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Oleg Andreev & Warren Siegel (2005) http://insti.physics.sunysb.edu/~siegel/reggepart/reggepart.html

Hadrons lie on linear Regge trajectories

J = ↵0m2 + ↵0

<latexit sha1_base64="9ulFwlz8Fgxng9i6oZSW7ER+RWY="></latexit>
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Figure 1: The NLO PDF set HH-EW-Z with cumulative experimental/fit, model and param-
eterisation uncertainties at the factorisation scale µ2f = 10GeV 2. All positive and negative
uncertainties in the model were added separately in quadrature. The parameterisation uncer-
tainty represents an envelope of all individual parameterisation uncertainties. Also shown are
the central values of HERAPDF2.0 NLO.
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 4Gluons at low x arise from evolution
A. M. Cooper-Sarkar et al, 1206.0894, 1604.05083

HERA combined

0.2

0.4

0.6

0.8

1

-410 -310 -210 -110 1

 HH-EW-Z NLO
 experimental/fit
 model
 parameterisation
 
 HERAPDF2.0 NLO 

x

xf 2 = 10 GeV2
f
µ

vxu

vxd

 0.05)×xS (

 0.05)×xg (
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Fig. 1: Left plot: F2 vs x for various low Q2 values. Right plot: Sea and gluon PDF distributions extracted from a global PDF

fit including these data.

jets with P 2
t ∼ Q2 and low-x, because LO DGLAP evolution has strong kt ordering, from the target

to the probe, and thus it cannot produce such events. The rate is also suppressed for NLO DGLAP.

However BFKL evolution has no kt ordering and thus a larger cross-section for such events at both LO

and NLO. The data do indeed show an enhancement of forward jet cross-sections wrt conventional NLO

DGLAP calculations. However this cannot be regarded as a definitive indication of the need for BFKL

resummation because conventional calculations at higher order, O(α3
s), do describe the data.

However, as we have already mentioned, even though conventional calculations do give reasonable

fits to data, the peculiar behaviour of the low-x, low-Q2 gluon gives us cause for some concern. Thorne

and White have performed an NLL BFKL resummation and matched it to NLO DGLAP at high-x in
order to perform a global PDF fit. When this is done the gluon shape deduced from the scaling violations

of F2 is a lot more reasonable and a good fit is found to global DIS data, see the talk of C.White in these

proceedings. A similar improvement to the gluon shape is got by introducing a non-linear term into the

evolution equations, as done by Eskola et al [1]- but although this work has been widely used to give

non-linear PDFs one must remember that it is limited to leading order.

These analyses make us suspect that the conventional formalism could be extended, but they are

still not definitive. A different perspective comes from considering the low-x structure function data
in terms of the virtual-photon proton cross-section: at low-x, σ(γ∗p) ∼ 4πα2F2/Q2. The data are pre-

sented in this way in Fig. 2 left-hand-side. A rise ofF2(x) ∼ x−λ, implies a rising cross-section withW 2,

the centre-of mass energy of the photon-proton system, σ(W 2) ∼ (W 2)λ (since x = Q2/W 2 at low-x).
However, the real-photon proton cross-section (and all high energy hadron-hadron cross-sections) rises

slowly as (W 2)α−1, where, α = 1.08, is the intercept of the soft-Pomeron Regge trajectory. Thus the
data on virtual-photon proton scattering are showing something new - a faster rise of cross-section than

predicted by the soft-Pomeron which has served us well for many years. In Fig. 2 right-hand-side we

show the slope of this rise, λ = (α− 1), as calculated from the data, λ = ∂lnF2/∂ln(1/x). One can see
a change in behaviour at Q2

∼ 0.8GeV2 as we move out of the non-perturbative region -where the soft

pomeron intercept gives a reasonable description of the data -to larger Q2. Does this imply that we need

a hard Pomeron as well?

Dipole models have given us a way to look at virtual-photon proton scattering which can model

x 110–110–210–310–4

Q2 = 10 GeV2

There are fewer gluons in the proton at low Q.

Sea quarks evolve more slowly, remain at hadronic scales.
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Time ordering results in qq̅ pairs from
a single quark line in a strong field. 

time

q̅
q

q

Sea quarks can be described analytically

The pairs are present in the Dirac states,
as described by the Dirac wave function.

This is related to the “Klein paradox”.

Dirac wave functions describe a Bogoliubov transformed
electron, which in the free basis has many pairs. 

The “Dirac pairs” can qualitatively describe the sea quarks.

The states corresponding to Dirac wave functions are rarely discussed.
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Dirac bound states

Electron in a strong external potential   

J. P. Blaizot & PH
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Dirac equation from Feynman diagrams

Summing the interactions of the
electron with a static A0 field gives 
a pole at p0 = E if its wf Φ satisfies

(�i� · �0� + eA0 +m�0)�(x) = E�(x)

Note: The Dirac eq. is of Born level: There are no loop corrections.

          The wave function Φ(x) has single electron quantum numbers.

Time-ordering the vertices by Fourier-transforming the electron propagators,

SF (t,p) =
1

2Ep

�
⇥(t)(Ep�

0 � p · � +me)e
�iEpt + ⇥(�t)(�Ep�

0 � p · � +me)e
iEpt

⇥

we find “Z-diagrams” from the negative energy components,
implying, at any given time, additional e+e– pairs in the state.

Dirac equation

+ + + …

e–(p)

A0

✖ ✖ ✖ ✖ ✖ ✖
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 8Time ordering reveals the pair contributions

At fixed t, a Dirac state has Fock components with any number of e+e– pairs.

involves the “single electron” wave function φ(x) . The equation specifies 
the energy E and the quantum numbers of the state, but not (explicitly) its 
Fock components.

+

t1 t2

t2

t1

t1 <  t2

tt

✖ ✖ ✖ ✖

t1 >  t2
✖ ✖

(p0, p) (t, p)

The Dirac equation:

⇒

eA0(x)

�0
�
� ir · � + e /A+m

�
�(x) = E�(x)

The poles of the electron Dirac propagator at p0 = Ep and p0 = –Ep  give rise
to two time-ordered diagrams in the Fourier transform (p0, p) → (t, p) :

→
F.T.
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J. P. Blaizot and G. Ripka: 
Quantum Theory of Finite Systems, 
MIT Press, Cambridge, MA (1986)

The operator expression for the Dirac states is 
found by diagonalizing the Dirac Hamiltonian 
for a given external field Aμ(x).

Determination of the Dirac state

⇥(x) =
�

p,�

⇥
bp,�u(p,�)e

ip·x + d†p,�v(p,�)e
�ip·x

⇤ �

p,�

�
⇥

d3p

(2�)32Ep

�

�

Since H is quadratic in b, b†, d, d† it can be diagonalized for any Aμ(x).

H =

Z
d
3x ̄(x)

⇥
� ir · � +m+ e /A(x)

⇤
 (x)
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 10Determination of the Dirac state (cont.)

Denote the solutions of the Dirac equation with positive and negative energies as 

�
� ir · � +m+ e /A

�
�n(x) = En�

0�n(x)

�
� ir · � +m+ e /A

�
�̄n(x) = �Ēn�

0�̄n(x)

En > 0

Ēn > 0

The eigenstates and their creation operators are then

|ni =
Z

dx †
↵(x)�n↵(x) |⌦i ⌘ c†n |⌦i

|n̄i =
Z

dx �̄†n↵(x) ↵(x) |⌦i ⌘ c̄†n |⌦i

H |ni = En |ni

H |n̄i = Ēn |n̄i

Using
n
 ↵(x), 

†
�(y)

o
= �↵��

3(x� y) we next verify that these are eigenstates

of H, provided H |⌦i = 0 The pair contributions are hiding in
the ground state |Ω〉.
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 11Determination of the Dirac state (cont.)

Verification that is an eigenstate of H:|ni =
Z

dx †(x)�n(x) |⌦i

H |ni =
Z

dx
⇥
H, 

†(x)
⇤
�n(x) |⌦i+

Z
dx †(x)�n(x)H |⌦i

H =

Z
dy  ̄(y)

⇥
� ir · � +m+ e /A(y)

⇤
 (y)

n
 ↵(y), 

†
�(x)

o
= �↵��

3(x� y)and

⇥
H, 

†(x)
⇤
=

Z
dy  ̄(y)

⇥
� ir · � +m+ e /A(y)

⇤
�
3(x� y)

H |ni = En |ni+
Z

dx †(x)�n(x)H |⌦i

Thus we need H |⌦i = 0

Note that H |0i 6= 0 since the b†d† term in H creates an e+e– pair.
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 12Determination of the Dirac state (cont.)

The eigenstate operators can be expressed in terms of the wf’s in mom. space:

cn =
X

p

�†
n(p)

⇥
u(p)bp + v(�p)d†�p

⇤
⌘ Bnpbp +Dnpd

†
p

c̄n =
X

p

⇥
b†pu

†(p) + d�pv
†(�p)

⇤
�̄n(p) ⌘ B̄npb

†
p + D̄npdp

The Dirac Hamiltonian is diagonalized: H =
X

n

⇥
Enc

†
ncn + Ēnc̄

†
nc̄n

⇤

and satisfies: cn |⌦i = c̄n |⌦i = H |⌦i = 0

|⌦i = N0 exp
h
� b†p

�
B�1

�
pm

Dmqd
†
q

i
|0iThe ground state is

Check: Bnpbp |⌦i = �Bnp

�
B�1

�
pm

Dmqd
†
q

i
|⌦i = �Dnqd

†
q |⌦i
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The Dirac states

The case of a linear potential in D=1+1 dimensions   
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Example of Dirac states:                    in D=1+1V (x) = 1
2 |x|

The Coulomb potential in D=1+1 is                          . We set e = 1 (scale).V (x) = 1
2e

2|x|

The potential confines electrons, and repels positrons: V(e+) = – V(e–) 
Any e+ in the state is accelerated to large |x |.

Since we consider time independent solutions, there will also be 
decelerating positrons, moving towards x = 0.

To keep T+V ≃ constant, positrons have large momenta at high |x |:
  |p| ~ Ep ~ |x |/2

The positron energy spectrum is continuous, whereas the electrons
form bound states around x  = 0, with discrete energies.

The relative size of the electron and e+e– pair components can be adjusted.
However, pairs are completely absent only in the NR limit, m → ∞.

This explains the observation made already in the 1930’s:
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.4 UGUS'1 1, 1932 PHYSICAL REVIEW VOLUME 41

The Dirac Electron in Simple Fields*

By MILTON S. PLESSET

Sloane. Physics Laboratory, Yale University

(Received June 6, 1932)

The relativity wave equations for the Dirac electron are transformed in a

simple manner into a symmetric canonical form. This canonical form makes readily

possible the investigation of the characteristics of the solutions of these relativity

equations for simple potential fields. If' the potential is a polynomial of any degree

in x, a continuous energy spectrum characterizes the solutions. If the potential is a

polynomial of any degree in 1/x, the solutions possess a continuous energy spectrum

when the energy is numerically greater than the rest-energy of the electron; values

of the energy numerically less than the rest-energy are barred. When the potential

is a polynomial of any degree in r, all values of the energy are allowed. For poten-
tials which are polynomials in 1/r of degree higher than the first, the energy spec-

trum is again continuous. The quantization arising for the Coulomb potential is an

exceptional case.

'N HIS treatment of the reflection of the relativity electron at a potential
-- jump Klein' found a paradoxical behavior of the Dirac electron associ-

ated with the possibility of the existence of states of negative kinetic energy.

He showed by an ingenious treatment that the reflection coefficient for elec-

trons incident upon a discontinuous potential jump of height P varied with

P from the value zero for P =0 to the value unity for P = W—mc' (W being

the energy of the incident electrons). For this last value of P the momentum
P associated with the transmitted beam had the value zero, and as I' was
increased beyond t/t' —nsc' this momentum became imaginary and the reHec-

tion coefficient remained unity until I' attained the value t/t/'+mc'. The re-

sults thus far are exactly what would be expected. If I' is increased further

one enters the domain of negative kinetic energy wherein the group velocity

and the momentum in the transmitted beam are oppositely directed; also the

reflection coefficient falls off from the value unity and approaches the value

(W—cp)/(W+cp) as P is indefinitely increased. Thus by a transition to a

state of negative kinetic energy the Dirac electron has apparently an appreci-

able probability of penetrating a barrier of infinite height. Bohr suggested
that this peculiar result might be due to a jump in potential of the order of
mc' over a region of the order of the Compton wa've-length k/mc. It is within
a region of the order of h/mc ths. t the internal structure of the Dirac electron

and the accompanying "trembling" phenomenon' manifests itself. This

supposition of Bohr was verified by Sauter' who treated the problem of the

* The results of this paper were presented at the Washington meeting of the American

Physical Society (April, 1932).
' O. Klein, Zeits. f. Physik 53, 157 (1929).
' E. Schrodinger, Preuss. Akad. Wiss. Berlin, Ber. 24, 418 (1930).
3 F. Sauter, Zeits. f. Physik 69, 742 (1931).
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of the distribution at low xBj is attributed to f ¯f pairs, indicating again

the inclusive nature of the wave functions obtained with retarded boundary

conditions.
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The Dirac matrices can be 
represented as 2x2 Pauli matrices �0 = �3 �0�1 = �1

We may choose the phases of ϕ(x) and χ(x), and their parity η = ±1:

Defining

Example of Dirac states:                    in D=1+1V (x) = 1
2 |x|

�(x) =


'(x)
�(x)

�

�i@x� = (M � V �m)'

�i@x' = (M � V +m)�

'⇤(x) = '(x) = ⌘'(�x) �⇤(x) = ��(x) = ⌘�(�x)

f(x) ⌘ ['(x) + �(x)]ei�

g(x) ⌘ ['(x)� �(x)]ei�
� ⌘ (M � V )2

the (arbitrarily normalized) solution is, in terms of the parameter β = β* :

where
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There is a solution for any M (the spectrum is continuous).

f(x) = ei� 1F1(�i 12m
2, 1

2 , 2i�) + 2ime�i�(M � V ) 1F1(
1
2 � i 12m

2, 3
2 , 2i�)

g(x) = e�i�
1F1(

1
2 � i 12m

2, 1
2 , 2i�)� 2imei�(M � V ) 1F1(1� i 12m

2, 3
2 , 2i�)

Example of Dirac states:                    in D=1+1V (x) = 1
2 |x|

'(x) + �(x) = e�ix2/4 ei(���)

2
p
2⇡m

�(1� i 12m
2)( 12x

2)im
2/2e3⇡m

2/4

⇥

hp
1� e�2⇡m2 + ei(��2��⇡/4)(1� e�⇡m2

)
ih
1 +O

�
x�1

� i

For x → ∞ , with � ⌘ arg
⇥
�(1� i 12m

2)/�( 12 � i 12m
2)
⇤

,

'(x)� �(x) = ['(x) + �(x)]⇤

The wf’s oscillate at with constant norm at large x: ⇠ exp(±ix2/4)

Adjusting β the oscillations can be made to vanish for x → ∞,
up to terms of O

⇥
exp(�⇡m2)

⇤
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m = 2.5; generic β : Dirac 𝜑(x) versus the Schrödinger Ai solution ρ(x) 

Example of Dirac states:                    in D=1+1V (x) = 1
2 |x|

V=2m

2 4 6 8 10 12 14

-0.5

-0.25

0.25

0.5

0.75

1

m/e = 2.5

ex

30 32 34 361 2 3 4

0.2
0.4
0.6
0.8

1

x

ex

Wf

m/e = 4.0

Dirac φ(x)
Schrödinger ρ(x)  Φ

1
(x)   f f

  ρ(x)   Schrödinger

(a) (b)

_

Wf
NR region: b†

d (pairs)

|⌦i = N0 exp
h
� b†p

�
B�1

�
pm

Dmqd
†
q

i
|0i

|M � 0i =
Z

dp

2⇡2E

Z
dx

h
b†pu

†(p)e�ipx + dpv
†(p)eipx

i  '(x)
�(x)

�
|⌦i
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 19Example of Dirac states:                    in D=1+1V (x) = 1
2 |x|

As |p | → ∞  the x-integrand oscillates rapidly in

|M � 0i =
Z

dp

2⇡2E

Z
dx

h
b†pu

†(p)e�ipx + dpv
†(p)eipx

i  '(x)
�(x)

�
|⌦i

The stationary phase approximation shows that only dp contributes:

|M > 0i|p|!+1 '
�
C + ⌘C⇤�

Z
dpp
2|p|

exp(ip2)(2p2)im
2/2 dp |⌦i

C = ei(����⇡/4)�(1�
1
2 im

2)

4⇡m
e3⇡m

2/4
hp

1� e�2⇡m2 + ei(��2��⇡/4)(1� e�⇡m2

)
i

where

E.g., for m = 2 we have exp(�⇡m2) ' 3.49 · 10�6

The term in [   ] is minimized for β = 0.8170. The ratio of the wave function
at x = 0 to the amplitude of the oscillations depends sensitively on β :



Paul Hoyer Pavia 2020

 20Example of Dirac states:                    in D=1+1V (x) = 1
2 |x|

Rosc =
|'(x = 0)|

limx!1 |'(x) + �(x)|

m = 2

β

Minimal pair contributions:
Schwinger rate of pair 
production in constant field
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15. Quark model 3

Table 15.2: Suggested qq quark-model assignments for some of the observed light mesons. Mesons in bold face are included in the
Meson Summary Table. The wave functions f and f ′ are given in the text. The singlet-octet mixing angles from the quadratic and linear
mass formulae are also given for the well established nonets. The classification of the 0++ mesons is tentative: the light scalars a0(980),
f0(980), f0(500) and K∗

0 (800) are often considered to be meson-meson resonances or four-quark states, and are omitted from the table. The
isoscalar 0++ mesons are expected to mix. In particular, the f0(1710) mixes with the f0(1500) and the f0(1370). See the “Note on Non-qq̄
mesons” and the “Note on Scalar Mesons” in the Meson Listings for details and alternative schemes. In the 1++ nonet the isoscalar slot is
disputed by the f1(1510). The isoscalar assignments in the 21S0 (0−+) nonet are also tentative. See the “Note on The Pseudoscalar and
Pseudovector Mesons in the 1400 MeV Region” in the Meson Listings.

n 2s+1ℓJ JPC I = 1 I = 1
2

I = 0 I = 0 θquad θlin

ud, ud, 1
√

2
(dd − uu) us, ds; ds, −us f ′ f [◦] [◦]

1 1S0 0−+ π K η η′(958) −11.3 −24.5

1 3S1 1−− ρ(770) K∗(892) φ(1020) ω(782) 39.2 36.5

1 1P1 1+− b1(1235) K1B
† h1(1380) h1(1170)

1 3P0 0++ a0(1450) K∗
0
(1430) f0(1710) f0(1370)

1 3P1 1++ a1(1260) K1A
† f1(1420) f1(1285)

1 3P2 2++ a2(1320) K∗
2
(1430) f ′

2
(1525) f2(1270) 29.6 28.0

1 1D2 2−+ π2(1670) K2(1770)† η2(1870) η2(1645)

1 3D1 1−− ρ(1700) K∗(1680) ω(1650)

1 3D2 2−− K2(1820)

1 3D3 3−− ρ3(1690) K∗
3
(1780) φ3(1850) ω3(1670) 31.8 30.8

1 3F4 4++ a4(2040) K∗
4
(2045) f4(2050)

1 3G5 5−− ρ5(2350) K∗
5 (2380)

1 3H6 6++ a6(2450) f6(2510)

2 1S0 0−+ π(1300) K(1460) η(1475) η(1295)

2 3S1 1−− ρ(1450) K∗(1410) φ(1680) ω(1420)

3 1S0 0−+ π(1800) η(1760)

† The 1+± and 2−± isospin 1
2

states mix. In particular, the K1A and K1B are nearly equal (45◦) mixtures of the K1(1270) and K1(1400).

The physical vector mesons listed under 13D1 and 23S1 may be mixtures of 13D1 and 23S1.

June 5, 2018 19:52

Hadron spectrum: No gluon nor sea quark dof’s

M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018) 
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Similarity of atomic and hadronic spectra

V (r) = ��

r
V (r) = c r � 4

3

�s

r
PQED: PQCD?

Adapted from presentation by J. Ritman (2005)
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33S
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10-4 eV

´
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117 MeV

Positronium Charmonium

Quarkonia are like atoms with confinement

V (r) = �↵

r
E. Eichten, S. Godfrey, H. Mahlke and J. L. Rosner, 
Rev. Mod. Phys.  80 (2008) 1161

“The J/ψ is the Hydrogen atom of QCD”

V (r) = V 0r � 4

3

↵s

r
<latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit>

(1980)
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The OZI Rule

�(1020) ! KK̄ 83.1 %ϕ
s
s
_

u

u
_

K

K
_ ΔE

26 MeV

Br

�(1020) ! ⇡⇡⇡ ϕ π
π
π

u

u
_

s

s
_

15.3 %610 MeV

Disconnected, perturbative diagrams are suppressed

Connected diagrams: Unsuppressed, string breaking from confining potential

This suggests that perturbative corrections are small even in the soft regime.
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even a pure Coulomb potential, σ = 0, implies a non-vanishing σeff at finite t ≪ r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t ≫ r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a different coefficient) of σeff towards
the asymptotic limit, while effective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential

-4

-3

-2

-1

0

1

2

3

0.5 1 1.5 2 2.5 3

[V
(r)

-V
(r 0

)] 
r 0

r/r0

β = 6.0
β = 6.2
β = 6.4
Cornell

Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three different β values
in units of r0 ≈ 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a ≈ 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the effective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for β ≥ 6.0 the scaling
region is effectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many off-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various β,
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.

42

The quenched Wilson action SU(3) potential.

Gunnar S. Bali, Phys.Rept. 343 (2001) 1

Lattice QCD agrees with the Cornell potential

V (r) = V 0r � 4

3

↵s

r
<latexit sha1_base64="ZnAdRTUtScPLNXsAHVUhJv3e5cA="></latexit>

Cornell:
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Parapositronium (S = 0) Orthopositronium (S = 1)

The Positronium atom

L = 0

h
� r2

m
+ V (x)

i
�(x) = Eb �(x)

<latexit sha1_base64="LJV+OYRt1HVDTCk1dBWIB+2WxMc="></latexit>

V (x) = � ↵

|x|

<latexit sha1_base64="Yi9YyIm6cWQ+2MJR4sJgPC4VVpQ="></latexit>

Schrödinger eq.:

�pos(x) = N exp(�↵m |x|/2)

<latexit sha1_base64="AzMiAfI9nHDU/pT1Ou+g6bMdo4Y="></latexit>

Has all powers of α, is gauge dependent

Eb = � 1
4↵

2m

<latexit sha1_base64="eJBT0GKNfBjEWOyZxLEi8rHbuMk="></latexit>

Eb can be expanded in powers of α, is measurable

Hyperfine structure gives the 21 cm line observed in H I regions in interstellar medium

Eb(ortho)� Eb(para) =
7
12 ↵

4m+O
�
↵5

�
<latexit sha1_base64="bniIxcrmSBBRcOZflpUl+CwAZ9M="></latexit><latexit sha1_base64="bniIxcrmSBBRcOZflpUl+CwAZ9M="></latexit><latexit sha1_base64="bniIxcrmSBBRcOZflpUl+CwAZ9M="></latexit><latexit sha1_base64="bniIxcrmSBBRcOZflpUl+CwAZ9M="></latexit>
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C. Itzykson and J.-B. Zuber: Quantum Field Theory (1980)

QED atoms (are not) in QFT textbooks

Bound states are not discussed in today’s textbooks. The last exception:

I & Z do not derive the Schrödinger equation from the QED action.

The situation has not improved qualitatively.

INTEGRAL EQUATIONS AND BOUND-STATE PROBLEMS 493 

This is not the only disease of this model. It is possible to study corrections 
to the sensible set of solutions (K = O) which reproduces to lowest order the 
nonrelativistic result, Eqs. (10-75) and (10-76). The result of this analysis shows 
that 2ne/ Å, with e = J 1 - pZ /4, has an expansion of the form 

2ne T = 1 + e(all In e + ad + eZ[azdln e)Z + azzln e + a23] + ... (10-78) 

with e of order Å. These logarithmic terms are not present in a more physical 
approximation than the ladder series. 

If this were not enough, Nakanishi has shown that certain solutions have a 
negative norm! They are called "ghosts," and it is unclear whether they result 
from the inadequacy of the approximation or from a deeper inconsistency of 
the theory. 

The previous study may be generalized to the inhomogeneous equation for 
the amplitude, in particular to high-energy behavior in the crossed channe1 (cor-
responding to the exchanged particles). It is possible to find a Regge behavior 
sa(t) with a computable trajectory function a(t). 

Various attempts have been made to introduce an effective potential (or quasipotential) approxima-
tion to reduce the number of degrees of freedom of the relativistic bound-state problem, in particular 
the troublesome relative time. Even though they lead to interesting practical results, they mutilate 
one way or another the exact theory and generally introduce spurious singularities. 

10-3 HYPER FINE SPLITTING IN POSITRONIUM 

It should not be concluded that relativistic weak binding corrections cannot be 
obtained for two-body systems that agree with experiment. On the contrary, the 
positronium states give an example of a successful agreement. This wilI serve to 
ilIustrate the theory. To be completely fair, we should admit that accurate pre-
dictions require some artistic gifts from the practitioner. As yet no systematic 
method has been devised to obtain the corrections in a complete1y satisfactory 
way. 

We quote here some of the significant results and refer to Secs. 2-3 and 5-2 
for pre1iminary investigations. Even though in the study of positronium we restrict 
ourse1ves to an almost pure e1ectromagnetic system, some of the methods are 
useful in other instances such as mode1s of quark bound state s of hadrons. 

The energy difference between the higher tri pIet (ortho) and lower singlet 
(para) ground states of positronium, denoted respectively 13 S 1 and 11 So (in the 
spectroscopic notation n Zs + 1 L J ), has now been measured with great accuracy. 
The values quo ted for this hyperfine splitting ,1Ets are 

,1Ets = 2.033870 (16) x 105 MHz 
(MilIs and Bearman) 

,1Ets = 2.033849 (12) x 105 MHz 
(10-79) 

(E gan, Frieze, Hughes, and Yam) 
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“In spite of the statement in the preceding paragraph that bound-
state theory is nonperturbative, it is possible to make use of small 
parameters such as α and me/mA (where mA is the mass of the 
nucleus) to develop expressions in increasing orders of smallness. 
However, the nonperturbative nature of the expansion shows up in 
non-analytic dependence on these parameters (such as logarithms). 
As indicated in the preceding paragraph, there is an art in developing 
a theoretical expression in this manner.”

Recoil effects in the hyperfine structure of QED bound states
G. T. Bodwin
High Energy Physics DiUision, Argonne National Laboratory, Argonne, Illinois 60439

D. R. Yennie
Laboratory ofNuclear Studies, Cornell Uniuersity, Ithaca, ¹wFark 14853

M. A. Gregorio
Instituto de Fisica, Uniuersidade Federal de Rio de Janeiro, Rio de Janeiro, Brazil
The authors give a general discussion of the derivation from field theory of a formalism for the perturba-
tive solution of the relativistic two-body problem. The lowest-order expression for the four-point function
is given in terms of a two-particle three-dimensional propagator in a static potential. It is obtained by fix-
ing the loop energy in the four-dimensional formalism at a point which is independent of the loop momen-
tum and is symmetric in the two particle variables. This method avoids awkward positive- and negative-
energy projectors, with their attendant energy square roots, and allows one to recover the Dirac equation
straightforwardly in the nonrecoil limit. The perturbations appear as a variety of four-dimensional kernels
which are rearranged and regrouped into. convenient sets. In particular, they are transformed from the
Coulomb to the Feynman gauge, which greatly simplifies the expressions that must be evaluated. Al-
though the approach is particularly convenient for the precision analysis of QED bound states, it is not lim-
ited to such applications. The authors use it to give the first unified treatment of all presently known recoil
corrections to the muonium hyperfine structure and also to verify the corresponding contributions through
order u 1naEF in positronium. The required integrals are evaluated analytically.
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a lattice, are very different than the use of the Bethe-Salpeter equation, the
nonrelativistic nature of the bound state still greatly complicates calculations.
Indeed, the space-time grid used in such a simulation must accommodate wave-
lenghts covering all of the scales in the meson, ranging from 1/mv2 down to
1/m. Given that v2 ∼ 0.1 in Υ, one might easily need a lattice as large as
100 sites on side to do a good job. Such a lattice could be three times larger
than the largest wavelenght, with a grid spacing three times smaller than the
smallest wavelenght, thereby limiting the errors caused by the grid. This is a
fantastically large lattice by contemporary standards and is quite impractical.
The strong force equivalent of NRQED, NRQCD[4], greatly reduces the size of
the lattices required to study heavy quarks systems since it essentially elimi-
nates the mass of the meson as a relevant energy scale in the calculation (we
will soon see how this occurs in NRQED).

In the next section, we will develop a näıve nonrelativistic approximation
of QED, which we will refer to as “NNRQED” to emphasize the fact that this
theory is not NRQED as described in Ref[1]. It is in fact not well defined, as
we will show later. Only when we will make it well-defined with the help of the
concept of renormalization will it become NRQED.

2 NNRQED as a low energy theory

To take advantage of the simplifications associated with nonrelativistic systems,
one must approximate QED in the limit p/m ≪ 1 (which is equivalent to the
limit v/c ≪ 1). One way to do this consists of simply expanding the QED
Lagrangian in powers of p/m to obtain NNRQED. However, it is possible to
define NNQRED without prior knowledge of QED. Indeed, one can build up the
Lagrangian of NNRQED by imposing restrictions coming from the symmetry
obeyed by the theory, such as gauge invariance, chiral symmetry in the limit
me → 0, and Lorentz invariance for the photon kinetic term. Lorentz invariance
for the rest of the Lagrangian and renormalizability are not necessary.

It is of course possible to write down an infinite number of terms respecting
these symmetries, but this is not a problem since operators of dimension greater
than 4 will be multiplied by coefficients containing inverse powers of m, the only
available energy scale in the problem. But since we are considering the limit
p/m ≪ 1, these operators will yield contributions suppressed by that many
powers of p/m and therefore, for a given accuracy, only a few terms need to be
kept in an actual calculation. The first few terms one obtains are then

LNNRQED = −1 /4(Fµν)2 + ψ†

{

i∂t − eA0 + D
2 /2m + D

4 /8m3

+c1 e /2mσ ·B + c2e /8m2∇ · E

+c3 ie /8m2
σ · (D × E− E × D) + ...

}

ψ

+d1 /m2 (ψ†ψ)2 + d2 /m2 (ψ†
σψ)2 + ...

+ positron and positron-electron terms. (3)

The NRQED expansion in p/m = v ≃ α

T. Kinoshita and G. P. Lepage,  
in Quantum Electrodynamics (1990)

Non-Relativistic QED has turned out to be the most efficient way of 
calculating higher order QED corrections to atoms. The Lagrangian is 
expanded in powers of p/me. Loops contract to effective vertices.

The NRQED effective Lagrangian is found to be:

The coefficients c1, d1... are determined by matching with the exact theory.
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2

(2me ≃ 1.02 MeV) by the small binding energy,

EB = −
meα2

4
≃ −6.8 eV, (1)

which is about half that of hydrogen, because the reduced mass in positron-
ium is me/2. The ground state and its radial excitations form the so-called
gross spectrum, En = EB/n2 (n = 1 . . .).

This picture, based on the non-relativistic Schrödinger equation, has
to be corrected for relativistic effects. In this talk we will be concerned
entirely with the lowest radial state with zero angular momentum (S wave).
It comes in two varieties, depending on the sum of spins of the electron and
positron: para-positronium (p-Ps) with total spin 0, and ortho-positronium
(o-Ps), which is a triplet with total spin 1. p-Ps is slightly lighter, due to
the spin-spin interaction. This difference of masses, called the hyperfine
splitting (HFS), offers one of the most accurate tests of bound-state theory
based on QED. (For a review of other precisely measured energy intervals
in Ps see e.g. [1, 2].)

o-Ps,
p-Ps

e-

e+

γ →q o-Ps

e-

e+

γ

(a) (b)

Fig. 1. Lowest order contributions to HFS in positronium.

The origin of HFS can be best explained with the lowest-order diagrams
contributing to this effect, shown in Fig. 1. They represent two types of
interactions: direct and annihilation. These two effects together give the
following difference of energy levels of o-Ps and p-Ps (That difference is
conventionally expressed in terms of the corresponding frequency ∆ν =
∆E/2πh̄. In this paper we will often use ∆ν to denote the energy intervals):

∆ν(0) = (∆ν)D + (∆ν)A. (2)

The direct interaction diagram 1(a) represents a magnetic photon exchange
which induces a spin-dependent potential

VM = −
πα

4m2
e q⃗

2
[σi, σ⃗ · q⃗][σ′i, σ⃗′ · q⃗], (3)

4

e-

e+

(a) (b) (c)

+
crossed
photons

+
crossed
photons

(d) (e)

Fig. 2. One-loop corrections to the positronium HFS.

(a) (b) (c)

(d) (e) (f)

Fig. 3. Examples of two-loop contributions to the positronium HFS: (a) radiative-
recoil, (b) pure recoil, (c) non-recoil, (d) correction from the virtual p-Ps annihila-
tion, (e,f) the same with the o-Ps.

At the two-loop level the number of diagrams and their complexity in-
crease dramatically. In fact, their analytical evaluation was completed only
this year. Examples of various types of effects are shown in Fig. 3. Their
evaluation took (with breaks) more than 40 years of efforts by many groups
(see e.g. [7] for references). Particularly unclear was the status of recoil

Corrections via e+e- → e+e- scattering at threshold

A. Czarnecki, hep-ph/9911455

O(α4)

O(α5)
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G. S. Adkins,
Hyperfine Interact.  233 (2015) 59

7

where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]

�⌫QED = me↵
4

⇢
7

12
� ↵

⇡

✓
8

9
+

ln 2

2

◆

+
↵
2

⇡2


� 5

24
⇡
2 ln↵+

1367

648
� 5197

3456
⇡
2 +

✓
221
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2 +

1

2

◆
ln 2� 53

32
⇣(3)

�

�7↵3

8⇡
ln2 ↵+

↵
3

⇡
ln↵

✓
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Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is
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Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Example: Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz

Atomic calculations choose to perturb around the Schrödinger atom at rest,

 (x) ⇠ exp(�↵mr/2)
<latexit sha1_base64="GgKjDeG/yZ2mW6Sk7T3fbSKluP4="></latexit>

with its O(α∞) wave function
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 31QED vs Data: Hyperfine splitting in Positronium

ΔνEXP = 203.38865(67) GHz  (1984) 

ΔνEXP = 203.3941± .003 GHz (2013)

ΔνQED = 203.39169(41) GHz

7

where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy
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T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =
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d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]
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Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is
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Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.

Sincere gratitude is expressed to Dr. T. Suehara (Kyushu U.),

Mr. Y. Sasaki, Mr. G. Akimoto (U. Tokyo), Prof. A. P. Mills, Jr.

(UC Riverside), Dr. H. A. Torii and Dr. T. Tanabe (U. Tokyo)

for useful discussions. This work was supported by JSPS KAK-

ENHI Grant Number 23340059.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

2013
1984

M. W. Ritter et al, Phys. Rev. A30 (1984) 1331

A. Ishida et al, PLB 734 (2014) 338 [1310.6923]



Paul Hoyer Pavia 2020

 32

In  principle,  the  structure  of  the  nucleon  should  be 
computed  starting  from  the  theory  of  Quantum 
Chromodynamics (QCD). In practice, the confinement of 
quarks  and  gluons  within  nucleons  is  a  nonperturbative 
phenomenon,  and  QCD  is  extremely  hard  to  solve  in 
nonperturbative  regimes.  For  this  reason,  despite  the 
enormous  progress  of  the  last  decades,  we  still  have  a 
limited  knowledge of  the  internal  structure  of  nucleons, 
which constitute more than 99% of ordinary matter. 

http://fisica.unipv.it/ricerca/LineeRic/ENG/EN_FisTeo_StrutAdrQCD.htm

Present understanding of hadrons in QCD

factorization for |t|/Q2 ≪ 1

for sum over 
parton helicities

for difference over 
parton helicities

nucleon helicity 
changed

Chiral-even GPDs: 
(helicity of parton conserved)

nucleon helicity  
conserved

Deeply Virtual Compton Scattering (DVCS)

Introduction

Paweł Sznajder / Overview of GPDs / September 16, 2019 !4

Factorize the short distance, perturbative 
part of hard scattering from the universal
parton distributions

Established and successful at large Q:

At low Q: 
hadronic scales
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“QCD is about to undergo a faith transition: 
we are getting ready to convince ourselves 
to talk about “quarks and gluons” down to, 
and into, the InfraRed.”

“To embark on such a quest one should believe in 
legitimacy of using the language of quarks and gluons 
down to small momentum scales, which implies 
understanding and describing the physics of 
confinement in terms of the standard QFT machinery, 
that is, essentially, perturbatively.”

Minority view of a perturbative approach to hadrons

Yu. Dokshitzer: Perturbative QCD Theory (Includes our knowledge of αs) 
Plenary talk at ICHEP 98, Vancouver. hep-ph/9812252

QCD is about to undergo a faith transition

QCD practitioners prepare themselves - slowly but steadily - to 
start using, in earnest, the language of  quarks and gluons down 

into the region of  small characteristic momenta - “large distances” 

Unusual analytic properties of  quark and gluon Green functions 
will take responsibility for what we refer to as “colour confinement”.

Gribov supercritical quark confinement scenario implies all above 

and demands the  QCD coupling in the infrared  to exceed

One can well expect that in n years from now (with                  )
participants of  Munich alpha_s meetings will be discussing the 
accuracy of         determination at scales of  1 GeV and below�s

n = O(1)

Yu. Dokshitzer, Colloquium (2011)
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9. Quantum chromodynamics 33

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)
(–)

Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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power-law type of running [48,49], given by (see the
Appendix for details)

m2ðq2Þ ¼ m4
0

q2 þm2
0

!
ln
"
q2 þ 2m2

0

!2
QCD

#
= ln

"
2m2

0

!2
QCD

#$
3
: (4.5)

Notice that whenq2 ! 0 one hasm2ð0Þ ¼ m2
0. A variety of

theoretical and phenomenological estimates place it in the
range m0 ¼ 350– 700 MeV [1,3,36,50]. In Fig. 11 we plot
the behavior of m2ðq2Þ as given by Eq. (4.5), for the two
valuesm0 ¼ 500 MeV andm0 ¼ 600 MeV, which will be
used in the rest of this section.

On the left panel of Fig. 12, we show the results for
!PTðq2Þ when m0 ¼ 500 MeV in Eq. (4.5). The small
discrepancy between the three curves is mainly due to

the propagation of the tiny residual " dependence dis-
played by the quantity d̂ðq2Þ as shown in Fig. 9. One clearly
sees that the effective coupling !PTðq2Þ freezes out and
acquires a finite value in the IR, while in the UV it shows
the expected perturbative behavior. For m0 ¼ 500 MeV,
one gets !PTð0Þ % 0:6. One should also notice that the
choice of smaller values of m0 would not produce a mono-
tonically decreasing !PTðq2Þ; instead, one observes the
appearance of ‘‘bumps’’ in the IR region. Therefore if
one were to introduce the monotonic decrease as an addi-
tional requirement of !PTðq2Þ, this would provide a lower
bound for the possible values of m0. Finally, on the right
panel of Fig. 12, we show the effective coupling for the
case m0 ¼ 600 MeV. Now, the freezing occurs at the
slightly higher value of !PTð0Þ % 0:85. Evidently, the
freezing value !PTð0Þ increases as one goes to higher
values of m0.
An accurate fit for the running charges shown in Fig. 12

is provided by the following functional form

!ðq2Þ ¼
!
4#bln

"
q2 þhðq2; m2ðq2ÞÞ

!2
QCD

#$&1
; (4.6)

with the function hðq2; m2ðq2ÞÞ given by

hðq2; m2ðq2ÞÞ ¼ $1m
2ðq2Þ þ $2

m4ðq2Þ
q2 þm2ðq2Þ : (4.7)

Our best fits to the numerical results for !PTðq2Þ using
Eq. (4.6) above are shown in Fig. 13.
Finally, we compare numerically the two effective

charges, !PTðq2Þ and !gh ðq2Þ. The results are shown in

Fig. 14, where r̂ðq2Þ is compared with d̂ðq2Þ (left panel),
and !gh ðq2Þ with !PTðq2Þ (right panel). As anticipated, the
curves coincide in the deep IR and UV, and differ only
slightly in the intermediate region. To produce both curves,
we have factored out a mass of m0 ¼ 500 MeV, whose

FIG. 11 (color online). The behavior of the running mass given
by Eq. (4.5) when m0 ¼ 500 MeV (black continuous line) and
m0 ¼ 600 MeV (red dashed line). In both cases we used
!QCD ¼ 300 MeV.

FIG. 12 (color online). Left panel: The running charge obtained from (2.30) using the SDE solutions for "ðq2Þ, Dðq2Þ, and 1þ
Gðq2Þ. We use a running mass given by Eq. (4.5) with m0 ¼ 500 MeV. Right panel: The same for m0 ¼ 600 MeV.
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Figure 25: The running coupling in four dimensions is shown in the top panel
and the corresponding β-function (15) in the bottom panel. All momenta
are along the x-axis. The band is the perturbative result (14). Symbols
have the same meaning as in figure 10.

of asymptotic freedom: Because both propagators become constant and non-
zero at large momenta, so must the running coupling determined from (11).
Only after dividing out a power of momentum, the running coupling tends
polynomial to zero at both large and small momenta.

The situation in two dimensions is the only one offering a slight surprise7.
In previous investigations, with their smaller statistical reliability [14], the
coupling appeared to become infrared finite without any maximum. Here,
a maximum is seen. This could have been anticipated from figure 15 and
21, as the exponents of the gluon and ghost propagator do not fulfill the

7Note that the lowest momentum point is severely affected by lattice artifacts, and
therefore dropped for every volume [14]. This is partly a finite lattice spacing effect, but
even at the present lattice spacing still severe.
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empirically, since they typically result in a distortion of the
distribution, which can not be unfolded in a straightforward
manner.

In event-shape moments, one expects the hadronisation
corrections to be additive, such that they can be divided into
a perturbative and a non-perturbative contribution,
〈
yn

〉
=

〈
yn

〉
pt +

〈
yn

〉
np, (2)

where the non-perturbative contribution accounts for hadro-
nisation effects. Based upon the calculation of next-to-
next-to-leading order (NNLO) QCD corrections to the
event-shape distributions, which became available recently
[13, 26–31], the perturbative contribution to event-shape
moments is now known to NNLO [32, 33]. The non-
perturbative part is suppressed by powers of λp/Qp (p ≥ 1),
where Q ≡ √

s is the centre-of-mass energy and λ1 is of the
order of ΛQCD. The functional form of λp has been dis-
cussed quite extensively in the literature, but as this parame-
ter is closely linked to non-perturbative effects, it cannot be
fully derived from first principles.

In this work, we use the dispersive model derived in
Refs. [34–37] to compute hadronisation corrections to
event-shape moments. This model provides analytical pre-
dictions for the power corrections, and introduces only a
single new parameter α0, which can be interpreted as the
average strong coupling in the non-perturbative region. This
model has been used extensively in combination with NLO
QCD perturbative calculations to study event-shape mo-
ments [16, 38–40]. To combine the dispersive model with
the perturbative prediction at NNLO QCD, we extended its
analytical expressions to compensate for all scale-dependent
terms at this order. By comparing the newly derived ex-
pressions with experimental data on event-shape moments,
we perform a combined determination of the perturbative
strong coupling constant αs and the non-perturbative para-
meter α0. Compared to previous results at NLO, we observe
that inclusion of NNLO effects results in a considerably im-
proved consistency in the parameters determined from dif-
ferent shape variables, and in a substantial reduction of the
error on αs .

In Sect. 2, we outline the structure of perturbative and
non-perturbative contributions to event-shape moments. The
predictions of the dispersive model to power corrections are
extended to NNLO in Sect. 3, and used to extract αs and
α0 from experimental data in Sect. 4. In Sect. 5 the results
obtained within the dispersive model are compared to those
from multi-purpose event generator programs.

2 Power corrections to event-shape moments

Non-perturbative power corrections can be related to in-
frared renormalons in the perturbative QCD expansion for

the event-shape variable [34, 35, 41–46]. The analysis of in-
frared renormalon ambiguities suggests power corrections
of the form λp/Qp , but cannot make unique predictions for
λp: it is only the sum of perturbative and non-perturbative
contributions in (2) that becomes well-defined [47]. Differ-
ent ways to regularise the IR renormalon singularities have
been worked out in the literature [48–56].

One approach is to introduce an IR cutoff µI and to re-
place the strong coupling constant below the scale µI by
an effective coupling such that the integral of the coupling
below µI has a finite value [34–37]

1
µI

∫ µI

0
dQαeff

(
Q2) = α0(µI ). (3)

This dispersive model for the strong coupling leads to a shift
in the distributions

dσ

dy
(y) = dσpt

dy
(y − ayP ), (4)

where the numerical factor ay depends on the event shape
and is listed in Table 1, while P is believed to be univer-
sal (universality breaking terms arise from hadron mass ef-
fects [57] in the moments of ρ, an estimate on these effects
can be obtained from general-purpose event generator pro-
grams, e.g. from PYTHIA [21]) and scales with the CMS
energy like µI/Q.

By inserting (4) into the definition of the moments, one
obtains:

〈
yn

〉
=

∫ ymax

0
dy yn 1

σhad

dσ

dy
(y) (5)

=
∫ ymax−ayP

−ayP
dy(y + ayP )n

1
σhad

dσpt

dy
(y) (6)

≈
∫ ymax

0
dy(y + ayP )n

1
σhad

dσpt

dy
(y) (7)

discarding the integration over the kinematically forbidden
values of y. This leads to the non-perturbative predictions

Table 1 The ay coefficients of the non-perturbative event-shape mo-
ment prediction

Event-shape observable 1 − T C Y3 ρ BT BW

ay 2 3π 0 1 1 1
2
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Abstract We study the moments of hadronic event shapes
in e+e− annihilation within the context of next-to-next-to-
leading order (NNLO) perturbative QCD predictions com-
bined with non-perturbative power corrections in the disper-
sive model. This model is extended to match the NNLO per-
turbative prediction. The resulting theoretical expression has
been compared to experimental data from JADE and OPAL,
and a new value for αs(MZ) has been determined, as well
as of the average coupling α0 in the non-perturbative region
below µI = 2 GeV within the dispersive model:

αs(MZ) = 0.1153 ± 0.0017(exp) ± 0.0023(th),

α0 = 0.5132 ± 0.0115(exp) ± 0.0381(th).

The precision of the αs(MZ) value has been improved in
comparison to the previously available next-to-leading order
analysis. We observe that the resulting power corrections are
considerably larger than those estimated from hadronisation
models in multi-purpose event generator programs.

1 Introduction

Event-shape variables measure geometrical properties of
hadronic final states at high energy particle collisions. They
have been studied extensively at e+e− collider experiments,
which provided a wealth of data at a variety of centre-
of-mass energies. Exploiting this large energy range, one
can attempt to disentangle perturbative and non-perturbative
contributions (which scale differently with increasing en-
ergy) to event-shape observables.

Apart from distributions of these observables, one can
also study mean values and higher moments. The nth mo-
ment of an event-shape observable y is defined by

〈
yn

〉
= 1

σhad

∫ ymax

0
yn dσ

dy
dy, (1)

a e-mail: luisonig@physik.uzh.ch

where ymax is the kinematically allowed upper limit of the
observable. Moments were measured for a variety of dif-
ferent event-shape variables in the past. The most common
observables y of three-jet type are: thrust T [1, 2] (where
moments of y = (1 − T ) are taken), the heavy jet mass
ρ = M2

H /s [3], the C-parameter [4, 5], the wide and total
jet broadenings BW and BT [6, 7], and the three-to-two-jet
transition parameter in the Durham algorithm Y3 [8–12].
Definitions for all observables are given in, for example,
Refs. [13]. Moments with n ≥ 1 have been measured by
several experiments, most extensively by JADE [14, 15] and
OPAL [16], but also by DELPHI [17] and L3 [18]. A com-
bined analysis of JADE and OPAL results has been per-
formed in Ref. [19].

As the calculation of moments involves an integration
over the full phase space, they offer a way of comparing
to data which is complementary to the use of distributions,
where in general cuts on certain kinematic regions are ap-
plied. Furthermore, the two extreme kinematic limits—two-
jet-like events and multi-jet-like events—enter with different
weights in each moment: the higher the order n of the mo-
ment, the more it becomes sensitive to the multi-jet region.
Therefore it is particularly interesting to study the NNLO
corrections to higher moments of event shapes, as these cor-
rections should offer a better description of the multi-jet re-
gion due to the inclusion of additional radiation at parton
level.

Moments are particularly attractive in view of study-
ing non-perturbative hadronisation corrections to event
shapes. In event-shape distributions, one typically corrects
for hadronisation effects by using generic Monte Carlo event
simulation programs. A recent study, carried out in the con-
text of a precision determination of the strong coupling con-
stant from event-shape distributions [20], revealed large dis-
crepancies between the standard event simulation programs
used at LEP [21–23] on one hand and more modern gen-
erators [24, 25], which incorporate recent theoretical ad-
vances, on the other hand. In the event-shape distributions,
it is very difficult to disentangle hadronisation corrections

α0(2 GeV)
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Abstract We study the moments of hadronic event shapes
in e+e− annihilation within the context of next-to-next-to-
leading order (NNLO) perturbative QCD predictions com-
bined with non-perturbative power corrections in the disper-
sive model. This model is extended to match the NNLO per-
turbative prediction. The resulting theoretical expression has
been compared to experimental data from JADE and OPAL,
and a new value for αs(MZ) has been determined, as well
as of the average coupling α0 in the non-perturbative region
below µI = 2 GeV within the dispersive model:

αs(MZ) = 0.1153 ± 0.0017(exp) ± 0.0023(th),

α0 = 0.5132 ± 0.0115(exp) ± 0.0381(th).

The precision of the αs(MZ) value has been improved in
comparison to the previously available next-to-leading order
analysis. We observe that the resulting power corrections are
considerably larger than those estimated from hadronisation
models in multi-purpose event generator programs.

1 Introduction

Event-shape variables measure geometrical properties of
hadronic final states at high energy particle collisions. They
have been studied extensively at e+e− collider experiments,
which provided a wealth of data at a variety of centre-
of-mass energies. Exploiting this large energy range, one
can attempt to disentangle perturbative and non-perturbative
contributions (which scale differently with increasing en-
ergy) to event-shape observables.

Apart from distributions of these observables, one can
also study mean values and higher moments. The nth mo-
ment of an event-shape observable y is defined by

〈
yn

〉
= 1

σhad

∫ ymax

0
yn dσ

dy
dy, (1)
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where ymax is the kinematically allowed upper limit of the
observable. Moments were measured for a variety of dif-
ferent event-shape variables in the past. The most common
observables y of three-jet type are: thrust T [1, 2] (where
moments of y = (1 − T ) are taken), the heavy jet mass
ρ = M2

H /s [3], the C-parameter [4, 5], the wide and total
jet broadenings BW and BT [6, 7], and the three-to-two-jet
transition parameter in the Durham algorithm Y3 [8–12].
Definitions for all observables are given in, for example,
Refs. [13]. Moments with n ≥ 1 have been measured by
several experiments, most extensively by JADE [14, 15] and
OPAL [16], but also by DELPHI [17] and L3 [18]. A com-
bined analysis of JADE and OPAL results has been per-
formed in Ref. [19].

As the calculation of moments involves an integration
over the full phase space, they offer a way of comparing
to data which is complementary to the use of distributions,
where in general cuts on certain kinematic regions are ap-
plied. Furthermore, the two extreme kinematic limits—two-
jet-like events and multi-jet-like events—enter with different
weights in each moment: the higher the order n of the mo-
ment, the more it becomes sensitive to the multi-jet region.
Therefore it is particularly interesting to study the NNLO
corrections to higher moments of event shapes, as these cor-
rections should offer a better description of the multi-jet re-
gion due to the inclusion of additional radiation at parton
level.

Moments are particularly attractive in view of study-
ing non-perturbative hadronisation corrections to event
shapes. In event-shape distributions, one typically corrects
for hadronisation effects by using generic Monte Carlo event
simulation programs. A recent study, carried out in the con-
text of a precision determination of the strong coupling con-
stant from event-shape distributions [20], revealed large dis-
crepancies between the standard event simulation programs
used at LEP [21–23] on one hand and more modern gen-
erators [24, 25], which incorporate recent theoretical ad-
vances, on the other hand. In the event-shape distributions,
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is greatly improved by the updated theoretical treatment. We expect the wide
broadening distribution to be equally improved, but this remains to be verified.

The fits for ⇥s and ⇥0 from the mean values are also generally consistent
with each other and with those from the distributions. However, the agreement
between di↵erent event shapes is still not perfect. In the case of the heavy-jet
mass we believe that this may in part be related to the treatment of particle
masses, which have more e↵ect on jet masses than on the thrust or the C-
parameter (which are both defined exclusively in terms of 3-momenta). We leave
this question for future consideration.

Outlook. Another important issue is that of the power correction to the jet-
broadening in DIS. Formally the extension of our results to the DIS case is
quite a non-trivial exercise. As a first step it would be necessary to carry out a
resummed PT calculation for the DIS broadening. This has so far not been done.

The situation for the mean broadening measured with respect to the thrust
axis is fairly simple though, since (modulo factors of two associated with the
definition of the broadening in DIS [23]) it is equivalent to a single hemisphere
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empirically, since they typically result in a distortion of the
distribution, which can not be unfolded in a straightforward
manner.

In event-shape moments, one expects the hadronisation
corrections to be additive, such that they can be divided into
a perturbative and a non-perturbative contribution,
〈
yn

〉
=

〈
yn

〉
pt +

〈
yn

〉
np, (2)

where the non-perturbative contribution accounts for hadro-
nisation effects. Based upon the calculation of next-to-
next-to-leading order (NNLO) QCD corrections to the
event-shape distributions, which became available recently
[13, 26–31], the perturbative contribution to event-shape
moments is now known to NNLO [32, 33]. The non-
perturbative part is suppressed by powers of λp/Qp (p ≥ 1),
where Q ≡ √

s is the centre-of-mass energy and λ1 is of the
order of ΛQCD. The functional form of λp has been dis-
cussed quite extensively in the literature, but as this parame-
ter is closely linked to non-perturbative effects, it cannot be
fully derived from first principles.

In this work, we use the dispersive model derived in
Refs. [34–37] to compute hadronisation corrections to
event-shape moments. This model provides analytical pre-
dictions for the power corrections, and introduces only a
single new parameter α0, which can be interpreted as the
average strong coupling in the non-perturbative region. This
model has been used extensively in combination with NLO
QCD perturbative calculations to study event-shape mo-
ments [16, 38–40]. To combine the dispersive model with
the perturbative prediction at NNLO QCD, we extended its
analytical expressions to compensate for all scale-dependent
terms at this order. By comparing the newly derived ex-
pressions with experimental data on event-shape moments,
we perform a combined determination of the perturbative
strong coupling constant αs and the non-perturbative para-
meter α0. Compared to previous results at NLO, we observe
that inclusion of NNLO effects results in a considerably im-
proved consistency in the parameters determined from dif-
ferent shape variables, and in a substantial reduction of the
error on αs .

In Sect. 2, we outline the structure of perturbative and
non-perturbative contributions to event-shape moments. The
predictions of the dispersive model to power corrections are
extended to NNLO in Sect. 3, and used to extract αs and
α0 from experimental data in Sect. 4. In Sect. 5 the results
obtained within the dispersive model are compared to those
from multi-purpose event generator programs.

2 Power corrections to event-shape moments

Non-perturbative power corrections can be related to in-
frared renormalons in the perturbative QCD expansion for

the event-shape variable [34, 35, 41–46]. The analysis of in-
frared renormalon ambiguities suggests power corrections
of the form λp/Qp , but cannot make unique predictions for
λp: it is only the sum of perturbative and non-perturbative
contributions in (2) that becomes well-defined [47]. Differ-
ent ways to regularise the IR renormalon singularities have
been worked out in the literature [48–56].

One approach is to introduce an IR cutoff µI and to re-
place the strong coupling constant below the scale µI by
an effective coupling such that the integral of the coupling
below µI has a finite value [34–37]

1
µI

∫ µI

0
dQαeff

(
Q2) = α0(µI ). (3)

This dispersive model for the strong coupling leads to a shift
in the distributions

dσ

dy
(y) = dσpt

dy
(y − ayP ), (4)

where the numerical factor ay depends on the event shape
and is listed in Table 1, while P is believed to be univer-
sal (universality breaking terms arise from hadron mass ef-
fects [57] in the moments of ρ, an estimate on these effects
can be obtained from general-purpose event generator pro-
grams, e.g. from PYTHIA [21]) and scales with the CMS
energy like µI/Q.

By inserting (4) into the definition of the moments, one
obtains:

〈
yn

〉
=

∫ ymax

0
dy yn 1

σhad

dσ

dy
(y) (5)

=
∫ ymax−ayP

−ayP
dy(y + ayP )n

1
σhad

dσpt

dy
(y) (6)

≈
∫ ymax

0
dy(y + ayP )n

1
σhad

dσpt

dy
(y) (7)

discarding the integration over the kinematically forbidden
values of y. This leads to the non-perturbative predictions

Table 1 The ay coefficients of the non-perturbative event-shape mo-
ment prediction

Event-shape observable 1 − T C Y3 ρ BT BW

ay 2 3π 0 1 1 1
2

Yu.L. Dokshitzer, G. Marchesini, 
G.P. Salam, EPJdirect C3 (1999) 1

αs in the infrared from event shapes

µI = 2 GeV
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αs freezes in the infrared

D. Binosi and, J. Papavassiliou,  
Phys. Rept. 479 (2009) 1

J. Messchendorp, 1306.6611

↵s(Q ! 0) ! 1

Theory & Phenomenology Popular view of confinement≠

↵s(0)

⇡
' 0.5

⇡
= 0.16

<latexit sha1_base64="++xucIVidQoq/xGO320TS/lCTdE="></latexit>

may enable perturbative
expansions for hadrons

Fig. 86. The QCD effective charge, α(q2) = g2(q2)/4π, extracted from Fig. 85 by factoring out
(q2 +m2(0))−1, with a gluon mass ofm(0)=500 MeV.

Eq. (9.17); for the same reasons explained above, when multiplied by g2 it should form an RG-
invariant quantity, e.g., the non-perturbative generalization of d̂(q2). In Fig. 85 we present the
combined result of the above steps: d̂(q2) is obtained from two different sets of solutions of the
system of Eqs (9.4) one renormalized at µ = Mb = 4.5GeV and one at µ = MZ = 91GeV.
Ideally the two curves of d̂(q2) should be identical; even though this does not happen, due to
the approximations employed when solving the SDE system, the two curves are fairly close,
indicating that d̂(q2) is to a very good approximation an RG-invariant quantity, as it should.
We are now in the position to define the non-perturbative QCD effective charge from the RG-

invariant quantity d̂(q2). Of course, as already mentioned in subsection 5.1.2, given that d̂(q2)
reaches a finite value in the deep infrared, it would be unwise to define the effective charge by
factoring out of d̂(q2) a factor of 1/q2, because this would give rise to the unphysical situation
where the strong QCD coupling vanishes in the deep IR. This is wrong not only operationally,
i.e., forcing the coupling to vanish when it does not want to, but also conceptually, because it
suggests that QCD in the presence of a gluon mass in non-interactive 9 . Of course, nothing could
be further from the physical reality. First of all, a multitude of phenomenological studies find,
with virtually no exception, that the QCD effective charge freezes at a non-zero value [231–
236]. Second, a finite QCD effective charge constitutes a central assumption of the QCD/CFT
correspondence [237,238]. Third, as we mentioned in detail at the beginning of this section [see
discussion following (9.2)], the dynamical gluon mass is responsible for a very rich dynamical
structure, being intimately connected, among other things, to both quark confinement and gluon

9 To see how unphysical this procedure is, imagine applying it to the electroweak sector. Specifically,
given that the propagators of the W and Z are finite in the IR, (due to the standard Higgs mechanism),
pulling a factor 1/q2 out of them, instead of (q2E +M2) [viz. (5.36), with q2 → −q2E], would give rise
to an electroweak coupling that vanishes in the IR. Does that mean that the electroweak theory is non-
interacting in the IR? Does Fermi’s constant vanish all of a sudden? Or is β decay no longer observed?
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Sfi = outhf |
⇢
Texp

h
� i

Z 1

�1
dtHI(t)

i�
|iiin

where the in and out states are free, O(α0) asymptotic states at t = ± ∞.

QED bound state calculations use Feynman diagrams

The Feynman diagram expansion of scattering amplitudes i → f  is defined by

The free electrons/photons get “dressed” by the HI interactions.
The expression is formally exact provided the in and out states
have a non-vanishing overlap with the physical i and f states.

Free states have infinite size and thus zero overlap with bound states (atoms).

The technical difficulties of atomic perturbation theory originate 
(in part) from the inappropriate boundary conditions.

We cannot expect to describe confinement in QCD using Feynman diagrams:
The in and out states exclude confinement.
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e+e– → e+e–: Positronium from Feynman diagrams

p1

p2

k k–q

p1–k

p2+k p3

p4p1

p2

q

p4

p3

+

(a) (b)

k k–q

p1 p4

p2 p3

p1–k

p3–k

+
p1

p2

q

p4

p3

+ ...

k

+

(c) (d)

e+

e–
=

|'e+e� |2

p0 � E + i"
+ . . .

E = 2me �
1
4me↵

2 +O
�
↵4

�

LHS: 
1X

n=2

cn↵
n

RHS: Not polynomial in α
⇒

Bound state poles can arise only
through a divergence of the
perturbative series (n → ∞)

Why does the QED perturbative series diverge for atoms (at any α)?

Which diagrams cause the divergence?

p0

Rest frame:
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Ladder diagrams (rest frame)

The Bohr momentum scale is |p| ~ αm , kinetic energy |p|2/2m ~ α2m ~ EB

With momenta ∝ α, the propagators bring inverse powers of α :
p1

p2

k k–q

p1–k

p2+k p3

p4p1

p2

q

p4

p3

+

(a) (b)

k k–q

p1 p4

p2 p3

p1–k

p3–k

+
p1

p2

q

p4

p3

+ ...

k

+

(c) (d)

e+

e–
⇠ e2

q2
⇠ ↵

q2
⇠ 1

↵
Note: q0 ⇠ ↵2 ⌧ |q| ⇠ ↵

p1

p2

k k–q

p1–k

p2+k p3

p4p1

p2

q

p4

p3

+

(a) (b)

k k–q

p1 p4

p2 p3

p1–k

p3–k

+
p1

p2

q

p4

p3

+ ...

k

+

(c) (d)

e+

e–

⇒All “ladder diagrams” are of order 1/α Sum can diverge at bound states

⇠
Z

dk0 d3k
e4

(k2)2 (�Ee)2
⇠ ↵2 ↵3 ↵2

(↵2)2 (↵2)2
⇠ 1

↵

Divergence is due to expanding around free states, no V(r) =  – α/r potential
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Non-ladders are suppressed by α

p1

p2
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These diagrams have the same number of
propagators and vertices as the 2-photon ladder.
A similar counting would again give ~ 1/α .

However, the O(1/α) term vanishes:

/
Z

dk0

2⇡

1

(k0 � a+ i")(k0 � b+ i")
= 0

In the straight ladders
the integration contour
is pinched:

/
Z

dk0

2⇡

1

(k0 � a+ i")(k0 � b� i")
6= 0

⇒ Only straight ladders are of the leading order, 1/α .
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 42Summing ladder diagrams

+ + + ...++ + + ...+ + + + ...+=G
e–

e+
γ

L1 L2 L3

G = L1 + G S L1    = L1 + L1 S L1 + G S L1S L1 = …

G(p0) ⇠  † 

p0 � E
At a bound state pole:  =  S L1⇒

Ψ(q) = Ψ(k)
Z

d4k

(2⇡)4
S(k) L1(k-q)

P
q qk

This is the Bethe-Salpeter equation for a single photon kernel L1 .

It is valid in any frame (since Feynman diagrams are Lorentz covariant).
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 43The Bethe-Salpeter equation

Ψ(q) = Ψ(k)
Z

d4k

(2⇡)4
S(k) K(k-q)

P
q qk

Dressing the e– and e+ propagators and adding all corrections to the single 
photon exchange (kernel) gives the formally exact B-S equation:

Expanding the propagators and kernel in α defines a perturbative expansion.

Explicit Lorentz covariance: Feynman propagators and vertices.

h⌦| T
�
 ̄�(x2) ↵(x1)

 
|P i ⌘ e�iP ·(x1+x2)/2 P

↵�(x1 � x2)
<latexit sha1_base64="TZapFNf6G7MOgjatAAEblduVALs="></latexit><latexit sha1_base64="TZapFNf6G7MOgjatAAEblduVALs="></latexit><latexit sha1_base64="TZapFNf6G7MOgjatAAEblduVALs="></latexit><latexit sha1_base64="TZapFNf6G7MOgjatAAEblduVALs="></latexit>

 P 0
(x0

1 � x0
2) = S(⇤) P (x1 � x2)S

�1(⇤)
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The B-S wave function: 

Note: Equal time is not preserved in boosts: 

x0 = ⇤x :
<latexit sha1_base64="QtuDp5wiyuk5G43FIHcIY4C/gog="></latexit><latexit sha1_base64="QtuDp5wiyuk5G43FIHcIY4C/gog="></latexit><latexit sha1_base64="QtuDp5wiyuk5G43FIHcIY4C/gog="></latexit><latexit sha1_base64="QtuDp5wiyuk5G43FIHcIY4C/gog="></latexit>

⇒t1 = t2 t´1 ≠ t´2

Not a Hamiltonian formalism!

(1951)
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Dyson-Schwinger equations

There are identities between Green functions, valid to all orders in α.
E.g., the Dyson-Schwinger equation for the quark propagator:

The circles contain quark and 
gluon loops to all orders.

There are analogous identities for the gluon propagator and the vertices.

The D-S equations do not close. Truncations and assumptions are needed.

D-S equations are used to model hadron dynamics.

Strong QCD and Dyson-Schwinger Equations 17

Σ
=

D

γ
ΓS

Figure 2.1. In QCD this gap equation describes the manner by which a quark’s acquires
a momentum-dependent self-energy, Σ(p), via interaction with its own gluon field. This
diagram represents a nonlinear integral equation because S(p) = 1/[iγ ·p+m+Σ(p)]. The
kernel of that integral equation is composed from the dressed-gluon propagator, Dµν (k),
and the dressed-quark-gluon vertex, Γν(ℓ, p), both of which satisfy integral equations of
their own. (The quark is represented by the solid line, the gluon by the spring-like line
and the quark-gluon vertex by the open circle.)

predictions for real-world experiments. One of the merits in this is that assumptions
about the infrared form of n-point functions can be tested, verified and improved, or
rejected in favour of more promising alternatives. In this mode the DSEs provide a bridge
between experiment and theory, and thereby a means by which to use nonperturbative
phenomena to chart or at least constrain the infrared behaviour of QCD’s β-function.

Let’s return to the dressed-quark propagator, which is given by the solution of QCD’s
gap equation, Fig. 2.1:

S(p)−1 = iγ · p +m+ Σ(p) , (2.5)

Σ(p) =

∫

d4ℓ
(2π)4

g2 Dµν(p− ℓ) γµ
λa

2
1

iγ · ℓA(ℓ2) +B(ℓ2)
Γa
ν(ℓ, p). (2.6)

The most general Poincaré covariant solution of this gap equation involves two scalar
functions. There are three common, equivalent expressions:

S(p) =
1

iγ · pA(p2) +B(p2)
=

Z(p2)
iγ · p+M(p2)

= −iγ · pσV (p2) + σS(p
2) . (2.7)

In the second form, Z(p2) is called the wave-function renormalisation and M(p2) is the
dressed-quark mass function.

Given that a weak coupling expansion of the DSEs produces every diagram in pertur-
bation theory, one can use Eq. (2.6), and its analogues for the dressed-gluon propagator
and dressed-quark gluon vertex, to obtain

Bpert(p
2) = m

[

1 +
α
π
ln

[ m2

p2

]

+ . . .
]

, (2.8)

where the ellipsis denotes terms of higher order in α that involve (ln[m2/p2])2 and
(ln ln[m2/p2]), etc. However, at arbitrarily large finite order in perturbation theory it is
always true that

lim
m→0

Bpert(p
2) ≡ 0. (2.9)

(N.B. In contrast to QED, a chiral limit is nonperturbatively defined in QCD owing to
asymptotic freedom.) Equation (2.9) means that if one starts with a chirally symmetric
theory, then in perturbation theory one also finishes with a chirally symmetric theory:
the fermion DSE cannot generate a mass-gap if there is no bare-mass seed in the first
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predictions for real-world experiments. One of the merits in this is that assumptions
about the infrared form of n-point functions can be tested, verified and improved, or
rejected in favour of more promising alternatives. In this mode the DSEs provide a bridge
between experiment and theory, and thereby a means by which to use nonperturbative
phenomena to chart or at least constrain the infrared behaviour of QCD’s β-function.

Let’s return to the dressed-quark propagator, which is given by the solution of QCD’s
gap equation, Fig. 2.1:

S(p)−1 = iγ · p +m+ Σ(p) , (2.5)

Σ(p) =
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iγ · ℓA(ℓ2) +B(ℓ2)
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ν(ℓ, p). (2.6)

The most general Poincaré covariant solution of this gap equation involves two scalar
functions. There are three common, equivalent expressions:

S(p) =
1

iγ · pA(p2) +B(p2)
=

Z(p2)
iγ · p+M(p2)

= −iγ · pσV (p2) + σS(p
2) . (2.7)

In the second form, Z(p2) is called the wave-function renormalisation and M(p2) is the
dressed-quark mass function.

Given that a weak coupling expansion of the DSEs produces every diagram in pertur-
bation theory, one can use Eq. (2.6), and its analogues for the dressed-gluon propagator
and dressed-quark gluon vertex, to obtain

Bpert(p
2) = m

[

1 +
α
π
ln

[ m2

p2

]

+ . . .
]

, (2.8)

where the ellipsis denotes terms of higher order in α that involve (ln[m2/p2])2 and
(ln ln[m2/p2]), etc. However, at arbitrarily large finite order in perturbation theory it is
always true that

lim
m→0

Bpert(p
2) ≡ 0. (2.9)

(N.B. In contrast to QED, a chiral limit is nonperturbatively defined in QCD owing to
asymptotic freedom.) Equation (2.9) means that if one starts with a chirally symmetric
theory, then in perturbation theory one also finishes with a chirally symmetric theory:
the fermion DSE cannot generate a mass-gap if there is no bare-mass seed in the first

C. D. Roberts, arXiv 1203.5341

S(p) = i/(/p�m� ⌃)
<latexit sha1_base64="b3c7BQ5ksoNLoq9FvcScOHaztgE="></latexit><latexit sha1_base64="b3c7BQ5ksoNLoq9FvcScOHaztgE="></latexit><latexit sha1_base64="b3c7BQ5ksoNLoq9FvcScOHaztgE="></latexit><latexit sha1_base64="b3c7BQ5ksoNLoq9FvcScOHaztgE="></latexit>
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For QED lamb shift, need to calculate
e– propagator in the field of e+ e–

e+In an NR approximation, this can be
described by a fixed  –α/r potential.

In QCD, colored gluons interact
with relativistic quarks

Gluon and quark propagators depend
on the state  in which they propagate.

q

q̅

Lamb shift: M(2S1/2)-M(2P1/2)

Bound state constituents propagate in a field

Cannot build bound states with constituents 
that have predetermined propagators.⇒ 

QED

QCD
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• 1986: Caswell & Lepage NRQED: Effective NR field theory
Expand QED action in powers of ∇/me 

Choose to start from Schrödinger atoms (at rest)

• 1951: Salpeter & Bethe

44 Craig D. Roberts

Figure 6.1. Omitting the inhomogeneity, the upper panel illustrates the textbook form
of the Bethe-Salpeter equation, Eq. (3.10), whereas the lower panel depicts the form ex-
pressed in Eq. (6.1). The reversal of the total-momentum’s flow is immaterial here. N.B.
In any symmetry-preserving truncation, beyond the leading-order identified in Ref. [97];
i.e., rainbow-ladder, the Bethe-Salpeter kernel is nonplanar even if the vertex in the gap
equation is planar [167]. This is illustrated in Fig. 3.1.

Consider Eq. (6.2). Rainbow-ladder is the leading-order term in the systematic DSE
truncation scheme of Refs. [96,97]. It corresponds to Γf

ν = γν , in which case Eq. (6.2)
is solved by Λfg

5µβ ≡ 0 ≡ Λfg
5β . This is the solution that indeed provides the rainbow-

ladder forms of Eq. (6.1). Such consistency will be apparent in any valid systematic
term-by-term improvement of the rainbow-ladder truncation.

However, since the two-point functions of elementary excitations are strongly modified
in the infrared, one must accept that the same is generally true for three-point functions;
i.e., the vertices. Hence the bare vertex will be a poor approximation to the complete
result unless there are extenuating circumstances. This is readily made apparent, for
with a dressed-quark propagator of the form in Eq. (2.7), one finds immediately that the
Ward-Takahashi identity is breached; viz.,

Pµiγµ ≠ S−1(k + P/2) − S−1(k − P/2) , (6.3)

and the violation is significant whenever and wherever the mass function in Fig. 2.9
is large. This was actually realised early on, with studies of the fermion–gauge-boson
vertex in Abelian gauge theories [177] that have inspired numerous ensuing analyses. The
importance of this dressing to the reliable computation of hadron physics observables
was exposed in Refs. [178,179], insights from which have subsequently been exploited
effectively; e.g., Refs. [14,114,120,180–185].

The most important feature of the perturbative or bare vertex is that it cannot
cause spin-flip transitions; namely, it is an helicity conserving interaction. However, one
must expect that DCSB introduces nonperturbatively generated structures that very
strongly break helicity conservation. These contributions will be large when the dressed-
quark mass-function is large. Conversely, they will vanish in the ultraviolet; i.e., on the
perturbative domain. The exact form of the vertex contributions is still the subject of
study but their existence is model-independent.

Critical now is a realisation that Eq. (6.2) is far more than just a device for checking
a truncation’s consistency. For, just as the vector Ward-Takahashi identity has long

Expand propagators S and kernel K in powers of α
Explicit Lorentz covariance (frame dependent time separations)
No analytic solution even at lowest order in S and K

Three developments in the theory of atoms

• 1975: Caswell & Lepage: BS is not unique: ∞ # of equivalent equations,  S ↔ K
We may choose to expand around Schrödinger atoms
Give up explicit boost invariance

⇒ Need a physical principle for the choice of initial wave function.
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Sfi = outhf |
⇢
Texp

h
� i

Z 1

�1
dtHI(t)

i�
|iiin

HQED(t) |Pos,P , ti = EP |Pos,P , ti
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Equal time bound state condition

The S-matrix is suitable for scattering:
Start with widely separated, free states

Bound states are eigenstates of the
Hamiltonian at an instant of time

There is no need to consider the propagation of bound state constituents in time.

|Pos,P , ti = e�iEP t |Pos,P , t = 0i
<latexit sha1_base64="e6wCDPH+Ci9XiHqGEQ9bBH+j8Ik="></latexit><latexit sha1_base64="e6wCDPH+Ci9XiHqGEQ9bBH+j8Ik="></latexit><latexit sha1_base64="e6wCDPH+Ci9XiHqGEQ9bBH+j8Ik="></latexit><latexit sha1_base64="e6wCDPH+Ci9XiHqGEQ9bBH+j8Ik="></latexit>

The time dependence of the
bound state is by definition:

Bound state calculations can be done at t = 0, at
any order and for any bound state momentum P.



 48Method for Positronium perturbation theory

•  Expansion in α around “lowest order” bound state. 
– Not unique, since wave function is already O(α∞).

•  Include instantaneous gauge field in each Fock state. 
– E.g., gives V = – α/r for |e+e–〉

•  Use Fock state expansion at an instant of time t. 
–

•  Define “lowest order” to be the valence Fock state: 

|Posi = �ee

��e+e�
↵
+ �ee�

��e+e��
↵
+ �� |�i+ �4e

��e+e� e+e�
↵
+ . . .

<latexit sha1_base64="B4WkOLNopexo3Ht/jft1AlmIb7o="></latexit>

�ee

��e+e�
↵

<latexit sha1_base64="ktCxfDIp5B0DuEXBR6mB5HQDAzg="></latexit>

•  Higher Fock states are given by the Hamiltonian: 
– This is a perturbative expansion, since Hint ∝ e .
–  Determine the φn through H |Pos〉 = E |Pos〉, with E of O(αn) 
–  JPC and other quantum numbers of |e+e–〉 are conserved by Hint . 

•  Is applicable for Positronium in motion. 
– Instantaneous field is determined by instantaneous positions only.

(Hint)
n
��e+e�

↵

<latexit sha1_base64="5xICd/AFGsZm3Bc8UokHsHrPSUA="></latexit>

https://www.mv.helsinki.fi/home/hoyer/Pavia/200120_Hoyer_Pavia-figs.pdf
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⇡n(t,x) =
�L(t)

�[@t'n(t,x)]

<latexit sha1_base64="oPX7TpDVVhgbouun7xNtSD+eRhw="></latexit>

Conjugate fields:

['m(t,x),⇡n(t,y)]⌥ = i�mn�(x� y)

<latexit sha1_base64="UxNZbvC/FDnN77XyPfFZhJ2yy7Q="></latexit>

satisfy equal t commutation:

LQED(t,x) =  ̄(i/@ �m� e /A) � 1
4F

µ⌫Fµ⌫

<latexit sha1_base64="CdLoiGlhD0HXyDVMsGY/9SNCIJw="></latexit>

QED Lagrangian:

Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="FGVEwW+WS7449AJuY2RmvVyYgMY="></latexit>

�
R
dyL

�[@t ↵(t,x)]
= i †

↵(t,x)

<latexit sha1_base64="ZVJc/bict87IJSKhjOktpHrT/Fg="></latexit>

Conjugate to electron field:

�
 ↵(t,x), 

†
�(t,y)

 
= �↵��(x� y)

<latexit sha1_base64="lm44tJyUUjpZQtfzeDnVBWcSO5w="></latexit>

Anticommutation relation:

No conjugate to A0 photon field:
�
R
dyL

�[@tA0(t,x)]
= 0

<latexit sha1_base64="SwSBRZphWJDoWVSlfMmH8NYD5mY="></latexit>

What to do?
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 50Temporal gauge: A0 = 0

•  Avoids problem with missing conjugate to A0 .
•  Maintains spatial symmetries. 
    – t is anyway special in canon. quant.
•  No ghosts, no operator constraints

J. D. Bjorken, SLAC Summer Institute (1979)
G. Leibbrandt, Rev. Mod. Phys. 59, 1067 (1987)

�L(t)

�[@tAi(t,x)]
= @tA

i = �Ei

<latexit sha1_base64="REcGBV5UZJ30nl1h+At1hk6y0do="></latexit>

⇥
Ei(t,x), Aj(t,y)

⇤
= i�ij�(x� y)
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The standard gauge for bound states is Coulomb gauge, ∇⋅A = 0   
   – Perhaps because of the form of the photon propagator: 
   – Has ghosts and operator constraints

D00 = �i/k2

<latexit sha1_base64="xv+FeeFWed0qLOTZ18MJj64zIlU="></latexit>

Temporal gauge:

HQED =

Z
dx

h
 †(�i↵ ·r+m�0 � e↵ ·A) + 1

2E
2 + 1

4F
ijF ij

i

<latexit sha1_base64="eu0QZ3J/Cmnluzv04uQqXY9qYcM="></latexit>

The Hamiltonian in temporal gauge:

N. H. Christ and T. D. Lee, PRD 22 (1980) 939



Paul Hoyer Pavia 2020

 51Time independent gauge transformations
Preserve A0 = 0

Generated by Gauss’
operator:

G(x) ⌘ �S
�A0(x)

= @iE
i
L(x)� e † (x)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Unitary operator U(t) with 
infinitesimal parameter Λ(y)

U(t) = 1 + i

Z
dyG(t,y)⇤(y)

<latexit sha1_base64="ElQtXQj14IyjarsiECFW7J/0afo="></latexit>

U(t)Aj(t,x)U�1(t)�Aj(t,x) = @j⇤(x)

<latexit sha1_base64="Hi9DaMg6e3t/mKIER0NmgeRHzW0="></latexit>

U(t) (t,x)U�1(t)�  (t,x) = ie⇤(x) (t,x)

<latexit sha1_base64="NMtcBc4fnP8yX/K7Ez08j8V3QUI="></latexit>

Transforms the photon
and electron fields as:

Physical states are constrained to satisfy:
and are thus invariant under U(t).

G(t,x) |physi = 0

<latexit sha1_base64="iFY82fxwfQNHdd1kNeb+aOt+VCE="></latexit>

The instantaneous electric field acts on physical states as:

EL(t,x) |physi = �rx

Z
dy

e

4⇡|x� y| 
† (t,y) |physi

<latexit sha1_base64="tmb1FBTqwJpJ0a0VjcoJOfCMzCY="></latexit>

J. F. Willemsen, PRD 17 (1978) 574
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 52The potential energy

EL(t,x) |physi = �rx

Z
dy

e

4⇡|x� y| 
† (t,y) |physi
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The instantaneous E-field:

Contributes to the Hamiltonian: HV ⌘
1
2

Z
dxE2

L

<latexit sha1_base64="PjkxRPXF63UM8z/y5KmzYck3/Ks="></latexit>

HV |physi = 1
2

Z
dxdydz

h
@xi

e

4⇡|x� y|
 † (y)

ih
@xi

e

4⇡|x� z|
 † (z)

i
|physi

<latexit sha1_base64="/Kzv1JMvNtAS758bejK7cfW7UNA="></latexit>

= 1
2

Z
dxdy

e2

4⇡|x� y|
⇥
 † (x)

⇤⇥
 † (y)

⇤
|physi
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HV acts as a constraint on |phys〉 (not as an operator), so it annihilates | 0 〉 .
Equivalently: EL | 0 〉 = 0 .

The potential energy of a state with an e– at x1 and an e+ at x2 is then,

HV  ̄↵(x1) �(x2) |0i = �
↵

|x1 � x2|
 ̄↵(x1) �(x2) |0i

<latexit sha1_base64="CF4DqKkiDJeLg5+OWH0mB3v5fKA="></latexit>

The result of HV  acting on any other Fock state is similarly determined.



 53Fock state expansion for Positronium in A0=0 gauge

The |e+e–〉 Fock state, bound by the
classical field of its constituents, is
taken to be of “ lowest order” in α :

Spin dependence arises from states 
with a transverse photon, |e+e–γ〉.

��e+e�
↵

<latexit sha1_base64="wdn8vG7+RhVlXVTjbR4aqSSbEEc="></latexit>

��e+e��
↵

<latexit sha1_base64="gfYubbcBiKhfI5eYlBtmrSkSvUU="></latexit>

��e+e��
↵
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The Lamb shift also arises from |e+e–γ〉.

Each Fock component of  a bound state 
includes the instantaneous EL field.

AT

e–

e+

e–

e+

e–

e+

AT

AT vertices give suppression by α.

EL
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Schrödinger equation for Positronium

Express the valence Fock state |e+e–〉 at t = 0 in terms of a 4×4 wf. Φ,

• For Positronium at rest we set P = 0.
• For weak binding (QED) there are no Z-contributions: 

Only b† in ψ̅ and d† in ψ contribute.
• For strong binding (QCD) also the b, d operators contribute (cf. Dirac)

 (x) =

Z
dp

(2⇡)22Ep

X

�=±

h
u(p,�)eip·xb(p,�) + v(p,�)e�ip·xd†(p,�)

i

<latexit sha1_base64="RT4TghJXzJLD71Rl5S4WdwXUoB0="></latexit>

Determine Φ from the bound state condition HQED |Posi = (2m+ Eb) |Posi

<latexit sha1_base64="bk31tgCnWwxp9ZjiDZSkd4K0XU0="></latexit>

For Positronium at rest we may neglect |e+e–γ〉 Fock state, i.e., transverse γ

HQED =

Z
dx

h
 †(�i↵ ·r+m�0) + 1

2E
2
L

i
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⌘ H0 +HV

<latexit sha1_base64="V6r5toRzkzZ3Kk49ngxvXtCZWNQ="></latexit>

|Posi =
Z

dx1dx2  ̄↵(x1)e
iP ·(x1+x2)/2�(P )

↵� (x1 � x2) �(x2) |0i

<latexit sha1_base64="YPJKarbM9A55FlV2RsQ3OGECxK0="></latexit>
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Schrödinger equation for Positronium (cont.)

Recalling that ū(p,�)(p · � +m)�0 = ū(p,�)Ep

<latexit sha1_base64="3Z1jRB51sJZK06N+XMow0RkQETA="></latexit>

⇥
H0,  ̄(x1)

⇤
=  ̄(x1)(�i↵ ·

 
r

1
+m�0) =  ̄(x1)

r
�

 
r2

1
+m2 '  ̄(x1)

⇣
m�

 
r2

1
/2m

⌘
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,

and similarly [H0, (x2)] '
⇣
m�

!
r2

2
/2m

⌘
 (x2)
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HQED |Posi =

Z
dx1dx2  ̄(x1)

⇥
m�

!
r2

1
/2m�

↵

|x1 � x2|

⇤
�(x1 � x2)

⇥
m�

 
r2

2
/2m

⇤
 (x2) |0i

<latexit sha1_base64="nPXRiXA8TjkpYe17MfQ8EGNKCxI="></latexit>

.  After partial integrations,

= (2m+ Eb) |Posi

<latexit sha1_base64="tdovhz9jAyShNJU817lq3iYeNU4="></latexit>

The condition on the wave function Φ(x1 – x2) is the Schrödinger equation,

h
� r2

m
+ V (x)

i
�(x) = Eb �(x) V (x) = � ↵

|x|

<latexit sha1_base64="wgF9b3myfKBPP7EOYgFOojVmc1g="></latexit>

All 4×4 components of Φ satisfy the same equation, but only 2×2 are leading.
The structure of the 2×2 leading components depend on the JPC of the state.

 and only b† in ψ̅ contributes:
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Wave functions of NR e+e– states

Standard radial equation:

s = 0, ℓ = j, jz = λ: �(x) = (1 + �0)�5 F (r)Yj�(⌦)

<latexit sha1_base64="gVXckxMLtfscQJMjNfQP9MGZMpo="></latexit>

s = 1, ℓ = j, jz = λ: �(x) = (1 + �0)↵ ·LF (r)Yj�(⌦)

<latexit sha1_base64="Akb1jh94FYKDeLC0+8A7F/RC0ig="></latexit>

s = 1, ℓ = j±1, jz = λ:

�(x) =
1

r
(1 + �0)

�
1
2↵ · x

⇥
± (2j + 1) + 1

⇤
+ i↵ · x⇥L

 
F (r)Yj�(⌦)
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In terms of the sph. harm. Y and the orbital angular momentum L = x⇥ (�ir)

<latexit sha1_base64="D68vbbbh0+Y7T7BNWeDPextfNJI="></latexit>

The factor 1+γ0 projects on positive energy components b† of ψ̅(x1), and
negative energy components d† of ψ(x2).

F 00(r) +
2

r
F 0(r) +

h
m(Eb � V )� `(`+ 1)

r2

i
F (r) = 0
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Hyperfine splitting of Positronium

In the rest frame 

suffices for O(α4) in Eb. The spin S=0 for Para- and S=1 for orthopositronium.
The φeeγ and φγ wave functions are determined by φee and Hint |e+e–〉,
together with the stationarity requirement

|Pos, Si = �(S)
ee

��e+e�
↵
+ �(S)

ee�

��e+e��
↵
+ �(S)

� |�i
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H |Pos, Si = (2m+ Eb) |Pos, Si

<latexit sha1_base64="gm3jPpdceGgLMtdSihbR4EAMTLA="></latexit>

2

(2me ≃ 1.02 MeV) by the small binding energy,

EB = −
meα2

4
≃ −6.8 eV, (1)

which is about half that of hydrogen, because the reduced mass in positron-
ium is me/2. The ground state and its radial excitations form the so-called
gross spectrum, En = EB/n2 (n = 1 . . .).

This picture, based on the non-relativistic Schrödinger equation, has
to be corrected for relativistic effects. In this talk we will be concerned
entirely with the lowest radial state with zero angular momentum (S wave).
It comes in two varieties, depending on the sum of spins of the electron and
positron: para-positronium (p-Ps) with total spin 0, and ortho-positronium
(o-Ps), which is a triplet with total spin 1. p-Ps is slightly lighter, due to
the spin-spin interaction. This difference of masses, called the hyperfine
splitting (HFS), offers one of the most accurate tests of bound-state theory
based on QED. (For a review of other precisely measured energy intervals
in Ps see e.g. [1, 2].)

o-Ps,
p-Ps

e-

e+

γ →q o-Ps

e-

e+

γ

(a) (b)

Fig. 1. Lowest order contributions to HFS in positronium.

The origin of HFS can be best explained with the lowest-order diagrams
contributing to this effect, shown in Fig. 1. They represent two types of
interactions: direct and annihilation. These two effects together give the
following difference of energy levels of o-Ps and p-Ps (That difference is
conventionally expressed in terms of the corresponding frequency ∆ν =
∆E/2πh̄. In this paper we will often use ∆ν to denote the energy intervals):

∆ν(0) = (∆ν)D + (∆ν)A. (2)

The direct interaction diagram 1(a) represents a magnetic photon exchange
which induces a spin-dependent potential

VM = −
πα

4m2
e q⃗

2
[σi, σ⃗ · q⃗][σ′i, σ⃗′ · q⃗], (3)

This corresponds to the standard evaluation in terms of Feynman diagrams:

and gives the same result at O(α4) in Eb.

Also the O(α5) contribution to Eb should be checked.
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Positronium with P ≠ 0

|Pos, P i =  (P )
ee

��e+e�
↵
+ (P )

ee�

��e+e��
↵
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At O(α2) in Eb, need

 (P )
ee (x1,x2) ⌘ exp[iP · (x1 + x2)/2]�

(P )(x1 � x2)
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where

The transverse photon contributes even at lowest order for P ≠ 0. 
The eeγ vertex ∝ pe, where pe ∝ αm in the rest frame, but now pe ∝ P.

Intuitively: For P = (0,0,P) the boost turns A0 into coshξ A0 + sinhξ A3

Does Φ(P)(x1–x2) Lorentz contract? Note that

HV |phys〉= 1
2

Z
dxdy

e2

4⇡|x� y|
⇥
 † (x)

⇤⇥
 † (y)

⇤
|physi
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The instantaneous potential depends only on |x1–x2|, not on P.

Detailed derivation in Appendix A of the lecture notes



Paul Hoyer Pavia 2020

 59

The relativistic invariance of equal-time states is not trivial

Lorentz covariance is guaranteed in QED and QCD, if the QFT rules are obeyed.

Bound states in relative motion are needed in form factors, scattering, decays…

H =
p

p2a +m2
a +

q
p
2
b +m

2
b + |xa � xb|
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The eigenvalues E(P) have 
the wrong dependence on
the CM momentum P.
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Positronium with P ≠ 0 (cont.)

The energy eigenvalue must be

E =
q
P 2 + (2m+ Eb)2 ' EP +

2m

EP
Eb
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EP ⌘
p

P 2 + 4m2
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� =
EP

2m
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� =
P

EP
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The |e+e–〉 Fock state contributes (see Appendix A of notes)

(H0 +HV )
��� (P )

E
=

����
h
EP �

1

m�

�
r2

? +
1

�2
r2

k
�
�

↵

|x|

i
 (P )

�
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The kinetic terms scale with γ as expected for contraction: x|| → γ x||
The potential energy is, however, independent of γ.

Instantaneous potential: � ↵

|x| = �
Z

dq

(2⇡)3
e2

q2
e�iq·x
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Transverse photon q exchange:
Z

dq

(2⇡)32|q|
e2�2

q2

2|q|q2
?

q2
? + q2k/�

2
e�iq·x
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Positronium with P ≠ 0 (cont.)

The instantaneous and transverse photon exchanges sum to the desired result:

�e2
Z

dq

(2⇡)3
1

q2

h
1� �2q2?

q2
? + q2k/�

2
=

q2/�2

q2
? + q2k/�

2

i
e�iq·x
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= � ↵

�|y|
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y? = x?
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where

The bound state condition:
h
� 1

m
r2

y �
↵

|y|

i
�(P )(x) = Eb �

(P )(x)
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�(P )(x) = �(0)(y)
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is satisfied by the Lorentz contracted wave fn:

This works only with the correct QED potential and transverse photon couplings.
Works differently in QCD (with confinement)
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Applying the QED method to QCD

Our perturbative approach to bound states was guided by hadron features:

• αs freezes: No loop contributions at lowest (“Born”) order

• Hadrons have valence quantum numbers (lowest Fock state = valence)

• Transverse gluons are perturbative, O(αs) corrections to lowest order

• Sea quarks arise from Z-diagrams (Bogoliubov transformed by field)

•  The EL field is instantaneous even for relativistic constituents

How can color confinement arise?

•  Gauss’ law has no ΛQCD scale 
•  Quarkonia suggest that the confining potential is classical

  The scale must arise from a boundary condition on Gauss’ law=)
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 63Temporal gauge in QCD: Aa0 = 0

Gauss’ operator Ga(x) ⌘
�S

�A0
a(x)

= @iE
i
a(x) + gfabcA

i
bE

i
c � g †T a (x)
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generates time-independent gauge transformations, which keep A0
a = 0
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Physical states satisfy the constraint Ga(x) |physi = 0
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@iE
i
L,a(x) |physi = g

⇥
� fabcA

i
bE

i
c +  †T a (x)

⇤
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In QED we solved for EL with a boundary condition:  EL(x) → 0 for |x| → ∞

⇒ 

EL(t,x) |physi = �rx

Z
dy

e

4⇡|x� y| 
† (t,y) |physi
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This was required to avoid long range interactions.

Is it any different in QCD?

(QED)

(QCD)



 64

There is a difference between QED and QCD

Global gauge invariance allows a classical gauge field for neutral atoms,
but not a color octet gluon field for color singlet hadrons.

However: 
The classical gluon field is non-vanishing 
for each color component C of the state

Positronium (QED) Proton (QCD)

The blue quark feels the color field generated by the red and green quarks.

An external observer sees no field:
The gluon field generated by a color 
singlet state vanishes.

for all x

x1

x2 x1 x2

x3

EL(x) = � e

4⇡
rx

⇣ 1

|x� x1|
� 1

|x� x2|

⌘
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Ea
L(x) = 0
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Ea
L(x, C) 6= 0
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X

C

Ea
L(x, C) = 0
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 65Including a homogeneous solution for 

Ei
L,a(x) |physi = �@x

i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)
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The linear dependence on x makes EL independent of x, as required by
translation invariance: The field energy density is spatially constant.

The field energy ∝ volume of space is 
irrelevant only if it is universal.
This relates the normalisation κ of all 
Fock components, leaving an
overall scale Λ as the single parameter.

@iE
i(x) = 0
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 6= (x,y)
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ensures (a homogeneous solution of Gauss’ law)

Ei
L,a
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“Bag model without a bag”
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The potential energy HV ⌘

1
2

Z
dx

X

a

Ea
L ·Ea

L
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HV = 1
2

Z
dx

n
@x
i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y)

on
@x
i

Z
dz

h
x · z +

g

4⇡|x� z|

i
Ea(z)

o
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h
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2

Z
dx+ g
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2
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|y � z|
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Ea(y)Ea(z)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Partial integration in x, except for the κ2 term:

Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)
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Recall:

For the state |q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i
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we get:
Z

dydz y · z Ea(y)Ea(z) |q(x1)q̄(x2)i
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= (x2
1 + x2

2 � 2x1 · x2) ̄A(x1)T
a
ABT

a
BC C(x2) |0i
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= CF (x1 � x2)
2 |q(x1)q̄(x2)i
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Energy density is κ2/2 times this
Hence κ ∝ 1/|x1–x2|



 67The qq ̅potential

Define the universal scale Λ: qq̄ =
⇤2

gCF

1

|x1 � x2|
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The gκ term in HV gives: gqq̄CF (x1 � x2)
2 = ⇤2|x1 � x2|
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Together with the O(αs) term the potential agrees with the Cornell one:

Vqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|
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The linear term was mandated by translation and rotation symmetry.
As we shall see, it also ensures boost covariance (without transverse γ’s).

The parameter Λ is of O(αs0). Only confinement contributes at O(αs0).

Transverse gluons are calculable at O(αs) (and dominate in hard processes)



 68The qqq potential

Baryon component: |q(x1)q(x2)q(x3)i ⌘
X

A,B,C

✏ABC 
†
A(x1) 

†
B(x2) 

†
C(x3) |0i

<latexit sha1_base64="e9hBTY25R2QOzW+tmTPBOuF/F4Q="></latexit>

Z
dydz y · z Ea(y)Ea(z) |q(x1)q(x2)q(x3)i
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Action of HV:

Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)
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x2
1 : ✏ABC 

†
A00(x1) 

†
B(x2) 

†
C(x3) |0iT a

A00A0T a
A0A =

4

3
|qqqi
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†
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Sum: HV |qqqi =
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⇤
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⇥
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dqqq(x1,x2,x3) ⌘
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The normalization κ should give the same energy density as for qq̅ .



 69The qqq potential (cont.)

Universality of the energy density:

fixes the qqq potential to be

Vqqq(x1,x2,x3) = ⇤2dqqq(x1,x2,x3)�
2

3
↵s

⇣ 1

|x1 � x2|
+

1

|x2 � x3|
+

1

|x3 � x1|

⌘
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When two quarks are at the same x, Vqqq reduces to Vqq̅ :

Vqqq(x1,x2,x3 = x2) = Vqq̄(x1,x2)
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for N=3

The baryon potential is completely determined, given the universal scale Λ.

qqq =
⇤2

gCF

1

dqqq(x1,x2,x3)
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V (0)
qgq (x1,xg,x2) =

⇤2

p
CF

dqgq(x1,xg,x2)
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V (0)
qgq (x1 = xg,x2) = ⇤2|x1 � x2| = V (0)
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When q and g coincide:
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(universal Λ)

The qgq ̅potential

A qq̅ state, after the emission of a transverse gluon:

|q(x1)g(xg)q̄(x2)i ⌘
X

A,B,b

 ̄A(x1)A
j
b(xg)T

b
AB B(x2) |0i
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Vgg =

r
N

CF
⇤2 |x1 � x2|�N
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This agrees with the qgq̅ potential where the quarks coincide:

Vgg(x,xg) = Vqgq̄(x,xg,x)
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It is straightforward to work out the instantaneous potential for any Fock state.

The gg potential

|g(x1)g(x2)i ⌘
X

a

Ai
a(x1)A

j
a(x2) |0i
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A “glueball” component:

has the potential



 72Quarkonium in motion

|qq̄,P i = 1p
NC

X

A,B

Z
dx1dx2  ̄

A(x1)e
iP ·(x1+x2)/2�AB�(P )(x1 � x2) 

B(x2) |0i
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A valence, (globally) color singlet quarkonium state with momentum P = (0,0,P):

Recall that for Positronium a contribution from transverse photons was required: 
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For a linear potential the 
bound state condition: 
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agrees with the Lorentz contracted rest frame wf. for x⊥ = 0:   z → γz .
There is no transverse photon contribution at O(αs0).

Since ∇⊥V(x⊥ = 0, z) = 0 also ∇⊥Φ(P)(x⊥ = 0, z) Lorentz contracts. This defines
a boundary condition for the PDE, allowing its (numerical) solution for all x⊥

Standard Lorentz contraction only at x⊥ = 0: �|x| =
p
(�x?)2 + (�z)2
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• The instantaneous               field binds the valence Fock statesO
�
↵0
s

�
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• The higher Fock states generated by the Hamiltonian HQCD are of O(g)

Poincaré symmetry (also for relativistic binding)
Unitarity (at the hadron level)
Confinement
Chiral Symmetry Breaking (CSB)
Correct mass spectrum, up to O(αs) corrections

For the approach to be viable the                 dynamics must have:O
�
↵0
s

�
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• Method seems fully defined, requires further checks.

The EM form factors, pdf’s, hadron scattering, … may be evaluated in any frame

Many opportunities (if it works!)

O
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No            contributions
from gluon exchange,
transverse gluons, etc.



Paul Hoyer Pavia 2020

 74

|Mi =
X

A,B;↵,�

Z
dx1dx2  ̄

A
↵ (t = 0,x1)�

AB�↵�(x1 � x2) 
B
� (t = 0,x2) |0i
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The bound state condition H |Mi = M |Mi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gives, at

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

where x ≡ x1 – x2 and V(| x |) = V´| x | = Λ2| x | .

In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.
If we add the instantaneous gluon exchange potential:

The quarkonium phenomenology with the Cornell potential.⇒ 

   light qq ̅bound statesO
�
↵0
s

�
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 An                meson state with P = 0 and wave function Φ:O
�
↵0
s

�
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O
�
↵0
s

�
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Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X

i

�i(x)Fi(r)Yj�(x̂)

we may use rotational, parity and charge conjugation invariance to determine
which Γi(x) may occur for a state of given jPC:

10

“trajectories”, identified by the J
PC quantum numbers of their j = 0 member5:

0�+ trajectory [s = 0, ` = j] : �⌘P = ⌘C = (�1)j �5, �
0
�5, �5 ↵ · x, �5 ↵ · x⇥L

0�� trajectory [s = 1, ` = j] : ⌘P = ⌘C = �(�1)j �
0
�5 ↵ · x, �

0
�5 ↵ · x⇥L, ↵ ·L, �

0 ↵ ·L

0++ trajectory [s = 1, ` = j ± 1] : ⌘P = ⌘C = +(�1)j 1, ↵ · x, �
0↵ · x, ↵ · x⇥L, �

0↵ · x⇥L, �
0
�5 ↵ ·L

0+� trajectory [exotic] : ⌘P = �⌘C = (�1)j �
0
, �5 ↵ ·L

(4.4)

The non-relativistic spin s and orbital angular momentum ` are indicated in brackets. Relativistic e↵ects mix the
` = j ± 1 states on the 0++ trajectory, resulting in a pair of coupled radial equations. The j = 0 state on the 0��

trajectory and the entire 0+� trajectory are incompatible with the s, ` assignments and thus exotic in the quark
model. They turn out to be missing also in the relativistic case. The bound state equation (3.8) has no solutions for
states on the 0+� trajectory (�i = �

0 or �5 ↵ ·L) since

ir ·
�
↵, �

0
 
= ir · {↵, �5 ↵ ·L} = m

⇥
�
0
, �

0
⇤
= m

⇥
�
0
, �5 ↵ ·L

⇤
= 0 (4.5)

B. Properties of the 0�+ trajectory: ⌘P = (�1)j+1, ⌘C = (�1)j

1. Wave function and radial equation

According to the classification (4.4) we expand the wave function ��+(x) of the 0�+ trajectory as

��+(x) =
h
F1(r) +↵ · xF2(r) +↵ · x⇥LF3(r) +m�

0
F4(r)

i
�5 Yj�(x̂) (4.6)

Using this in the bound state equation (3.8), noting that ir · x ⇥ L = L2 and equating terms with the same Dirac
structure we get the conditions:

�5 : i(3 + r@r)F2 + j(j + 1)F3 +m
2
F4 = 1

2 (M � V )F1

�5 ↵ · x :
i

r
@rF1 = 1

2 (M � V )F2

�5 ↵ · x⇥L :
1

r2
F1 = 1

2 (M � V )F3

�
0
�5 : F1 = 1

2 (M � V )F4 (4.7)

Expressing F2, F3 and F4 in terms of F1 we find the radial equation (denoting F
0
1 ⌘ @rF1)

F
00
1 +

⇣2
r
+

V
0

M � V

⌘
F
0
1 +

h
1
4 (M � V )2 �m

2 � j(j + 1)

r2

i
F1 = 0 (4.8)

in agreement with the corresponding result in Eq. (2.24) of [11].

The relations (4.7) allow to express the wave function (4.6) as

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�

0) + 1
i
�5 F1(r)Yj�(x̂) = F1(r)Yj�(x̂) �5

h
(i↵ ·

 
r�m�

0)
2

M � V
+ 1

i
(4.9)

The radial equation (4.8) is readily found when the first (second) form is used in the first (second) term of the bound
state equation (3.9). Both terms have a spin-orbit interaction which cancels in their sum. The contribution from the
quark term is, taking into account the radial equation,

h 2

M � V
(i↵ ·

!
r+m�

0)� 1
i
��+(x) =

4V 0

r(M � V )3
(2S ·L� im� · x)�5 F1(r)Yj�(x̂) (4.10)

where the spin S = 1
2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].

There are no solutions for quantum numbers that would be exotic 
in the quark model (despite the relativistic dynamics)

⇒ 

ir ·
�
�0�,�(x)

 
+m

⇥
�0,�(x)

⇤
=
⇥
M � V (x)

⇤
�(x)

    qq ̅bound states (cont.)O
�
↵0
s

�
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The BSE gives the radial equations for the Fi(r)  
(There are two coupled radial equations for the 0++ trajectory)
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  Example: 0–+ trajectory wf’s

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

Radial equation: F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

ηP = (–1)j+1

ηC = (–1)j

Spectrum similar to
dual models

/V´

Linear Regge
trajectories 

with daughters

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

M2

j
Mass spectrum:

m = 0

Local normalizability at r = 0 and at V(r) = M (!) determines the discrete M
C.f.: Dirac eq.: Has continuous spectrum
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   Sea quark contributions

This effect is manifest in the behavior
of the wave function Φ for large V = V´ |x| : lim

x!1
|�(x)|2 = const.
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The asymptotically constant norm apparently reflects, via duality,
pair production as the linear potential V(| x |) increases.

t →
Quark states in a strong field have E<0 components

Bogoliubov transformation, cf. Dirac states.

In time-ordered PT, these correspond to Z-diagrams, 
and interpreted as contributions from qq̅ pairs. 
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  Radial wave function for r → ∞

F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

The radial equation was, with V(r) = V´r :

The leading terms at large r : F 00(r) + 1
4 V

02r2F (r) = 0
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which implies: F (r ! 1) ⇠ exp
⇥
± i

4V
0r2

⇤
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This is similar to the Dirac equation with a linear potential, but now
the spectrum is discrete.

30 32 34 361 2 3 4

0.2

0.4

0.6

0.8

1
Wf

x
p
2V 0

x
p
2V 0

⇢(x) (m = 2
p
2V 0 )

�1(x) (m = 4
p
2V 0 )

Plot of one component
of the D = 1+1 wf.:

The sea quarks show up in the parton distribution measured in DIS.

b†d† bd



 79Parton distributions have a sea component

In D=1+1 dimensions a sea component appears at low m/e :

0.2 0.4 0.6 0.8 1.0
xBj

2

4

6

8

10
xBjf xBj( )

xBj
2
4
6
8
10
12
14
xBjf xBj( )

0.10.050.010.001

(a) (b)

The red curve is an analytic approximation, valid in the xBj  → 0 limit.

m/e = 0.1

(log scale in xBj)

Note: Enhancement at low x is due to bd (sea), not to b†d† (valence) component.

D. D. Dietrich, PH, M. Järvinen
arXiv 1212.4747

To be calculated in D=3+1 (and in various frames!)
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  Example: Glueball spectrum

Vgg(r) =
3
2⇤

2r

<latexit sha1_base64="eXx/eoNBH0gRfowslUCV6GWdkb8="></latexit>

|ggi ⌘
Z

dx1dx2

⇥
Ai

a,T (x1)A
j
a,T (x2)�

ij
AA(x1 � x2)
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+Ai
a,TE

j
a,T�

ij
AE + Ei

a,TA
j
a,T�

ij
EA + Ei

a,TE
j
a,T�

ij
EE

⇤
|0i
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All components have the same instantaneous potential:

Imposing HQCD |gg〉 = M |gg〉 relates ΦAA and ΦAE = ΦEA to ΦEE = F(r)Yℓλ(Ω),

F 00(r) +
⇣2
r
�

V 0
g

M � V

⌘
F 0(r) +

h
1
4 (M � V )2 �

V 0
g

r(M � V )
� `(`+ 1)

r2

i
F (r) = 0

<latexit sha1_base64="0dUpbCDB82BFT9fC1CUTCRpQ8G0="></latexit>

where

The spectrum (M) is determined
by local normalizability at r = 0
and V(r) = M.

With Λ2 = 0.18 GeV2 the lowest
glueball state is 

M(ℓ = 0, n=1) ≃ 1.6 GeV.
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Final state evolves in 
(proper) time τ with 
decreasing virtuality
and decreasing energy 
uncertainty ΔE 

Evolution is unitary:
Measured cross section in 
energy interval ECM ± ΔE 
must average to (parton) 
cross section at τ ~ 1/ΔE

Time evolution in  e+e– → of hadrons

Q2

Δ τ ∼ 1/Q
e– 

  

e+

q

q
_

Δ τ ∼ 1/GeV ~ 0.2 fm

Δ τ ∼ 1 fm
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ECM GeV Ezhela et al, hep-ph/0312114

10
-1

1

10

10 2

0.5 1 1.5 2 2.5 3

3-loop pQCD
Naive quark model

Sum of exclusive
measurements

Inclusive
measurements

R

ρ

ω

φ

ρ

u, d, s

2

3

4

5

6

7

3 3.5 4 4.5 5

Mark I
Mark I + LGW
Mark II
PLUTO
DASP
Crystal Ball
BES

J/ψ
ψ(2S)

ψ3770

ψ4040

ψ4160

ψ4415

c

2

3

4

5

6

7

8

9.5 10 10.5 11

ARGUS
Crystal Ball
CLEO

CLEO II
CUSB
DASP

DHHM
LENA
MD-1

(1S)
(2S)

(3S)

(4S)
b

S    GeV

Figure 2: (continued) Threshold regions in the e+ e− hadroproduction: u, d, s -, c- and b-flavour onset.
Note the consistency between the exclusive and inclusive da ta at

√
2 � 2 GeV.

6
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Bloom-Gilman Duality

W. Melnitchouk (2010)

  

JLab Hall C

*

*

xB

F2(ep ! eX)

Resonances average scaling (large Q2) curve. This holds at all Q2 ≧ 1 GeV2

TMC = Target Mass Correction Bloom & Gilman (1970)



 84Resonances slide on the scaling curve

ξ≈xB

Jlab Hall C

Q2 = 0.07    0.20     0.45     0.85    1.4      2.4  3.1 GeV2

1.2 < W2 < 1.9 GeV2

1.9 < W2 < 2.5 GeV2

W 2 = M2
N⇤ = M2

N +
(1� xB)Q2

xB

C.S. Armstrong et al, 
PRD 63 (2005) 094008

Solid curve: Large Q2

“Δ”

“S11”

⇠ =
2xB

1 +
q
1 + 4M2

px
2
B/Q

2
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• Resonances build scattering: the two must be considered together. 

• The masses, spins and couplings of all bound states are related. 

• Dual diagrams are relevant.

Kopeliovich et al, arXiv:0811.2024

~
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Plane waves in bound states 

In the parton picture, high energy quarks can be treated as free constituents.
They are momentum eigenstates, described by plane waves.
How does this fit into the bound state wave functions?

Consider a highly excited state (P=0)
in D = 1+1:   M → ∞,  V(x) << M σ = (M-V)2  ≈ M2 – 2MV  →∞ 

�(� ! 1) ⇠ exp(±i�/2)

Thus oscillations of the wf at large σ gives a plane wave with p = ±M/2

= e±iM2

exp(⌥ixM/2)

The state agrees, in this limit, with the parton picture:

Only “valence” particles appear (no b or d operators).

|M,P = 0i =
p
2⇡

2M

�
b†M/2d

†
�M/2 + b†�M/2d

†
M/2 |⌦i)

n0 z ≈
P

k–P

k

Pj
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39

(ii) It has been known since 1932 [28] that the normalization integral
R
d
3x| (x)|2 of the Dirac wave function diverges

for all polynomial potentials V (|x|) and that the energy spectrum is continuous17. There is little awareness and
understanding of this property of the Dirac bound states (see [30] for a recent discussion). With retarded boundary
conditions  †

 is the number operator of positive and negative energy fermions, and its expectation value in the
Dirac state is | (x)|2. Fig. 14 supports the interpretation of | (x)|2 as an inclusive particle density.

δ1

δ2
A

B

C

FIG. 19: The dual diagram for meson
splitting A ! B + C, given by (7.1).
The qq̄ pair is created at distance �1

from the quark and �2 from the anti-
quark of meson A.

The ff̄ bound states that we studied in Section V also need to be built on
a vacuum that is an eigenstate of the Hamiltonian. This suggests an analogy
to the in and out states used as asymptotic states of the perturbative S-
matrix, which are eigenstates of the free Hamiltonian H0. States defined at
asymptotic times are on-shell and thus independent of the i" prescription in
their propagator. The ff̄ states discussed here may be used as asymptotic
states of the S-matrix, as in the electromagnetic form factor (5.48).

The time development from t = ±1 to the (finite) scattering time is deter-
mined by the full Hamiltonian. The asymptotic states therefore develop into
eigenstates of H by the time of scattering. In addition to contributions from
higher orders in ↵s, the bound states can split and merge as illustrated in
the dual meson diagram of Fig. 19. The amplitude hB,C|Ai can be evaluated
directly from the definition (6.12) of the meson states, using anticommutation
relations for the quark fields according to Fig. 19. Suppressing Dirac and color
indices,

hB,C|Ai =
1p
NC

Z h Y

k=A,B,C

dxk
1dx

k
2

i
e
i(xA

1 +xA
2 )·PA/2�i(xB

1 +xB
2 )·PB/2�i(xC

1 +xC
2 )·PC/2

⇥ h0|
⇥
 
†(xB

2 )�
†
B�

0
 (xB

1 )
⇤⇥
 
†(xC

2 )�
†
C�

0
 (xC

1 )
⇤⇥
 
†(xA

1 )�
0(xA

1 )�A (x
A
2 )

⇤
|0i

= � (2⇡)3p
NC

�
3(PA � PB � PC)

Z
d�1d�2 e

i�1·PC/2�i�2·PB/2Tr
⇥
�
0�†

B(�1)�A(�1 + �2)�
†
C(�2)

⇤
(7.1)

If the A ! B + C amplitude is combined with B + C ! A we get a hadron loop correction to the propagation of A.
The loop also induces mixing between hadrons, A ! B + C ! D. Thus the orthogonal basis of wave functions �(x)
which satisfy the bound state equation (6.10) needs to be rediagonalized when hadron loop corrections are considered.
Similarly to the Dirac wave functions (see remark (ii) above) the original basis functions are not normalizable, as
their norm �†(x)�(x) approaches a constant at large |x|. The mixing will likely redistribute the large |x| components
of low-lying states onto higher-lying states (which then decay into on-shell pairs, much like the pions produced in
phenomenological string breaking). The states of the rediagonalized basis may thus become normalizable. The
importance of the loop corrections for physical quantities depends on how sensitive measurables are to the large |x|
components of the wave functions. In D = 1+ 1 both the parton distributions and duality relations were determined
by low values of x, and should therefore be fairly insensitive to the mixing e↵ects.

There is an essential di↵erence between the Dirac wave functions and the ff̄ solutions of (6.10). The ff̄ wave functions
�(x) are (in the rest frame) generally singular at M = V (|x|) [42]. Regular (locally normalizable) solutions exist
only for discrete bound state masses. The Dirac wave functions have no singularities, implying a continuous mass
spectrum [28, 29].

The bound state equation (6.10) appears to have a hidden boost invariance, which ensures the correct frame depen-

dence for the energy eigenvalues, E =
p

M2 + P 2. We investigated this in some detail in D = 1 + 1 dimensions,
where the P -dependence of the wave function is given by (5.16). In D = 3+ 1 a similar relation holds when x||P , in
which case the bound state equation can be cast in the covariant form (6.32). Whether the frame dependence of the
wave function can be expressed analytically for general x is an open question.

The Poincaré covariance makes it possible to consider dynamical processes involving bound states. We studied
electromagnetic form factors and parton-hadron duality in D = 1+ 1. Many more processes are of interest, including
hadron-hadron scattering. The outcome of such studies, including the loop corrections mentioned above, will determine
whether considering the O

�
g
0
�
homogeneous solution (6.11) of Gauss’ law is physically viable.

17 The sole exception is the V (r) ⇠ 1/r potential in D = 3 + 1 dimensions, which is often found in textbooks.

When squared, this gives a 1/NC 

hadron loop unitarity correction:

The bound state equation determines zero-width states.

Decays and hadron loops

There is an O

⇣
1/
p

NC

⌘ coupling between the 
states: string breaking

Unitarity should be satisfied 
at hadron level at each order of 1/NC .

hB,C|Ai = � (2⇡)3p
NC

�3(PA � PB � PC)

⇥
Z

d�1d�2 e
i�1·PC/2�i�2·PB/2Tr

⇥
�0�†

B(�1)�A(�1 + �2)�
†
C(�2)

⇤

The overlap suggests that hadron A is an “average” (dual) description of B+C.



 88Bound states in motion

The instantaneous potential is P-independent, V (x) = V 0|x|

The solution for Φ(P)(x) is not simply Lorentz contracting in x.

An              qq̅ bound state with CM momentum P may be expressed as

|M,P i =
Z

dx1 dx2  ̄(t = 0, x1) e
iP ·(x1+x2)/2 �(P )(x1 � x2) (t = 0, x2) |0i
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ir ·
�
↵,�(P )(x)

 
� 1

2P ·
⇥
↵,�(P )(x)

⇤
+m

⇥
�0,�(P )(x)

⇤
=
⇥
E � V (x)

⇤
�(P )(x)
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,  hence the BSE:

• P-dependence of angular momentum (P → ∞ frame).
• EM form factors (gauge invariance has been verified)
• Parton distributions
• Hadron scattering
• . . .

O
�
↵0
s

�
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States with general P are needed for:

There is an analytic solution in D = 1+1 dimensions.
In D = 3+1 dimensions there is a boundary condition at x⊥ = 0
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1.0
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(a) (b)

P = 0 P = 5

M = 3.15

M = 5.11 M = 5.11

M = 3.15

x x

|Φ0|2+|Φ1|2 |Φ0|2+|Φ1|2

Z-contributions dilate in x

time

q̅
q

q

The energy of the qq̅ pairs increase with P.
Hence their production requires a larger
potential V(x), ie., |x| grows with P.

This is seen in the D=1+1 analytic wf’s:

P



 90EM form factor at O(αs0)

|A,P ai =
Z

dx1dx2  ̄(x1)e
iP ·(x1+x2)/2�A(x1 � x2) (x2) |0i
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Matrix element of EM current between states A, B of momenta Pa, Pb

EM current jµ(z) = e ̄(z)�µ (z) = eiP̂ ·zjµ(0)e�iP̂ ·z
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Fµ
AB(z) ⌘ hB,P b|jµ(z) |A,P ai
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= e (1� CACB)e
i(Pb�Pa)·z

Z
dx ei(P b�P b)·x/2
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⇥Tr
⇥
�†

B(x)�
µ�0�A(x)

⇤
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CA, CB : Charge conjugation

Can show: 
@

@zµ
Fµ
AB(z) = 0
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Current conservation, for any Pa, Pb
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For M = 0 the two points coincide. Regular, massless solutions are found.

P̂µ |�i = 0 State has vanishing four-momentum in any frame.
It may mix with the perturbative vacuum.
This spontaneously breaks chiral invariance.

The massless 
0++ meson “σ”

��(x) = N�

h
J0(

1
4r

2) +↵ · x i

r
J1(

1
4r

2)
i

|�i =
Z

dx1 dx2  ̄(x1)��(x1 � x2) (x2) |0i ⌘ �̂ |0i

For m = 0 and V´ = 1 :

J0 and J1 are Bessel functions.

We required the wave function to be normalizable at r = 0 and V´r = M

PRELIMINARY
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A chiral condensate vacuum ansatz:

|�i = exp(�̂) |0i for which h�| ̄ |�i = 4N�

An infinitesimal chiral rotation of the condensate generates a pion

U�(�) |�i = (1� 2i� ⇡̂ |�i

�⇡ = �5��where π̂  is the massless 0–+ state with wave function

U�(�) = exp
⇥
i�

Z
dx †(x)�5 (x)

⇤

PRELIMINARY

⇒ An explicit realisation of the features we expect for a chiral condensate.
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Bound state comments (1)
The mantra: Hadrons are non-perturbative could be unfounded.

  – It’s important: PQCD and LQCD are the main first principle tools in the SM.
  – Based(?) on confinement and CSB being absent from Feynman diagrams.
  – Feynman diagrams assume free quarks and gluons as boundary conditions.

G. S. Adkins,
Hyperfine Interact.  233 (2015) 59

7

where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]

�⌫QED = me↵
4

⇢
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= 203.39169(41) GHz (2.24)

Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is

 (GHz)HFS∆

203.386 203.388 203.39 203.392 203.394 203.396

Old method

a

b

This measurement

Previous experimental
                  average

) QED-1
αln3

αO(

Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Example: Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz

The wave fn’s of QED atoms have non-perturbative features: O(α∞) .
Nonetheless, atomic binding energies are calculated with high accuracy
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Bound state comments (2)

Hadrons are bound states of QCD (as shown by lattice calculations).
– The only strongly bound states in Nature (need not mean αs ≫1)
– Should consider states with any P (form factors, scattering)
– Relativistic description only if the rules of QFT are obeyed

Steven Weinberg, in Preface to Vol. I of “The Quantum Theory of Fields”:

The point of view of this book is that quantum field theory is the way
it is because (aside from theories like string theory that have an infinite
number of particle types) it is the only way to reconcile the principles
of quantum mechanics (including the cluster decomposition property)
with those of special relativity. 
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Bound state comments (3)
Hadron data invites a perturbative approach

– Hadrons have valence quark quantum numbers (cf. QED in D = 1+1)
– Atomic features of quarkonia (Cornell potential, incl. confinement)
– Selection rules such as OZI
– Duality and dual diagrams 

�(1020) ! KK̄,9 ⇡⇡⇡
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