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Introduction

In mathematics, one cannot just assert what he wishes, but each assertion must
be justified by a proof. A proof is a sequence of assertions, produced from the
previous ones by deduction rules. The deduction rules are thus the “rules of the
game” that mathematicians play. Euclid’s Elements (IIIrd century B.C.) are
usually considered as the first systematic mathematical development where each
assertion is justified by a proof. However, the precise definition of the notion
proof has only been formulated at the beginning of the xxth century.

Having a precise definition of the notion of proof, and not just an informal
idea of what a correct proof is, is important in several respects. First, since the
middle of the XXth century, proofs have been used not only by mathematicians,
but also by computerized proof processing systems such as proof checkers and
proof search systems, and designing such a system requires a precise definition
of the notion of proof.

Having a precise definition of the notion of proof is also necessary to solve
some problems about proofs. This is what proof theory is about. A first type of
results proof theory permits to prove are independence results: results asserting
that some proposition cannot be proved in some theory, for instance that the
axiom of parallels cannot be proved from the other axioms of geometry.

But, proof theory is not concerned only with the provable propositions but
also with the structure of proofs themselves, for instance with the comparison
of different proofs of the same theorem. One key notion in proof theory is that
of canonical or cut free proof. Such proofs are the most direct, one can give. For
instance, if we first prove two propositions A and B, to deduce the proposition
AN B (A and B) and at last the proposition A, we build a proof that is not
canonical, because it contains an unnecessary detour by the proposition A A B,
that has nothing to do with the problem. Such a detour is called a cut. The
main results we prove in these course notes are that in some cases, such cuts
can be eliminated and thus that all provable propositions have canonical proofs.
Moreover non canonical proofs can be transformed into canonical ones in an
algorithmic way.

From a philosophical point of view, these results show that proving a theo-
rem does not require to use ideas external to the statement of the theorem, or
more precisely that the use of these external ideas can be controlled in a pre-
cise way. Another application of cut elimination is that studying the structure
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of canonical proofs permits to show that some propositions have no canonical
proofs. Hence, from the cut elimination theorem, we can deduce that they have
no proof at all. We get this way independence results. Cut elimination is al-
so used to reduce dramatically the search space of proof search algorithms, by
restricting to canonical proofs. Finally, cut elimination permits to prove the
witness property for constructive proofs, i.e. that each time we have a proof
of a special form of the existence of an object verifying a property P, there is
also a mathematical object, called a witness, for which the property P can be
proved to hold. Moreover, with the cut elimination algorithm, a description of
this object can be computed from the proof. This allows to use mathematics as
a programming language: the cut elimination process is the execution process
of this programming language.



Chapter 1

Predicate Logic

1.1 Languages

A language permits to designate things (The Moon, the number 2, the set of
even numbers, ...) and to express facts (The Moon is a satellite of the Earth,
the number 2 is a member of the set of even numbers, the set of even numbers is
infinite, ...). A phrase that designates a thing is called a term, one that expresses
a fact is called a proposition.

The easiest way to designate a thing is to use an individual symbol (also called
a proper name) such as “2”. Thus, a language contains individual symbols and
individual symbols are terms. But, if we want to be able to designate an infinite
number of objects with a finite number of symbols, we cannot give a proper
name to each object. Thus, a language must contain an other kind of symbols,
called function symbols. A function symbol alone is not a term, but it permits to
construct a term when it is applied to already constructed terms. For instance,
with the individual symbol 0 and the function symbol Su (for “successor”) we
can designate all the natural numbers. The number zero is designated by the
term 0, the number one by the term Su(0) obtained by applying the function
symbol Su to the term 0, the number two by the term Su(Su(0)), ... Some
function symbols must be applied to several arguments to construct a term,
for instance the symbol + must be applied to two arguments. The function
symbol + is said to have two arguments, while the symbol Su is said to have
one argument. Individual symbols can be seen as special function symbols that
have zero arguments.

The simplest way to form a proposition is to apply a predicate symbol to one
or several terms. For instance, we can form this way the proposition

satellite(Moon,Earth)

that expresses that the Moon is a satellite of the Earth. Thus, a language
contains predicate symbols. The predicate symbol satellite that must be applied
to two terms to form a proposition is said to have two arguments. A proposition
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8 CHAPTER 1. PREDICATE LOGIC

formed by application of a predicate symbol to terms is called atomic. More
propositions can be formed with the connectors — (not), A (and), V (or) and
= (implies). It is also convenient to consider propositions T (truth) and L
(falsity). We can for instance form this way the proposition

prime(Su(Su(0))) A —prime(Su(Su(Su(Su(0)))))

that expresses that the number two is prime and that the number four is not.

A last construction is needed for propositions such as “all men are mortal”
or “some number is prime”, where we express that all objects verify some pred-
icate or that some object verify some predicate without expliciting this object.
We could introduce symbols all and some and let them replace a term as an
argument of a predicate symbol or a function symbol. For instance we would
write

prime(some)

to express that some number is prime, in the same way that we write
prime(Su(Su(0)))

to express that the number two is prime. But, such a construction is ambiguous.
Indeed, the proposition

some > all

may express that for all numbers there is some greater number (which is true)
but also that there is some number greater than all numbers (which is false).
A more precise construction is to apply the predicate symbol to a variable
and indicate in a second step if this variable is universal or existential with a
quantifier V (for all) or 3 (there exists). The fact that some number is prime is
then expressed

Az prime(x)

The order in which these quantifiers are applied permits to resolve the ambigu-
ities. The fact that for all numbers there is some greater number is expressed
by the proposition

Ve Jyy >z

while the fact that some number is greater than all numbers (which is false) is
expressed by the proposition

JyVey>x

Among all the symbols used to form terms and propositions, some are the
same in all languages: the connectors T, L, =, A, V and =, the quantifiers V
and 3 and the variables, while the function symbols (including the individual
symbols) and the predicate symbols are specific to a given language. For instance
the symbol Moon is used in the language of astronomy, but not in the language
of geometry.
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1.1.1 Terms and propositions

Definition 1.1.1 (Language) A language is a set of function symbols and
a set of predicate symbols. To each symbol is associated a number, called its
number of arguments.

Definition 1.1.2 (Term) Let L be a language and V be an infinite set whose
elements are called variables. The terms of the language £ with variables V are
defined by the following rules

e if x is a variable then the tree whose root is labeled by x and that has no
sub-tree is a term,

e if f is a function symbol of n arguments and t1,...,t, are terms then the
tree whose root is labeled by f and whose sub-trees are ty,...,t, is a term.

Definition 1.1.3 (Proposition) Let £ be a language and V be an infinite set.
The propositions of the language L with variables V are defined by the following
rules

e if P is a predicate symbol of n arguments and ty,...,t, are terms then
the tree whose root is labeled by P and whose sub-trees are ti,...,t, s a
proposition,

e the trees whose root are labeled by T and L and that have no sub-tree are
propositions,

e if A is a proposition then the tree whose root is labeled by — and whose
sub-tree is A is a proposition,

e if A and B are propositions then the trees whose root are labeled by A, V
or = and whose sub-trees are A and B are propositions,

e if A is a proposition and x a variable then the trees whose root are labeled
Vz and 3z and whose sub-tree is A are propositions.

Remark. In several places, we shall use the notation A < B. There is no
connector < in our definition of the notion of proposition. Thus the proposition
A & B is just a notation for the proposition (4 = B) A (B = A).

Example 1.1.1 If = is a predicate symbol of two arguments, + a function sym-

bol of two arguments, 0 a function symbol of zero arguments (i.e. an individual
symbol) and x a variable then the tree

1S a proposition.
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Remark. Terms and propositions have been defined as trees whose nodes are
labeled by symbols. Some authors prefer to define terms and propositions as
strings, i.e. as sequences of symbols. The proposition of example 1.1.1 would
then be written

= (+(z,0),2)

or
r+0==x

This is difference is just a matter of taste.

However, the advantage of considering trees instead of strings is that this
permits to disregard the shallow properties of expressions: whether + is written
before, between or after its arguments, whether parentheses or brackets are
used, ... and to focus on the logical structure of expressions.

1.1.2 Variables and substitutions

Definition 1.1.4 (Variables) The set of variables of a term (resp. proposi-
tion) is defined by induction over its height as follows

() = {z},
Var(f(ti,...,tn)) = Var(t1) U...UVar(t,),

[ ]
<
=)
]

(
ar(P(t, ...,ta)) = Var(t;) U...U Var(t,),
* Var(T) = Var(L) =0,
ar(=4) = Var(4),
Var(AAB) =Var(AV B) = Var(A = B) = Var(A) U Var(B),

Var(Vz A) = Var(3z A) = Var(A) U {z}.

The set of free variables of a term (resp. a proposition) is defined induction
over its height as follows

) =A{z},
[, stn)) = FV(0) U ... UFV (1),

—4) = FV(4),

FV(z
FV(
FV(
FV(T)=FV(1) =0,
FV(
FV(AANB) =FV(AV B) = FV(A= B) = FV(A) UFV(B),
FV(

Vo A) = FV(3z A) = FV(4) \ {z}.
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Definition 1.1.5 (Closed and open) A term (resp. a proposition) that con-
tain no free variables is said to be closed, otherwise it is said to be open.

We now want to define the operation of substitution. For instance, substi-
tuting the term y + 2 for the variable z in the proposition z x 2 = 4 yields the
proposition (y + 2) x 2 = 4. The result of the substitution of the term u for
the variable z in the term or proposition ¢ is written (u/x)¢. A first, incorrect,
attempt to define substitution, is the following.

Definition 1.1.6 (Replacement) Let t be a term (resp. a proposition), x be
a variable and u be a term. The term (resp. the proposition) (u/x)t is defined
by induction over the height of t as follows.

. (u/r)z=u,
if y is a variable different from x, then (u/x)y =y,

(u/z)f(tr, s tn) = f({u/)t1, ..., (u/T)En),
b <u/.’1})P(t1, 7tn) = P((U/.’L')t]_, ey <u/w)tn):
(w/r)T =T,

(uf) 1l = 1.

(/) (~A) = ~(u/2) A4,

(u/z)(AAB) = (u/z)A A (u/7)B,
(u/z)(AV B) = (u/z)AV (u/1)B,

(u/z)(A = B) = (u/z)A = (u/z)B,
(ufz)(y A) =Yy (uj2)A,

(u/z) By A) =3y (u/z)A

There are two problems with this notion of replacement. First, when we
replace 0 for z is Vx P(x) we obtain Vz P(0) while we would like to obtain
Vz P(z), as the variable z in the proposition Yz P(z) is not free and cannot
be substituted. Then, when we replace y + 0 for z in Yy P(z,y) we obtain
Yy P(y + 0,y) where the variable y in y + 0 is now quantified, while originally,
this variable y had nothing to do with the variable y quantified in Vy P(z,y). To
perform a correct substitution, we must first rename the variable y quantified
in Vy P(z,y) to get, for instance, Vz P(z, z) and then substitute the variable x
by y + 0 to get Vz P(y + 0, 2). The choice of the variable z is arbitrary, and we
could also have obtained Yw P(y + 0,w).

Thus, to define the substitution operation, we must first define the equiva-
lence of two propositions modulo bound variable renaming and define substitu-
tion on the quotient of the set of propositions modulo this relation.

Definition 1.1.7 (Alphabetic equivalence) The alphabetic equivalence be-
tween propositions is defined as follows

e if A and B are atomic propositions then A ~ B if and only if A = B,
T~T,
L~
(mA) ~ (=A") if and only if A~ A',
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(AAB) ~(A"AB") if and only if A~ A" and B ~ B’,

(AVB)~ (A"VB") if and only if A~ A" and B ~ B’,

(A=>B)~ (A =>B')ifand onlyif A~ A" and B~ B',

(Vz A) ~ (Vy A') if and only if for some variable z not appearing in Vx A
nor in Ny A' (z/x)A ~ (z/y)A’,

3z A) ~ (Fy A') if and only if for some variable z not appearing in Ix A
norin Jy A' (z/z)A ~ (z/y)A'.

From now on, propositions will be considered up to alphabetic equivalence,
i.e. we consider only classes of propositions modulo alphabetic equivalence. So
the proposition Vz (0 < z) and Yy (0 < y) are equal.

Definition 1.1.8 (Substitution) Let t be a term (resp. a proposition), = be
a variable and u be a term. The term (resp. the proposition) (u/x)t is defined
by induction over the height of t as follows

o (u/z)r =u,
if y is a variable different from x, then (u/x)y =y,

(u/z)f(t1, s tn) = f((u/2)t1, .y (u/2)t0),
o (u/z)P(t1,...,tn) = P((u/x)t1, ..., (u/2)t,),
(u/z)T =T,
(u/z)L = 1,
(U/w)(—'A) = ~(u/z)A,
(u/x)(AAB) = (u/z)AN (u/z)B
(u/z)(AV B) = (u/z)AV (u/z)B
(u/x)(A = B) = (u/z)A = (u/z)B,
(u/z)(Vy A) = Vz (u/z)(z/y)A where z s a variable not appearing in

Yy A, not appearing in u and distinct from x,
(u/x)(ﬂy A) = 3z (u/z)(z]y)A where z is a variable not appearing in
dy A, not appearing in u and distinct from x.

We can in the same way define simultaneous substitution.

Definition 1.1.9 (Simultaneous substitution) Let ¢t be a term (resp. a
proposition), Ti,...,T, be variables and ui,...,u, be terms. Let o be the fi-
nite function mapping x; to u;. The term (resp. the proposition) ot is defined
by induction over the height of t as follows

* ox; = u;,
if y is a variable different from the x;’s, then oy =y,

of(tr,ytn) = fot1,...,0ts),
e 0P(t1,....tn) = P(oty,...,0ty),

ol =T,
ol =1,
G(‘!A) = —|0'A,

0c(AANB)=0AN0B,
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0(AVB)=0AVoB,

0(A= B)=0A= 0B,

o(Vy A) =Vz o(z/y)A where z is a variable not appearing in Vy A and
not appearing in o,

o(Fy A) = 3z o(z/y)A where z is a variable not appearing in Jy A and
not appearing in o.

1.2 Proofs

We are now ready to define the tools that permit to prove propositions.

1.2.1 Proofs a la Hilbert

Definition 1.2.1 (Theory) A theory is a set of propositions, called axioms,
such that the membership of some proposition to this set can be decided in an
algorithmic way.

Definition 1.2.2 (Deduction rule) A Deduction rule is a set of n + 1-uples
of propositions, such that the membership of some n+ 1-uples of propositions to
this set can be decided in an algorithmic way. The n + 1-uple (A, ..., An, B) is

written
A LA,

B

The propositions A1, ..., A, are called the premises and the proposition B the
conclusion of the n + 1-uple.

Definition 1.2.3 (Proof) Let D a set of deduction rules. A proof of a propo-
sition B in D is a tree whose root is labeled by the proposition B, whose sub-trees
are proofs of propositions A1, ..., An and such that the n + 1-uple

Al A,
B

is an element of one of the deduction rules of D.

Definition 1.2.4 (Logical axioms) A logical axiom is a proposition of the
following form where A, B, C are arbitrary propositions and x an arbitrary
variable.

A= (B=A)
(A=>(B=0)=>({(A=>B)=>(4=0))
(Vz (A= B))=> (A=>Vs B) (ifzgFV(A))
T
1=A4
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A= (A= 1)
(A=>1)=> -4
(AANB)= A
(ANB)=B
A= B= (AAB)
A= (AV B)
B= (AV B)

(AVB)=> ((A=0)=>(B=0)=0)
Vz A= (t/z)A
(t/z)A = Iz A

dz A= (Vz (A= B))=B) (ifz¢ FV(B))
Av-A

Definition 1.2.5 (Deduction rules & la Hilbert) Given a theory T, the
deduction rules a la Hilbert for T' are the following:

o the rule Axiom containing all the 1-uples

A
where A is an element of T or a logical aziom,

e the rule Modus ponens containing all the 3-uples
A=B A
B
o the rule Generalization containing all the 2-uples

A
Vz A

where = does not appear free in I.

These rules should be understood as follows: axioms have trivial proofs, if
we have already proved A = B and A we can deduce B, if we have already
proved A with no assumption on z, we can deduce Vz A.
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Example 1.2.1 Consider the language formed with the four proposition sym-
bols (i.e. predicate symbol of zero arguments) P, Q, R and S. Consider the
theory formed with the propositions

P

Q
Q=R
P=(R=Y5)
we have the following proof of the proposition S
Aziom — Aziom O=>R Aziom — Aziom

Modus ponens Q Modus ponens
g Modus ponens

P=(R=1S)
R=S

Remark. Some authors prefer to define proofs as sequences of propositions
rather than as trees. Again, this is just a matter of taste.

1.2.2 The deduction lemma

We now want to prove that a proposition A = B has a proof in the theory T if
and only if the proposition B has a proof in the theory I', A.

Proposition 1.2.1 Let A be a proposition, the proposition A = A has a proof
in the empty theory.

Proof. The propositions
A= ((A=24)=2A4)=>(A=>A=4)= (A= 4)

A= (A= A4)=> A)
A= (A= A)
are logical axioms. Hence, the proposition A = A has the proof

B A= (A= A)=> A)
(A= (A=>A)=>(A=> A)
A=A

Modus ponens
A= (A4=4) Modus ponens

where Bis (A= (A= A4)=> A))=> (A= (A= 4) = (A= A4)).

Proposition 1.2.2 (Deduction lemma) The proposition A = B has a proof
in the theory T is and only if the proposition B has a proof in the theory I', A.
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Proof. If the proposition A = B has a proof in the theory I', then it has a proof
in the theory T', A. So does the proposition A. Thus, the proposition B has a
proof built with the Modus ponens rule.

Conversely, we prove by induction over the height of the proof of Bin I'; A
that there is a proof of A = B in I.

e If the root of the proof is a Aziom, then either B = A and we have a proof
of A = B by the proposition 1.2.1, or B an element of I' and we have the
proof

B=(A=B) B
A=1B

Modus ponens

o If the root of the proof is a Modus ponens then B is deduced from C = B
and C, that have smaller proofs. By induction hypothesis, there are proofs
7 and 9 of A= (C = B) and A = C in I" and we take the proof

(A=>(C=B))=((A=C)= (A= B)) A:(é:B)
(A=C)= (A= B)

T2
Modus pm Modus b

A= B

e If the root of the proof is a Generalization then we have B = Vx C, x
does not appear in I" nor in A and C has a smaller proof. By induction
hypothesis, there is a proof m of A = C in I" and we take the proof

_T
A=C

—+——~ Generalization
Vz (A= 0)) :,a({::vaCC) Vz (A= C) Modus ponens

1.2.3 Natural deduction

Introducing an hypothesis seems to be a natural step in a proof. To prove, for
instance, the proposition (n = 0) = (n +1 = 1) we want to assume that n =0
and then to prove that n +1 = 1.

Proofs a la Hilbert do not permit to do that directly: if we have a proof of the
proposition n + 1 = 1 using the hypothesis n = 0, the deduction lemma permits
to transform this proof into one of the proposition (n = 0) = (n +1 = 1),
but this proof is much longer than the proof we started with and it is not very
natural.

Natural deduction is an alternative definition of the notion of proof where
the introduction of an hypothesis is deduction rule. In Natural deduction, a
deduction step can modify not only the proved proposition but also the theory
T, hence a proof is not a tree of propositions, but a tree of ordered pairs (T, A)
where T is a theory and A a proposition. Such an ordered pair is called a sequent
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and is written I' - A (read “T" entails A”). The Introduction rule that permits
to introduce an hypothesis transforms the sequent I'; A - B into the sequent
'-A= B.

The notions of deduction rule and proof adapt straightforwardly to sequents.

Definition 1.2.6 (Deduction rule on sequents) A Deduction rule is a set
of n + l-uples of sequents, such that the membership of some n + 1-uples of
sequents to this set can be decided in an algorithmic way. The n + 1-uple (T'; -
A1, ....,Tp F Ay, A F B) is written

IhHA .T,FA,
A+ B

The sequents 'y - A1, ...,y B A, are called the premises and the sequent A - B
the conclusion of the n + 1-uple.

Definition 1.2.7 (Proof on sequents) Let D a set of deduction rules. A
proof of a sequent A F B in D is a tree whose root is labeled by the sequent
A F B, whose sub-trees are proofs of sequents T'y + Ay,....,T F A, and such
that the n + 1-uple
A ..T,FA,
A+B

is an element of one of the deduction rule of D.

With the introduction rule, the three first logical axioms are now redundant,
indeed the sequent I' H A = (B = A) can be proved as follows

I'A,BFA
INNAFB=A
'rA=>(B=A

The sequent T+ (A = (B = C)) = ((A = B) = (A = (C)) can be proved as
follows

Intro

Intro
)

AFA=(B=0) ArAy ArA=B Ar4
AFB=C ’ A+ B
NA=(B=0(),A=B,AF-C
INA=(B=0),A=BFA=C
T A= (B> O)F (AS B) = (A 0) B
TF(A= (B=0) = (A= B) = (A= 0)) 1
where A =T A = (B = C),A = B,A. And, if the variable = appears free
neither in T nor in A, the sequent T' - (Vz (A = B)) = (A = Vz B) can be
prov(ed a(s follov&;s) ( ) ( )
AWMz (A= B))=(A=B) A+Vz(A=1B
A+-A=B Modus p. | 4
A+ B
I''Vz (A= B),A+Vz B
T,Vz (A= B)FA=Vz B
'+ (Ve (A= B)) = (A= Vz B)

where A =T',Vz (A = B), A.

Modus p.
Modus p.

Intro

Modus p.

Generalization
Intro

Intro
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Using proof a la Hilbert, when we have proved the propositions A and B
and we want to deduce the proposition A A B, we must use the logical axiom
A = (B = (AAB)) and deduce B = (A A B) and then A A B with the
Modus ponens rule. It is more natural to take a rule allowing to deduce directly
'FAABfromTF A and I' - B. As we have the rule Introduction this logical
axiom and this rule are equivalent. As we have just seen, in a system where we
have the logical axiom, we can simulate any instance of the rule and conversely,
in a system where we have the rule, the axiom can be proved as follows

I A B-A T,AB+B

T.ABFAAB INeW“ﬂe
T,AF B = (AAB) Mo
Intro

'A= (B=(AAB))

Excercise 1.2.1 With proof a la Hilbert, are the logical axiom and the rule
equivalent ¢ Hint: try to prove the Deduction lemma.

We can suppress in a similar way all the logical axioms and replace them by
deduction rules. Let us take another example. The logical axiom

(AVB)= (A=0)=(B=0C)=0))

can be replaced by the rule
'HrAvB THA=C TFB=C

r-c

But, as it is equivalent to prove the sequent I' - A = C or the sequent ', A+ C
we can transform this rule further into

r'-AvB T,A-C TI,B+-C
r-c

In this rule, V is the only connector or quantifier that appears explicitly. In
most rules, only one connector or quantifier occurs. This permits to classify the
rules according to the connector or quantifier that appears in this rule. The rules
of a connector or quantifier can further be classified according to the position
of this connector or quantifier. If it appears in the conclusion of the rule, then
the rules is called an introduction rule, if it appears in a premise, then the rule
is an elimination rule. For instance, the connector V has two introduction rules

r-A4

TFAVE e

I'+B

TF Ay p Vintro

and one elimination rule
'rAvB T,A+-C T,B-C

TFEC V-elim
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The Modus ponens
I'rA=B TFA

I'+B

is the elimination rule of implication. The Generalization

r-4

is the introduction rule of the universal quantifier V. And the rule Introduction

T,AF B
TFA= B

is the introduction rule of the implication.
The system obtained this way is called Natural Deduction.

Definition 1.2.8 (Natural deduction)

Aziom if AeT

r-4
TET T-intro
L
TFA—
LAFL
TF oA —-uniro
'rA TF-A )
—TFEL elim
'-rA THB .
TTRAAB (T
I'AAB )
“TEFA A-elim
I'AAB )
“TEB A-elim
r-4 .
TFAVE
I'+B

TFAVB /e

r-AvB T,A-C T,BFC
re=cC

A+ B
I'rA=B

V-elim

=-initro
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'rA=B TFA

TFB =-elim
% V-intro if x ¢ FV(T)
T'kFVz A Voeli

TF (¢/z)A " "™
Tk (t/z)A

Trag A T

T3z A T,AFB
TFB

-elim ifx ¢ FV (T, B)

TFAV-A Ezcluded middle

Proposition 1.2.3 A proposition A has a proof a la Hilbert in the theory T if
and only if the sequent T' - A has a proof in natural deduction.

Proof. By induction on the height of proofs.

Definition 1.2.9 (Contradictory, consistent) A theory I' is contradictory
if all propositions have a proof in T'. It is consistent otherwise.

Excercise 1.2.2 Prove that a theory I is contradictory if and only the propo-
sition L has a proof. Prove that o theory T is contradictory if and only there is
a proposition A such that A and - A have a proof.

Excercise 1.2.3 Let A be a proposition, prove that a theory that proves the
proposition A < —A is contradictory.

Example 1.2.2 (Equality) Given a language L containing o predicate symbol
= of two arguments, the theory of equality in this language is formed with the
following azioms.

Identity axiom:

Vz (xz = x)
Leibniz’ axiom scheme: for each proposition A, the aziom
Vo Vy ((z =y) = ((z/2)A = (y/2)A))
Excercise 1.2.4 In the theory of equality, give a proof of the proposition
VeVy (x=y=>y=1)
Example 1.2.3 (Arithmetic) The language of arithmetic is formed with

o an individual symbol 0, a function symbol Su of one argument and two
function symbols + and X of two arguments
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e g predicate symbol = of two arguments.

The axioms of arithmetic are the axioms of equality and the axioms:
Vz Vy (Su(z) = Su(y) = = =vy)
Vz =(0 = Su(z))

induction scheme: for each proposition A the axiom
((0/2) AN (Vz ((z/2)A = (Su(z)/2)A))) = Vy (y/2)A

and the axioms

Vy 0+y=y)
Ve Vy (Su(z) +y = Su(z +y))
Yy (0xy =0)

Va Vy (Su(z) x y = (z x y) +y)
Excercise 1.2.5 Write a proof in arithmetic of the propositions
Su(0) + Su(0) = Su(Su(0))

Ve (z+0=2)

1.2.4 Constructive proofs

Definition 1.2.10 (Constructive proof) A proof is constructive if it does
not use the excluded middle rule.

We want to prove that constructive provability and general provability are
equivalent. This does not mean, of course, that all propositions that have a proof
have a constructive proof, but that for each proposition A we can compute
a proposition A’ such that the proposition A has a proof if and only if the
proposition A’ has a constructive proof.

Definition 1.2.11 (Negative translation) Let A be a proposition, the propo-
sition A’ is defined by induction over the height of A as follows.

o A" =——A if A is atomic,

o T'=-T,

o 1'=--1,

(~A) =~

e (AANB) =—-—(A'AB'),
(AvB) =-=(4'"vB),
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e (A= B) =-(A"= B,
o (Vz A) = —-~(Vz A'),
o (Az A) = -—(3z A').

Proposition 1.2.4 The proposition A has a proof if and only if A’ has a con-
structive proof.

Proof. (1) If a sequent ' - A has a constructive proof m, then the sequent
I' F == A has a constructive proof. First, we can add the hypothesis =4 to all
sequents of the proof 7, we obtain a proof n’ of the sequent I', mA + A. Then

we have the following proof.
s

N-Ar-A T,-AFA
r-AF L
I'k--A

Thus, we can build a constructive proof of =—T. From a constructive proof of
I'JAF L we can build a constructive proof of I' - === A. From constructive
proofs of ' F A and T' F B, we can build a constructive proof of I' - == (AA B).
From a constructive proof of I' - A, we can build a constructive proof of T -
-=(A V B). From a constructive proof of I' - B, we can build a constructive
proof of I' F == (A V B). From a constructive proof of I'; A + B, we can build
a constructive proof of I' F =—(A = B). From a constructive proof of T F A,
we can build a constructive proof of I' - ——=Vz A provided z does not appear
free in T'. From a constructive proof of T' - (t/z) A, we can build a constructive
proof of I' F ——3x A.

(2) Then, we check that from a constructive proofs of I' - —=—_L, we can build
a constructive proof of I' F =—A. From constructive proofs of I' F =——A and
I' F =—A, we can build a constructive proof of I' F =—_L. From a constructive
proof of T' == (=—=A A ==B), we can build a constructive proof of ' F == A
and a constructive proof of I' F == B. From a constructive proofs of T" +
—=(==AV--B),[,-—AF -=C and ', -~ B I =—C we can build a constructive
proof of I' + ==C. From constructive proofs of I' F =—(==A4 = —-B) and
I' F =—A, we can build a constructive proof of I' F =——B. From constructive
proofs of I' - == (Vz ——A), we can build a constructive proof of I' F —=—(¢t/z) A.
From constructive proofs of I' H =—3Jx A and I',-—A F ——B we can build a
constructive proof of I' F =—B provided that = does not appear free in I' nor in
B.

As an example we show that from constructive proofs of T' b ——(—-—A =
—=B) and I' F =—A, we can build a constructive proof of I' F ——B.

—-elim
—-intro

’
™

T',-B, -—-A = --BF --A=--B ', =B, -—A = --BF A
I',-B,-—A= -—-BF--B

s I',-B,mmA=--BF L

I',-BF ==(=-=A = --B) I''"BtF =(--A = --B)

T,-BF L

I'+--B

=-elim

F, —|B, -—A=--B}F-B

—-elim

—-intro
—-elim

—-intro
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(3) We check that if A is a proposition, then the proposition =—(A4 V —A)
has a constructive proof.
~(AV-A),AF A
—(AV-A),AF—-(AV-A) ~(AV-A),AF AV -A
S(AV-A),AFL .
S(AVoA)F oA o
~(AV ~A) F ~(AV ~A4) S(AV-A) F AV oA Vo
—|(A \Y —|A) 1l —-elim
m —-1ntro

V-i

—-€.

(4) Then, we show that if I' - A has a proof m then I'" - A’ has a constructive
proof, by induction over the height of 7. If the last rule of 7 is an axiom then
we use the axiom rule, if the last rule is an introduction rule then we use lemma
(1), if it is an elimination rule then we use lemma, (2), if it the excluded middle
rule, we use lemma (3).

(5) Conversely, we show that the proposition A < ——A has a (not neces-
sarily constructive) proof and we deduce that A < A’ has a (non necessarily
constructive) proof and that if I' F A’ has a constructive proof then I' F A has
a (not necessarily constructive) proof.

Remark. In these course notes, we shall mainly focus on constructive proofs.
This does not mean that we renounce the non constructive proofs, but that non
constructive proofs of a proposition A are understood as constructive proofs of
its negative translation.

1.3 Models

Definition 1.3.1 (Structure) Let £ be a language formed with the function
symbols fo, f1,... of number or arguments ng,ny,... and the predicate symbols
Py, P, ... of number of arguments mqg, my,.... A structure M built on L is a
n-uple formed with

e g non empty set M,
e a function fo from M™ to M, a function fl from M™ to M, ...
e a function Py from M™ to {0,1}, a function Py from M™ to {0,1}, ...

Definition 1.3.2 (Assignment) An assignment over the set of variables V is
a function from V to M. If ¢ is an assignment, x o variable and a an element
of M, then ¢ + (z,a) is the assignment mapping = to a and y to ¢(y) when y
is distinct from x.

Definition 1.3.3 (Denotation) Let £ be a language, V be a set of variables
and M be a structure built on L. Let ¢ be an assignment and t be a term (resp.

a proposition), the denotation of t in M modulo ¢ is defined by induction over
the height of t.
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b |$|¢7 = (ZS(Z'), R
|fi(t15 "'atni)|¢ = fi(‘t1|¢’ ) |tni|¢):
b |-P’i(t17 "'7tni) ¢ = E(|t1|¢7 iE |tni ¢);
[Tl =1,
|J-|¢ =0,

|~A|g =1 if |A|g =0, and O otherwise,

|[AANB|p =1if |A|lp =1 and |B|g =1, and 0 otherwise,

|[AV B|p =14f |A|lp =1 or |Bls =1, and 0 otherwise,

|A= Blg =1if |Als =0 or |B|g =1, and 0 otherwise,

Vo Aly = 1 if for all elements a of M, |Aly4(z,0) = 1, and O otherwise
|3z Aly =1 if there is an element a of M such that |Alyy (5,0 = 1, and 0
otherwise.

Definition 1.3.4 (Validity, model) Let £ be a language, V be a set of vari-
ables and M be a structure built on L. A proposition P is valid in M is for all
assignments ¢, |P|ly = 1. A theory T is valid in M if all its axioms are valid.
The structure M is a model of ' if T is valid in M.

Proposition 1.3.1 (Soundness) Let I' be a theory. If the proposition P has
a proof in T', then it is valid in all the models of T'.

Proof. By induction over the height of a proof of P in T.

Corollary 1.3.2 If the theory T has a model in which P is not valid then P
has no proof in T.

Corollary 1.3.3 IfT" has a model then T is consistent.

Example 1.3.1 Consider the language containing two predicate symbol = and
< of two arguments. Consider the theory O formed with the axioms of equality
and

Vz (z < x)
Ve Vy (z <yAy<a)=z=y)
Ve Vy Vz ((z <yAy<z)=>z<2)
From these aziom we cannot deduce the proposition
Ve Vy (r <yVy< )

Indeed, consider the structure M = (N, I,|) where I(n,m) =1 if n =m and
0 otherwise, |(n,m) =1 if n is a divisor of m and 0 otherwise. The structure M
is a model of O. But it is not a model of the proposition Yz Vy (x <yVy < z),
because 2 is not a divisor of 3 and 3 is not a divisor of 2.
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Remark. The first use of the notion of model to prove that some proposition has
no proof in a theory is probably that of F. Klein who has built in 1871 a model
of all the axioms of Euclid’s geometry except the axiom of parallels, showing
that the axiom of parallels cannot be deduced from the other axioms of Euclid’s
geometry. (However the notion of model has only been defined by A. Tarski,
more than fifty years later, in 1936).

The soundness theorem has a converse we shall not prove here.

Proposition 1.3.4 (Godel’s completeness theorem) Let I be a theory. If
the proposition P is valid in all the models of T then it has a proof in T.

Remark. The soundness theorem holds also for constructive proofs. But not
the completeness theorem. For instance, let P be a proposition symbol (i.e.
a predicate symbol of zero arguments). We shall see (exercise 4.1.1) that the
proposition PV —P has no constructive proof, but it is valid in all models. The
notion of model needs to be adapted for constructive proofs.

Remark. In proof theory, the notion of model is mostly used to prove inde-
pendence results, i.e. that some propositions have no proof in some theories.
The notion of model is also used in algebra. For instance, ordered sets can be
defined as the models of the theory O of example 1.3.1. Groups can also be
defined as the models of some theory, but it can be shown that Archimedian
complete ordered fields cannot be defined as the models of some theory. This
fact may be used to prove, for instance, that there are ordered sets or groups of
all infinite cardinals, while it is known that all Archimedian complete ordered
fields are isomorphic to R and thus that they all have cardinal 2¥°. The branch
of mathematics that studies these applications of logic to algebra is called model
theory.

Remark. A common misconception is that the notion of model can be used, as
an alternative to the notion of proof, to define the notion of mathematical truth,
i.e. that instead of saying that a proposition is true if it has a proof, we could
say that it is true if it is valid in all models. The problem with such a definition
of truth is that, unlike the fact that a tree is a proof of some proposition, the
fact that a proposition is valid in all models is not self evident, i.e. it cannot
be checked in an algorithmic way. Thus, the fact that some proposition is valid
in all models must itself be justified by some argument. Thus, such a definition
of truth reduces the question of the truth of the proposition “P” to that of the
proposition “the proposition P is valid in all models” and trying to justify some
proposition we enter into an infinite regression.

Remark. (Many-valued model) In the definition 1.3.1, the truth value 0 is used
as denotation of non valid propositions, and the truth value 1 as denotation
of valid propositions. This definition can be extended by adding other truth
values. A common extension is to take a third value for propositions whose
validity is unknown in this model.



26

CHAPTER 1. PREDICATE LOGIC



Chapter 2

Extensions of predicate
logic

2.1 Many-sorted predicate logic

In some theories, we want to distinguish several sorts of objects. For instance,
in a language with the individual symbols Finnish, English, French, Finland,
United— Kingdom, Ireland, France and a predicate L, we can form the propo-
sitions

L(Finnish, Finland)

L(English, United — Kingdom)
L(English, Ireland)
L(French, France)

expressing that Finnish is an official language of Finland, ... In this theory,
we can also form the unwanted proposition

L(Finland, Finland)

An extension of predicate logic permits to restrict the term and proposition
formation rules, in such a way that such unwanted propositions are avoided.

Definition 2.1.1 (Many-sorted language) A language is a set of sorts, a
set of function symbols and a set of predicate symbols. To each function symbol
is associated a n + 1-uple of sorts (s1,...,8n,8n11) called its rank and to each
predicate symbol is associated a n-uple of sorts (sy,...,s,) called its rank.

Definition 2.1.2 (Term in a many-sorted language) Let £ be a many-

sorted language and Vs be a a family of disjoint infinite sets indexed by sorts.
The terms of the language L with variables Vs are defined by the following rules

27
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o if x is a variable of V, then the tree whose root is labeled by x and that
has no sub-tree is a term of sort s,

e if [ is a function symbol of rank (s, ..., $n, Sny1) and ty, ..., t, are terms of
sort sy, ..., S, then the tree whose root is labeled by f and whose sub-trees
are ti, ..., ty is a term of sort sp41.

Definition 2.1.3 (Proposition in a many-sorted language) Let £ be a
many-sorted language and V, be a a family of disjoint infinite sets indexed by
sorts. The propositions of the language L with variables V, are defined by the
following rules

e if P is a predicate symbol of rank (s1,...,8,) and t1,...,t, are terms of sort
81, ...,5n, then the tree whose root is labeled by P and whose sub-trees are
t1,...,tn @S a proposition,

o the trees whose root are labeled by T and L and that have no sub-tree are
propositions,

o if A is a proposition then the tree whose root is labeled by — and whose
sub-tree is A is a proposition,

o if A and B are propositions then the trees whose root are labeled by N, V
or = and whose sub-trees are A and B are propositions,

o if A is a proposition and x a variable then the trees whose root are labeled
YV and 3z and whose sub-tree is A are propositions.

The definition of a substitution is restricted in such a way that a variable of
sort s can only be substituted by a term of sort s. The proof rules are the same
than in ordinary predicate logic.

Definition 2.1.4 (Structure in a many-sorted language) Let £ be a lan-
guage formed with the sorts sg, s1, ..., the function symbols fo, f1,... of number
or arguments and the predicate symbols Py, Py, .... A structure M built on L is
a n-uple formed with

o q family of non empty sets My, My, , ...,

e a function fo from My, x ... x M, to M;, ., where (s1,...,8n,Sn41) 18 the
rank of fo, a function fi ...

e a function Py from Mg, x ...x M, to{0,1} where (sy,...,sn) is the rank
of Py, a function Py ...

The denotation of a term and a proposition is defined in the same way as in
ordinary predicate logic, with the extra condition that in the case of quantifiers,
the object a belongs to M, where s is the sort of the quantified variable.
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Proposition 2.1.1 (Soundness and completeness) A proposition has a proof
in a theory if and only if it is valid in all the models of this theory.

Remark. Predicate logic is a particular case of many-sorted predicate logic with
a single sort.

2.2 Predicate logic modulo

In predicate logic, proofs are sequences of deduction steps. The idea of predicate
logic modulo is that a proof is not a sequence of deduction steps, but a sequence
of deduction steps and of computation steps. For instance, in arithmetic, to
prove the proposition

dr (2xz=4)

we use the 3-intro rule and we are reduced to prove the proposition 2 x 2 = 4.
Then, we have to use the axioms of addition and multiplication to prove this
proposition. In predicate logic modulo, we can simply compute the term 2 x 2
and obtain the proposition 4 = 4 that can easily be proved with the identity
axiom.

2.2.1 Deduction rules

Definition 2.2.1 A relation = defined on terms and propositions of a language
is a congruence if

e it is an equivalence relation,

e it is compatible with all function symbols, predicate symbols, connectors
and quantifiers, i.e. if t = u then f(t) = f(u), if A= B and A’ = B' then
ANA'=BAB',if A=B thenVz A=Vz B, ...

In predicate logic modulo a theory is formed with a set of axioms I' such that
the membership of some proposition to this set can be decided in an algorithmic
way and a congruence = on terms and propositions such that the equivalence
of two propositions can be decided in an algorithmic way. Before or after each
deduction step, we can transform the proved proposition into any equivalent one.
The deduction rules are thus modified to take these computations into account.
These rules permit to prove sequents of the form I' F= A. A proposition is said
to have a proof in the theory T', = if the sequent I' = A has a proof with the
following deduction rules.

Definition 2.2.2 (Deduction rules modulo)

@AmomzfAel“andAEB

Tr—4 T-intro if A=T
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TH_B . ... _
Fr4 l-elimif B= L
F’F’T_%CB —-intro if B= 1 and C =-A
r FEFAI—:FCFE B A-intro if C=(AANDB)
1;\ ::i i/\—elim ifC=(AAB)
% A-elim if C = (A A B)
;‘ ::i é V-intro if C = (AV B)
E ::i g V-intro if C = (AV B)
TF=D F,zlg E g LBP=C\ iim if D= (Av B)
Fjlfll—%CB =-intro if C = (A = B)
r '_EFC;_:FBI_E A =-elim if C = (A= B)
Th_A A
T'_ B (z,A) V-intro if B= (Vz A) and x ¢ FV(T)
Lr=2 (o, Ay t) Veclim if B = (Y A) and C = (t/2)A
Tr=C (e, A1) Feintro if B= (32 A) and C = (t/2)A
= (i: FE’; "= B (4, 4y 3elim if C = 3z A) and = ¢ FV (T, B)
7 B Eecluded middle if A= (BV ~B)

Proposition 2.2.1 (Equivalence) For every congruence = there is a theory
T such thatT' = A if and only if TT F A.

Proof. We take, for instance, all the axioms of the form Vz; ... Vz,, (A & B)
where A = B.

Definition 2.2.3 (Model of a theory modulo) A structure M is a model
of a theory modulo T', = if all the axioms of T are valid in M and each time two
terms (resp. propositions) are congruent they have the same denotation in M.

Proposition 2.2.2 (Soundness and completeness) A proposition has a proof
in a theory if and only if it is valid in all the models of this theory.
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2.2.2 Congruences defined by rewrite rules

Congruences used in predicate logic modulo are often defined by rewrite systems.

Definition 2.2.4 (Rewrite rule, rewrite system) A rewrite rule is an or-
dered pair of terms or an ordered pair of propositions (l,r) written | — r. A
rewrite system is a set of rewrite rules.

Definition 2.2.5 (Redex) Let R be a rewrite system and t be o term. The
term t is a redex (reducible expression) if there exists a rule | — 7 in R and a
substitution o such thatt = ol. A term t is said to contain a redex if one of its
sub-terms is a redez.

Definition 2.2.6 (One step reduction) Let R be a rewrite system. A term
(resp. a proposition) t reduces to a term (resp. a proposition) u in one step
(t —' u) if there is a sub-term t' of t and a substitution o such that t' = ol
and u is obtained by replacing in t the sub-term t' by the term ou.

Definition 2.2.7 (Reduction sequence) Let R be a rewrite system. A re-
duction sequence is a finite or infinite sequence of terms (resp. propositions)
to,t1,... such that for every i, t; —' t;yq.

Definition 2.2.8 (Reduction) Let R be a rewrite system. A term (resp. a
proposition) t reduces to a term (resp. a proposition) u (t — u) if there is a
finite reduction sequence starting on t and ending on u.

Definition 2.2.9 (Congruence sequence) Let R be a rewrite system. A
congruence sequence s a finite or infinite sequence of terms (resp. proposi-
tions) to,t1, ... such that for every i, t; —' tiy1 or ti; —1 t;.

Definition 2.2.10 (Congruence) Let R be a rewrite system. Two terms (re-
sp. two propositions) t and u are congruent if there is a finite congruence
sequence starting on t and ending on u.

Definition 2.2.11 (Normal term) A term (resp. a proposition) is normal if
it contains no redex. A term (resp. a proposition) u is a normal form of a term
(resp. a proposition) t if t — u and u is normal.

Definition 2.2.12 (Terminating) A term (resp. a proposition) is terminat-
ing if it has a normal form, i.e. if there exists a finite reduction sequence starting
on this term and ending on a normal term. It is strongly terminating if all re-
duction sequences issued from this term are finite.

A rewrite system is terminating (resp. strongly terminating) if all terms and
all propositions are terminating (resp. strongly terminating).

Definition 2.2.13 (Confluent) A rewrite system is confluent if whenever a
term (resp. proposition) t reduces to two terms (resp. proposition) u; and us,
then there exists a term (resp. proposition) v such that u; reduces to v and us
reduces to v.
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Proposition 2.2.3 In a confluent rewrite system, two terms (resp. two propo-
sitions) are congruent if and only if they reduce to a common term.

Proof. By induction on the length of the congruence sequence.

Proposition 2.2.4 In a confluent rewrite system a term has at most one nor-
mal form.

Proof. If u; and us are normal forms of ¢, then t — u; and ¢t — wuy. By
confluence, there exists a term v such that u; — v and us — v. As u; and
uo are normal u; = v = us.

Proposition 2.2.5 In a terminating and confluent rewrite system a term has
ezxactly one normal form. And this normal form can be computed form the term.

Proof. Termination yields existence and confluence unicity. To compute the
normal form, it is sufficient to reduce the term until a normal form is reached.

Proposition 2.2.6 In a terminating and confluent rewrite system two terms
(resp. propositions) are congruent if they have the same normal form.

Proof. If the two terms have the same normal form, then they are congruent.
If they are congruent, so are their normal forms and these two normal forms
reduce to a common term. Hence they are equal.

Proposition 2.2.7 In a terminating and confluent rewrite system, the congru-
ence can be checked in an algorithmic way.

Proof. Congruence can be checked by computing the normal forms and checking
their identity.

Example 2.2.1 (Arithmetic in predicate logic modulo) To formulate
arithmetic in predicate logic modulo, we can keep the axioms of equality and the
arioms

Vz Vy (Su(z) = Suly) = = =y)
Vz =(0 = Su(z))
((0/2)AN (Vz ((z/2)A = (Su(z)/2)A))) = Vy (y/2)A

and replace the axioms

Vy (0+y=1y)
Vo Vy (Su(z) +y = Su(z +y))
Yy (0xy =0)

Vo Vy (Su(z) xy = (z xy)+y)
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by the rewrite rules
0+y —uy

Su(z) +y — Su(z + )
Oxy—0

Su(z) Xy —zxzxy+y

Excercise 2.2.1 Give a proof of the proposition 3z (2 X x = 4).

2.3 Binding logic

In mathematics, we use the notation z — x + 2 to designate the function that
maps x to £ + 2. Such a symbol is said to be a binder, because the variable x
that is free in 2 + 2 is bound in z — z + 2. In predicate logic the only binders
are the quantifiers V and 3 that bind variables in propositions, but there is no
way to bind variables in terms and so, there is no way to form a term such as
T —t.

Binding logic is an extension of predicate logic where function symbols and
predicate symbols can bind variables in their arguments. To each function
symbol or predicate symbol of n arguments is associated a rank (ki,...,ky)
where ki, ..., k, are natural numbers. Then, if f has the rank (ki,..., k,) and
t1,...,t, are terms, we can form the term

f@zp, t, ol T} ty)

where z1, ...,z are bound in the term ¢y, ..., 27, ...,2} are bound in the term
tn.

In many-sorted binding logic a rank is a sequence of sequences of sorts. Then,
when a function symbol f has the rank

((S%a eeey Sllcl ) Skl—f-l)a "'<3?a eeey S?n ) S?n—i-l)a 8n+1)

x},...,x; are variables of sorts si,...,s} , ..., . ,...,z} are variables of sorts
sy ..., 85 and t1,...,t, are terms or sorts 3}91+1: .+ 841 then the sort of the
term f(z]..xp t1,..., o) ty)is s™HL

Substitution is modified in such a way that bound variables are renamed
to avoid capture. Proof rules are the same than in predicate logic or predicate
logic modulo. A notion of model can also be defined for binding logic, but we
shall not present it here.
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Chapter 3

Type theory

In arithmetic, (example 1.2.3), we can speak about the natural numbers but not
about the functions mapping natural numbers to natural numbers nor about the
sets of natural numbers. Thus, arithmetic is not sufficient to express mathemat-
ics and we need to build more expressive theories. Set theory and type theory
(also called higher-order logic) are such theories.

3.1 Naive set theory

In the language of arithmetic, the symbol Su is a function symbol, thus, it may
be used to form terms, such as Su(0), but it is not itself a term. If we want to be
able to speak about the function Su, we need the symbol Su to be a term and
hence an individual symbol. When Su is an individual symbol, we cannot form
the term Su(0) anymore. Hence, we need to introduce a new function symbol «
for the application of a function to its argument and write this term a(Swu,0).

We could also introduce a function symbol ay for functions of two arguments,
but this is not needed. Indeed, a function f of two arguments can always be
seen as a function of one argument that maps z to the function that maps y to
f(z,y). Thus instead of writing as(f, z,y) we can write a(a(f,z),y).

To ease notations we shall write (f z) for the term a(f,z) and (f z1 ... z,,)
for the term (...(f z1)...xzy).

In the same way, we want the symbols designating predicates (sets), to be
terms and hence individual symbols, for instance if the individual symbol prime
designates the set of prime numbers, to express that the number 2 is prime, we
cannot write prime(2), but we need to introduce a new predicate symbol € and
write this proposition 2 € prime.

For terms expressing predicates of several arguments to be terms, we must
also introduce symbols €z, €3, ... For predicates of zero arguments (i.e. propo-
sitions) to be terms, we must introduce a predicate symbol €, also written &.
The proposition €, (R, z,y) expresses that x and y are related by the predicate
of two arguments (relation) R. The proposition £(E) expresses that the pred-

35
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icate of zero argument E is true. The only difference between E and e(FE) is
that E is a term (designating an object) while e(E) is a proposition (expressing
a fact). The object E may be called the propositional content of the proposition
e(E).

The notions of function and set are redundant. We can express a function
as a functional relation (its graph), i.e. as a set of ordered pairs. In this case,
we just need the symbol €.

Conversely, we can define a set as its characteristic function, i.e. as the
function mapping its argument to the propositional content of the fact that z
belongs to the set. In this case, we just need the symbols o and €. If E is a
set and = an object, the propositional content of the fact that = belongs to E is
designated by the term (E z) and the fact that = belongs to E is expressed by
the proposition e(E z). Thus, the proposition z € E is thus written e(E z). In
the same way, the proposition €s (R, z,y) is written ¢(R z y), ...

Let us now turn to the making of functions and sets. Whenever we have a
term t and variables x1, ..., z,, we want to consider the function x1,...,x, — t,
for instance the function z — (3 x ). This function is such that we get back ¢
when we apply it to x1, ..., £,. Whenever we have a proposition P and variables
Z1, ...y T, We want to build the predicate {z1,...,z, | P}, for instance the set
{z | y (x =2 x y)}. This predicate is such that we get back P when we apply
it to L1y-9 Ty -

A solution would be to introduce for each term ¢ and sequence of variables
Z1,...,Tpn an individual symbol Cy, . ¢ and an axiom

Tn,

(Coryooon st X1 oo ) =Tt

Tn,

and for each proposition P and sequence of variables z1, ..., 2z, an individual
symbol E;, . .. p and an axiom

€(Eqgy,....zn,p T1 - Tp) & P
In predicate logic modulo, these axioms can be transformed into rewrite rules
(Cicl,...,wn,t up ... Un) — (ul/xl, ...,un/xn)t

€(Bgy oz, P U1 ooe Up) — (U1 /Z1, .oy Up [Ty P

But, not all these symbols are necessary, and we can restrict to a much smaller
language.

Definition 3.1.1 (Naive set theory) The language of naive set theory is
formed with

e q predicate symbol € of one argument.
e a function symbol o of two arguments,

o individual symbols S, K, T, 1, =, A, V, =, ¥ and 3.
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and the congruence defined by the rewrite rules
(Szyz)—((z2)(y2)
(Kzy) —x
e(T) — T
e(l) — L
e(5 z) — —e(x)

e(A zy) — (e(z) Ne(y)
e(V zy) — (e(z) Vely)
&=z y) — (e(z) = £(y))
eV x) — Vy e(z y)
e(d ) — Jy e(z y)

Proposition 3.1.1 (Comprehension) For each term t and sequence of vari-
ables xy, ..., T, there is a term v such that

t

(u z1 ... T,)

and for each proposition P and sequence of variables x1, ..., T, there is a term
u such that

eur ... Ty) =P

Proof. By induction over the height of ¢ (resp. P).

Many variants of this theory have been proposed in the History of mathe-
matics: Cantor’s set theory (1872), Frege’s Begriffschrift (1879), Church’s pure
A-calculus (1932), ... Unfortunately, all these systems are contradictory. A
contradiction is given by Russell’s paradox.

By proposition 3.1.1 there exists a term R such that

Vz (e(R z) & —e(z x))

(take for instance R = (S (K =) (S (S K K) (S K K)))). The set R is the set
of all sets that do not contain themselves. By definition, this set contains itself
if and only if it does not, which is contradictory. More precisely, with the elim-
ination rule of the universal quantifier V, we can deduce from this proposition
the proposition

e(R R) & —¢(R R)

and we have seen (exercise 1.2.3) that from such a proposition, we can prove a
contradiction.
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3.2 Set theory

In naive set theory, it is possible to construct functions defined on all the universe
and to construct sets in comprehension with any property P. To restrict naive
set theory and avoid paradoxes, we may restrict function construction in such a
way that functions are defined with a domain of definition and, similarly, only
subsets of already constructed sets are constructed in comprehension. Such
ideas are exploited in several theories, including set theory and simple type
theory.

In Zermelo’s set theory and in its extension Zermelo-Fraenkel set theory,
the basic notion is that of set and functions are defined as relations. Thus the
language does not contain symbols & and ¢, but a symbol €.

When P is a proposition, it is not always possible to form the set of objects
verifying the property P. This is only allowed in four cases.

o If x and y are two sets, we can form the set {z,y} containing exactly =
and y (the symbol {, } is a function symbol),

o If z is a set we can form the set |J(z) containing the elements of the
elements of z,

o If z is a set, we can form a set p(z) containing the subsets of z.

o If x is a set and P is a proposition containing variables y, z1, ..., 2, We
can form the subset of z of the elements y verifying P. This set can be
written fy ... 2. p(%,21,-.., 2n) Where f, ., . pisa function symbol.

The axioms are
ze{z,yl e (z=zVz=y)

ye|J@) & @z (yeznzen)
yepx)e Vz(zey=z2€1))

Yy € fy,zl,...,z",P(-Tyzl, 7zn) = (y S A P)

There is no way to construct the set of sets that do not belong to themselves
and Russell’s paradox is avoided.
In predicate logic modulo, these axioms may be transformed into rewrite
rules
te{u,v} —t=uVvVt=v

tEU )— Az (t€EzAzEW)
tepu) —>Vz(ze€t=>2€u)

t € fyzizn,P(U01, ., 0,) —> € UA ()Y, v1/21, .., Un/2n) P

This system does not terminate as the proposition fy —yey(z) € fy,-yey(2)
reduces to fy —yey(z) € A fy ~yey(®) € fy-yey(x). Thus, if we call A the
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proposition fy —yey(x) € fy -yey(x) and B the proposition f, —yey(z) € = we
have
A— BA-A

The decidability of the congruence relation generated by these rule is an open
problem.

3.3 Simple type theory

Simple type theory originates from the work of A.N. Whitehead and B. Russell.
It is another way to restrict naive set theory to avoid paradoxes. In this theory,
the basic notion is that of function. Each function has a domain of definition
and the application (f t) can be constructed only when ¢ belongs to the domain
of the function f, otherwise it is prohibited by the syntax. Hence simple type
theory is a many-sorted theory. Taking all sets as possible function domains,
i.e. all sets as sorts, makes it difficult to decide if a term (f ¢) is well-formed or
not because we need to decide if the term ¢ designates an object that belongs
to the domain of f or not. Moreover as an object can belong to several set, it
should have several sorts. In type theory, an object has only one sort that is the
maximal set it belongs to. It is called the type of this object. There is one type
¢ for atoms and one type o for propositional contents, then each time we have
two types T and U, we can form the type T — U of functions mapping objects
of sort T' to objects of sort U.

Definition 3.3.1 (Simple types) Simple types are closed terms formed with
the individual symbols v and o and the function symbol — of two arguments.

To ease notation, we write Ty — To — ... » T, — U for the type (Ty —
(Ty... = (T, = U)..)).

Definition 3.3.2 (Language of type theory) The language of simple type
theory in predicate logic modulo is formed with

e q predicate symbol € of rank (o),
e for each pair of type T,U, a function symbol ary of rank (T — U, T,U),

o for each triple of types T,U,V an individual symbol Sty of sort (T —
U-sV)-T->U)->T->YV,
for each pair of types T, U an individual symbol K1y of sortT - U = T,
individual symbols T and L of sort o,
an individual symbol = of sort o — o,
individual symbols A, V, = of sort o — 0 — o,
for each type T, individual symbols V1 and Ir of type (T — 0) — o.

Definition 3.3.3 (Rewrite system of type theory) The rewrite system T
is defined by the rules

(Stuyv zyz) — ((z 2) (y 2))
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(Kry zy) — 2
e(T) — T
e(l) — L
z) — —e(x)
e(Azy) — e(z) Ae(y)
e(Vay) —e(z) Vely)
e(= zy) — e(z) =
e(Vr ) — Yy e(z y)
T y)

e(=

y)
)
e(@r z) — 3y &

Proposition 3.3.1 (Comprehension) For each term t there is a term u not
containing the variable x such that (u x) =t. For each proposition P there is a

term u such that £(u) = A.

Proof. By induction over the height of ¢.

o If t = z then we take u = (S K K), we have (u z) = (S K K z) =

e If ¢t is a variable different from z or an individual symbol, we take u =
(K t), we have (uz) = (K tz) =t.

e If ¢ = (t1 t2), then by induction hypothesis, there are terms u; and us
such that (u1 =) =t and (us z) = t2. We take u = (S u1 u2). We have
(uz)=(Sus u2 ) = (u1 ) (u2 ) = (1 t2) = t.

By induction over the height of A.
o If A =¢(t), we take u =t.

o If A= BAC, then by induction hypothesis, there are terms v and w such
that (v) = B and e(w) = C. We take u = (A v w). We proceed the same
wayif A=T,1,-B,BVvCor B=C.

e If A =Vzx B, then by induction hypothesis, there is a term v such that
e(v) = B and there is a term w not containing z such that (w z) = v
and hence e(w z) = e(v) = B. We take u = (¥ w). We have e(u) =
Vz e(w x) = Vo B. We proceed the same way if A = 3z B.

Definition 3.3.4 (Leibniz’ Equality) By the proposition 3.3.1 there is a ter-
m = such that

e(=zy)=Vp(e(pz) > elpy))
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Excercise 3.3.1 Prove
Vz e(z=x)

and for each proposition A
Va Vy (e(z=y) = ((z/2)A = (y/2)A))

To prove that the rewrite system 7 is terminating, we first focus on the two
first rules.

Proposition 3.3.2 (Tait’s theorem) The rewrite system
(Sruy =y 2) — ((z 2) (y 2))

(Kry zy) — =
is strongly terminating.

Proof. The set of reducible terms of type T is defined by induction over the
height of T'.

o If T is + or o then t is reducible of type T if and only if it is strongly
terminating.

o If T =T, — T, then t is reducible of type T if and only if for every
reducible term u of type T, the term (¢ u) is reducible of type Tb.

We prove by induction over the height of T' that
e (1) all reducible terms are strongly terminating and

e (2) variables and individual symbols other than S and K are reducible
terms.

Let T=U; - ... > U, =V (V=vorV=0). (1) If tis a reducible
term of type T, then let x4, ..., £, be variables of types Uy, ..., U,. By induction
hypothesis, the variables z1, ..., z, are reducible. Hence, the term (¢ x; ... ) is
reducible and its type is either ¢ or 0. Hence it is strongly terminating and so is
t. (2) If z is a variable of type T or an individual symbol of type T different from
S and K, then let uy, ..., u, be reducible terms of types Uy, ..., U,. By induction
hypothesis the terms uy, ..., u, are strongly terminating. A reduction sequence
starting from (z u; ... u,) reduces redexes in the terms uq, ..., u,. Hence, it is
finite. The term (x uy ... ) is strongly terminating and its type is ¢ or o, hence
it is reducible. Thus, x is reducible.

Then, we prove by induction over the height of ¢ that every term is reducible.

e If ¢ is a variable or a constant different from S and K then it is reducible.

e If t = (u v), then the terms v and v are reducible by induction hypothesis,
and the term ¢t is reducible.
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Ift = K (resp. t =S5) thenletU; - ... 2 U, >V V=v0rV =0)
be the type of ¢t and let gy, ..., u, be reducible terms of types Uy, ..., Uy,.
We have to prove that the term (K wy ... up) (resp. (S up ... up)) is
strongly terminating. Consider a reduction sequence tg,t1,ta, ... starting
from the term (K w1 ... up) (resp. (S w1 ... up)). We have to prove that
this reduction sequence is finite. If the root redex is never reduced, al-
1 reductions take place in uy, ..., u,, these terms are reducible and hence
strongly terminating and the reduction sequence is finite. If the root redex
is reduced at step m, then the term ¢,, has the form (K w} u} uj... ul)

n
(resp. (S w} uh uj... uw))) and the term ¢,,41 is (v} uf ... ul) (resp.
(uj ub (uh uf) uy ... ul)) where u is a reduct of wy, ..., u), is a reduc-

t of u,. The term (u; usz ... up) (resp. (ur uz (ua u3z) Ug ... uy)) is

reducible, hence it is stron%ly terminating and the term (u} uj ... ul)) (re-

sp. (uf uf (uh uh) wjy ... u)) is strongly terminating, thus the reduction

sequence tg, t1,t2, ... is finite. Therefore, the term K (resp. ) is reducible.

All terms are reducible, hence all terms are strongly terminating.

Proposition 3.3.3 The rewrite system T is strongly terminating.

Proof. We reduce termination in 7 to termination in the system SK. We define
a translation || || of the terms and the propositions of type theory into terms of
type theory. In each type T', we choose a variable zr.

|z = =z,

IST,vv| = Stuv,

KTl = Krv,

1 W)l = (2] [Jl]),

||T|| = |1l = ((S K K) z,),
I-l = (S K K),

Al =NVl = lI=[l = (S K K) 2000,
IVzll = [3rll = (S (§ K K) (K 21)),

le@®I = izll,
T = [I-LIl = 2o,
I=All = [IAll,

[AA B[l = [[AV B[l = [|A = B|| = (20~ [|All [|BI),
V2 All = (132 Al| = [|(z/2)All

We check that if A rewrites in one step to B in 7T, then ||A|| rewrites in
at least one step to ||B|| in SK. If Ag, A, Ao, ... is a reduction sequence in T,
then the sequence || Ao|l, || A1l, ||Az2]|, --- is a reduction sequence in SK, thus it is

finite.

Proposition 3.3.4 The rewrite system T is confluent.
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Proposition 3.3.5 Each term (resp. proposition) has a unique normal form
for the rewrite system T and the congruence generated by this system can be
checked in an algorithmic way.

Proof. It is terminating and confluent.

Proposition 3.3.6 Type theory has a model.

Proof. Consider the model

M, = {0}
M, = {0,1}
Mroy = M(J]VIT
Sruy ar (b (c— a(c)(b(0)))
KT,U = ar (b — a)
a(a,b) = a(d)
Ea) = a
T o= 1
1 =0
(@) = 1ifa=0and 0 otherwise
A(a,b) = 1ifa=1and b=1 and 0 otherwise
V(a,b) = 1ifa=1orb=1 and 0 otherwise
=(a,b) = 1lifa=0orb=1 and 0 otherwise
Vr(a) = 1ifforall bin My a(b) =1 and 0 otherwise

3r(a) = 1if there exists a b in My such that a(b) = 1 and 0 otherwise
It is easy to check that |A|s = |B|s when A = B.

3.4 Infinity

A set is said E to be infinite if there is function f mapping elements of E to
elements of E that is injective, but not surjective. In type theory this proposition
Infinite(E) is expressed as follows.

Jda 3f Vx (e(E x) = (E (f z))) AVz Yy ((e(E z) ANe(E y)
Ne((f 2)=(f y))) = e(z=y)) A (Vz (e(E z) = —e(a=(f 7))))

Notice that the proposition 3E Infinite(E) is not valid in the model of propo-
sition 3.3.6, hence it is not provable. If we replace M, by the set N in the
model of proposition 3.3.6, we keep a model of type theory and the proposition
3E Infinite(E) is valid in this model. Thus, the proposition —=3E In finite(E)
is not valid in this model and therefore it is not provable either. Indeed, so far
neither in type theory nor in set theory we have given an axiom that permits to
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construct an infinite set. To be able to formalize mathematics we need to add
such an axiom.

In type theory, we add an axiom expressing that the set of objects of type ¢
is infinite. Thus, the set E is such that e(E z) = T and we can formulate the

axiom
Ja 3f Vo Vy (e((f 2)=(f y)) = e(z=y)) A (Vz —e(a=(f 2)))

Instead of taking an existential axiom, we can give a name to the function and
to the element that is not in its image. For instance, we can call them Swu and
0 and we get the two axioms

Vz Yy (e((Su z)=(Su y)) = e(z=y))
Vo —e(0=(Su z))

that are two of Peano’s axioms.
These axioms become theorems if we add some symbols and rewrite rules.

Definition 3.4.1 (Type theory with infinity) Type theory with infinity is
the extension of type theory with individual symbols 0 of type 1, Su and Pred of
type L — ¢, an individual symbol Null of type « — o and the rules

(Pred (Su x)) — 2

(Null 0) — T
(Null (Su 0)) — L

Excercise 3.4.1 In simple type theory with infinity, prove the propositions
Va Yy (e((Su 2)=(Su y)) = e(z=y))
Vo —e(0=(Su x))
Proposition 3.4.1 Type theory with infinity has a model.

Proof. Consider the model

M, = N
M, = {0,1}
Mr,y = MMT
0 = o,
Su = nen+ 1,
Pred = n—ifn=0then Qelsen —1,
Null = nwifn=0then 1 else 0,
Sruv = ar (b (¢ a() (b))
kT,U = ar (b — a)
a(a,b) = a(b)

€la) = a
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T o= 1
i =0
(@) = 1if a=0and 0 otherwise
;\(a, b) = 1lifa=1andb=1 and 0 otherwise
f/(a, b) = 1lifa=1orb=1 and 0 otherwise
:'>A(a, b) = 1ifa=0o0rb=1and 0 otherwise
YT(a) 1 if for all bin My a(b) = 1 and 0 otherwise

3r(a) = 1if there exists a b in My such that a(b) = 1 and 0 otherwise
It is easy to check that |A|, = |B|s when A = B.

There are many ways to construct the natural numbers in type theory with
infinity (as finite cardinals, ...). An easy way is simply to take 0 for zero and
(Su n) for the successor of n.

Then the type ¢ contains all the natural numbers, but possibly also other
objects. The set of natural numbers can be defined as the smallest set containing
0 and closed by successor, i.e. as the intersection of all such sets. An object is a

member of N if it is a member of all sets E containing 0 and closed by successor.
Thus

e(Nn)=VE ((e(E 0)A (Vz (e(E z) = e(E (Su x))))) = ¢(E n))
The existence of such an object given by proposition 3.3.1.
Excercise 3.4.2 Prove the induction theorem

VE (¢(E 0) AVz (e(E z) = e(E (Su z)))) = Vn (e(N n) = £(E n))

3.5 More axioms

3.5.1 Extensionality

In mathematics, it is usual to consider that two sets that have the same elements
are equal and that two functions that are point-wise equal are equal. This leads,
both in set theory and in type theory to the aziom of extensionality. In type
theory, this axiom is stated

Vi Vg (Ve e((f 2)=(9 2))) = e(f=9))
vz Vy (e(z) & &(y)) = e(z=y)

3.5.2 Descriptions

The proposition 3.3.1 permits for instance to prove the existence of a function
that adds two to its arguments, i.e. the proposition

Af Ve e((f 2)=(Su (Su x)))
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but, it does not permit to prove the existence of a function that takes the value 1
on 1 and the value 0 anywhere else. Indeed, it can be proved that the proposition

Af Vo ((e(z=(Su 0)) = e((f 2)=(5u 0))) A (me(z=(Su 0)) = &((f 2)=0)))

has no proof in type theory.
In contrast, with the proposition 3.3.1, it is easy to prove the existence of
the graph of this function, i.e. the proposition

AR Vz Vy (e(R z y) & ((e(z=1) = e(y=1)) A (me(z=1) = e(y=0))))

and we can also prove, for instance by induction, that this relation is functional,
i.e. that
Vz (e(Nz) = 'y e(R z ¥))

But to conclude to the existence of the function we need the following axiom
(descriptions axiom)

VP VYQ (Vz (e(P z) = Ty e(Q z y)) = If YV (e(P 2) = £(Q = (f 2)))

that relates functions and functional relations.
In set theory, functions are functional relations, thus they need no axiom to
be related.

3.6 Type theory with a binder

We have seen in proposition 3.3.1 that to have a language containing the function
symbols ary and the individual symbols Sty,v and Kty and the related
rewrite rules is sufficient to prove that, for each term ¢ and variable x there
is a term w not containing the variable z such that (v z) = ¢. But, the term
1 is sometimes cumbersome to compute. It is more comfortable to have a
symbol — such that the function mapping x to ¢ can simply be written x + .
The symbol — is a function symbol of one argument binding one variable in
its argument. When we take the symbol —, the symbols S and K become
superfluous (S =z~ y— 2z ((x 2) (y 2), K =z — y — z). We thus get
the following theory.

Definition 3.6.1 (Language of type theory with a binder) The language
of simple type theory with a binder is formed with

e q predicate symbol € of rank (o),

o for each pair of type T,U, a function symbol ary of rank (T — U,T,U),
for each pair of types T, U a function symbol — of rank ((T,U),T — U),

o individual symbols T and L of sort o,
an individual symbol — of sort o — o,
individual symbols A, V, = of sort o — 0 — o,
for each type T, individual symbols V7 and Ir of type (T — o) — o.
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Definition 3.6.2 (Rewrite system of type theory with a binder) The rewrite
system T' is defined by the rules

((x = t) u) — (u/z)t

e(T) — T
g(l) — L
e(4 7) — —e(2)
e(A zy) — e(z) Nely)
e(Vzy) — e(r) Vely)
e(= zy) —e() = ey)
e(Vr ) — Vy e(z y)

E(QT z) — Jy e(x y)

To prove that the rewrite system 7" is terminating, we first focus on the first
rule.

Proposition 3.6.1 (Tait’s theorem with a binder) The rewrite system
((x = t) u) — (u/x)t
s strongly terminating.

Proof. The set |T'| of reducible terms of type T is defined by induction over the
height of T'.

e If T is 1 or o then t is in |T'| if and only if it is strongly terminating.

o If T =T, — T, then t is in |T| if and only if it is strongly terminating
and when its reduces to a term of the form x — ¢’ then for every term u
in |T1|, (u/x)t' is in |T»|.

To prove that all terms of type T' are strongly terminating, we prove that
all terms of type T are in |T'|. More generally, we prove, by induction over the
height of ¢, that if ¢ is a term of type T', o a substitution mapping variables of
type U to elements of U], then ot is in |T|.

o If t = y, then if y is in the domain of o then ot is in |T|. Otherwise,
ot = y, the variable y is normal, hence it is strongly terminating and it
cannot reduce to a term of the form z — ¢', hence it is in |T.
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e If t =2 — u, then T =T, — T3. Modulo alphabetic equivalence, we can
chose the variable x not appearing in ¢, thus ot = x — cu. This term is
strongly terminating because a reduction sequence issued from it can only
reduce the term ou and, by induction hypothesis, this term is in |75| and
thus it is strongly terminating. Then, if ot reduces to the term z — t/,
then ¢’ is a reduct of ou. Let v be a term of |T»|, the term (v/z)t' is a
reduct of ((v/x) o o)u, that is in |T3| by induction hypothesis. It is easy
to check that |T5| is closed by reduction. Thus the term (v/x)¢' is in |T5|.

Hence, the term ot is in |T.

e If t = (t1 t2) and #; is a term of type U — T and ¢, a term of type U.
We have ot = (ot1 ot2). By induction hypothesis ot; and ots are in the
sets |[U — T'| and |U|. To prove that ot is in |T|, we prove that if u; is in
|U — T'| and us is in U then (uy us) is in |T|.

The terms u; and us are strongly terminating. Let n be the maximum
length of a reduction sequence issued from u; and n' the maximum length
of a reduction sequence issued from us. We prove that (uq us) is in |T|
by induction on n +n'.

First we prove that (u; us) is strongly terminating. Consider a reduction
sequence issued from this term. If the first redex is in u; or us then we
apply the induction hypothesis, otherwise the redex is at the root of the
term (u; uz2), u; has the form z — ' and the first step of the reduction
sequence reduces (u; uz2) to (uz/x)u’. This term is in |T|, hence it is
strongly terminating and the reduction sequence is finite. Then, we prove
that if T'= U; — Us and (u; us) reduces to a term of the form y — v, then
for every term w in |Uy|, (w/y)v is in |Us|. As (u; uz) is an application,
the reduction sequence is not empty. If the first redex is in uy or us, we
apply the induction hypothesis, otherwise the redex is at the root of the
term (u; u2), u; has the form z — ' and the first step of the reduction
sequence reduces (u; uz2) to (uz/z)u’. This term is in |T| and it reduces
to y — v, hence for every term w in |Uy|, (w/y)v is in |Uz|. Thus the term
(u1 ug) isin |T.

Proposition 3.6.2 The rewrite system T' is strongly terminating.

Proof. We follow the lines of the proof of proposition 3.3.3 and reduce termina-
tion in 7' to termination in the system formed with the first rule. We define a
translation || || of the terms and the propositions of type theory into terms of
type theory. In each type T, we choose a variable zr.

o |lzll = =,
o llz =t ==z~ i,

o ([ w)ll = (Il flull),
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o [[TIh= Ll = ((z = 2) o),
=)l =z — 2,

Al =IV]I =121l = (2 = ) Zom00),
IVrll =37l = 2 = (2 27),
o lle@)l = [I£l;
ITI = [I-LIl = 2o,
I=All = [[All,

[AA B[l = [[AV B|| = [[A = Bl = (20~0-0 [|All [|BI),
Ve All = Bz All = [|(zr/2) All-

We check that if A rewrites in one step to B in T, then ||A|| rewrites in at
least one step to || B]| in the system formed with the first rule. If Ag, A;, As, ... is
a reduction sequence in 7, then the sequence ||Ao||, || A1]l, || A2]|, --- is a reduction
sequence in the system formed with the first rule, thus it is finite.

Proposition 3.6.3 The rewrite system T' is confluent.

Remark. If we add the axiom of extensionality to both formulations of type
theory we get equivalent theories, i.e. each language can be translated into the
other preserving provability. When we do not take the extensionality axioms,
there are subtle differences between these theories, we shall not discuss here.

Remark. Some authors use the notation Ax t for z — ¢, hence the name \-
calculus for this language.
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Chapter 4

Cut elimination in
predicate logic

4.1 Uniform proofs

A natural deduction proof built without the excluded middle rule is said to be
constructive. The choice of this name comes from the fact that, as we shall see,
from a constructive proof in the empty theory of a proposition of the form 3z A,
it is possible to compute a term ¢ and a proof of the proposition (¢/x)A. Such a
term ¢ is called a witness of the proposition 3z A. Thus, explicitly or implicitly,
a constructive existence proof contains a witness.

Conversely, from a term ¢ and a proof of (t/z)A, the rule F-intro permits to
build a proof of the proposition 3z A. A proof ended by an introduction rule
is said to be uniform. Witnesses are explicit in uniform existence proofs. Thus,
it is equivalent to have a term ¢ and a proof of (¢/z)A or a uniform proof of
the proposition 3z A. To prove that from a constructive proof of a proposition
of the form Jdz A we can compute a witness, we shall prove that all proofs can
be transformed into uniform ones. For instance, the non uniform proof of the
proposition 3z (P(z) = P(z))

_PFPE) oo
Jz (P(z) = P(z)) F 3z (P(z) = P(z)) s intro  P(c) = P(c Tintro
F 3z (P(z) = P(z)) = 3z (P(z) = P(z)) F 3z (P(z) = P(z))

F3z (P(2) = P(2)) =-elim

will be transformed into
P(c) - P(c)

F P(c) = P(c) T-intro
F 3z (P(z) = P(x))

From the fact that all proofs can be transformed into uniform ones, we will
deduce that

=-intro

e | has no proof,

51
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e if A has a proof then | has a proof from the axiom A,

o if A has a proof then A has a proof and  has a proof,

o if A has a proof then A has a proof or  has a proof,

o if A= has a proof then has a proof from the axiom A,

e if x A has a proof then A has a proof,

e if 32 A has a proof then there is a term ¢ such that (¢/x)A has a proof.

The results obtained for the case of , , , = and are tri ial, they can
simply be established with the elimination rules. The interestin results are
thus for L, and 3. The result in the case of the existential quanti er 3 is the
witness property. The result obtained in the case of the dis unction is called
the s unction ro ert . The result obtained in the case of the contradiction
L is the consistency of the empty theory. Thus, li e model constructions, proof
transformation results permit to pro e consistency and independence results.

onst
er n u e forme wit ro osition s mo P n t eor cont inin no
ioms n no rewrite rues onstruct mo e w eret e ro osition P is not
v o4 oes t is ro osition  ve roof onstruct mo e w eret e 10 O
sition P isnotv 1 oest is ro osition wve  roof oest e ro osition
P P wve constructive roof
onsi er n u e forme wit ro osition s mo P n
t eor cont inin mo ioms m no rewrite rues  onstruct mo e w ere
t e r0 osition P isnotv 1 oes t is To osition wve  ToOf onstruct
mo e w eret e ro osition P isnotv i oest is ro osition wve  ToOf
oes t e ro osition P P we roof o0ssi usin teecue mi e
U e oes n tur e uction wit teecue mi e wvet e 1isunction
ro ert
onsi er n u e forme wit ro osition s m o P

re ic te s m o of one T ument m twoin wiu S mMoSs n 1 n
t eor cont inin no toms n mno rewrite rues onstruct mo e w eret e

ro osition

«O= 0) p (O= () P)
is not v 1 oes t is TO osition  ve roof onstruct mo e w eret e
ro osition

)= @) p (Q)= 1) P)
s not v ¢ oes t is ro osition ve roof oest e 1o osition

I (( ()= @) P (1= () P)
ve roof o0ssi  usin teecue mi e oes n tur e uction wit

teecuesmi erue wvet e witness 1o ert
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em r  Some problems in mathematics ha e the form Find an ob ect =
such that A . ne way to sol e such a problem is to pro e constructi ely the
proposition dz A, to transform this proof into a uniform one and to read the
witness in the proof. For instance, ndin the quotient of the di ision of by 2
can be done in the followin way st pro e constructi ely the proposition

33 ( 2 2)

then transform this proof into a uniform one and read the witness in the proof.
ne ad anta e of proceedin this way, compared to other di ision al orithms,
is that the result cannot be wron . ndeed, a uniform proof of

3 3 2 2)
not only contains the witness but also a proof of the proposition
3 ( 2 2)
f course, ndin a proof of the proposition
3 3 2 2)

may be tedious, but it is not if we pro e once for all the proposition

(C J)=3 3 )
otice that when we apply this theorem to and 2 and to a proof of 2 we
et a proof of
3 3 2 2)

that is not uniform. Thus, this proof needs to be transformed before the witness
can be read. The quotient is computed durin this transformation. Thus cut
elimination is the execution process of mathematics seen as a pro rammin
lan ua e.

4. S n imin ion

cutis  roof en e wit n eimin tion
rue w ose eft remise is rove n intro uction rue ont e s me s m o
ere Tet e 14 erentc ses




F F
l_
|_
I_
= F F
|_
-
F F F
'_
|_ _—
F > =
e =
o
Fox
F( z)
'_
() 5
= I—EI
|_

roof cont ins cut if one of its su trees is cut t erwise it is cut free
t is easy to chec that cut free proofs in the empty theory are uniform.

nteemt t eor cut free roof en s wit n intro
uction ru e

roof y induction o er the hei ht of the proof. The last rule cannot be
an axiom rule, because the theory contains no axioms. f the last rule is an
elimination, then the left premise of the elimination is pro ed with a cut free
proof. ence it ends by an introduction and the proof is a cut contradictin the
fact that it is cut free.

Thus to pro e that all proofs can be transformed into uniform ones we will
pro e that all proofs can be transformed into cut free ones. To do so, we de ne
a process that eliminates cuts step by step. A cut of the form

-intro e

-

-elim

is replaced by the proof obtained this way in the proof  we suppress the
hypothesis A in all sequents, then each time the axiom rule is used with this
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proposition, we replace it with the proof . A cut of the form

-

e l-'1ntro
}_ -elim
is replaced by the proof . A cut of the form
- t
|_ l-.ln Tro
[ -ellim
is replaced by the proof . A cut of the form
F .
E -intro E
E -elim

is replaced by the proof obtained this way in the proof  we suppress the
hypothesis A in all sequents, then each time the axiom rule is used with this
proposition, we replace it by the proof . A cut of the form

E -elim

is replaced by the proof obtained this way in the proof we suppress the
hypothesis  in all sequents, then each time the axiom rule is used with this
proposition, we replace it by the proof . A cut of the form

=-intro

-

F =

=-elim
is replaced by the proof obtained this way in the proof we suppress the

hypothesis A in all sequents, then each time the axiom rule is used with this
proposition, we replace it with the proof . A cut of the form

-intro

W -elim

is replaced by the proof where the ariable z is substituted by the term ¢
e erywhere. A cut of the form

=14

F J-elim
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is replaced by the proof obtained this way in the proof , we substitute the

ariable z by the term ¢ e erywhere, then we suppress the hypothesis (t/z)A
in all sequents and each time the axiom rule is used with this proposition, we
replace it with the proof

imin te t e cuts int e roof

P(c) - P(c)
3z (P(z) = P(z))F 3z (P(z) = P(x)) N F P(c) = P(c) = 3
F 3z (P(z) = P(z)) = 3z (P(z) = P(z)) F 3z (P(x) = P(z)) N

F 3z (P(x) = P(z))

When a proof contains a cut, it is always simple to remo e it, thus the cut
elimination process is not di cult to de ne. ut remo in a cut may create
new cuts, so the main question is that of the termination of this process.

4. roofs s rms

The cut elimination process of the pre ious section is still cumbersome to ex-
press. This is due to the fact that we use a too cumbersome notation for natural
deduction proof. The oal of this section is to introduce another notation for
these proofs.

As we ha e seen, one of the ey operations in this proof transformation
process is the substitution of a ariable by a term. Another ey operation is
the followin in a proof of the sequent A , remo e the hypothesis
A in all sequents and replace the axiom rules on this proposition by a proof

of the sequent A. To be able to express smoothly this operation, it is
better to use a notation where proofs are expressed by terms containin special

ariables standin for proofs of the hypotheses. Thus to express a proof of a
sequent A A we shall rst introduce ariables standin for
proofs of the propositions A A . f isthe proposition A and the sequent
A A A is pro ed with the axiom rule, we shall write this proof
ow a proof of the sequent A is expressed by a term containin one
ariable for each proposition of and a ariable for A and the proof obtained
by remo in the hypothesis A in all sequents of and replacin the axiom rules
on this proposition by a proof  of the sequent A is simply obtained by
substitutin the proof for the ariable in

For each natural deduction rule, we introduce a function symbol. To express

a proof such as

&

E -intro

we express rst the proofs and  as terms, then we apply the function symbol
of two ar uments associated to the rule -intro to and
n the case of the rule =-intro, we transform a proof of the sequent A
into one of the sequent A = containin less hypotheses. The proof



is expressed by a term containin a ariable standin for a proof of A. This
ariable must not appear in the proof of A = . Thus the function symbol
associated to the rule =-intro must be a binder.
From now on, to simplify proofs, we shall drop the ne ation symbol
erythin wor s for the proposition A as for the proposition A = L.

e e ress roofs s terms
in n u e wit two sorts one for terms of t e t eor n t e ot er for
roof terms erms of t e t eor wi e written wit tin etters t
w ie roof terms wi e written wit  ree etters

e ¢ roof

|_
is e resse t e term
e ¢ roof
|_
15 e resse teterm were 45 MmN WU SMO
. e roof
|_
l._
18 e Tresse teterm () w ere is  function s m o of one
T ument
. e roof
F F
|_
s e resse t e term w ere is  function s m o of two
T uments
) e roof
|_
l_
is e resse tetermfst( ) n te roof
|_
’_
is e resse tetermsn () werefst n sn re functions m os of

one 1 ument



e ¢ roof

_k

I_

is e Tesse teterm () n te roof
}_

I_
s e resse teterm () were n re function s m o s of one
T ument

e ¢ roof
F F F

l_

is e resse t eterm ( ) w ere is function s m o of

t ree r uments in in one v ri e in its secon T ument m one in
its t ir
e ¢ roof
" =
F o=

15 e Tresse t e term w ere is  function s m o of one
r ument in i onev ri e in its r ument

e ¢ roof

o= F
=

}_
18 e resse t e term ( ) were is function s m o of two
T uments is term is  so sim  written ()

. e roof
|_
F oz

s e resse t e term x w ere is  function s m o of one

rument n in onewv ri e in its r ument
e ¢ roof
F oz
F( z)

s e resse teterm ( t)were s functions m o oftwo ru
ments is term is  so sim  written (1)



e ¢ roof

e
is e resse t eterm t w ere is  function s m o of two r u
ments
. e roof
F 3z - = 3
15 e resse teterm ( = ) w ere is function s m o of two

r uments n in two v ri es in its secon r ument

rite t e term ssoci te tot e roof

P(c) - P(c)
dz (P(z) = P(x)) F 3z (P(z) = P(z)) N F P(c) = P(c) = 3
F 3z (P(z) = P(z)) = 3z (P(z) = P(z)) F 3z (P(z) = P(z)) N

F 3z (P(z) = P(x))

em r (An historical note on the choice of symbols) The choice of these sym-
bols comes from a tradition due to rouwer, eytin and olmo oro ,accordin
to which

e there is only one proof of |

e there is no proof of L,

e a proof of A is an ordered pair formed with a proof of A and a proof
of ,
e a proof of A is a boolean alue to ether with a proof of A or

accordin to the alue of the boolean,

a proof of A = is a function mappin proofs of A to proofs of

a proof of z A is a function mappin any ob ect ¢ to a proof of (t/z)A,

a proof of 3z A is an ordered pair formed with a term ¢ and a proof of
(t/z)A.

em r (Types of proofs) f is a proof of under the hypothesis A then
is a proof of A = . As all proofs ha e the same sort, the proof-term

does not ha e a type, but if we wanted to i e a type to it, it would

et the type A where A is the type of proofs of A and the type of
proofs of . Thus the type of a proof would be isomorphic to the proposition
pro ed by the proof-term. This isomorphism is called Curry-de rui n- oward
isomorphism. n particular it can be pro ed that a type contains a closed term
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in the lan ua e of de nition . .2 or . .1 if and only if this type is isomorphic
to proposition that has a constructi e proof.

As proof-terms ha e no type, there are proof-terms that are proof of no
proposition. For instance, if P is a proposition symbol and a ariable standin
for a proof of P then the proof-term ( ) does not corresponds to any proof.
The natural deduction rules are now used to express which proof-terms is a a

proof of which proposition. We use a notation A A to
express that is a proof of the sequent A A where are the
names i entothe ariables of standin for proofs of the propositions A A .

The rules are the followin .

Y iom if A
T ntro
7J‘ 1 ;
() 4 em
A .
A initro
A
7o) A eim
A
sn () eim
—A mtro
() A
() 4 ntro
A A .
( ) eim
A .
A= = ntro
A= A .
( ) = em
- Am 1 intro if x ()
z A

(0 @md ™



(t/z)A

7 3 A 3 intro
dx A A o
Jeimifz ()
(z )
se uent A A is eriv einn tur e uction
if n on ift ereeists term suc t tte u ment A A

is eriv eint iss stem

The cut elimination rules can now be rephrased on the proof-terms

fst( )

sn ( )
(C) ) (/)
() ) /)
(( ) ) (/)

f P n t en

4.4 imin ion

We now want to pro e that if a proof-term is a proof of some proposition then
it is stron ly terminatin . Followin the idea of Curry-de rui n- oward iso-
morphism, this proof extends that of proposition . .1.

et A e 10 osition e e
net e set A of re uci e roof terms of A in uction over t e ei t of

A

fAis n tomic 7o ositiont en  roof term is n e ement of A if
it is stron  termin tin

roof term  is n e ement of if it is stron  termin tin

roof term is n eement of L if it is stron  termin tin

roof term is n e ement of A if it is stron  termin tin n
w en re ucesto  roof term of t e form t en is n eement
of A n is n e ement of
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. roof term is n eement of A if it is stron  termin tin n
w en re uces to  roof term of t e form ( ) res () ten
res is mneementof A res

. roof term  is e ement of A = if it is stron  termin tin n
w en re uces to roof term of t e form t en for ever in

A (/) is neementof

. roof term  is n eement of x A if it is stron  termin tin n
w en re uces to  roof term of t e form x t en for ever termt
(t/z) is n eement of (t/x)A wic iseu to A

. roof term  is n e ement of x A if it is stron  termin tin n
w en re uces to roof term of t e form t t en is n e ement
of (t/x)A wic iseu to A

ements of A re stron  termin tin

roof y de nition.

f is neementof A n t en is m eement of

A

roof y de nition.

v ri es re mem ers of A

roof y de nition.

f is n eimin tion n if for ever suc t t
A ten A
roof We rst pro e that is stron ly terminatin . et be a
reduction sequence issued from . f this sequence is empty it is nite. th-
erwise we ha e and hence  is an element of A thus it is stron ly

terminatin and the reduction sequence is nite.
Then, we pro e that if reduces to a introduction then the sub-terms belon

to the appropriate sets. et be a reduction sequence issued
from and such that is an introduction. This sequence cannot be empty
because is an elimination. Thus . We ha e A and

thus if  is an introduction the sub-terms belon to the appropriate sets.

f At ent e roof
term is stron  termun tin
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roof y lemma . .1, it is su cient to pro e that if A then the
proof-term is an element of A. ore enerally, we pro e, by induction o er
the hei ht of the proof-assi nment tree, that if A, is a substitution
mappin the term ariable to terms and is a substitution mappin some proof

ariables associated to a proposition in  to an element of , then is
an element of A .

e Axiom. f isa ariable ,wehae( A) . f isin the domain of
de nition of , then is an element of A , otherwise
is an element of A by proposition

e -intro. The proof-term has the form . We ha e . This proof-
term is normal and thus it is stron ly terminatin . ence, the proof-term
isin A.

e -intro. The proof-term  has the form where  is a proof of

some proposition  and a proof of some proposition . We ha e

. Consider a reduction sequence issued from this proof-

term. This sequence can only reduce the proof-terms and .

y induction hypothesis these proof-terms are in and . Thus the

reduction sequence is nite.

Furthermore, all reducts of ha e the form where is areduct

of and  one of . The proof-terms and arein and

by proposition . .2.

ence, the proof-term isin A.

e -intro. The proof-term has the form ( ) (resp. ( )) and is a proof

of some proposition . We ha e () (resp. ( )). Consider

a reduction sequence issued from this proof-term. This sequence can only

reduce the proof-terms .y induction hypothesis this proof-term is

an element of . Thus the reduction sequence is nite.

Furthermore, all reducts of ha e the form ( ) (resp. ( )) where

is a reduct of . The proof-term is an element of by proposition
2.

ence, the proof-term () (respecti ely (1)) is an element of A .

e =--intro. The proof-term has the form where is a proof ariable

of some proposition and a proof of some proposition . We ha e

, consider a reduction sequence issued from this proof-

term. This sequence can only reduce the proof-term .y induction

hypothesis, the proof-term is an element of | thus the reduction
sequence is nite.

Furthermore, all reducts of ha e the form where is a reduct

of . et Dbeanyproofof ,the proof-term ( /) can be obtained

by reduction from (( /) ) . y induction hypothesis, the proof-term
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((/) ) 1isanelement of . The proofterm ( /) is an element
of , by proposition . .2.

ence, the proof-term  ( ) is an element of A .

-intro. The proof-term has the form z where is a proof of some
proposition . We ha e T . Consider a reduction sequence
issued from the proof-term x . This sequence can only
reduce the proof-term .y induction hypothesis, the proof-term
is an element of | thus the reduction sequence is nite.

Furthermore, all reducts of ha e the form z where is a
reduct of . The proof-term (¢t/x) is obtained by reducin the proof-
term ((t/z) )((t/z) ) . y induction hypothesis a ain, the proof-term
((t/z) )((¢/z) ) is an element of . The proof-term (t/z) is an
element of |, by proposition . .2.

ence (x ) is an element of A .

F-intro. The proof-term  has the form ¢ , where is a proof of some

proposition . We ha e t . Consider a reduction sequence
issued from this proof-term. This sequence can only reduce the proof-
term .y induction hypothesis this proof-term is in . Thus the
reduction sequence is nite.

Furthermore, all reducts of ha e the form ¢ where is a reduct
of . The proof-term  is an element of | by proposition . .2.

ence, the proof-term t is an element of A .

L-elim. The proof-term  has the form ( ) where is a proof of L.
We ha e (). vy induction hypothesis, the proof-term

is an element of L . ence, it is stron ly terminatin . et be the
maximum len th of reduction sequences issued from this proof-term. We
pro e by induction on that () isin A. Since this proof-term is
an elimination, by proposition . . , we only need to pro e that e ery of
its one step reducts is in A . The reduction can only ta e place in

and we apply the induction hypothesis.

ence, the proof-term () is an element of A .

-elim. We only detail the case of left elimination. The proof-term  has

the form fst( ) where is a proof of some proposition A . We ha e
fst( ). yinduction hypothesis the proof-term isin A
ence, it is stron ly terminatin . et be the maximum len th of a

reduction sequence issued from this proof-term. We pro e by induction
on that fst( ) isin the set A . Since this proof-term is a elimination,
by proposition . . , we only need to pro e that e ery of its one step
reducts is in . f the reduction ta es place in then we apply the
induction hypothesis. therwise has the form and the reduct
is . y the de nition of A this proof-term is in A .

ence, the proof-term  fst( ) is an element of A .
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-elim. The proof-term  has the form ( ) where  is a proof
of some proposition and and are proofs of A. We ha e
( ).y induction hypothesis, the proof-term

is in the set , and the proof-terms and are in the

set A. ence, these proof-terms are stron ly terminatin . et , and
be the maximum len th of reduction sequences issued from these proof-
terms. We pro e by induction on that ( )

is in A . Since this proof-term is an elimination, by proposition . . |
we only need to pro e that e ery of its one step reducts is in A . f the
reduction ta es place in , or then we apply the induction
hypothesis.  therwise, if has the form ( ) (resp. ( )) and the
reductis (( /) ) (resp. (( /) ) ). ythede nition of

the proof-term  is in (resp. ). ence by induction hypothesis

/) ) (esp.(( /) ) )isin A.

ence, the proof-term ) is an element of A .

=-elim. The proof-term  has the form ( ) and  is a proof of

some proposition = A and  a proof of the proposition . We ha e

( ). vy induction hypothesis and are in the

sets = A and . ence these proof-terms are stron ly terminatin .
et  be the maximum len th of a reduction sequence issued from

and the maximum len th of a reduction sequence issued from . We

pro e by induction on that ( ) is in the set A . Since this

proof-term is an elimination, by proposition . . , we only need to pro e

that e ery of its one step reducts is in A . f the reduction ta es place in
or in then we apply the induction hypothesis. therwise

has the form and the reduct is ( /) . y the de nition of

= A this proof-term isin A .

ence, the proof-term  ( ) is an element of A .

-elim. The proof-term  has the form ( ¢) where is a proof of some
proposition =z and A (¢/z) . We ha e ( t). y induc-
tion hypothesis, the proof-term isin x . ence, it is stron ly
terminatin . et be the maximum len th of a reduction sequence issued
from this proof-term. We pro e by induction on  that ( t) is in the
set A . As this proof-term is an elimination, by proposition . . , we only
need to pro e that e ery of its one step reducts isin A . f the reduction
ta es place in then we apply the induction hypothesis. therwise
has the form z and the reduct is ( t/z) . 1y thede nition of =z
this proof-term isin A .

ence, the proof-term  ( ¢) is an element of A .
F-elim. The proof-term  has the foorm ( =z ) where is a proof

of some proposition Iz and is a proof of A. We ha e
( T ). y induction hypothesis, the proof-term is in the
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set dx  and the proof-term is in the set A . ence, these proof-
terms are stron ly terminatin . et and be the maximum len th of
reduction sequences issued from these proof-terms. We pro e by induc-
tion on that  ( x )isin A. As this proof-term is an
elimination, by proposition . . , we only need to pro e that e ery of its
one step reducts is in A . f the reduction ta es place in or
then we apply the induction hypothesis. therwise, has the form
t and the reduct is ( / )(t/z) /) @) )(t/z) )

y the de nition of 9z , the proof-term isin . Thus, by induction
hypothesis, the proof-term (( /) (¢/z) )((¢/z) ) 1isin A.

ence, the proof-term ( Z ) is an element of A.

4. rrop ori s

We ha e seen that constructi e cut free proofs in the empty theory are uniform,
and we ha e deduced the dis unction property and the witness property for the
empty theory. f course these properties do not extend to all theories, but they
extended to  rro t eories.

arrop proposition is e mne m uc
tion s fo ows

e tomic ro0 ositions n 1L re rro ro ositions

o Ais o 10 0sition

o A 18 rro o osition if A n re  rro  ro ositions

o A 1§ not rro  ro osition

e A= s rro 1o osition if s rro  TO 0Ssition

o 1 Ais rro o osition if A is rro 1o osition

e dx A is not ™0 TO 08Sition

arrop theory iés t eor w ose ioms re rro  ro 0sitions

et e rro t eor fA s constructive roof

in tenAor s roof in n t is roof is constructive fIx A s

constructive roof in  t ent ereis termt suc t t(t/x)A s  roof in
n t is roof is constructive

roof y induction o er the hei ht of the proof.
f the proofs ends with an introduction, then the result is tri ial.
The proof cannot end with an axiom because contains only arrop propo-
sitions and the conclusion is not a arrop proposition.
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f the proof ends with an elimination, then let be the conclusion of the
proof and  be the left premise of this elimination, the proof of  cannot end
with an introduction because the proof is cut free, hence it ends with an axiom
rule or an elimination, if it ends with an elimination rule, then let ~ be the left
premise of this rule, ... Thus the rule ends with a sequence of elimination rules
on propositions and is an axiom.

We pro e that at least one of the propositions is L. fit is not the
case, then the proposition is a arrop proposition because it is an element
of . et uspro ethat the proposition is also a  arrop proposition. The
proposition has been produced from with an elimination rule. This
elimination rule cannot be -elim or 3-elim because isa arrop proposition,
it cannot be 1-elim, because none of the propositions is 1. ence
it is either -elim, =-elim or -elim, thus is a arrop proposition. We
pro e this way by induction that all the propositions are arrop
propositions. ence is a arrop proposition which is contradictory.

Thus one of the propositions is 1, thus the theory is contradic-
tory, it pro es all propositions and the result is tri ial.

owt t roofs of ro ositions of t e form A n dr A
m consistent  rro t eories en wit n intro uction ru e

etP n e two 1o osition s m os t e ro osition
Fr )=F )
oes not wve constructive roofint eem t t eor

roof Assume that the proposition (P )= (P ) has a proof. et
be the arrop theory formed with the axiom (P ), the proposition P
has a proof in . Thus either the proposition P or the proposition has proof
in and it is easy to construct a model of where P is not alid and a model
of where isnot alid.

et P e ro osition s m o t e ro osition
P=P
oes not wve constructive roof int eem t t eor

roof fit had, so would the proposition. (P )= (P ).

et P e re ic te s m o of one r ument t e ro osition
( z P(z))=3z P(x)

oes not we constructive roof int eem t t eor
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roof Assume that the proposition (  z P(z)) = dx P(x) has a proof. et

be the arrop theory formed with the axiom  x P(z). Then the proposition
Jdxz  P(z) has a proof in . Thus there is a term ¢ such that the proposition

P(t) has a proof in . Consider a model  with two elements and let P hold
form the denotation of ¢ but not for the other element. This model is a model
of but not of P(t). Thus, the proposition P(t) does not ha e a proof in
which is contradictory.



t elimination in
predicate logic mod lo

We ha e seen that from the cut elimination theorem we could deduce the consis-
tency, the dis unction property and the witness property for the empty theory.

f course, not many theorems can be pro ed in the empty theory. When we
add axioms, cut free proofs need not be uniform anymore. For instance addin
the axiom Jz P(zx), allows a non uniform proof of the proposition dx P(x).
We ha e already seen that the dis unction property and the witness property
extended to arrop theories. We are now interested in other theories theories
modulo with no axioms, such as simple type theory and simple type theory with
in nity.

.1 onr n S n SsS mr riin
omi proposi ions

onsi er  con ruence e ne con uent rewrite
s stem rewritin terms to terms n  tomic ro ositions to T itr r 1o 0st
tions fA n re not tomic n A tenA n ve t e s me root

connector or u nti er

onsi er  con ruence e ne con uent rewrite

s stem rewritin terms to terms mn  tomic ro ositions to T itr v TO 0SI

tions onsi ert et eor mo uo forme wit no ioms n t e con ruence
cut free roof in t ist eor en s wit n intro uction ru e

roof y induction o er the hei ht of the proof. The last rule cannot be
an axiom rule, because there is no axiom. f the last rule is an elimination,
then the left premise of the elimination is pro ed with a cut free proof. ence
it ends by an introduction. y proposition 5.1.2, this introduction concerns
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the same connector or quanti er as the elimination rule and the proof is a cut
contradictin the fact that it is cut free.

Thus, if cut elimination holds for such a theory, then consistency, the dis-
unction property and the witness property also.

. roof s rms

roof-terms are de ned as in predicate lo ic and the reduction rules are the
same. ut the proof assi nments rules ha e to be modi ed to ta e the con ru-
ence into account.

iom if A n A

———— introif A
g teimi L
A intro if (A )
() 4 ° im if A4 )
() ¢ im if A )
7()’4 introif (A4 )
——— i (4 )
D A : ) eimif D (A
A S introif (A= )
) A = eim if A=)
. A oA introif (34 noa

T:UAt e im if (zA) n

()

(t/x)A



xz At 3 intro if (Fz A)
A z A Jeimif (3z A)
(z )
se uent A A is eriv e in n tur e
uction mo wo if n on if t ere e ists term suc t tte u ment
A A is eriv eint is s stem
f P n t en
P
. onr mp s

Cut elimination fails for ery simple rewrite systems.

e veseent tinn iveset
t eor ifwec At e roosition () or we  ve

A A
ouotisrue t e 1o osition A st e roof
()
n te roosition A sotuste ro osition L st e roof

« CnC )

is roof on re uces to itsef m t us it oes not termin te tise s to
ce t t more ener t ere re no cut free roofs of L ec use t ere mo
uniform roofs of t is ro osition

ett er is ne m eof

t eor mouot t oes not wet ecuteimin tion 710 ert e ve seen
t ttere retwo ro ositions A n m sett eor suc t t
A A
us un ert e ssum tion t e 1o osition A st e roof
(sn () )

n te roosition A ste roof

t ust e 1o osition L st e roof

(C (n () ) (sn () 1))

n

n

T

(t/z)A
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n t e ro osition st e roof
(C (sn () ) (sn () ))

tises toce t ttis roof oes nottermin te m more ener t t
t e ro osition s no cut free roof

ut e imin tion m e
ost even wit  con uent n termin tin rewrile s stem ee m eis re
ne wversion of wusse scountere m e nste oft in t e non termin tin
U e wet et etermin tin rue

( = )
w ere st n s for x( T = x) ouotisrue t e ro osition
st e roof

( @ ( ) )

n t e ro osition st e roof

C )

e ro osition L st e roof

C )
is roof on e uces to itsef n t us it oes not termin te tis e s to
c e t tmore ener t ere re no cut free roofs of L ec use t ere no
uniform roofs of t is ro osition
A4 iii n i S

et us try to characteri e some con ruences for which cut elimination holds.
We wish to use a cut elimination proof similar to that of predicate lo ic.
The main problem is that we cannot ta e the set of all stron ly terminatin
proof-terms for the set of reducible proof-terms of an atomic proposition. For
instance if P, and are three proposition symbol and we ha e the rule

P =

then a proof of P is also a proof of = and thus, to belon to P , besides
bein stron ly terminatin , a proof-term must be such that whene er it reduces

to an introduction for all proof of ,theproof ( /) belon sto
n this case we can ta e the set of all stron ly terminatin proofs for
and and the set = for P and a proof similar to that of predicate

lo ic permits to establish cut elimination modulo this rule.
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owe er, enerali in this method may be di cult when we ha e non termi-
natin rules or rules introducin quanti ers. For instance consider the proposi-
tion symbols P and  and the rule

P
de nin as P would be circular, as to now P we need to now
P and . n the same way, consider a predicate symbol P of one ar ument,
an indi idual symbol and the rule
P() z P(z)

e nin P() astheset xz P(z) would be circular as to now =z P(z) we
need to now P(t) for all terms ¢, includin
Thus we shall pro e in a rst step that cut elimination holds pro ided we
now how to assi n a set of proofs A to each atomic proposition A in such a
way that the sets of reducible proofs - de ned relati ely to these sets - of two
equi alent propositions are identical. n a second step we shall i e examples
where such sets can be constructed includin the two examples abo e and simple
type theory.
ot any set of proof-terms is a ood candidate for A . ndeed, we ha e seen
that to let the cut elimination proof o throu h we needed the sets of reducible
proofs to erify the properties of propositions . .1, . .2, .. and .. that
are used in the cut elimination proof. Thus, at least, the sets of reducible proofs
of atomic propositions must erify these properties. This leads to the followin
de nition.

set of roof terms
is reducibility candidate if

o if t en is stron  termin tin

o if n t en

. vri es eon to

e if is n eimin tion n if for ever suc t t t en

et et esetof rewciiit ¢cn i tes

Assi nin  areducibility candidate to each atomic proposition A, is equi alent
to assi n to each predicate symbol P of ar uments a function P that maps -
uples of terms to reducibility candidates. Then, we de ne the set P(¢ t)
as P(t t ). Thus we want to pro e that if we now how to assi n such a
function to each predicate symbol, in such a way that the sets of reducible proofs
de ned relati ely to these functions are such that two equi alent propositions
ha e the same set of reducible proofs, then cut elimination holds modulo this
con ruence.
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This can be enerali ed to ha e cut elimination it is su cient to assi n,
to each predicate symbol P of ar uments, a function P that maps -uples of
elements of an arbitrary set to reducibility candidates and to associate to
each term t an element ¢ of . Then we de ne P(¢ t) as P(t t ).
f the sets of reducible proofs de ned relati ely to these functions are such that
two equi alent propositions ha e the same set of reducible proofs, then cut
elimination holds modulo this con ruence.

There are many similarities between this de nition and the de nition of a
model. n particular the fact that if A then A can be read as
the alidity of the con ruence in this structure. The only di erence with the
notion of model is that the functions P do not map -uples of elements of
to truth alues or 1, but to reducibility candidates. ence such structures are
many- alued models where truth alues are reducibility candidates. We shall
call them re mo es. As we want to apply this result to many-sorted theories,
we directly i e the de nition for many-sorted predicate lo ic modulo.

. r mo
et e mn Ssorte rstorer mu e
pre-model for is iven
e for ever sort set
e for ever function s m o of rmn function  from
to
o forever reictes mo Pofrmn function P from
to
ett e term n n sst nment m  in t e free
v ri esoftof sort toeements of e eneteo ectt in uction
overt e ei toft
° (z)
o (t t) (t t )
et A e ro osition n n ssi nment m  in te
free v i es of A of sort  to eements of e eneteset A of

roof terms  in uction overt e ei tof A

. roof term  is n e ement of P(t t) ifitisin
P(t t )
. roof term  is n e ement of if is stron  termin tin

. roof term is n eement of L if is stron  termin tin



roof term  is n e ement of A if is stron  termin tin n
w en re uces to roof term of t e form t en n re
eements of A n

. roof term  is n e ement of A if is stron  termin tin n
wen re uces to  roof term of t e form () res () ten
res is meement of A res

. roof term  is e ement of A = if it is stron  termin tin n
w en re uces to roof term of t e form t en for ever in

A (/) is neementof

roof term is n eement of x A if it is stron  termin tin n
wen re ucesto  roof term of t e form x t en for ever termt
of sort ~w ere ist esortofr n ever eement of (t/z)
is mn eement of A

) roof term is n eement of x A if is stron  termin tin n
w enever 1€ uces to roof term of t e form t t ere e ists n
eement  of were ist esortofx suc t t is m eement of
A
re Mo e i re mo e of con ruence if w enever
A t en for ever ssi nment A
or ever 1o osition A n  ssi nment A is re

uct 1t cn i te

roof y induction o er the hei ht of A.
f A is an atomic proposition, A is a reducibility candidate by de nition.
f A is a composed proposition, then, by de nition, A contains only termi-
natin proof-terms. t is routine to pro e closure by reduction. t is also routine
to chec that all ariables are members of A
ow, we assume that is a an elimination and that for e ery  such that
, A . We want to pro e that isin A . Followin the
de nition of A , we rst pro ethat isstron ly terminatin and then that if
it reduces to an introduction, the sub-proofs belon to the appropriate sets.

We rst pro e that isstron ly terminatin . et be a reduc-
tion sequence issued from . f this sequence is empty it is nite. therwise we
ha e and hence  is an element of A thus it is stron ly terminatin

and the reduction sequence is nite.

Then we pro e that if reduces to a introduction then the sub-proofs belon
to the appropriate sets. et be a reduction sequence issued
from and such that is an introduction. This sequence cannot be empty
because is an elimination and hence not an introduction. Thus

. We ha e A and thus if  is an introduction the sub-proofs belon
to the appropriate sets.
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wen n 1o osition A termt n v ri
ex we wve

(t/x)A A
roof y induction on the hei ht of A.

We can now pro e the main theorem of this chapter if a system has a
pre-model then proof-terms modulo this system terminate.

et e com Tuence n e re mo e of f
At ent e roofterm is stron  termin tin

roof As A 1isareducibility candidate, it issu cient to pro e that if A
then the proof-term  is an element of A . ore enerally, we pro e, by
induction o er the hei ht of the proof-assi nment tree, that if A,

e is a substitution mappin term ariables to terms,
e is an assi nment mappin ariables to elements of the model,

e is a substitution mappin some proof ariables associated to proposition
in to an element of ,

then is an element of A

e Axiom. f isa ariable , we ha e ( ) with A. f isin
the domain of de nition of , then is an element of A,
otherwise is an element of A because A is a candidate.

e -intro. The proof-term has the form . We ha e . This proof-
term is normal, hence it is stron ly terminatin . ence, the proof-term
isin A

e -intro. The proof-term  has the form where  is a proof of

some proposition and a proof of some proposition . We ha e

. Consider a reduction sequence issued from this proof-

term. This sequence can only reduce the proof-terms and .y

induction hypothesis these proof-terms are in and . Thus the
reduction sequence is nite.

Furthermore, all reducts of ha e the form where is areduct
of and  one of . The proof-terms and  are in and
because these sets are candidates.

ence, the proof-term isin A

e -intro. The proof-term  has the form ( ) (resp. ( )) and is a proof
of some proposition . We ha e () (resp. ( )). Consider
a reduction sequence issued from this proof-term. This sequence can only
reduce the proof-terms .y induction hypothesis this proof-term is
an element of . Thus the reduction sequence is nite.



Furthermore, all reducts of ha e the form ( ) (resp. ( )) where
is a reduct of . The proof-term  is an element of because this
set is a candidate.

ence, the proof-term () (respecti ely ( )) is an element of A

=-intro. The proof-term has the form where is a proof ariable
of some proposition and a proof of some proposition . We ha e

, consider a reduction sequence issued from this proof-
term. This sequence can only reduce the proof-term .y induction
hypothesis, the proof-term is an element of , thus the reduction
sequence is nite.

Furthermore, all reducts of ha e the form where is a reduct
of . et beany proof of , the proof-term ( / ) can be obtained
by reduction from (( /) ) . vy induction hypothesis, the proof-term
(/) ) isan element of . The proof-term ( / ) is an element
of because this set is a candidate.

ence, the proof-term is an element of A

-intro. The proof-term  has the form x where is a proof of some
proposition . We ha e T

Consider a reduction sequence issued from the proof-term T .

This sequence can only reduce the proof-term . et be an element

of (where isthe sort of ). y induction hypothesis, the proof-term
is an element of , thus the reduction sequence is nite.

Furthermore, all reducts of ha e the form z where is a
reduct of . The proof-term (¢/x) is obtained by reducin the proof-
term ((¢/z) )((¢/x) ) . y induction hypothesis a ain, the proof-term
((t/x) )((t/z) ) is an element of . The proof-term (t/z) is
an element of , because this set is a candidate.

ence (x ) is an element of A

J-intro. The proof-term  has the form ¢ , A dx and is a

proof of (t/z) . We ha e t . Consider a reduction sequence
issued from this proof-term. This sequence can only reduce the proof-term
y induction hypothesis this proof-term is in (¢/z) . Thus the
reduction sequence is nite.
Furthermore, let t . Any reduct of has the form ¢ where
is areduct of . The proof-term is an element of (t/x) ,ie of
, because is a candidate.

ence, the proof-term t  is an element of A

1-elim. The proof-term  has the form () where is a proof of L.
We ha e (). vy induction hypothesis, the proof-term

is an element of 1 . ence, it is stron ly terminatin . et be the
maximum len th of reduction sequences issued from this proof-term. We
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pro e by induction on that ( )isin A . Since this proof-term is
an elimination, we only need to pro e that e ery of its one step reducts
isin A . The reduction can only ta e place in and we apply the
induction hypothesis.

ence, the proof-term ( ) is an element of A

e -elim. We only detail the case of left elimination. The proof-term

has the form fst( ) where is a proof of some proposition A . We
ha e fst( ). 'y induction hypothesis the proof-term is in
A . ence, it is stron ly terminatin . et  be the maximum

len th of a reduction sequence issued from this proof-term. We pro e by
induction on  that fst( ) is in the set A . Since this proof-term is
a elimination we only need to pro e that e ery of its one step reducts is

in . f the reduction ta es place in then we apply the induction
hypothesis. therwise has the form and the reductis . y
the de nition of A this proof-term is in A

ence, the proof-term  fst( ) is an element of A

e -elim. The proof-term has the form ( ) where  is a proof
of some proposition and and are proofs of A. We ha e

( ).y induction hypothesis, the proof-term

is in the set , and the proof-terms and are in the

set A . ence, these proof-terms are stron ly terminatin . et , and
be the maximum len th of reduction sequences issued from these proof-
terms. We pro e by induction on that ( )

isin A . Since this proof-term is an elimination we only need to pro e
that e ery of its one step reductsisin A . fthe reduction ta es place in

, or then we apply the induction hypothesis. therwise, if
has the form ( ) (resp. ( )) and the reductis ( /) (resp.
(/) ). ythede nition of the proof-term  isin (resp.

). ence by induction hypothesis (( /) ) (resp. (( /) ) )
isin A
ence, the proof-term ( ) is an element of A

e =-elim. The proof-term  has the form ( ) and  is a proof of
some proposition = A and  a proof of the proposition . We ha e
( ).y induction hypothesis and are in the sets
= A and . ence these proof-terms are stron ly terminatin .
et  be the maximum len th of a reduction sequence issued from
and the maximum len th of a reduction sequence issued from . We
pro e by induction on that ( ) is in the set A . Since
this proof-term is an elimination we only need to pro e that e ery of its
one step reducts isin A . f the reduction ta es place in or in
then we apply the induction hypothesis. therwise has the form
and the reduct is ( /) . ythe de nition of = A this
proof-term is in A
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ence, the proof-term  ( ) is an element of A

e -elim. The proof-term has the form ( t) where is a proof of some
proposition z and A (¢t/z) . We ha e ( t). y induc-
tion hypothesis, the proof-term isin =z . ence, it is stron ly
terminatin . et be the maximum len th of a reduction sequence is-
sued from this proof-term. We pro e by induction on  that ( t)
is in the set A . As this proof-term is an elimination, we only need
to pro e that e ery of its one step reducts is in A . f the reduction
ta es place in then we apply the induction hypothesis.  therwise

has the form z and the reduct is n( t/z) . y the de nition
of =z this proof-term is in for all . Thus, it is in is in
(t/z) A

ence, the proof-term  ( ¢) is an element of A

e J-elim. The proof-term has the form ( 2z ) where is a proof
of some proposition Iz and is a proof of A. We ha e
( z ).y induction hypothesis, the proof-term is in the
set dx and the proof-term is in the set A . ence, these
proof-terms are stron ly terminatin . et and be the maximum
len th of reduction sequences issued from these proof-terms. We pro e
by induction on that  ( x )isin A . As this proof-
term is an elimination, we only need to pro e that e ery of its one step
reducts is in A . f the reduction ta es place in or then we
apply the induction hypothesis. therwise, has the form ¢ and
the reduct is ( / )(t/z) (C /) @/z) (#/z) ) . y the
de nition of Jz , there exists an element  of such that the proof-
term s in . Thus, by induction hypothesis, the proof-term

(( /) (t/z) )((#/z) ) isin A ,ie in A

ence, the proof-term ( z ) is an element of A

. r mo ons r ion

f con ruence is e mne rewrite s stem or  set of
e u ities on terms ut not on 710 ositions t en it s re mo e mn  ence
roof re uction termin tes mo w o t is con ruence

roof We associate the set of stron ly terminatin proofs for all atomic propo-
sitions.

e u tion t eories re consistent ve t e is unction
ro ert n t e witness ro ert
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rewrite s stem is predicati e if no u n
ti er ersonteri t n sieof n ofits rues

re ic tive con uent mn termin tin rewrite s stems
s remo e ence Toof Te uction termin tes mo u o suc  rewrite s stem

roof vy induction o er proposition hei ht, we associate a set of proof-terms
to each each normal closed quanti er free proposition.

(A) st. ter.  if A is atomic
() st. ter.
(1) st. ter.
(A ) st. ter. = (A4) ()
A ) st. ter. ()= (A) ()=
A= ) st. ter. = A« /) ()
We de ne a pre-model as follows. et be the set of normal closed terms of
sort

(¢ t) (¢ t)
P(t t) (Pt t)) )

where A (resp. t ) is the normal form of the proposition A (resp. term ).
We pro e, by an easy induction, that A when A

For some rewrite systems, pre-models can be built by a xed point construction.

rewrite s stem is positi e if it rewrites tomic ro ositions
to ro ositions cont inin on  ositive occurrences of tomic To0 0sitions

re mo e is syntactical if

. /  w ere is t e set of c ose terms of sort
o if is functions m o ist efunctiont tm st ec sses to
tec ssoft eterm (t t)weret t re e ements of

since t e re tion is con ruence t is oes not e en of t e ¢ oice
of re resent tives

A syntactical pre-model is de ned solely by the interpretation of predicate
ariables.

et n etwo s nt ctic remo es e write P
for t e enot tion of P in n P fort e enot tion of P in
es t t if nm on iffor n reictes mo P n cose
terms t t we wve

()
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The set of syntactical pre-models is a complete lattice for the order

et e con uent n termin tin rewrite s stem ft e
s stem  is ositivet en it S re mo e ence roof re uction termin tes
mo u o

roof et  be the function mappin syntactical pre-models to syntactical
pre-models de ned by

()P t) P t)

As the system  is positi e the function is monotone. ence, as the set of
syntactical pre-models is a complete lattice, it has a xed point. This xed
point is a pre-model of the rewrite system.

et e rewrites stemsuc t t m tomic ro osition
s t most one one ste Te uct ft es stem is ositivet en it s Te
mo e ence Toof re uction termin tes mo u o

roof et  be the function mappin syntactical pre-models to syntactical
pre-models de ned by

()P t) P t)

where A is the unique one-step reduct of A if it exists and A otherwise. A ain,

since the system is positi e the function is monotone and a ain, since the

set of syntactical pre-models is a complete lattice, it has a xed point. This
xed point is a pre-model of the rewrite system.

mm et et eor S re mo e
ence roof re uction termin te in sim et et eor

roof We construct a pre-model as follows. The essential point is that we
anticipate the fact that ob ects of sort actually represent propositions, by
interpretin them as reducibility candidates.



st. ter.
L st. ter.
() st. ter. =
() st. ter. ( ()= ) | ()=
=( ) st. ter. = (/)
() st. ter. x = t of type (t/z)
3 () st. ter. t =3 ()
t is easy to chec that A when A
mm et et eor wit in nit s Te MO € ence

roof re uction termin tes in sim et et eor wit in nit

roof
1
P if then else 1
st. ter.
( OCON)
( )
() ()
()
st. ter.
L st. ter.
() st. ter. =
() st. ter. ( ()= ) ( ()=
=>( ) st. ter. = (/)
() st. ter. x = t of type (t/z)
3 () st. ter. t =3 ()
t is easy to chec that A when A

em r nthe preemodel abo e and L are interpreted by the same reducibil-
ity candidate (while in a model they are interpreted by a di erent truth alue)
hence the interpretation of is simply the constant function equal to this
candidate. Thus it is not necessary to interpret the type as and we could
also ta e



