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Motivations
first-principles studies of strongly interacting systems

(equation of state, transport, etc...)
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Figure 2. Phase diagram of (hole-doped) cuprates mapped out in terms of the
temperature and doping evolution of the in-plane resistivity �ab(T ). The solid lines
are the phase boundaries between the normal state and the superconducting or
antiferromagnetic ground state. The dashed lines indicate (ill-defined) crossovers in
�ab(T ) behavior. The meanings of the labels T �, Tcoh and TFL are explained in the
text.

cuprates (p > 0.15). The correct Fermiology of weakly doped cuprates, on the other

hand, is still to be resolved; whilst no-one disputes the existence of a (pseudo)gap in

the normal state excitation spectrum, its manifestation on the (remnant) FS and its

evolution with temperature and doping remain highly controversial [27, 28]. In light of

this, I will focus here more on the highly doped regions of the phase diagram, though I

shall return to discuss the situation in underdoped cuprates at the end.

3. In-plane resistivity

The in-plane resistivity �ab(T ) of hole-doped HTC shows a very systematic evolution

with doping that is summarized in Fig. 2, where a schematic phase diagram of p-type

cuprates is reproduced together with the doping and temperature evolution of �ab(T ).

(Electron-doped cuprates will be dealt with at the end of this section). The solid
lines are the phase boundaries between the normal state and the superconducting or

antiferromagnetic ground state, whilst the dashed lines indicate (ill-defined) crossovers

in �ab(T ) behavior, each of which, may or may not be associated with a fundamental

change in the nature of the electronic states. Optimal doping is indicated by the vertical

dotted line corresponding to the pinnacle of the superconducting dome and the areas to
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Recap: Monte-Carlo method

“importance sampling” (Monte-Carlo method):
pick out the important (small action) configurations
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path integral ⇡ statistical average with P[�] / e�S[�]
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lattice

importance sampling

(Monte-Carlo)
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In many cases S, the (e�ective) action, is
complex

• dynamical problems: out-of-equilibrium, transport,

equilibration. . .

• nonzero density: many theories with finite chemical

potential,QCD phase diagram, critical point, neutron

stars, strongly correlated electronic systems, Hubbard

model. . .

• gauge theories with non-zero ✓

• matrix models
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when the action is complex...
Z 1

�1
e�

1
4 (x+42i)2 dx = 2

p
⇡

-4 -2 2 4
x

-3.5x10191

3.5x10191
Re[ⅇ-S ]

“the sign problem"
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The sign problem

importance / e�SR : “reweighting”

hOi =

R
d�O e�iSI e�SR

R
d� e�SR

R
d� e�SR

R
d� e�iSI e�SR

=
hO e�iSI iSR

he�iSI iSR

• he�iSI iSR
/ e�volume/T

• need exponentially large resources
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The sign problem

Adiabatic continuity and analyticity for YM?  Is it possible?

low � T

QGP
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Solving the sign problem
Z 1

�1
e�

1
4 (z+42i)2 dz = 2

p
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-4 -2 2 4
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The idea: deform the QFT path integral
domain into the complex space and find a

better domain where the sign problem is
milder

[ see also: Makri, Miller; Cristoforetti et al.; Fujii, et al; Tanizaki et al.]

[compare and contrast with complex Langevin: Aarts ]
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Field theory; good deformation?

:
N

. t

:
#

.

.

• path integral onM = path integral on RN

• sign problemM << sign problem on RN
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Field theory; good deformation: flow

follow an "equation of motion": flow [Fedoryuk, Witten...]

d�a

d⌧
=
@S
@�a

�a = xa + iya

8
<

:

dxa

d⌧ = @SR

@xa

= @SI

@ya

dya

d⌧ = @SR

@ya

= �@SI

@xa

. t

: I
R 't

. t

: o. PEE
.

far
.

.

:
R 't

• steepest ascent for SR :

SR increases with flow
(SR : Morse function)

• Hamiltonian flow for SI :

SI remains unchanged
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Field theory: good deformations

flow ! SR increases, SI remains the same

� fields sampled here

�
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Field theory: good deformations
flow ! SR increases, SI remains the same

� fields sampled here
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Importance sampling on M
[GB et. al; PRD 93, 014504, JHEP 05 (2016) 053, PRD 93, 094514 ]

hOi =

R
M d�Oe�S(�)

R
M d� e�S(�)

=

R
RN d �̃ det

⇣
@�
@�̃

⌘
O e�S[�(�̃)]

R
RN d �̃ det

⇣
@�
@�̃

⌘
e�S[�(�̃)]

. t

: I
R 't

. t

: o. PEE
.

far
.

.

:
R 't

Seff [�̃] = Re
�
S [�(�̃)]� log det J

�

dJij

d⌧
=

@2S
@�i@�k

Jkj
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Importance sampling on M
[GB et. al; PRD 93, 014504, JHEP 05 (2016) 053, PRD 93, 094514 ]
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Importance sampling on M
[GB et. al; PRD 93, 014504, JHEP 05 (2016) 053, PRD 93, 094514 ]
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Our Results

real time dynamics

• anharmonic oscillator
[Phys. Rev. Lett. 117, 081602]

• 1+1d interacting Bose gas
[Phys. Rev. D. 95, 114501]

many body systems

• 1d Hubbard model
[PRD 93 014504, JHEP 1605 053]

• 2d Thirring model
[Phys. Rev. D95, 014502]

• 4d interacting Bose gas
[Phys. Rev. D94, 045017]
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Real time dynamics
main object:

hO1(t)O2(0)i = Tr [O1(t)O2(0) e��H ]

viscosity, conductivity, out-of-equilibrium physics...

tmax

-iβ

C

path integral form:
[Schwinger, Keldysh]

SSK [�] =

Z

C
dt L[�]

hO1(t)O2(t 0)i =
1
Z

Z
D� e iSSK [�]

O1(t)O2(t 0)
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Real time dynamics

the ultimate sign problem!

tmax

-iβ

C

no Boltzmann factor

hei ImS(�)
iSR

= 0
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Dynamics: 1+1d quantum field theory

interacting Bose gas: L = (@µ�)2 + m2�2 + �
4!�

4

weak coupling: � = 0.1
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Dynamics: 1+1d quantum field theory

interacting Bose gas: L = (@µ�)2 + m2�2 + �
4!�

4

strong coupling: � = 1
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Many body physics: 2d Thirring model

g2

chain of interacting fermions (quarks, electrons...)

S =

Z
d2x ̄a

�
�µ@µ + m + µ�0� a +

g2

2Nf

( ̄a�µ a)( ̄b�µ 
b)

!
NF

2g2

Z
d2x AµAµ + ln det(/@ + /A + µ�0 + m)

• prototype for QCD: asymptotically free, sign problem at

nonzero density

• a 2d cousin of the Hubbard model
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Many body physics: 2d Thirring model
integration manifolds:
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Many body physics: 2d Thirring model

sampled fields (�̃):
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Many body physics: 2d Thirring model

ℝN
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Many body physics: 2d Thirring model

ℝN

Tflow=0
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Many body physics: 2d Thirring model

ℝN
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Many body physics: 2d Thirring model

equation of state: low temperature limit
particularly bad sign problem: he�iSI iSR

/ e�volume/T

T/mf�0.38

T/mf�0.19

T/mf�0.13

T/mf�0.09

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

�/mf

�n
�/m

f

27



Many body physics: 2d Thirring model

equation of state
continuum limit
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Many body physics: 4d relativistic Bose gas

L = |@µ�|
2 + (m2

� µ2)|�|2 + µ (�⇤@0�� �@0�
⇤) + �|�|4 + h(�1 + �2)
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Many body physics: work in progress

• 3d Thirring model (a closer cousin of
Hubbard model)

• 2d QED (a prototype gauge theory)
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Future directions
• machine learning:

• boltzmann machines, faster convergence

• new manifolds via neural nets, kernel methods...

• tempered transitions
• estimators, pseudo-fermions
• hybrid Monte Carlo
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Conclusions

• complexified path integral$ topology
• freedom in deforming the path

integration domain makes it possible to
ameliorate the sign problem: many body

physics, out of equilibrium, dynamics,...

• QFT (ferminoic, bosonic), real time X
• lots of new directions for future work
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“The shortest path between two truths in the real

domain passes through the complex domain."

–Jacques Hadamard

The end
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