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Abstract

Packing density is a permutation occurrence statistic which describes the maximal num-
ber of permutations of a given type that can occur in another permutation. In this article
we focus on containment of sets of permutations. Although this question has been tan-
gentially considered previously, this is the first article focusing exclusively on it. We find
the packing density for various special sets of permutations and study permutation and
pattern co-occurrence.

1 Introduction

The string 413223 contains two subsequences, 133 and 122, each of which is order-isomorphic (or
simply isomorphic) to the string 122, i.e. ordered in the same way as 122. In this situation we call
the string 122 a pattern. Herb Wilf first proposed the systematic study of pattern containment
in his 1992 address to the STAM meeting on Discrete Mathematics. However, several earlier
results on pattern containment exist, for example, those by Knuth [10] and Tarjan [14].

Most results on pattern containment actually deal with pattern avoidance, in other words,
enumerate or consider properties of strings over a totally ordered alphabet which avoid a given
pattern or set of patterns. There is considerably less research on other aspects of pattern
containment, specifically, on packing patterns into strings over a totally ordered alphabet, but
see [1, 8,9, 11, 13] for the permutation case and [4, 5, 6, 15, 16, 17] for the more general pattern
case.

Although several of the above cited papers have defined packing density for sets of patterns,
virtually all of them have subsequently restricted the attention to the case when the set contains
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only one pattern. In this paper we take the next step in studying the set packing question: in
Section 2 we study the packing density of so-called layered permutations which have been the
focus of much research also in the single permutation case. In Section 3 we calculate the packing
density of various sets of three-letter patterns. In Section 4 we study the average co-occurrence
of patterns and calculate the leading term of the covariance of any two permutation patterns of
the same length n (as a polynomial in n) and, in general, of any two patterns of the same length
over the same alphabet.

Notation

Let [k] = {1,2,...,k} be our canonical totally ordered alphabet on k letters, and consider the
set [k]™ of n-letter words over [k]. We say that a pattern 7 € [[|"™ occurs in o € [k]™, or 7 hits o,
or that o contains the pattern m, if there is a subsequence of ¢ order-isomorphic to .

Given a word o € [k]" and a set of patterns IT C [I|™, let v(II, o) be the total number of
occurrences of patterns in IT (II-patterns, for short) in . Obviously, the largest possible number
of Il-occurrences in o is (Z), when each subsequence of length m of ¢ is an occurrence of a
[T-pattern. Define

u(I, k,n) = max{ v(I1,0) | o € [k]"},

v(I1, o)
d(Il,o) = — and
o)==
S(IL kyn) = PUE R it o) o e .

(m)
the maximum number of Il-patterns in a word in [£]|", the probability that a subsequence of o
of length m is an occurrence of a Il-pattern, and the maximum such probability over words in
[k]", respectively. A permutation o € [k]|" such that v(I1,0) = u(I1, k,n) is called IT-mazimal.
We want to consider the asymptotic behavior of §(I1, k,n) as n — oo and k — co. R. Barton
[4] proved that
g, O, ) = g, g, O, &) = Jing, g, oL . K),

so we can mend the definition from [6] and define the common limit §(II) to be the packing
density of the set of patterns II. If IT = {7}, then we use also d(w) for o(II).

2 Sets of layered permutations

In this section we deal with sets of layered permutations. Recall that a permutation is said to be
layered if it is a strictly increasing sequence of strictly decreasing substrings. These substrings
are called the layers of the permutation. For instance, 21543 is layered with layers 21 of length 2
and 543 of length 3. Obviously, a layered permutation is determined by the sequence of lengths
of its layers, so we can denote 21543 simply by |2, 3].
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It has been shown that if II consists of layered permutations, then there is a II-maximal
permutation which is layered [1, Theorem 2.2]. For the case of a single layered permutation

7w =|mq,...,m,] (i.e. m has r layers of lengths my, ..., m,) Price [11] showed that
(2.1) d(m) = lim max ps(A1,...,As),
§—00  Aq,..., As>0
AMbae=1
where

m mi1 My
(2.2) Ps(AL, .. A) = (mlm) ST

1<ii<...<ip<s

The sequences A = (Aq,...,A) in (2.1) are called partitions of unity, and we write A F 1.
For each s, the m-maximal permutation is approximately [[mA}],..., |mAZ]] for a maximizing
partition of unity A\* = 1. If for every n, there is a permutation o,, € S,, with r layers (recall that
r is the number of layers of 7) such that

o(m) = nh—>r20 d(m,0,),
then the permutation 7 is called simple [8]. For example, [2, 2,2, 2, 2] is simple, but [2,2, 2,2, 2, 2]
is not simple (by Examples 6.4 and 6.5 of [11]). A partition A = (A,...,As) F 1 is optimal if
ps(A1, ..., As) = 0(m) and s is the least integer such that there exists A - 1 with this property.
The next result shows that [8, Theorem 3.3] partially generalizes to the case of sets of
permutations.

Proposition 2.3. Let I1 be a set of layered permutations of length m and r layers such that the
optimal partition of unity X = (A1, ..., \s) F 1 is increasing (i.e. \y < --- < \;). Let m_ be the
length of the shortest layer of all permutations in T1. If m_ > max{logy(r + 1),2}, then II is
simple, and the packing density of 11 equals

™

§(IT) =  sup Z( - " F)ATT-.-ATr7
WGH 1’...’m7,

()‘1’"'7)\7“)'_1

where m¥ is the length of the i™ layer of © and the supremum is taken over all partitions of unity
with v parts.

Proof. As in the proof of [8, Theorem 3.3], we conclude that the maximizing partition of unity
of any 7 € II has r layers. Hence II is simple. The last formula follows directly from this. O

One might think that it is always the case that a set of simple permutations is simple. We
have not been able to prove it, however.

In some cases it is easy to show that the condition of the previous proposition holds. A layered
permutation is said to be increasing, if its layer sizes are increasing. If II is a set of increasing
layered permutations, then the maximizing sequence (J;) is also increasing. The proof of this
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fact is the same as in the case of only a single permutation, see [8, Lemma 3.2]. Another obvious
case is when the set Il is symmetric, in the sense that it contains all the permutations with
certain layer sizes, like the set {[2,1,1],[1,2,1],[1, 1,2]}.

Let us next consider some special sets of layered permutations. The prototypical case for the
next theorem are permutations [m, 2] and [m, 1,1]. In this case the permutations differ only in
that the last two letters are interchanged, but as can be seen below, this is not the reason that
we are able to calculate the packing density.

Theorem 2.4. Let m,n > 2 and let I1(m,n) be the set of all permutations whose first layer has
length m and whose subsequent layers have total length n. Then we have

s, = (") e

n m+n — 1)mtn-1

Note that 6(II(m,n)) = 6([m — 1,n]) if m > 3.

Proof. Let P be the set of sequences ();)°; of non-negative real numbers with A\; = 1 and
Ai =0 for i > K. Using (2.1) and (2.2) we obtain

§(I(m,n)) = lim sup F((\)),

K=o ()\)ePg

where

(m ”> AmAunZl( men )ZA;”A;LPA§+
:(m
(") e (28]

7>

i<j p—1 \TLN DD/
+n myn X myn—pyp
) g B D)
1<J 1<j<k

Fix K > 2 and choose (A;) € Px such that supx,)cp, F((A)) = F((\;)). (This is possible by
continuity of F' and compactness.) By discarding leading zeros if necessary we may assume that
A1 > 0; also F (()\ )) = 0 if Ay = 1, so the maximizing property implies that this is not the case;
hence Ay € (0,1). Denote A; = Z - \;. We define \] = cA\y and A, = d\; for ¢ > 1. Moreover,
we choose d(c) = (1 —cAp)/(1 — )\1) in order to have Y A, =1 so that (\]) € Pg. Since the
original sequence (\;)$2; was maximal in Pk, we have

Z AAT > Z A (Z by ) = AP ATAT + d™TY D APAL

7>t i>1

Let us denote
o= APAY = AP (L= A"
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and 3= )., AP*A?. Then our previous conclusion implies that the function

G(c) = c™d(c)"a +d(c)™™3

has a maximum at ¢ = 1. Differentiating this function and evaluating at ¢ = d = 1 gives

)\1 )\1
0= - 2o
G'(1) = (m ) (m—i—n)l_)\lﬁ
Since 1 is a maximum, the derivative equals zero, so
. m(l — )\1) — n/\1
ﬂ B (m + TL))\l “
Therefore m m
AN = = = AHL =A™
Xi: i =atp (m—l—n))\la m+n"" ( 1)

Clearly, the last expression is maximized by Ay = (m — 1)/(m + n — 1). Therefore we have

sup F((Ai)):(m+n) M qup AL = M)

(Mk)€EPK n m—+"n o< <1

_ (m + n) m  (m—1)""In"

n Jm+n(m-+n—1)mtn-1

Since this expression does not depend on K, we see that it is also the limit as K — oo of
SUD(), )e Py F((A\)), from which we obtain 6(II(m, n)). Taking also into account [8, Theorem 1.2]
we see that it equals d([m — 1,n]) when m > 3. O

Remark 2.5. We can make the previous theorem slightly more general by allowing different first
terms. Let M > 3 and let M > m; > ... > m, > 2. Then we can find the packing density of
the set

I(my, M —my)U...Ull(m,, M —m,)

by finding the maximum over A\; of the real valued function
1 . m;—1 M—m;
i=1

The proof of this fact is very similar to the proof of Theorem 2.4, and is thus omitted.

Using the method of the previous proof, we get an upper bound for the packing density of
much more general types of permutations. In the general case, the upper bound is not attained,
however.

Corollary 2.6. Let my >3 and m=my+...+m, > 5. Then

([mq,...,m.]) <o(fm1 —1,m —mq])d([ma, ..., m.]).
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Proof. With the notation of the previous proof:

. m m mr
d([mq,...,m,]) = lim sup <m1,...,mr> Z AT

K—o0 (A\k)EPK <. <ir

We split the sum into two parts,

— \hu E m2 mr
Oé—)\l )\’LQ "')\ir7

1<io<...<ip

and the rest, denoted by (. As in the previous proof, we set \| = cA; and A\, = d\; for ¢ > 1,
construct the function F(c), calculate the derivative, and set it equal to zero. As before, we

calculate
my

a+p= o

m)\1 '

Using a rescaling and the definition of packing density we find

—1
@ 3™ < ( e ) (1= X)™"™8([ma, ..., m,]).

A Mo, ..., M
1 1<ip<...<ir 2 )

We note that (, ™ )(.~" ‘)71 = (). Thus we find that

my

m
5<[m1,..-,mr]) = (ml L...m )m)\la

m m — —m1
g( )i&m%mﬂmpamxwlu—Mw .

my/) m 0<A1<1

Clearly the last supremum is reached for \; = (m; — 1)/(m — 1), from which the claim follows
by noting that

m\ my (my —1)™ H(m —my)m ™
my

m (m—1)m-t

o(fms ~ 1 =) =

by [8, Theorem 1.2] O

3 Three-letter patterns

In this section we calculate the packing density for sets of patterns of length three, except the
set {121,212}, which we did not manage to deal with. For permutations this was done in [1].
In the interest of clarity we first prove some lemmas.

Lemma 3.1. We have §([1,2],[2,1]) = 3/4.
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Proof. As in the proof of Theorem 2.4 we have
o220 = (5) fim sup F(),
2) k—oc (M) EPy

where now Py is the set of sequences (\;)$°

o of positive real numbers with ). \; = 1 and
Ai = 0 for |i| > k; and

— Z)\u)\iJr)\m)\fl = Z ZM? Z A1

11 <i2 Jj=—00 i#j j=—00

Here we used that > . \; = 1 in the last step. We conclude by a simple algebraic identity and
the fact that a square is a non-negative number:

=y g0-n= Y- (v-5)) =g

j=—o00 j=—o00

Hence §([1,2],[2,1]) < 3/4. For every k > 0 we have

2K\ ' 6k2(k + 1) 3
1,2],12,1 = 2(k—1) = - = —
1.2 2 ) = ()R- = g Cel S koo,
which implies that 6([1, 2], [2,1]) > 3/4 and completes the proof. O
Lemma 3.2. We have §(112,122) = §([2,1],[1,2]) = %

Proof. Since both 112 and 122 are non-decreasing, it is clear that the maximizing pattern must
be non-decreasing. We may assume that the maximizing pattern is of the form

o=1%2% .. n°".
Consider then the permutation of type o’ = [s1,...,s,]. It is clear that every occurrence of 112
in o corresponds to an occurrence of [2,1] in ¢, similarly for 122 and [1,2]. Thus the claim
follows by Lemma 3.1. O

Lemma 3.3. We have 0(112) = §(112,121) = §(112,121,211) = 2v/3 — 3.

Proof. The numerical value §(112) = 2v/3 — 3 is from [6, Example 2.12]. We next complete the
proof by showing that 6(112) = §(112,121,211). The remaining equality follows from this, since
the density certainly grows if we add more patterns to a set.

Let o be a word and consider adjacent distinct letters at o; and 0,1 and let ¢’ be the pattern
with these letters interchanged. Then

d(112,121,211; ) = d(112,121, 211; ¢");
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to see this notice that the number of occurrences of 112 which hit at most one of the two letters
at position 7 and i + 1 is the same in ¢ and ¢’. The same holds for the other two patterns. So
it remains to consider occurrences involving both of these positions. Assume o; < 0;,1. Then if
112 hits o at positions j < ¢ < i+ 1 it is clear that 121 hits ¢’ in the same positions. Similarly
a hit of 121 at ¢ < i+ 1 < j is turned into a hit of 211 at the same positions. If o; > 0;,1, then
the situation is reversed. Hence in each case the total number of occurrences is preserved.

We have now shown that we may exchange adjacent letters in o. Doing this a sufficient
number of times we may assume that o is nondecreasing. But then all the hits are of type 112,
hence

d(112,121,211;0) = d(112; 0).

Since o was arbitrary, the claim follows. m
Theorem 3.4. Let S be a set of three-letter patterns on [2]°.
1. If S includes either of the patterns 111 and 222, then §(S) = 1.
2. Otherwise, if S includes either of the sets {112,122} or {211,221}, then 6(S) = 3/4.
3. Otherwise, if S = {112,121, 211,212} or § = {121, 122,221,212}, then 5(S) = 2(2v/3—3).
4. Otherwise, if S includes any of the patterns 112, 122, 211 or 221, then §(S) = 2¢/3 — 3.
5. Otherwise, if S equals {121} or {212}, then §(S) = 1(2v/3 — 3).
6. Otherwise, if S = {121,212}, then 6(S) > 1/4.

Proof. The claim in case 1 is clear. Thus we assume that 111,222 ¢ S.

For Case 2 we may assume, by taking the complement if necessary, that {112,122} C S C
{112,122,121,211,212,221}. As in the proof of Lemma 3.3 it follows that

§(112,122,121,211, 212, 221) = §(112, 122).

Then it follows from Lemma 3.2 that §(S5) = 3/4.

For Case 3 we may assume that S = {112,121,211,212}. We argue as in Lemma 3.3: let o
be a word and consider adjacent distinct letters at o; and o;,; and let ¢’ be the pattern with
these letters interchanged. As we saw before, the set {112,121,211} hits o and ¢’ the same
number of times. So to calculate the hits of {112,121,211} we may assume that ¢ is increasing
and count the hits of 112. Let ¢ = 1#12#2 ... s#s where the pu; are non-negative integers with
> u; = |o|. Thus the contribution of these hits can be expressed as (a factor times)

PEY i Y i A s
=2 i=3
Then we shuffle around the letters to make optimal hits for 212, namely,

1 1 1 1
(§M1> <oy oMs—1, sy gHs—15 - - 5#1),



Packing sets of patterns 9

which corresponds to (the same factor times)

H1\ 2 - H2\ 2 - Hs—1)2
(5) e (5)' s (52 e

1= 1=

But this is just 1/4 of the previous sum. Thus, by a “lucky” coincidence, both sums are maxi-
mized by the same relative frequencies of letters, so we find that

§5(S) = 6({112,121,211}) + §(212) = 25({112, 121,211}).

Case 4 follows from Lemma 3.3, and combined with the previous equation this implies also
Case 3. For the case 5, we found above that §(121) = §(212) = 1(2v/3 — 3).

So it remains to investigate the case S = {121, 212}. Consider the permutation o = 121212 ..
of length 2n. The number of hits of 121 with the 2 matching the k™ 2 in o equals k(n — k).
Thus the total number of hits of 121 is

:ék(n—k): (";1)

The number of hits of S is twice this, hence §(S) > d(S,0) = 21lim,, (";1)/(2;) =1/4. O

4 Average pattern co-occurrence

In this section we deal with average, rather than maximal, pattern co-occurrence.
Consider S, as a sample space with uniform distribution. Let 7 € S,,,, and let X be a random
variable such that X, (7) is the number of occurrences of pattern 7 in a given permutation 7 € S,,.
It is an easy exercise to show that, even though the maximal number of times a pattern can
occur in a permutation (or a word, in general) differs with the pattern, the average number of
occurrences of any pattern over all permutations of a given length is the same.

1 1

Lemma 4.1. B(X,;) = — ") for any pattern ™ € Sy,.
m! \m (m!)?

Proof. Pick an m-letter subset S of [n] ={1,2,...,n} in (TZ) ways. There is a unique permuta-

tion 7(.S) of S order-isomorphic to 7, out of m! equally likely permutations in which the elements

of S can occur in 7 € S,,. Let Y (s) be a random variable such that Y s)(7) is the number of

occurrences of m(S) in 7. Then
1 1
P(Yﬂ-(S)(T) = 1) = % and P(Yﬂ.(S)(T) = 0) =1- 7777
so E(Yy)) = 1/ml. This is true for any S C [n] such that |S| = m, and we have X, =

2 5Cin),|5|=m Ym(s), hence,

SCn), |S|=m
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Therefore, the average pattern occurrence is the same. However, the average pattern co-
occurrence, measured by the covariance Cov(X,,, X,,), does depend on the pattern. We will
start by considering the average pattern co-occurrence with itself, i.e. Var(X,). That, via the
standard deviation o (X ), will also tell us how tightly the distribution of X is grouped around
the mean of Lemma 4.1.

Let P, be the permutation matrix of 7, in other words, Py = [0(7 (), 7)]mxm, where § is the
Kronecker symbol. Note that P, is orthogonal, so P,-1 = P! = PT. Also, for an integer m > 0,
and integers 1 < 4,7 < m, define

o 1—14+75—1\/m—1+m—7
[Zaj]m: . . .
1—1 m—1

Let A, be the m x m matrix with (A,,);; = [¢, j]m, which have been studied e.g. in [2].

Theorem 4.2. Var(X,) = c(m)n*" ' + O(n*""?) for any pattern © € S,,, m > 1, where

1 . om —1\°
c(m) = W (Tr(AmRrAmP7r ) — (m . ) > > 0.

The trace in the above formula can be expressed as

m

Tr(AnPrAnPr) = > [i lmlm (D), 7()

ij=1
For the standard deviation this gives o(X,) = /c(m) n"r 4 O(n™ ') for any pattern © € S,,,.

Proof. Since Var(X,) = F(X2)—E(X,)?, and the value of E(X,) was determined in Lemma 4.1,
it remains only to consider E(X?). We have

2
E(X2)=E ( > Yw(S)) = Y E (YagsyYa(sn)-
SC]

Cln], |S|=m 51,52C[n]
|S1|=[Sz2|=m

Of course, Yr(s,)Yr(s,) = 1 if and only if both 7(S;) and 7(S;) are subsequences of 7, otherwise,
Ya(s1)Yr(s,) = 0.

Let S =51 US,, and [S1 N Sy| = ¢, so |S| = 2m — {. We can pick a subset S C [n] in (,," )
ways. Note that any such S is order-isomorphic to [2m — ¢] = {1,2,...,2m — ¢}. Hence, the
number of permutations p(S) of S such that p [¢,= 7 and p [g,= 7 is the same for any S of
cardinality 2m — ¢ and depends only on m and /.

Therefore, E(X2) is a linear combination of {(," ,) | 0 <¢ < m} with coefficients that
are rational functions in m and ¢. The degrees in n of both E(X?) and E(X,)?* are 2m, and



Packing sets of patterns 11

the coefficient of n*™ in E(X,)? is 1/(m!)*. On the other hand, S = S; U Sy, |S| = 2m and
|S1| = |S2| = m imply that S; N Sy =0, so Yy(s,) and Yy(s,) are independent, and hence
1\?2
P (YagsoYaisy =1) = P (Yasy = 1) P (Yasn) = 1) = (@) ~
Let [29]P(z) denote the coefficient of z¢ in a given polynomial P(z). Since there are (") ways

m
to partition a set S of size 2m into two subsets of size m, the coefficient of (') in E(X2) is
(™) /(m!)?. Hence,

om oy 1 1 2m _ 1
VB = Gty (o) = G
Thus [n*™|E(X?) = [n*"]|E(X,)?, so deg, (Var(X,)) < 2m — 1, and hence, [n*"!] Var(X,) > 0.
We have

e = (0 () ) = e () ()

Similarly, the coefficient of n?™~* in the (, )-term of E(X?2) is

() 1 () otz

(2m)! (m!)2\ m (mht 7

so we only need to find the coefficient of n?~! in the (,, " ,)-term of E(X?2).

As we noted before, all subsets S C [n] of the same size (in our case, of size 2m — 1) are
equivalent, so we may assume S = [2m — 1] = {1,2,...,2m — 1}. We want to find the number
of permutations p of S such that there exist subsets 51,5, C S of size m for which we have
|S1 NSy =1 (so S1USy=5)and p [s,= 7 and p [¢,= 7.

Suppose that we want to choose S; and S5 as above, together with their positions in .S, in such
a way that the unique intersection element e is in the ith position in 7(S) and the jth position in
7(Ss) (of course, 1 <4, < m). Then e occupies position 7 (e) = (i—1)+(j—1)+1=i+j—1

in S. Hence, there are (%i{*l) ways to choose the positions for elements of 7(S;) and 7(955)
to the left of e, and (m;ij_?fj ) ways to choose the positions for elements of 7(S;) and 7(Ss) to

the right of e. On the other hand, both 7(S;) and 7(S2) are naturally order-isomorphic to ,
hence, under that isomorphism e maps to 7(i) as an element of S; and to 7(j) as an element
of Sy. Similarly, since e is the unique intersection element, exactly 7(i) — 1 elements in S; and
exactly m(j) — 1 elements in Sy, all distinct, must be less than e, and the rest of the elements of
S must be greater than e, so we must have e = (w(i) — 1) + (7(j) = 1) + 1 = 7(i) + n(j) — 1.
There are (”(i)flf’r(j)fl) ways to choose the elements of S; and S5 which are less than e, and

A ‘ w(i)—1
(m_”TEz)::('};”(J )) ways to choose the elements of S; and Sy which are greater than e.
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Thus, the positions of e in 7(S7) and 7(S3) uniquely determine the position 7!(e) and value
e of the intersection element; there are [i, j],,, ways to choose which other positions are occupied
by m(S1) and which ones, by 7(S3); and there are [ (i), 7(j)],, ways to choose which other values
are in 7(S;) and which ones are in 7(Ss).

Now that we have chosen both positions and values of elements of S; and S, we can produce
a unique permutation p(S) of S which satisfies our conditions above. Simply fill the positions
for S; and Sy by elements of 7(S7) and 7w (Ss), respectively, in the order in which they occur.

Since the total number of permutations of S is (2m — 1)!, the coefficient of n*"~! in the
(5, ,)-term of E(X2) is

1 X (T () (OO () Sl (0, 7 ()

(2m — 1)1 (2m —1)! ((2m — 1)1)2

The coefficient of n?™~! in Var(X,) is, by the previous equations,

> gt [0 T (@), 7 ()l m2m —1)  m(m—1)

2m—1 X ) = —
v (2m — 1) byt ()
_ Zzljzl [la.]]m[ﬂ-(@)vﬂ-(]ﬂm . 1
((2m —1)!)2 (m!(m — 1)1)?
1 SN 2m — 1\
= W (Z (4, L[ (3), 7(5)]m — (m _ 1) ) :
i,7=1
Since ¢(m) is the leading coefficient of Var(X;) (a polynomial in n), we have ¢(r) > 0. The
following lemma implies that ¢(7) > 0, which finishes the proof of Theorem 4.2. O
In the next theorem we use the notation a!! := 0!1!---al.

“ o2m — 1\°
Lemma 4.3. For any 7 € Sp, jzl [i, ] [7(3), 7 ()] > (ﬂ’?_ ) ) .

Proof. The matrix A,, is symmetric and hence diagonalizable. Moreover, identity (Rabbit) of
2],

det Kz‘+j+a+b) (Qn—i—j—a—b) ] ~ (a+b)!(2n 4 1)1
0<3,j<n

t+a n—1i—a ald!
2n —m)!m(m +a+0)!'2n —m —a—b)lallbll(n —m —a— DN (n —m —b— 1)!!
(2n+ D(n —a)ll(n —0)!{(m + a)!!(m + b)!'(a + b)!'(2n —2m —a — b — 1! ’

implies that all leading principal minors of A,, are positive, so A,, is positive definite, and hence
all eigenvalues of A,, are positive. Each row and column of A,, sums to %(2;:) = (27’::11), SO
[1,1,...,1] is an eigenvector for the eigenvalue (2;1”:11). The same is true of the similar matrix

P A, Pt Let D, = [dij]mxm be the m x m diagonal matrix so that d;;’s are the eigenvalues of
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A, and dy; = (mel)l. Then A,, = BD,,B~! for some orthogonal matrix B, so recalling that

m—1
Tr(MN) = Tr(NM) for any M, N where M N and NM exist, we have
Te(An Py A PY) = Te(BDp B~ P, BD,,B~'P~Y) = Tv(D,,B~ P, BD,,B~' P~ B)
= Tr(D,,(B~*P,B)D,,(B*P,B)™") = Tr(D,,CD,,C™"),

and the matrix C' = B™' P, B = [¢ij|mxm is orthogonal, i.e. C~' = CT. Let b; be the ith column
of B = [bijlmxm. Then ¢;;j = >0, byibary;. In particular, the column by = [1,...,1]" remains
unchanged for any permutation 7 € S, so ¢;; = by -b; = 6(1,5) and ¢;; = b;- by = (i, 1). Now
we know that

Tr(D,,CD,,CT) = Z iy,
ik=1

dii >0,c11 =1, ¢q4 =c¢; =0 for i > 1, so ¢;; are not all zero for 4,5 > 1 (otherwise C' is not
invertible, let alone orthogonal), and hence

m—1

- om —1\°
Tr(D,,CD,,CT) > .

This proves the lemma. O]

Remark 4.4. Note that the sum > " [i, jlm[7 (i), 7(j)]m is invariant under the symmetry op-
erations on S,,: reversal v : i — m — ¢+ 1, complement ¢ : w(i) — m — 7(i) + 1, and inverse

i: 7 7! Invariance under t and ¢ also extends to permutations of multisets. Thus permu-
tations 7 in the same symmetry class 7 have the same ¢(7). The values of

m—1

319 = om0t = 3 bl o~ ()

for symmetry classes in Sy (m = 4) are given in the table below:

712341243 | 1432 | 1342 | 2413
A(m) | 491 | 359 | 327 | 239 | 91

Remark 4.5. Tt is easy to see that, for a given m, A(w) attains its maximum when 7 = id,, =
12...m since the sequences {[i, j|,n} and {[7(¢),7(j)]m} (with multiplicities) are arranged in
the same order. It would be interesting to characterize the permutations 7, for which A(rw,) =
min,cg,, A(m). For small values of m, these permutations 7, are in the symmetry classes of:

m

m |[1]2]3 ]| 4] 5 | 6 | 7 | 8 | 9
m(m) | 1] 12132 | 2413 | 25314 | 361452 | 3614725 | 37145826 | 629471583
Tn fact, it is known that the eigenvalues of A are (2?1:11) for i =1,...,m, although we are presently unable
to find a reference (or proof) for this claim. It follows that d;; = (%Zf;). These stronger claims are not needed

in the rest of the proof.
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Interestingly, the patterns m,(m) are either involutions (e.g. for all 1 < m <9 except m = 4) or
centrally symmetric, i.e. invariant under toc (e.g. form = 1,2,4,5,7,8), or both. They are also
less avoided than most patterns of the same length, and in fact, are the least avoided patterns
for m < 5. We believe (but cannot prove) that this is not a coincidence.

We can consider the co-occurrence of any two permutation patterns similarly. Since the proof
is similar to the variance case, it is omitted.

Theorem 4.6. For any patterns wp,my € Sy, m > 1, the covariance Cov(X,,, X,,) is given by
COV(Xmanz) = C(7T1, 7r2)n2m_1 + O(an—Q)’

where
1

. om —1\°
c(my,me) = @m=1e (Tr(AumAmPM ) — (m B 1) ) :

The trace in the above formula is

m

T (A Pr, AP ) = D [, flmlm1(6), m2(5)]m

ij=1

Considering symmetry classes of pairs of patterns (see Remark 4.4), we see that there
are 7 classes of pairs of 3-letter permutations: {123,123}, {132,132}, {123,132}, {132,213},
{132,231}, {123,231}, {123,321} (listed in the order of decreasing asymptotical covariance). The
first two pairs obviously have a positive covariance, but of the other five pairs, only {123,132}
has a positive covariance.

It would be interesting to characterize the pairs {m, 7o} according to the sign or magnitude
of their covariance.

We now consider patterns contained in words, where repeated letters are allowed both in the
pattern and the ambient string. The additional condition on a pattern 7 € [I|™ on words, i.e.
on a pattern of m letters over an alphabet [I] = {1,2,...,1}, is that 7 must contain all letters in
[1]. We will also assume that the ambient strings are in the set [k]".

Theorem 4.7. Let m be a map of [m| = {1,2,...,m} onto [I] = {1,2,...,l}. Then for any
positive integers [ < m,

Var(X,) = c(m)n®™ k21 4 O(n2m 221 4 p2m1j2-2),

where

B 1 . @m-11@2-1)
e(m) = (2m — 1)I(20 — 1)! <TY(A’”P”A’P” )~ (m — D122 ) '

The trace in the above formula is

Tr(A, P, AP = Z [0, 5]m [ (2), 7 ()]s

i,j=1
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Remark 4.8. Note also that, given 1 <1 < m, Theorem 4.7 applies to [1S(m, ) patterns 7, where
S(m, 1) is the Stirling number of the second kind.

The proof of Theorem 4.7 is an obvious extension of the proof of Theorem 4.2. Unfortunately,
the same extension to words does not work for Lemma 4.3, but only yields

S ()07 ) S G)

ij=1

which is a weaker result than the desired inequality

= . : (2m — )21 — 1)!
l; [0, jlm 7 (@), ()] > ((m — DN2(11)?2

There is a similar covariance result on words as well.

Theorem 4.9. For any patterns mp,m € [[|™, 1 <1 < m, the covariance Cov(X,,, X ,) is
COV(Xm ) Xm) = 6(7717 772)n2m_1]€2l_1 + O(an_2k21_1 + n2m_1k2l_2)’

where

1 o @m =120 -1)!
c(my, mo) = @m i@~ 1)l (Tr(AumAle ) — ((m — D)N2(1)2 ) :

The trace in the above formula is

Tr(Ap Pry AmP2) = Z (i, 3l [m1(2), m2(5)]:.
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