (1/r) component vanishes (or more generally, is proportional to the sum of the
constituent charges). On the other hand, if the probe were so close to the constituents that
it weights the various Fock states di!erently it would detect the individual Fock components
(3.18) of the potential.

With & = j (= 1, 2, 3) in (3.15) even the A0 field does not contribute ($0 A0 = 0) and
thus

e '3(x # x1)(%0%j#)!" # e '3(x # x2)(#%0%j)!" = 0 (3.19)
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The QED operator equation of motion:

|E, t = 0! =
!

dy1dy2!
†
e(t = 0,y1)"(y1,y2)!µ(t = 0,y2)|0!R

Define an | e– µ+ 〉 state in terms of a 4 × 4 wave function χ

The actual value of A0(x; y1, y2) depends on the positions y1, y2 of the charged 
particles e– and µ+, hence differs for each wave function component χ(y1, y2)

determine A0 through Gauss’ law:

Hence the propagators can contribute negative powers of !. For diagram (a) in Fig. 4 we
have A(a) ! !/q2 " 1/!. In diagram (b) the four vertices and the dk0d3k of the loop
integral measure give !2 ·!2 ·!3 = !7 in the numerator. The fermion propagators are each
o!-shell by the binding energy and hence " !!2, while each photon propagator " !!2 as
in A(a). Thus the four propagators in (b) contribute " !!8, implying that A(b) " !!1 is
of the same order in ! and ! as A(a). This also explains why the ladder sum can diverge at
the bound state energies, however small is !. The ladder diagrams are enhanced (" 1/!)
in the weak coupling limit, and thus give the leading contribution to the bound state poles.
In diagrams with loop corrections to vertices or propagators the loop momentum does not
decrease with !, hence such diagrams give true higher order corrections in ! and !.

As !# 0 the sum of ladder diagrams in Fig. 4 describes non-relativistic scattering from
a static Coulomb potential as shown in Fig. 3. Hence the Schrödinger equation gives the
Born contribution, of lowest order in !, to atomic bound states. The Dirac equation with
a Coulomb potential A0 = $!/r can also be obtained from the sum of ladder diagrams
(with crossed ladders included) in the limit where one of the fermion masses in Fig. 4
grows large [24]. The relativistic features which distinguish the Dirac from the Schrödinger
bound states are of the same O (!) as loop contributions. Thus the Dirac equation for
the Hydrogen atom contains only a subset of the relativistic corrections to the Schrödinger
equation [20].

8. A0 from Gauss’ law

Having seen that the Schrödinger equation defines a Born term for non-relativistic atoms
I now return to the hamiltonian field theory formulation (5.1) of bound states. Previously
I assumed a fixed external potential, now we shall recall how the Coulomb potential arises
from the equations of motion. I take the constituents to have distinct flavor, an electron
e! and a muon µ+ for definiteness4.

In Coulomb gauge ! ·A = 0 the QED lagrangian

L = $1
4
Fµ!F

µ! +
!

f=e,µ

"̄f (i/# $ e /A$m)"f (8.1)

defines the operator constraint

$!2A0(t,x) = e
!

f=e,µ

"†
f (t, x)"f (t, x) (8.2)

Since there is no time derivative #0A0 we may express A0 in terms of the fermion operators
at each instant of time,

A0(t,x) =
"

d3y
e

4$|x$ y|
!

f=e,µ

"†
f (t, y)"f (t,y) (8.3)

4The annihilation contributions of an e+e! bound state are in any case of higher order in ! than I shall

be concerned with here.
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|y1,y2! = !†
e(t = 0,y1)!µ(t = 0,y2)|0!R

Consider the state component
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In this section I recalled that the A0 potential can be expressed in terms of the charged
fields as in (8.3). I next discuss how this expression may be modified by a homogeneous
solution of the field equations, corresponding to a di!erent boundary condition. This gives
a linear potential and thus relativistic bound states even at lowest order in !.

9. A confining boundary condition on A0

The strong interactions are characterized by a scale "QCD ! 200 MeV which is not present
in the classical QCD lagrangian. The scale is introduced when loop corrections are renor-
malized, resulting in a “dimensional transmutation” where the fixed dimensionless coupling
is replaced by the running !s(Q). "QCD also determines the confinement scale through
vacuum expectation values such as "0|!sFµ!Fµ! |0# $ "4

QCD. It is worth recalling that even
the QED vacuum is very complicated since the hamiltonian creates and destroys particles,
implying an infinite number of balancing fluctuations. Nevertheless, in QED one success-
fully expands around the empty, perturbative vacuum and includes vacuum fluctuations
only perturbatively.

The QCD scale is introduced phenomenologically in the quark model, by postulating
a linear potential with scale k in (2.3). Can there be an approach within perturbative
QCD that allows to arrive at a quark model picture of hadrons? As I discussed in Sec. 7
the Schrödinger equation represents a Born level approximation, i.e., it does not include
loop e!ects. How could the scale "QCD appear at Born level in QCD? One possibility
(and apparently the only one) is via a boundary condition on the color field strength.
Gauss’ law (8.2) (or rather its QCD equivalent) is particularly relevant since it concerns
the instantaneous field A0. Interactions transmitted by the propagating gluon fields A

necessarily imply that hadrons have gluons in their Fock states, rather than being (at Born
level) qq̄ and qqq states as in the quark model. The fact that the spectrum of heavy
quarkonia is qualitatively similar to the atomic spectrum furthermore suggests that they
bind similarly, through the Coulomb potential A0.

Consider adding a homogeneous solution of Gauss’ constraint (8.2) to the standard
expression (8.3) (still using QED as illustration),

A0(t,x) =
!

d3y
e

4"|x% y|
"

f=e,µ

#†
f (t, y)#f (t,y) + "2!̂ · x (9.1)

where " and the unit vector !̂ are independent of x. This contribution implies a con-
stant energy density 1

2(!A0)2 = 1
2"2 at asymptotic x. The possibility to add this term

means that it preserves the stationarity of the action under local variations of A0, but
not necessarily stationarity under the global variation of !̂. Keeping only the two-particle
|y1,y2# & #†

e(t,y1)#µ(t,y2)|0# Fock state contribution,

A0(t,x)|y1, y2# =
#

e

4"

$
1

|x% y1| %
1

|x% y2|

%
+ "2!̂ · x

&
|y1, y2# (9.2)

The electron and muon generate an electric dipole field, which results in the standard 1/r

potential in (8.9) (when the infinite, y1,y2 -independent contributions are discarded). The
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is independent of x,

which gives rise to an asymptotically constant energy density 1
2 (!A0)2 = 1

2!
4

and appears as a boundary condition on the solution. 
If we allow this, it has very interesting consequences (for QCD).

The O(e) term gives a stationary action for the state 
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fields as in (8.3). I next discuss how this expression may be modified by a homogeneous
solution of the field equations, corresponding to a di!erent boundary condition. This gives
a linear potential and thus relativistic bound states even at lowest order in !.

9. A confining boundary condition on A0

The strong interactions are characterized by a scale "QCD ! 200 MeV which is not present
in the classical QCD lagrangian. The scale is introduced when loop corrections are renor-
malized, resulting in a “dimensional transmutation” where the fixed dimensionless coupling
is replaced by the running !s(Q). "QCD also determines the confinement scale through
vacuum expectation values such as "0|!sFµ!Fµ! |0# $ "4

QCD. It is worth recalling that even
the QED vacuum is very complicated since the hamiltonian creates and destroys particles,
implying an infinite number of balancing fluctuations. Nevertheless, in QED one success-
fully expands around the empty, perturbative vacuum and includes vacuum fluctuations
only perturbatively.

The QCD scale is introduced phenomenologically in the quark model, by postulating
a linear potential with scale k in (2.3). Can there be an approach within perturbative
QCD that allows to arrive at a quark model picture of hadrons? As I discussed in Sec. 7
the Schrödinger equation represents a Born level approximation, i.e., it does not include
loop e!ects. How could the scale "QCD appear at Born level in QCD? One possibility
(and apparently the only one) is via a boundary condition on the color field strength.
Gauss’ law (8.2) (or rather its QCD equivalent) is particularly relevant since it concerns
the instantaneous field A0. Interactions transmitted by the propagating gluon fields A

necessarily imply that hadrons have gluons in their Fock states, rather than being (at Born
level) qq̄ and qqq states as in the quark model. The fact that the spectrum of heavy
quarkonia is qualitatively similar to the atomic spectrum furthermore suggests that they
bind similarly, through the Coulomb potential A0.

Consider adding a homogeneous solution of Gauss’ constraint (8.2) to the standard
expression (8.3) (still using QED as illustration),

A0(t,x) =
!

d3y
e

4"|x% y|
"

f=e,µ

#†
f (t, y)#f (t,y) + "2!̂ · x (9.1)

where " and the unit vector !̂ are independent of x. This contribution implies a con-
stant energy density 1

2(!A0)2 = 1
2"2 at asymptotic x. The possibility to add this term

means that it preserves the stationarity of the action under local variations of A0, but
not necessarily stationarity under the global variation of !̂. Keeping only the two-particle
|y1,y2# & #†

e(t,y1)#µ(t,y2)|0# Fock state contribution,

A0(t,x)|y1, y2# =
#

e

4"

$
1

|x% y1| %
1

|x% y2|

%
+ "2!̂ · x

&
|y1, y2# (9.2)

The electron and muon generate an electric dipole field, which results in the standard 1/r

potential in (8.9) (when the infinite, y1,y2 -independent contributions are discarded). The
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We should similarly determine the unit vector    so that the action is 
stationary under the global variation of the direction of    . 

!
!

Hence:

1
2

!
d3x(!A0)2 =

1
2

"
!4

!
d3x ! e!2 !̂ · (y1 ! y2) + O

#
e2

$ %
|y1,y2"

!̂ ! y1 " y2
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The same condition holds in relativistic field theory, but is impractical even for the simple
case of an electron bound by a Coulomb potential just discussed. Since the hamiltonian can
create an e+e! pair from the Coulomb field the state |!! must necessarily contain an infinite
number of pairs – the same conclusion that we reached previously. Hence in relativistic
theory one usually determines bound states as poles of Green functions in 4-momentum
space rather than using a hamiltonian formulation.

According to our discussion above the standard (single particle) Dirac wave function
follows from using retarded propagators in a perturbative evaluation of Green functions
as in (4.4). We may then ask whether we can set the boundary conditions in the oper-
ator equation (5.1) correspondingly, such that it defines a single particle bound state |!!
with a Dirac wave function. For this we need a “retarded vacuum” in which the electron
propagator

SR(x " y) = R#0| T ["(x)"̄(y)] |0!R (5.2)

agrees with the retarded one in (4.3). The definition

|0!R = N!1
!

p,!

d†
p,!|0! (5.3)

where all the positron states are filled1 and N is an (infinite) normalization constant works
since

"(x)|0!R = 0 (5.4)

implies no contribution for x0 < y0 in (5.2). A single-electron state with both positive and
negative energy components can then be parametrized by a Dirac (c-number spinor) wave
function !(x) as

|!, t! =
"

d3x "†
"(t,x)!"(x)|0!R (5.5)

where a sum over the Dirac index # is implied. With the QED hamiltonian in the Inter-
action Picture

H(t) =
"

d3x "̄(t,x)
#
" i! · ! + m + e$0A0(x)

$
"(t,x) (5.6)

the state (5.5) in (5.1) gives, using
%
""(t, x),"†

#(t, x")
&

= %3(x " x") %"# and (5.4), the
Dirac equation for the wave function !(x) of a bound state of energy E in the external
Coulomb potential A0(x),

("i! · ! + e$0A0(x) + m)!(x) = E$0!(x) (5.7)

In Sec. 4 we saw that the energy E is independent of the boundary condition (Feynman
or retarded) when the potential is static and there are no loop corrections. The possibility
to describe the same state |!! using di!erent wave functions is not so surprising when we
recall that the time-ordering of events which are separated by a space-like distance depends

1Equivalently, in the retarded vacuum all the negative energy states are empty, which is why pair

production is suppressed.
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With the QED hamiltonian

acting on the state

|E, t = 0! =
!

dy1dy2!
†
e(t = 0,y1)"(y1,y2)!µ(t = 0,y2)|0!R

and A0 determined by the stationarity of the action on each state
with the boundary condition 

In this section I recalled that the A0 potential can be expressed in terms of the charged
fields as in (8.3). I next discuss how this expression may be modified by a homogeneous
solution of the field equations, corresponding to a di!erent boundary condition. This gives
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necessarily imply that hadrons have gluons in their Fock states, rather than being (at Born
level) qq̄ and qqq states as in the quark model. The fact that the spectrum of heavy
quarkonia is qualitatively similar to the atomic spectrum furthermore suggests that they
bind similarly, through the Coulomb potential A0.

Consider adding a homogeneous solution of Gauss’ constraint (8.2) to the standard
expression (8.3) (still using QED as illustration),

A0(t,x) =
!

d3y
e

4"|x% y|
"

f=e,µ

#†
f (t, y)#f (t,y) + "2!̂ · x (9.1)

where " and the unit vector !̂ are independent of x. This contribution implies a con-
stant energy density 1

2(!A0)2 = 1
2"2 at asymptotic x. The possibility to add this term

means that it preserves the stationarity of the action under local variations of A0, but
not necessarily stationarity under the global variation of !̂. Keeping only the two-particle
|y1,y2# & #†

e(t,y1)#µ(t,y2)|0# Fock state contribution,

A0(t,x)|y1, y2# =
#

e

4"

$
1

|x% y1| %
1

|x% y2|

%
+ "2!̂ · x

&
|y1, y2# (9.2)

The electron and muon generate an electric dipole field, which results in the standard 1/r

potential in (8.9) (when the infinite, y1,y2 -independent contributions are discarded). The

– 14 –

1
2 (!A0)2 = 1

2!
4

the bound state condition H|E! = E|E! gives the constraints:

! != !(y1,y2) must be a universal constant

and the condition on the wave function
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!0(!i!1 · ! + me)"(y1,y2) ! "(y1,y2)!
0(i!2 · ! + mµ)

= [E ! V (x1,x2)]"(y1,y2)

Bound state equation II

with 

instantaneous A0-field is thus specific for each position of the fermions. The stationarity of
the action under the global variation of !̂ should similarly be ensured separately for each
Fock state. The field strength contribution may be evaluated as in (8.4) through partial
integration (except for the !4 term). This gives to O (e),
1
2

!
d3x

"
!4 ! e

#

f

!†
f (x)!2!̂ · x !f (x)

$
|y1, y2" =

1
2

"
!4

!
d3x ! e!2 !̂ · (y1 ! y2)

$
|y1,y2"

(9.3)
The first term on the rhs. is proportional to the volume of space and is due to the constant
energy density 1

2(!A0)2. In bound state calculations this infinite term can be discarded
provided ! is independent of y1 and y2. Stationarity of the second term wrt. variations of
!̂ imposes (up to a sign)

!̂ =
y1 ! y2

|y1 ! y2|
(9.4)

which gives a linear potential contribution to the interaction energy in (8.7),

V (y1,y2) = 1
2e!2 |y1 ! y2| (9.5)

Assuming a non-vanishing energy density (! #= 0) thus leads to a linear potential. It
is interesting to note that this is consistent with translation invariance only for neutral
states. For an electron with charge e1 and a muon with charge e2 we would have obtained
a potential V $ |e1y1! e2y2|, which is not invariant under a translation yi % yi + c. The
restriction to neutral bound states is consistent with color confinement in QCD.

The linear potential (9.5) is of O (e) and thus leading wrt. the O
%
e2

&
photon exchange

contribution (8.10). This allows to study bound states self-consistently using only the
linear potential, and introducing photon exchange perturbatively. For relativistic states
also the propagating components A of the photon field would contribute at O

%
e2

&
. As I

mentioned in Sec. 6 the longitudinal components of the photon field must be taken into
account even for the Hydrogen atom when it is in relativistic CM motion.

In the previous discussion I considered only two-particle Fock states, as appropriate for
non-relativistic e!µ+ bound states. This restriction can be removed using the observation
in Sec. 5 that pair production for Dirac states is “hidden” when using retarded boundary
conditions at asymptotic times. At the Born level, i.e., at lowest order in !, there are no
loops and the energy eigenvalues are una"ected by the i" prescription of the propagators. It
should be recalled that despite the apparent simplicity of the ensuing, Dirac-type “valence”
wave functions the relativistic bound states actually contain an infinite number of pairs
when Feynman boundary conditions are imposed at t = ±&.

The generalization of the “retarded vacuum” (5.3) to the case of two fermions e! and
µ+ is straightforward,

|0"R = N!1
'

p,!

d†
e(p,#) b†µ(p,#)|0" (9.6)

implying
!e(x)|0"R = !†

µ(x)|0"R = 0 (9.7)

When the |E, t" bound state in (8.6) is defined using the retarded |0"R rather than the
perturbative vacuum |0" the property (9.7) ensures that only two-particle states contribute.
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+ O(e2) purely linear at O(e)!

Remarks: • The equation is exact to O(e) and lowest order in
• Dirac type wave function: contains any number of pairs
• Only A0 contributes at O(e)
• A appears at O(e2), giving higher Fock states.
• Translation invariance requires the state to be neutral
• Rotational symmetry is manifest
• Boost invariance is dynamic (hidden)

!
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!(x1,x2) = exp
!
ik · (x1 + x2)/2

"
"(x1 ! x2)

The Lorentz symmetry of QED guarantees (for a calculation correctly done to 
a given order in     and g) that the energy eigenvalues are given by

The wave function of a bound state with CM momentum k is

The equation for φ(x) becomes (for m1 = m2 = m):

!i! · [!,!] + 1
2k · {!,!} + m

!
"0,!

"
= (E ! V )!

where the solutions φ(x) and E depend on the CM momentum k.

!

E =
!

k2
CM + M2

This is indeed the case for the above equation! 
And only holds for a purely linear potential V(|x|).

P.H., PL B172 (1986) 101

Frame dependence (t1 = t2 in all frames!)
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How should relativistic, equal-time wave functions transform under Lorentz 
boosts? The above bound state equation gives, for k = (0,0,k):

!0"k(s) = e!"3/2!0"k=0(s)e!!"3/2

for φk(s) ≡ φk(x1=0, x2=0, x3(s)) on the z-axis and with the 
“invariant distance” s defined by

The k-dependence of the wave function is seen also by directly boosting
the bound state with an interaction-dependent boost operator.

D. Dietrich, PH, M. Järvinen, work in progress

s(x3) = 1
2x3

!
E ! 1

2V (x3)
"

tanh !(s) = ! k

E ! V
and

Note: For V << E this reduces to standard Lorentz contraction, 
          but in general the boost depends on the  p0 – eA0.

ds

dx3
= 1

2 [E ! V (x3)]

Boost covariance of the wave function
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LQCD = ! 1
4Fµ!

a F a
µ! +

!
f !̄A

f (i/" ! g /AaT a
AB !mf )!B

f

Fµ!
a = !µA!

a ! !!Aµ
a ! gfabcA

µ
b A!

c

|E, t = 0! =
!

d3y1d
3y2 !A†

u (t = 0,y1)"
AB(y1,y2)!

B
d (t = 0,y2)|0!R

–

Under time-independent gauge transformations
the wave function transforms as 

!(t,x)! U(x)!(t,x)

!(y1,y2)! U(y1)!(y1,y2)U
†(y2)

In a gauge where !AB(y1,y2) = "AB!(y1,y2)

only the diagonal color fields A0
a with a = 3,8 can be nonzero.

Since fa38 = 0 the commutator terms do not contribute at O(g).
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Fock states with quarks of color C give the EOM for A0

a

!!2A0
a(x) = g TCC

a

!
!3(x! x1)! !3(x! x2)

"

A0
a(x;x1,x2, C) = !2

a !̂a · x +
gTCC

a

4"

!
1

|x! x1| !
1

|x! x2|

"
(a = 3, 8)

!1
4

!

a

"
d3xF a

µ!Fµ!
a =

!

a=3,8

#
1
2
!4

a

"
d3x +

1
3
g!2

a TCC
a !̂a · (x1 ! x2) + O

$
g2

%&

must be independent of x1, x2 , and

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = !2

a !̂a · x +
gTCC

a

4!

!
1

|x! x1|
! 1

|x! x2|

"
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants !a and unit vectors !̂a. However, variations
of these parameters is a global variation which can a"ect the action. In fact,

! 1
4

#

a

$
d3xF a

µ!F
µ!
a =

1
2

#

a

$
d3x (!A0

a)
2 (5.16)

=
#

a=3,8

%
1
2
!4

a

$
d3x +

1
3
g!2

a TCC
a !̂a · (x1 ! x2) + O

&
g2

'(

The parameter
)

a=3,8 !4
a is multiplied by the (infinite) volume of space. This term does

not a"ect bound state evolution provided it is the same for all Fock components. Hence

!4 "
#

a=3,8

!4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors !̂a provided !̂a # x1 ! x2. Choosing !̂a = TCC

a (x1 ! x2)/|TCC
a (x1 ! x2)|

gives (as seen below) an attractive linear potential $
)

a g!2
a|TCC

a (x1!x2)| between quarks
of color C.

The (instantaneous) action (??) should be stationary also wrt. variations in the ratio
!3/!8 which leaves ! in (??) invariant. Using a lagrange multiplier ", the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

!
!2

3 +
1%
3
!2

8

"
|x1 ! x2| + "(!4 ! !4

3 ! !4
8) (5.18)

for variations of !3,!8 and " gives !2
3/!2

8 =
%

3 and thus

SC=1
int =

g!2

3
%

3
|x1 ! x2| (5.19)

The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =

g!2
8

3
%

3
|x1 ! x2| + "(!4 ! !4

3 ! !4
8) (5.20)

is obtained for !3 = 0, !8 = !, giving SC=3
int = SC=1

int " Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.
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(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = !2

a !̂a · x +
gTCC

a

4!

!
1

|x! x1|
! 1

|x! x2|

"
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants !a and unit vectors !̂a. However, variations
of these parameters is a global variation which can a"ect the action. In fact,

! 1
4

#

a

$
d3xF a

µ!F
µ!
a =

1
2

#

a

$
d3x (!A0

a)
2 (5.16)

=
#

a=3,8

%
1
2
!4

a

$
d3x +

1
3
g!2

a TCC
a !̂a · (x1 ! x2) + O

&
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3 ! !4
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for variations of !3,!8 and " gives !2
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8 =
%

3 and thus
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int =
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The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =
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8

3
%
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3 ! !4
8) (5.20)

is obtained for !3 = 0, !8 = !, giving SC=3
int = SC=1

int " Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.
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Determining Λ3/Λ8 from stationarity it turns out that 
the potential is independent of the quark color C,

Having determined the parameters !a and !̂a in the A0
a potential (??) for each Fock

state we may now proceed to impose a stationary time dependence on the bound state, as
already indicated in (??). Analogously to the non-relativistic case (??) we have

i
d!CD

!" (0;x1,x2)
dt

= R!0|i
d"D†

d" (0,x2)
dt

"C
u!(0,x1)|E, 0" + i"D†

d" (0,x2)
d"C

u!(0,x1)
dt

|E, 0"

+R!0|"D†
d" (0,x2)"C

u!(0,x1)[HI(0)# Sint]|E, 0" = E !CD
!" (0;x1,x2) (5.21)

where the energy in the field contributes #Sint as shown in (??). The interaction hamilto-
nian

HI(t) = g
!

f=u,d

"
d3x"A†

f (t,x)A0
a(x)TAB

a "B
f (t, x) (5.22)

is diagonal in color for the field (??) and thus consistent with the color structure (??)
of the wave function. Its matrix element in the bound state equation (??) with C = D

contributes (no sum on C, and neglecting terms of O
#
g2

$
),

R!0|"C†
d" (0,x2)"C

u!(0,x1)HI(0)|E, 0" = g
!

a

TCC
a

%
A0

a(x1)#A0
a(x2)

&
#(x1,x2)

= g
!

a

!2
a |TCC

a (x1 # x2)|#(x1,x2) =
g!2

$
3
|x1 # x2| = 3Sint (5.23)

Thus the interaction energy is independent of the quark color C, similarly to the instanta-
neous action Sint.

Using (??) the bound state equation (??) for the color singlet ud̄ wave function becomes

$0(#i!1 ·" +mu)#(x1,x2)##(x1,x2)$0(i!2 ·" +md) = [E#V (x1,x2)]#(x1,x2) (5.24)

which has the same form as (??) for non-relativistic QED atoms. Due to the use of the
retarded vacuum (??) this equation may be applied also to relativistic bound states at
lowest order in ! and to O (g) in the gauge coupling with the linear potential

V (x1,x2) =
2g!2

3
$

3
|x1 # x2| (5.25)

where ! is a free parameter with dimension of mass. Separating the CM momentum k

according to
#(x1,x2) = eik·(x1+x2)/2 #k(x1 # x2) (5.26)

the bound state equation reduces to the form (??) given in Section ??.
The bound state equation (??) is a rather natural generalization of the Dirac equation

and as such has been studied before [?, ?, ?, ?]. As mentioned in Section ?? it has several
intriguing properties, in particular a correct dependence of the bound state energy E on the
center-of-mass momentum k, and rapid oscillations of the wave function at large distances
r between the quarks, where V (r) % E.
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and the bound state equation for the color singlet wave function χ 
has the same form as in QED.
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6. Baryon bound state equation in QCD

The derivation of the baryon uds equation follows the same principles as that of mesons,
giving a specific three quark potential. I assume distinctly flavored quarks for simplicity.

The baryon state at t = 0 is expressed as

|E, t = 0! =
! 3"

j=1

d3yj !A†
u!1

(t = 0,y1)!
B†
d!2

(t = 0,y2)!
C†
s!3

(t = 0,y3)"
!1!2!3
ABC (y1,y2,y3)|0!R

(6.1)
where now6

|0!R = N!1
"

p,",A

dA†
u (p, #) dA†

d (p, #) dA†
s (p, #)|0! (6.2)

The baryon state (6.1) is invariant under time independent gauge transformations !A(t, x) "
UAA!(x)!A!(t,x) provided the wave function is transformed as
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fields appear
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This gives the instantaneous action corresponding to (5.16),
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6This definition of the retarded vacuum is di!erent from (5.2) for mesons. This incompatibility needs

to be addressed in order to treat meson-baryon interactions.
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In a gauge where
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the relevant gauge fields are, for quark colors ABC = 123 
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3 !̂3 · x +
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1
|x! x2|

! 2
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Stationarity of the O(g) in the action requires:
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!̂3 ! x1 " x2, !̂8 ! x1 + x2 " 2x3

Similarly to the meson case the O
!
g0

"
term proportional to the (infinite) volume of space

must be universal, implying the constraint (5.17). The O (g) interference term for the color
component ABC = 123 is

S123
int =

g!2
3

6
!̂3 · (x1 ! x2) +

g!2
3

6
"

3
!̂8 · (x1 + x2 ! 2x3)

=
g!2

3

6
|x1 ! x2| +

g!2
3

6
"

3
|x1 + x2 ! 2x3| + !(!4 ! !4

3 ! !4
8) (6.9)

where in the second line I used stationarity of S123
int to fix the directions of the unit vectors,

!̂3 # x1 ! x2 and !̂8 # x1 + x2 ! 2x3, and added the lagrange multiplier for the constraint
(5.17). The extremum of S123

int is obtained with

!2
3

!2
8

=
"

3
|x1 ! x2|

|x1 + x2 ! 2x3|
(6.10)

giving

S123
int =

g!2

3
"

3

#
x2

1 + x2
2 + x2

3 ! x1 · x2 ! x2 · x3 ! x3 · x1 (6.11)

This expression is fully symmetric under permutations of x1 $ x2 $ x3, ensuring that the
same result will be obtained for all color components of the wave function (6.4): S123

int =
S213

int = . . . % Sint .
The stationarity condition for the baryon state (6.1),

i
d

dt
|E, t& = E|E, t& (6.12)

imposes an O (g) condition on the wave function "!1!2!3
ABC (x1,x2,x3) which is analogous to

(5.21) for mesons. In the interaction Hamiltonian (5.22) only the linear, O
!
g0

"
terms in

the gauge fields (6.7) need be considered, with the parameters !̂3, !̂8 and !3/!8 determined
as above by the extremum of the action for each Fock state. The stationarity condition is
diagonal in color and for the ABC = 123 color component reads

3$

j=1

%
#0(!i!j · " + mj)

&
"(x1,x2,x3) + g

3$

j=1

$

a=3,8

T jj
a A0

a(xj)" = (E + Sint)" (6.13)

where the interaction term on the lhs. is

g!2
3

2
!̂3 · (x1 ! x2) +

g!2
8

2
"

3
!̂8 · (x1 + x2 ! 2x3) = 3Sint(x1,x2,x3) (6.14)

The fact that Sint given by (6.11) is a symmetric function of the quark positions xj implies
that the potential is the same for all color components and thus compatible with the color
structure (6.4) of the wave function. The bound state equation for the uds baryon wave
function "(x1,x2,x3) is then

3$

j=1

%
#0(!i!j · "j + mj)

&
" = (E ! V )" (6.15)
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For different colors ABC = 213, etc., the result is given by x1 ↔ x2 , etc.

When expressed in terms of the universal strength
the potential obtained for stationary action is
the same for all color choices ABC,

(no sum over the quark color C). With the homogeneous solution (??) we have then for
a = 3, 8 the instantaneous potential

A0
a(x;x1,x2, C) = !2

a !̂a · x +
gTCC

a

4!

!
1

|x! x1|
! 1

|x! x2|

"
(a = 3, 8) (5.15)

As in the non-relativistic QED case (??) the field A0
a depends on the positions of the quarks,

and now also on their color. Since (??) is a solution of the EOM the action is stationary
under local variations of A0

a, for any constants !a and unit vectors !̂a. However, variations
of these parameters is a global variation which can a"ect the action. In fact,

! 1
4

#

a

$
d3xF a

µ!F
µ!
a =

1
2

#

a

$
d3x (!A0

a)
2 (5.16)

=
#

a=3,8

%
1
2
!4

a

$
d3x +

1
3
g!2

a TCC
a !̂a · (x1 ! x2) + O

&
g2

'(

The parameter
)

a=3,8 !4
a is multiplied by the (infinite) volume of space. This term does

not a"ect bound state evolution provided it is the same for all Fock components. Hence

!4 "
#

a=3,8

!4
a (5.17)

should be a universal constant, independent of x1,x2 and the quark color C. The O (g)
interference term is finite and was evaluated as in (??). It is stationary wrt. variations of
the unit vectors !̂a provided !̂a # x1 ! x2. Choosing !̂a = TCC

a (x1 ! x2)/|TCC
a (x1 ! x2)|

gives (as seen below) an attractive linear potential $
)

a g!2
a|TCC

a (x1!x2)| between quarks
of color C.

The (instantaneous) action (??) should be stationary also wrt. variations in the ratio
!3/!8 which leaves ! in (??) invariant. Using a lagrange multiplier ", the extremum of
the O (g) term in (??) for quark color C = 1,

SC=1
int =

g

6

!
!2

3 +
1%
3
!2

8
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|x1 ! x2| + "(!4 ! !4

3 ! !4
8) (5.18)

for variations of !3,!8 and " gives !2
3/!2

8 =
%

3 and thus

SC=1
int =

g!2

3
%

3
|x1 ! x2| (5.19)

The calculation and result is the same for C = 2, whereas for C = 3 the extremum of

SC=3
int =

g!2
8

3
%

3
|x1 ! x2| + "(!4 ! !4

3 ! !4
8) (5.20)

is obtained for !3 = 0, !8 = !, giving SC=3
int = SC=1

int " Sint. The fact that the stationary
value of the interference term is independent of quark color is a consequence of the color
singlet nature of the action (??) and the color covariance of the EOM.
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3
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The quark model uses a potential

Comparison with the Quark Model

where the Coulomb term (one gluon exchange) is perturbative.

In the present approach the linear (non-perturbative) term emerges as a 
homogenous solution of the equations of motion.

Perturbative gluon exchange is of order g2 , hence is subdominant to the 
order linear term. Terms of order g2 were dropped in the bound state 
equation. 

This is the why boost covariance at equal time is expected to, and in fact 
does, hold only for a purely linear potential. 

V (r) = g!2r ! CF
!s

r
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31Summary of Talk

• Is there a systematic approximation of QCD which gives the quark model?

• Consider an hbar expansion for bound states: Born term at

• Determine A0  from equation of motion (for each constituent configuration) 

• Allow homogeneous solution: linear potential A0 = l ⋅ x

• Fix direction of l by stationarity of action (for each Fock state)

• Ignore O(g2)  (Coulomb exchange) – hence use purely linear potential

• Find meson and baryon states with interesting phenomenology

• Observe non-trivial Lorentz covariance for a linear potential

• Sea quarks generated implicitly, through use of retarded vacuum: 
  no new degrees of freedom.

O
!
!0

"


