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Preface

This is thereaderfor thecourseFormalLanguageTheoryfor Natural LanguageProcessing, taughtaspart
of ESSLLI 2001, the 13th SummerSchoolin Logic, LanguageandInformation. This course is a mild
introductionto formal language theoryfor studentswith little or no background in formal systems.The
motivation is natural language processing,andthepresentation is gearedtowardsNLP applications, with
extensive linguistically motivatedexamples.Still, mathematicalrigor is notcompromised,andstudents are
expectedto havea formal graspof thematerialby theendof thecourse.

The topics to be coveredinclude: set theory; regular languagesand regular expressions;languages
vs. computational machinery; finite stateautomata; finite statetransducers; context free grammars and
languages;theChomsky hierarchy;weakandstronggenerative capacity; andgrammarequivalence.

As this is a new manuscript, I would appreciatefeedbackaboutits suitability, clarity, correctnessand
usefulness,aswell asany errors or typos.

ShulyWintner
Haifa,October 2001
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Chapter 1

Settheory

1.1 Sets

A set is anabstract,unorderedcollectionof distinctobjects,calledmembers or elementsof theset. When
someelement � is amemberof a set � , we write ����� .

Example1.1Sets

Thesetof vowelsof theEnglishalphabet is � a, e, i, o, u � . Its members area, e, i, o andu.
Thesetof articlesin Germanis � ein,eine, einer, einem,einen,eines,der, die, das,dem,den,des� .

Setscan consistof elementsthat shareno otherproperty thanbeingmembers of the sameset: for
example, thesetcontaining theletter“a” andthenumber 17 is aperfectlyvalid set.

Setscanbeeitherfinite or infinite: thesetof lettersin theEnglishalphabet is finite. Thesetof sentences
in theEnglish language is infinite, asis thesetof oddnatural numbers.Whenasethasexactlyoneelement
it is calledasingleton. Whenasethasnomembersit is calledanemptyset. This is averyspecialset:there
is exactly one,uniqueemptyset,andwhile it might seemweird, it is a veryusefulnotion. For example, it
is agoodrepresentationfor thesetof colorlessgreenobjects.

Thereare two main ways to specify sets: by listing all their members or by specifyinga property
that all their members have (a third way, specifying a setof ruleswhich generate all the elementsof a
set,will be presented later on in this text). Listing all its elementsis the obvious way to specifya set:
� a, e, i, o, u � . Note the useof curly brackets ‘ ��� ’ around the elements.Sincesetsareunordered,the
order of elementsin somespecificationof a set is irrelevant, andhencethe following setsare identical:
� a, e, i, o, u �
	�� u, i, e, o, a � . Sincesetsarecollectionsof distinctelements,repetition of anelement does
not changethe set (asone is only interestedin whetheran element is a memberof a set, andmultiple
occurrencesdo not change this status): � a, e, i, o, u ��	
� a, a, e, i, o, o, o, u � . Theconceptof identity here
is thattwo setsareequalif andonly if they haveexactly thesamemembers.Thisalsoexplainswhy thereis
auniqueemptyset:its identity is fully determined by theabsenceof its members. Weuseaspecialsymbol,
‘ � ’ to denotetheemptyset.

Listing all theelementsof somesetis a usefulway to specifythe set,but only whenthesetis finite.
For infinite sets,someothermethodof specificationis required. Thepredicatenotationfor specifyingsets
consistsin specifying a predicatethatmusthold for all andonly themembersof theset.Thenotationuses
curly brackets,somevariable (say, ‘ � ’) followedby averticalbar(whichshould bereadas“suchthat”) and
thenthepredicate.

1



2 CHAPTER1. SETTHEORY

Example1.2Predicatenotationfor specifying sets

The set of vowels of the English alphabet canbe specifiedas ������� is a vowelof theEnglishalphabet�
(read: “the setof all � ’s suchthat � is a vowel of theEnglish alphabet”). Othersetsspecifiedsimilarly are:

������� is a bookonsyntax�
������� is a bookonsyntaxandChomsky wrote ���

������� is a word in English andthenumber of letters in � is 1 �
Theaboveexamplesall specifyfinite sets.Thefollowing areinfinite:

������� is anevennumber�
������� is a grammatical Englishsentence�

Whena set � is finite, the number of its members is called its cardinality andis denoted� ��� . The
cardinality of a finite set is a naturalnumber. Infinite setsalso have cardinalities, but they are not the
numberof theirelementsandarenotgivenby naturalnumbers.

We havealreadyseenonerelationonsets,namelyequality. Otherrelationsareuseful;in particular, we
saythataset � is asubsetof aset � if andonly if every elementof � is alsoanelementof � (whichmight
optionally containadditional elements).We denotesucha relationby ����� . We saythat � is contained
in � , or that � contains � .

Example1.3Setinclusion

� � � a, e, o �
� a, e, o � � ������� is a vowelof theEnglishalphabet�
� a, e, i, o, u � � ������� is a vowelof theEnglishalphabet�

������� is a vowelof theEnglishalphabet� � ������� is a letter of theEnglishalphabet�

Note that by definition, the emptyset‘ � ’ is a subsetof every set. Notealsothatevery setis a subset
of itself. Whenwe want to excludethis possibility, we musthave a different relation: a set � is a proper
subsetof a set � if � is a subsetof � and,additionally, � doesnot equal � . We denote this relationby
� �!� .

The union of two sets � and � is the setwhosemembers aremembers of � or of � (or of both).
Formally, theunion of � and � is denoted�#"�� andis definedas �������$��� or �����%� . Of course,if
someelement is a member of both � and � it is amemberof theunion.

Example1.4Setunion

� " � a, e, o � 	 � a, e, o �
� a, e, o � " � i, e, u � 	 � a, e, i, o, u �

������� is anEnglishvowel�&" � a, e, i, o, u � 	 ������� is anEnglishvowel�
������� is anEnglishvowel�&" ������� is anEnglishconsonant�&	 ������� is anEnglish letter�

Notethatfor everyset � , �'"���	�� and �("��)	)� . Also, if ���(� then �*"��+	)� .
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1.2. RELATIONS 3

Theintersectionof two sets� and� is thesetwhosemembersaremembersof both � and� . Formally,
theintersectionof � and � is denoted �*,-� andis definedas �������$�$� and �$����� .
Example1.5Setintersection

� , � a, e, o � 	 �
� a, e, o � , � i, e, u � 	 � e�

������� is anEnglishvowel�&, � a, e, i, o, u � 	 � a, e, i, o, u �
������� is anEnglishvowel�&, ������� is anEnglishconsonant�&	 �
������� is anEnglishletter� , ������� is anEnglishvowel� 	 ������� is anEnglishvowel�

Here,noticethattheintersectionof any setwith theemptysetyieldstheemptyset,andtheintersection
of any set � with itself yields � . If � �#� then �',-�+	�� .

Anotherusefuloperationon setsis setdifference: thedifferencebetween� and � , denoted�#./� , is
definedas �������$��� and �'0�-��� , where�10�$� means � is notamemberof � .

Example1.6Setdifference

� a, e, o � . � 	 � a, e, o�
� a, e, o � . � i, e, u � 	 � a, o �

������� is anEnglishvowel�&. � a, e, i, o, u � 	 �
������� is anEnglishletter� . ������� is anEnglishvowel�2	 ������� is anEnglishconsonant�

Finally, we definethe complementof a set � , denoted � , as all thoseelementsnot in � . In order
to definethis notion formally, we must set someuniverse of objectsthat might be referred to: it isn’t
very useful to assumethe universeof “everything”. For example, whenreasoning about languages,the
universemight be taken to be all possibleutterancesin somelanguage. Then, if the set � is definedas
������� is anutterance of 12wordsor less� , thecomplementof � is �)	3���-��� is anutterancelonger than
12words� .

1.2 Relations

Setsareunorderedcollections of elements.Sometimes,however, it is usefulto have ordered collections
of elements.We useangular brackets ‘ 465 ’ to denote orderedsequences. For example, the sequenceof
charactersin theEnglishalphabet is

4 a, b, c, d, e, f, g, h, i, j, k, l, m,n, o, p, q, r, s, t, u, v, w, x, y, z5
The lengthof a sequenceis the number of its elements;multiple occurrencesof the sameelementare
counted more than once. Sincesequences are ordered,alternating the orderof their elementschanges
the sequence. For example, 4 a, e, i, o, u570	84 u, i, e, o, a5 . Also, repetitionof an elementchangesthe
sequence: 4 a, e, i, o, u5�0	94 a, a, e, i, o, o, o, u5 . Unlike sets,theconcept of identity for sequences requires
bothidentityof elementsandidentityof theirpositionin thesequence.This impliesthattwo sequencescan
only beequalif they areof thesamelength.

A specialcaseof a sequenceis anorderedpair: a sequenceof length2. If � and � aresets,consider
the setobtainedby collectingall the pairsin which the first elementis a member of � andthe second–
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4 CHAPTER1. SETTHEORY

a member of � . Formally, sucha set is definedas �:4;�=<>�?5/���$�$� and �@���%� . This set is called the
Cartesianproduct of � and � andis denoted � A-� .

Example1.7Cartesianproduct
Let � be the set of all the vowels in somelanguage and � the set of all consonants. For the sake of
simplicity, take � to be � a, e, i, o, u � and � to be � b, d, f, k, l, m,n, p, s, t � . TheCartesianproduct �9A$�
is the setof all possibleconsonant–vowel pairs: �B4DC�<FEB5G<�4DHI<FEB5G<�4DHI<KJL5G<�4NMO<KPQ5G<�4SRT<KPU5G<�4WVX<KY�5X<�4;VX<>Z[5X<�\]\�\S� , etc.
Noticethat theCartesianproduct �+A�� is different: it is thesetof all vowel–consonant pairs,which is a
completelydifferent entity (albeit with thesamenumberof elements).TheCartesianproduct �^A�� is the
setof all possibleconsonant–consonantpairs,whereas �3A-� is thesetof all possiblediphthongs.

The Cartesianproduct is instrumental in the definition of a very powerful concept,that of relations.
When � and � aresets,a relationfrom � to � is a subsetof theCartesianproductof � and � . Formally,_

is a relationfrom � to � if andonly if
_ �`�
A�� . If

_
is a relationfrom � to � , it is a setof pairs;

whena pair 4;�=<>�?5 is in theset(i.e., when 4;�T<K�?5a� _ ), we write
_cb �T<K��d , or sometimes� _ � , andwe say

that
_

holdsfor 4;�=<>�?5 .
Example1.8Relation
Let � bethesetof all articlesin Germanand � thesetof all Germannouns. TheCartesianproduct �eAf� is
thesetof all article–nounpairs.Any subsetof thissetof pairsis arelationfrom � to � . In particular, theset_ 	g�:4;�=<>�?5h���$��� and ���$� and � and � agreeonnumber, gender andcase� is a relation. Informally,_

holdsfor all pairsof article–noun which form a grammaticalnoun phrasein German: sucha pair is in
therelationif andonly if thearticleandthenounagree.

Relationsareaspecialcaseof sets.In particular, theconcept of a“universaldomain” for relationsfrom
� to � is well defined:it is theentireCartesianproductof � and � . It is thereforepossibleto definethe
complementof a relation: if

_
is a relationfrom � to � , its complement is denoted

_
andis definedasb �3A���d=. _ , thatis, asall thosepairsin theCartesianproductthatarenotmembers in
_

.
Anotherusefulnotionis thatof theinverseof a relation.If

_
is a relationfrom � to � , thenits inverse,

denoted
_jilk

, is definedas �B4;�=<>�?5h��4;�O<K�O5m� _ � . That is, the inverseor
_

consistsof all thepairsof
_

,
eachin a reverseorder.

_�i[k
is a relationfrom � to � .

A very importantkind of relationis a function. A relation
_

from � to � is saidto befunctional if and
only if it pairseachmember���-� with exactly onememberof � .

Example1.9Function
Let � 	+� apple, banana,strawberry, grapefruit� and �g	+� green, yellow, red� . TheCartesianproduct of
� and � is thesetwhich pairseachfruit in � with eachcolor in � . Therelationwhich relateseachfruit
with its “true” color is

_ 	3�:4 apple, green5X<�4 banana,yellow5X<�4 strawberry, red5X<�4 grapefruit, yellow5n� .
Theinverseof

_
is
_%i[k 	o�B4 green,apple5G<�4 yellow, banana5X<�4 red,strawberry5G<�4 yellow, grapefruit 5X� . No-

tice that
_ci[k

no longer relatesfruit to their colors;rather, it relatescolorsto thefruits thatbearthem.
Therelation

_
is a function. Informally, this is becauseeachfruit hasexactly onecolor. Therelation

_ i[k
is nota function, sincesomecolors (e.g., yellow) arethecolorsof many fruits.

Relationsaredefined over two sets.A specialcaseof relations that is of specialinterestis relationsin
which thetwo setsareidentical.If

_
is a relationfrom a set � to itself, we saythat

_
is definedin � . We

discusssomepropertiesof suchrelationsbelow.
A relation

_
in � is reflexive if andonly if for every � �`� , � _ � , that is, if every elementin � is

relatedto itself. A relation
_

in � is symmetricif whenever � _ � also � _ � ; thatis, whenever two elements
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1.3. STRINGS 5

aremembers of
_

they arealsomembers of
_�ilk

; it is asymmetricif whenever � _ � , it implies that � _ �
doesnot hold. A relation

_
in � is anti-symmetricif whenever � _ � and � _ � we candeducethat �e	3� .

Finally, a relation
_

in � is transitiveif whenever � _ � and � _ � , also � _ � .
Example1.10Propertiesof relations
Let � bea setof humanbeings;say, thesetof residentsof Finland. Let

_ k bea relationin � , definedby
� _ k � if andonly if � and � arerelatives. In other terms,

_ k is theset �B4;�=<>�?5h��� is a relativeof �I� . The
relation

_ k is reflexive, becauseevery person is a relativeof himself; it is symmetric, becauseif I amyour
relative thenyouaremy relative; it is thereforeneitherasymmetric noranti-symmetric; andit is transitive,
sinceif � is a relativeof � and � is a relativeof � , then � is a relativeof � (through � ).
Let
_fp

betherelationdefinedby � _cp � if andonly if � is a parent of � . _cp is not reflexive, sinceit is not
thecasethatevery personis his/herown parent; it is not symmetric,sinceit is not thecasethatmy child
is my parent; in fact, it is asymmetric sincewhenever � is a parent of � , � is not a parentof � ; andit is
thereforevacuously anti-symmetric.

_%p
is not transitive: if � is a parent of � and � is a parent of � , it does

not follow that � is a parent of � . However, therelation
_@q

definedas � _
q � if andonly if � is anancestor
of � is transitive.

Sofar we have only lookedat binary relations,that is, relationsover two sets.However, it is possible
to extend this notion to morethantwo sets:for example, a ternaryrelation, or a relationover threesets,� ,
� and r , is definedasa subsetof theCartesianproductof � , � and r , that is, it is a collectionof triples,
wherethefirst elementis a member of � , thesecond– of � andthethird – of r . In thesameway we can
defines -ary relations for any naturalnumber s .

1.3 Strings

Formal languages are definedwith respectto a given alphabet. The alphabet is simply a finite set of
symbols, eachof which is called a letter. This notationdoesnot mean,however, that elementsof the
alphabet mustbe “ordinary” letters;they canbeany symbols, suchasnumbers,or digits, or words. It is
customary to use‘ t ’ to denotethealphabet. A finite sequenceof lettersis calleda string. For simplicity,
we usuallyforsake the traditionalsequencenotationin favor of a morestraight-forwardrepresentationof
strings.

Example1.11Strings

Let t
	u��vI<]w�� be an alphabet. Thenall binary numbersarestringsover t . Insteadof 4Dv?<]wx<]wx<Kv?<�w]5 we
usuallywrite vIwQw�v?w .
If t3	9��E6<FC�<Fy�<KHz<]\�\]\G<K�O<K��� is analphabet thencat, incredulousandsupercalifragilisticexpialidociousare
strings,asaretac, qqqandkjshdflkwjehr.

The lengthof a string { is the number of lettersin the sequence, andis denoted� {�� . A very special
stringis theuniquestringof length0. It is calledtheemptystring andis usuallydenoted| (but sometimes}

).
If { k and { p are two stringsover the samealphabet t , we can createa new word by writing { p

following { k . This operation is called concatenation, and is formally definedas follows: let { k 	
4;� k <�\]\]\]<>�z~z5 and { p 	�4;� k <�\]\]\]<>�Q�
5 . The concatenationof { k and { p , denoted{ k�� { p , is the string
4;� k <�\]\]\]<>�z~l<>� k <]\]\�\G<>�x�f5 . Notethatthelengthof { kz� { p is thesumof thelengthsof { k and{ p : � { kz� { p �Q	
� { k ���o� { p � . Whenit is clearfrom thecontext, we sometimesomit the‘ � ’ symbolwhendepictingconcate-
nation.
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6 CHAPTER1. SETTHEORY

Example1.12Concatenation

Let t�	���Ez<nC�<KyU<KHz<]\]\�\G<>�O<F�B� be an alphabet. Then master � mind 	 mastermind, mind � master 	
mindmaster andmaster � master 	 mastermaster. Similarly, learn � s 	 learns, learn � ed 	 learned
andlearn � ing 	 learning.

Noticethatwhentheemptystring | is concatenatedwith any string { , theresultingstringis { . Formally,
for everystring { , { � |�	)| � {`	7{ .

Wedefineanexponent operatoroverstringsin thefollowing way: for everystring { , {�� (read: { raised
to thepowerof zero) is defined as | . Then, for se�#v , { ~ is defined as { ~ ilk � { . Informally, { ~ is obtained
by concatenating { with itself s times.In particular, { k 	�{ .

Example1.13Exponent

If {)	 go, then { � 	)| , { k 	�{)	 go, {
p
	#{ k � {`	�{ � {`	 gogo, {

q
	 gogogoandsoon.

A few othernotionsthatwill beusefulin thesequel:the reversal of a string { is denoted {-� andis
obtainedby writing { in thereverseorder. Thus,if {`	34;� k <K� p <]\�\]\G<K� ~ 5 , { � 	�4W� ~ <K� ~ ilk <�\]\]\�<>� k 5 .
Example1.14Reversal

Let t(	3��E6<FC�<Ky�<FHI<�\]\]\X<K�O<K��� beanalphabet. If { is thestringsaw, then{ � is thestringwas. If {`	 madam
then {f��	 madam	7{ . In this casewesaythat { is apalindrome.

Givenastring { , asubstringof { is asequenceformed by takingcontiguoussymbols of { in theorder
in which they occurin { . If {+	94;� k <]\]\�\]<K� ~ 5 thenfor any JF<�� suchthat wj�)J/�#���)s , 4;���><�\]\]\K����5 is a
substringof { . Anotherwayto definesubstrings is by sayingthat {�� is asubstringof { if andonly if there
exist (possiblyempty) strings {�� and {/� suchthat {^	+{/� � {/� � {�� . Two specialcasesof substringsare
prefixandsuffix: if {`	7{�� � {/� � {h� then {h� is a prefixof { and {�� is a suffix of { . Notethateveryprefix
andeverysuffix is a substring, but notevery substring is aprefixor asuffix.

Example1.15Substrings

Let t`	^��Ez<nC�<KyU<KHz<]\]\�\X<>�O<K�?� beanalphabet and {+	 indistinguishablea stringover t . Then | , in, indis,
indistinguishandindistinguishableareprefixesof { , while | , e, able, distinguishableandindistinguishable
aresuffixes of { . Substringsthatareneitherprefixesnorsuffixesincludedistinguish,gui andis.

1.4 Languages

Givenanalphabet t , thesetof all stringsover t is denotedby t%� (thereasonfor thisnotationwill become
clearpresently). Noticethatnomatterwhatthealphabet is, tc� is alwaysinfinite. Evenfor animpoverished
alphabetthatconsistsof asingleletteronly, say t!	 ��EI� , t�� containsthestringsE?��	�| , E k 	)E , E

p
	�E:E ,

etc.,andin general for every M$�)v thestring E�� is in th� . Sinceonecannot imposea bound on thelength
of astringin t�� , it is impossibleto bound thenumberof its elements,andhencet�� is infinite.

A formal language over analphabet t is simply a subsetof tj� . Any subset,beit finite or infinite, is a
language.Since t�� is alwaysinfinite, thenumber of its subsetsis alsoinfinite. In otherwords,givenany
alphabet t , evenanextremely impoverishedalphabetconsistingof a singlecharacter, thereareinfinitely
many formal languagesover t ! Somepossible(formal) languagesover a “natural” alphabet aredepicted
in thefollowing example.
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1.4. LANGUAGES 7

Example1.16Languages

Let t�	+� a, b, c, \�\]\ , y, z� . Then t
� is thesetof all stringsover theLatin alphabet. Any subsetof this set
is a language. In particular, thefollowing areformal languages:

� t � ;
� thesetof stringsconsistingof consonantsonly;

� thesetof stringsconsistingof vowelsonly;

� thesetof stringseachof whichcontains at leastonevowel andat leastoneconsonant;

� thesetof palindromes:stringsthatreadthesamefrom right to left or from left to right;

� thesetof stringswhoselengthis lessthan17 letters;

� thesetof single-letterstrings;

� theset � i, you, he, she, it, we, they� ;
� thesetof wordsoccurring in Joyce’s Ulysses;

� theemptyset;

Notethatthefirst five languagesareinfinite while thelastfivearefinite.

We cannow “lift” someof the stringoperations definedabove to languages. If � is a languagethen
the reversal of � , denoted � � , is the language ��{���{ � ����� , that is, thesetof reversed � -strings.Con-
catenationcanalsobelifted to languages:if � k and � p arelanguages,then � k�� � p is thelanguagedefined
as ��{ km� { p ��{ k �$� k and { p ��� p � : theconcatenationof two languagesis thesetof stringsobtainedby
concatenatingsomewordof thefirst languagewith somewordof thesecond.

Example1.17Languageoperations

Let � k 	 � i, you,he, she, it, we, they � and � p 	 � smile, sleep� . Then � k � 	�� i, uoy, eh,ehs,ti, ew, yeht�
and � k � � p 	g� ismile, yousmile, hesmile, shesmile, itsmile, wesmile, theysmile, isleep,yousleep, hesleep,
shesleep,itsleep,wesleep,theysleep� .

In thesameway we candefinetheexponent of a language: if � is a languagethen ��� is the language
containing theemptystringonly, ��|�� . Then, for J��#v , � � 	�� � � � i[k , thatis, � � isobtainedbyconcatenating
� with itself J times.

Example1.18Languageexponentiation

Let � be the set of words � bau, haus,hof, frau� . Then ���
	���|�� , � k 	�� and �
p
	�� baubau,

bauhaus, bauhof, baufrau, hausbau, haushaus,haushof, hausfrau, hofbau, hofhaus, hofhof, hoffrau,
fraubau,frauhaus,frauhof, fraufrau� .

Sometimesit is useful to consider not a particular number of concatenations,but “any” number. Infor-
mally, given a language � onemight want to considerthelanguage obtained by concatenatingsomeword
of � with someotherword of � , thenconcatenatingthe resultwith yet another word, andso on andso
forth. Thelanguageobtainedby consideringany numberof concatenationsof wordsfrom � is calledthe
Kleeneclosure of � andis denoted�f� . Formally, it is definedas �j �¢¡ � �

� , which is a tersenotation for the
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8 CHAPTER1. SETTHEORY

unioning of �h� with � k , thenwith �
p
, �
q

andsoon ad infinitum. Whenonewantsto leave �
� out, one
writes ��£1	o�c �¢¡ k � � .
Example1.19Kleeneclosure

Let �'	 � dog, cat� . Observethat � � 	 ��|�� , � k 	o� dog, cat� , �
p
	 � catcat,catdog, dogcat, dogdog� , etc.

Thus ��� contains,amongits infinite setof strings,thestrings | , cat, dog, catcat,catdog, dogcat, dogdog,
catcatcat,catdogcat,dogcatcat,dogdogcat, etc.
As anotherexample, considerthealphabett�	
��Ez<nC�� andthelanguage �!	
��Ez<nC�� definedover t . �-� is
thesetof all stringsover E and C , which is exactly thedefinitionof t%� . Thenotationfor t
� shouldnow
becomeclear:it is simplyaspecialcaseof ��� , where�'	ot .

Further reading

Most of thematerialpresentedin this chaptercanbe found in any introductory textbook on settheoryof
formal languagetheory. A very formal presentationof thismaterialis given by Hopcroft andUllman(1979,
chapter1). Justasrigorous,but with aneyeto linguistic usesandapplications, is thepresentationof Partee,
terMeulen,andWall (1990, chapters1–3).
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Chapter 2

Regular languages

2.1 Regular expressions

A formal languageis simply a setof strings,a subsetof t � , andwe have seena varietyof languagesin
thepreviouschapter. As languagesaresets,they canbespecifiedusingany of thespecificationmethods
for setsdiscussedin section1.1. However, whenlanguagesarefairly regular, they canbe characterized
by moreregular means.In otherwords,if the languagesoneis interestedin arenot arbitrarily complex, a
formalandsimplemeans of specifying themcanbemoreusefulthanthegeneral, ratherinformal predicate
notation. For example, suppose t is an alphabet, say t�	¤��Ez<nC�� , andsupposeonewantsto specifythe
languagethatcontains all andonly thestringswhich startwith three E ’s andendin three C ’s. Thereis an
infinite numberof suchstrings,of course,andtherefore anenumerationof themembersof thelanguageis
notanoption.In predicatenotation, this languagecanbedescribedas ��{3��{3�$t � and{ startswith “ EBEBE ”
andendswith “ CGCGC ” � . However, this is nota formalnotation, andwheninformal specificationareused,one
runs therisk of vagueandambiguousspecifications.It is advantageous,then,to haveamoreformal means
for specifyinglanguages.

We now presentsucha formalism,called regular expressions. It is a meta-language:a languagefor
specifying formal languages.Its “syntax” is formally definedandis relatively simple. Its “semantics”will
besetsof stringsin aformal language. Theformalismdefines regularexpressions:formalexpressionsover
somealphabet t , augmentedby somespecialcharacters.It alsodefinesamapping, calleddenotation, from
regular expressionsto setsof stringsover t . In otherwords,every well-formedregularexpressiondenotes
asetof strings,or a language.Regularexpressionsover analphabet t aredefinedasfollows:

� � is a regular expression

� | is a regularexpression

� if E@�$t is a letterthen E is a regular expression

� if ¥ k and ¥ p areregularexpressionsthensoare
b ¥ k ��¥ p d and

b ¥ k�� ¥ p d
� if ¥ is a regular expressionthensois

b ¥Ud��
� nothing elseis a regularexpressionover t .

Example2.1Regularexpressions

Let t bethealphabet � a, b, c, \]\�\ , y, z� . Someregular expressionsover this alphabetare � , E , bKb y � E�d � V>d ,b>bKb;¦ � Y�d � b PUd � d � {�d , b Ea� b Ym� b J[� b Ph�'Z[d>d>dKd , bKb E
� b Ym� b J[� b Ph�'Z[d>d>dKd>d � , etc.

9



10 CHAPTER2. REGULARLANGUAGES

Now that the form of regular expressionsis defined, we can definetheir meanings. For every regular
expression¥ its denotation,[[ ¥ ]], is a setof stringsdefinedasfollows:

� [[ � ]] is theemptyset �
� [[ | ]] is thesingletonsetcontaining theemptystringonly: ��|��
� if E@�$t is a letterthen[[ E ]] is thesingletonsetcontaining E only: ��Ez�
� if ¥ k and ¥ p are two regular expressionswhosedenotationsare [[ ¥ k ]] and [[ ¥ p ]], respectively, then

[[
b ¥ k �*¥ p d ]] is [[ ¥ k ]] " [[ ¥ p ]] and[[

b ¥ k � ¥ p d ]] is [[ ¥ k ]] � [[ ¥ p ]]
� if ¥ is a regular expressionwhosedenotationis [[ ¥ ]] thenthedenotationof

b ¥�dI� is [[ ¥ ]] �

Example2.2Regularexpressionsandtheirdenotations
Following arethedenotationsof theregularexpressionsof thepreviousexample:

� �
| ��|��
E ��Ez�b>b y � E�d � V>d ��y � E � Vn�b>bKb;¦ � Y�d � b PUdF��d � {�d � mew, meow, meoow, meooow, meoooow, \]\�\S�b Ea� b Y�� b J[� b P/��Z[d>dKd>d ��E6<KY:<>Jn<FPB<>Z[�b>b E
� b Yh� b JO� b P/�'ZOdKd>d>dKd � thesetcontainingall stringsof 0 or morevowels

Regularexpressionsareusefulbecausethey enable ustospecifycomplex languagesin aformal, concise
way. Of course,finite languagescanstill bespecifiedby enumeratingtheirmembers;but infinite languages
aremucheasierto specifywith a regular expression,asthelastinstanceof theabove example shows.

For simplicity, we will omit the parenthesesaround regular expressionswhen no confusion can be
caused.Thus,theexpression

b>b Ef� b Y�� b J6� b Ph�1Z[d>d>dKd>d�� will bewrittenas
b E
��Y���J6��Ph�1Z[dn� . Also, if

t(	 ��E k <FE p <]\�\]\�<KE ~ � , we will use t asa shorthandnotation for E k �*E p � �]��� �'E ~ . As wasthecasewith
stringconcatenationandlanguageconcatenation,wesometimesomit the‘ � ’ operator in regular expressions,
sothattheexpressiony � E � V canbewrittencat.

Example2.3Regularexpressions
To exemplify thepower andexpressivenessof regular expressions, we presentherea few expressions de-
noting rathercomplex languages.
Giventhealphabetof all Englishletters,t#	���E6<FC�<Ky�<�\]\]\X<K�O<K��� , thelanguage tj� is denotedby theregular
expression t�� (recall our conventionof using t as a shorthand notation). The set of all stringswhich
contain a vowel is denoted by t � � b E��7Yf�#J��#Pa�#Z[d � t � . Thesetof all stringsthatbegin in “un” is
denotedby

b Z6sTdKtf� . Thesetof stringsthatendin either“ tion” or “sion” is denotedby t�� � bN§ �'V>d � b JLP�sTd .
Notethatall theselanguagesareinfinite.

Whatlanguagescanbeexpressedasthedenotationsof regular expressions?This is animportantques-
tion which we will discussin detail in section4.2. For the time being, suffice it to say that not every
languagecanbethusspecified.Thesetof languageswhich canbeexpressedasthedenotationof regular
expressionsis calledregular languages. It is a mathematical fact thatsomelanguages,subsetsof t�� , are
not regular. We will encountersuchlanguagesin thesequel.
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2.2. PROPERTIESOF REGULAR LANGUAGES 11

2.2 Propertiesof regular languages

We have definedthe classof regular languagesabove as the classof languagesthat canbe specifiedby
regular expressions.It is importantto notethatthis is a setof languages,that is, a setof setsof strings.In
thissectionwediscusssomepropertiesof thisclassof languages.Thiswill berelatedto adiscussionof the
expressivenessof this class,whichwe deferto section4.2.

Whenclassesof languagesarediscussed,someof theinterestingpropertiesto beinvestigatedareclo-
sureswith respectto certainoperators. Recallfromsection1.4thatseveral operators,suchasconcatenation,
union, Kleene-closure etc.,aredefinedover languages. Givena particular operation, sayunion, it is inter-
estingto know whetherthe classof regular languagesis closedunder this operation. Whenwe saythat
regular languagesareclosedunderunion, for example, we meanthatwhenever we take theunion of two
regular languages,theresult– whichis alanguage– is guaranteedto bearegular language. Moregenerally,
a classof languages̈ is saidto beclosedundersomeoperation ‘ � ’ if andonly if whenever two languages
� k , � p arein theclass( � k <F� p ��¨ ), alsotheresultof performing theoperationon thetwo languagesis in
thisclass: � k � � p ��¨ .

Closurepropertieshave a theoretical interestin andby themselves,but they areespeciallyimportant
whenoneis interestedin processinglanguages.For example, if we have anefficient computationalimple-
mentation for regular languages(say, onewhich could tell us whethera givenstring indeedbelongs to a
given language),andwe know thatcertainlanguagesareregular, thenwe canfreely usetheoperatorsthat
theregular languagesareclosedunder, andstill preservecomputationalefficiency in processing.At amore
concretelevel, supposewe have a part-of-speechtagger: a programthatdeterminesthepartof speechof
eachwordin arunning text, whenthewordsaremembersof someregularlanguage. Supposewenow want
to extendthelanguage sothatthecoverageof thetaggeris improved.We cansimply testour taggeron the
languageextension: thosewordsthatarenot in theoriginal language.Assumingthat this is alsoa regular
language,andassumingthattheregular languagesareclosedunderunion, we cansimply take theunionof
thetwo languages:theoriginal oneandits extension, andthetaggershouldbeableto copeefficiently with
thisnew language,asit is guaranteedto beregular.

Whatoperations,then,aretheregularlanguagesclosedunder? It shouldbefairly easyto seethatthey
areclosedunderunion, concatenationandKleene-closure.Sinceany regular language,by definition,is the
denotationof someregularexpression,whenever we have a regular languagewe canreferto someregular
expression(perhapsnotunique) of which it is thedenotation. Thus,whengiven two regular languages,� k
and � p , therealwaysexist two regular expressions,¥ k and ¥ p , suchthat [[ ¥ k ]] 	©� k and[[ ¥ p ]] 	ª� p . It
is therefore possibleto form new regular expressions basedon ¥ k and ¥ p , suchas ¥ k � ¥ p , ¥ k �!¥ p and ¥x�k .
Now, by thedefinitionof regular expressionsandtheir denotations,it follows thatthedenotation of ¥ k�� ¥ p
is � k�� � p : [[ ¥ k�� ¥ p ]] 	�� k/� � p . Since ¥ k/� ¥ p is a regular expression, its denotation is a regular language,
andhence� kf� � p is a regular language. Since � k and � p arearbitrary(regular) languages,the logical
processoutlinedabove is valid for any two regular languages:hencetheregular languagesareclosedunder
concatenation.In exactly the sameway we canprove that the classof regular languagesis closedunder
union andKleene-closure.

Of course,thefactthattheregular languagesareclosedundersomeoperationsdoesnot imply thatthey
areclosedunderany operation. However, oneof the reasonsfor the attractivenessof regular languages
is that they areknown to be closedundera wealthof usefuloperations: intersection, complementation,
exponentiation, substitution,homomorphism, etc. Thesepropertiescomein very handy both in practical
applications thatuseregular languagesandin mathematicalproofs thatconcernthem. For example, there
exist severalextendedregular expressionformalismsthatallow theuserto expressregular languagesusing
not only the threeoperators thatdefineregularexpressions, but alsoa wealthof otheroperators (that the
classof regular languagesis closedunder). It is worthnoting thatsuch“good behavior” is notexhibitedby
more complex classesof languages,suchasthecontext-freelanguagesthatwe will meetin chapter 3. See
section3.7for more details.
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12 CHAPTER2. REGULARLANGUAGES

2.3 Finite-stateautomata

In the previouschapterwe presentedformal languagesasabstractentities: setsof stringsof letterstaken
from somepredefinedalphabet. In section2.1 we presenteda meta-language, regular expressions,which
is a formalism for specifyinglanguages. We also definedthe set of languagesthat can be denotedby
regular expressions,namelythe setof regular languages. This sectionis dedicatedto a different take on
languages:we presentlanguagesasentitiesgeneratedby a computation. This is a very common situation
in formal languagetheory: many language families(suchastheclassof regular languages)areassociated
with computing machinery that generatesthem. The dual view of languages(asthe denotation of some
specifying formalismandastheoutput of a computationalprocess)is centralin formal languagetheory.

Thecomputationaldevice we definein this sectionis a very simpleone. Theeasyway to envision it
wouldbeto think of afinite setof states, connectedby afinite numberof transitions. Eachof thetransitions
is labeledby a letter, takenfrom somefinite alphabet, andwe will continue to use t for thealphabet.A
computationstartsatadesignated state,thestart stateor initial state,andit movesfrom onestateto another
alongthe labeledtransitions.As it moves, it prints the letter which labelsthe transition. Thus,duringa
computation,a stringof lettersis printedout. Now someof thestatesof themachinearedesignatedfinal
states,or accepting states.Whenever thecomputation reachesa final state,thestring thatwasprintedso
far is saidto beaccepted by themachine. Sinceeachcomputationdefinesa string, thesetof all possible
computationsdefinesa setof strings,or in otherwords,a language. We saythatthis languageis accepted
or generatedby themachine.

Thecomputationaldeviceswe definehereessentiallycontain a finite numberof states.Therefore,they
are called finite-stateautomata. In order to visualizefinite-stateautomatawe will usually depict them
graphically. Thestateswill bedepictedascircles; the initial statewill beshaded,andwill usuallybe the
leftmost (or, sometimes,topmost) statein the picture; the final stateswill be depictedby two concentric
circles.Thetransitionswill bedepictedasarcsconnecting thecircles,with thelabelsplacednext to them.
Thealphabetwill usuallynot be explicitly given: we will usuallyassumethat the alphabet is simply the
collectionof all thelettersthatlabelthearcsin anautomaton.

Example2.4Finite-stateautomaton
The following automatonhasfour states: « � <K« k <K«

p
and « q . It hasfour arcs: one,labeled y , connects « �

with « k ; thesecond, labeledE , connects « k with « p ; andtheothertwo, labeledV and ¥ , connect « p with « q .
Theinitial stateis « � , which is shadedanddepictedastheleftmoststate,andtheonly final stateis « q , asis
evident from thedouble circle.

« � « k « p « qy E
V
¥

The above presentationof finite-stateautomatawasratherintuitive andinformal. Formally, a finite-
stateautomaton is a five-tuple, or a sequence of five elements.Thefirst elementis a finite setof states;it
is customary to use ¬ for this set. Thenext elementis analphabet, or a finite setof letters,andwe use t
asusualfor this set.Then,thethird elementis thestartstateof theautomaton, whichmustof coursebean
element in ¬ ; we use « � for this state.Thefourthelement,usually ­ , is a relationfrom statesandalphabet
symbols to states.Finally, thelastelement,® , is asetof final states,sothat ®+�#¬ . Thus,anautomaton �
is writtenas 4D¬j<Xt�<K« � <F­�<K®a5 .
Example2.5Finite-stateautomaton

The finite-stateautomaton of example 2.4 canbe formally written as �¯	°4D¬j<Xt�<K« � <F­�<K®a5 , where ¬±	
��« � <K« k <F«

p <F« q � , t!	 ��y�<KE6<>VX<K¥:� , ® 	 ��« q � and ­
	3�:4D« � <KyU<K« k 5X<�4W« k <KE6<F«
p 5G<�4D« p <KVX<K« q 5X<�4W« p <K¥�<K« q 5X� .
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2.3. FINITE-STATE AUTOMATA 13

Now that automataareformally defined, we candiscussthe way by which they generate,or accept,
languages.Informally, whenlooking at a graphical depictionof anautomaton,onecanconstructa “path”
by startingin theinitial state,moving alongthetransitionarcs(in thedirectionindicatedby thearrows)and
reaching oneof thefinal states.Duringsucha journey, thesequenceof lettersthat labelthearcstraversed,
in theorder in which they weretraversed, constitutesa string,andthis string is saidto beacceptedby the
automaton.

To capture this notionformally, we first extendthetransitionrelationfrom singlearcsto “paths”. For-
mally, wedefinethereflexivetransitiveextensionof thetransitionrelation ­ asanew relation, ²­ , fromstates
andstringsto states.Theextendedrelationis definedasfollows: first, for every state«���¬ , ²­ b «B<K|�<K«Ud holds.
In otherwords, theemptystringcanleadfrom eachstateto itself, but nowhereelse.In addition, if acertain
string { labelsthepathfrom theinitial stateto somestate« , andthereis anoutgoing transitionfrom « to
«�³ labeledE , thenthestring { � E labelsapathfrom theinitial stateto «z³ . Formally, for every string { ��t �
andletter E@�$t , if ²­ b «B<K{�<K« ³ d and ­ b « ³ <KE6<K« ³ ³ d then ²­ b «B<>{ � E6<F« ³ ³ d .

Example2.6Paths

For thefinite-stateautomatonof example 2.4, ²­ is thefollowing setof triples:

4D« � <K|�<K« � 5X<�4W« k <F|�<F« k 5X<�4D«
p <K|�<K« p 5X<�4W« q <F|�<F« q 5X<�4D« � <Ky�<F« k 5X<�4D« k <KE6<K«

p 5G<�4W« p <KVX<K« q 5X<�4W« p <>¥�<F« q 5X<
4D« � <KyGE6<K«

p 5G<�4W« k <FE:VX<K« q 5X<�4W« k <KE:¥�<F« q 5G<�4D« � <KyGE:VX<K«
q 5G<�4W« � <FyGE:¥�<K«

q 5
Notethatthemiddleelement of eachtriple is a string,ratherthana letteraswasthecasewith ­ .

A string { is acceptedby anautomatonif andonly if thereis a pathlabeled{ which leadsfrom the
initial stateto any of the final states. Formally, we write {°�3� b ��d andsay that { is accepted by the
automaton �©	¯4D¬%<K« � <nt�<F­�<K®a5 if andonly if thereexists a state «Q´'�#® suchthat ²­ b « � <>{fd�	©«�´ . The
languageacceptedbya finite-stateautomaton is thesetof all stringsit accepts.

Example2.7Languageacceptedby anautomaton
Theautomaton of example 2.4acceptsexactly two strings:cat, alongthepath « �/µ « k µ «

p
µ «
q
, andcar,

alongthesamepath(albeitwith a differentfinal transition). Therefore,its languageis � cat,car � .

Automataarecomputationaldevicesfor computinglanguages,andsoanautomatoncanbeviewedasan
alternativedefinitionfor a language.In example2.8(page14)wepresentanumberof automatagenerating
somelanguageswe encounteredin this chapter.

Weintroducetheconventionof writing ‘?’ for “any characterof t ” in example 2.8.Anotherconvention
we will usein subsequent examplesof automata would be to label a singletransitionby more thanone
symbol, insteadof drawing severaltransitions betweenthetwo nodes,eachlabeledby oneof thesymbols.

We now slightly amend the definition of finite-stateautomatato include what is called | -moves. By
ouroriginal definition,thetransitionrelation ­ is a relationfrom statesandalphabet symbolsto states.We
now extend ­ : thetransitionrelationis now definedoverstates,but ratherthanalphabetsymbols, its second
coordinateis now te"e��|�� , thatis, any arcin anautomatoncanbelabeledeitherby somealphabet symbol
or by thespecialsymbol | , whichasusualdenotestheemptyword. Theimplicationis thatwhile traversing
theautomaton, onecantransitfrom onestateto anotherwithout printing outany symbol,or in otherwords,
thata word { canbeacceptedby theautomatonby traversingmorearcsthanthenumberof charactersin
{ . It is possibleto show that for every finite-stateautomatonwith | -transitionsthereexistsanequivalent
finite-stateautomaton(accepting thesamelanguage)without | -moves.
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14 CHAPTER2. REGULARLANGUAGES

Example2.8Somefinite-stateautomata
We startwith an automatonwhich acceptsno string at all, that is, which generatesthe emptylanguage.
This automatonhasa singlestate,which by definitionhasto bethe initial state,so ¬©	ª��« � � . Sincewe
don’t want the automaton to accept any string, no final statesarenecessary, andhence®¶	u� . For the
samereason,no transitions arerequired,andthus ­a	)� aswell. Graphically, this automatonis depictedas
follows:

« �
Sincethereareno final states,for no string { does thereexist a state «?´���® suchthat ²­ b « � <>{�<F«�´Bd is
defined, andhencethelanguageacceptedby theautomaton is empty.
Now consider thelanguagewhichconsistsof a singlestring, E . An automaton whichacceptsthis language
musthaveat leastoneacceptingstate,andindeedonesuchstatesuffices.Theremustbeatransitionlabeled
E leadingfrom theinitial stateto thissinglefinal state.A finite-state� whoselanguage � b �fd is ��Ez� is:

« � « kE

Whatif wewantedanautomaton to accepta languageof onestringonly, but wewantedtheacceptedstring
to betheemptystring?In otherwords,whatwouldanautomaton� look like when � b �fd·	 ��|�� ? Again,a
singlefinal stateis required, but sincewe wantthemachine to accepttheemptystring,thefinal statemust
coincide with theinitial state.No transitionsarenecessary, aswe don’t want theautomaton to acceptany
otherstring.Hereit is:

« �
Notethedifferencefrom thefirst automaton in this example.
Next, consider an automaton the language of which consistsof the set of stringsof one or more ‘ E ’s:
� a, aa,aaa, aaaa <�\]\]\¢� . We needto provide pathsfrom theinitial stateto a final statelabeledby E , by aa,
aaa, etc.,andthenumberof pathsmustbeinfinite. But sincefinite-stateautomatahave a finite numberof
states,anexhaustive enumerationof thesestatesis impossible.Instead,onecouldusea finite numberof
statesin an infinite number of paths: this canbe achieved using loops, or circular paths. The following
automatonhasonly two statesandonly two transitions,but the language it generates is infinite. This is
becausethetransitionthat leadsfrom « k to itself canbetraversedaninfinite number of times. Since « k is
a final state,it canbereachedin infinitely many differentways: by walking thepath E , or by walking the
pathaa, or aaa, andsoon,adinfinitum. Thelanguageit acceptsis therefore therequiredone.

« � « kE E
Similarly, anautomaton for accepting thelanguageof zeroor moreoccurrencesof E wouldbe:

« � E
Whatwill anautomatonacceptingta� look like? We canusea conventionby which thewildcardsymbol
‘?’ standsfor any character of t , anddepicttheautomatonasfollows:

« � ¸
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2.4. MINIMI ZATION AND DETERMINIZATION 15

Example2.9Automatawith | -moves

Thelanguageacceptedby thefollowing automatonis � do,undo, done, undone� :
« � « k « p « q «]¹ «�º «�»Z s H P s Y

| |
Note that in orderfor the automatonto accept,say, undo, an acceptingpathmusttraversethe | -arc that
connects« ¹ with « » . While traversingthisarc,nosymbol is read(or generated):the | is takento denotethe
emptyword,asusual.

Finite-stateautomata,just like regular expressions,aredevicesfor definingformal languages.As was
thecasewith regular expressions,it is interestingto investigatetheexpressivenessof finite-stateautomata.
Interestingly, it is a mathematical fact that theclassof languageswhich canbegeneratedby somefinite-
stateautomatonis exactlytheclassof regular languages.In otherwords,any languagethatis thedenotation
of someregular expressioncanbegeneratedby somefinite-stateautomaton,andany languagethatcanbe
generatedby somefinite-stateautomatonis thedenotationof someregular expression.Furthermore,there
aresimpleandefficient algorithms for “translating” a regular expressionto an equivalent automatonand
viceversa.

Example2.10Equivalenceof finite-stateautomataandregular expressions
For eachof theregularexpressionsof example 2.2we depictanequivalentautomatonbelow:

� « �
E « � « kE

bKb y � E�d � V>d « � « k « p « qy E V

bKb>bW¦ � Y�d � b PUdK��d � {�d « � « k « p « q
¦ Y

P

{

b E
� b Y�� b JO� b P/�'ZOdKd>d>d « � « kE6<KY:<>Jn<KPB<KZ

bKb Ea� b Ym� b Jl� b P/��Z[d>dKd>d>dF� « � E6<KY:<KJF<FPB<>Z

2.4 Minimization and determinization

Thefinite-stateautomatapresented above arenon-deterministic. By this we meanthatwhenthecompu-
tationreachesa certainstate,thenext stateis not uniquely determined by thenext alphabet symbolto be
printed.Theremightverywell bemorethanonestatethatcanbereached by a transitionthatis labeledby
somesymbol. This is becausewedefinedautomatausingatransitionrelation, ­ , whichis notrequiredto be
functional. For somestate« andalphabet symbol E , ­ might includethe two pairs 4W«B<FEz<F« k 5 and 4W«B<KE6<F« p 5
with « k 0	©« p . Furthermore, whenwe extended ­ to allow | -transitionswe added yet another dimension
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16 CHAPTER2. REGULARLANGUAGES

of non-determinism: whenthemachine is in a certainstate« andan | -arc leaves « , thecomputationmust
“guess” whether to traversethisarc.

Much of theappeal of finite-stateautomatalies in their efficiency; andtheir efficiency is in greatpart
dueto thefactthat,given somefinite-stateautomaton � anda string { , it is possibleto determinewhether
or not {o�$� b ��d by “walking” thepathlabeled{ , startingwith theinitial stateof � , andchecking whether
the walk leadsto a final state. Sucha walk takestime that is proportional to the lengthof { . But when
automataarenon-deterministic,an elementof guessingis introduced,which might very well impair the
efficiency: no longeris therea singlewalk along a singlepathlabeled { , andsomecontrol mechanism
mustbeintroducedto checkthatall possiblepaths aretaken.

Thegoodnews is thatnon-determinism worksfor us: it is sometimesmucheasierto construct a non-
deterministic automaton for somelanguage. And we canrely on two very important results:every non-
deterministic finite-stateautomatonis equivalenttosomedeterministic one; andevery finite-stateautomaton
is equivalent to onethathasa minimum number of nodes,andtheminimal automatonis unique. We now
explain thesetwo results.

First, it is important to clarify what is meantby “equivalent”. We saythat two finite-stateautomata
areequivalent if andonly if they acceptthe samelanguage: every string that is acceptedby oneof the
automatais acceptedby theother. Notethattwo equivalentautomatacanbeverydifferent from eachother,
they canhavedifferent numbersof states,differentacceptingstatesetc.All thatcountsis thelanguagethat
they generate.In the following example andin future ones,we suppressthe identitiesof thenodeswhen
depicting automata.

Example2.11Equivalentautomata

Thefollowing threefinite-stateautomata areequivalent: they all accepttheset � go,gone, going� .

� k

s ¼J
¼ P s Y

� p
¼ P J s ¼
¼ P s Y
¼ P

� q
¼ P J s ¼

s Y |
||

Notethat � k is deterministic: for any stateandalphabetsymbolthereis atmostonepossibletransition. � p
is not deterministic: theinitial statehasthreeoutgoing arcsall labeledby ¼ . Thethird automaton, � q , has
| -arcs andhenceis not deterministic. While � p might bethemostreadable, � k is themostcompactasit
hasthefewestnodes.

As we saidabove,given a non-deterministicfinite-stateautomaton � it is alwayspossibleto construct
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2.5. OPERATIONSON FINITE-STATE AUTOMATA 17

anequivalentdeterministic automaton,onewhosenext stateis fully determinedby thecurrentstateandthe
alphabetsymbol,andwhich containsno | -moves. Sometimesthis constructionyieldsanautomatonwith
more statesthantheoriginal, non-deterministic one.However, this automaton canthenbeminimizedsuch
that it is guaranteedthat no deterministic finite-stateautomatongenerating the samelanguage is smaller.
Thus, it is alwayspossibleto determinize andthenminimizea givenautomatonwithout affecting thelan-
guage it generates.Fromanefficiency point of view, then,wecanalwaysdealwith deterministic automata.
For convenience, we cango on usingnon-determinism and | -arcsin our automata, asthesecanalwaysbe
removed.

2.5 Operationson finite-stateautomata

We know from the previous sectionthat finite-stateautomataareequivalent to regularexpressions, or in
otherwords,thatany regular languagecanbegeneratedbysomeautomaton. Wealsoknow fromsection2.2
thattheregular languagesareclosedunderseveraloperations,includingunion, concatenationandKleene-
closure. So, for example, if � k and � p aretwo regular languages,thereexist automata� k and � p which
acceptthem,respectively. Sinceweknow that � k "�� p is alsoaregularlanguage,theremustbeanautomaton
whichacceptsit aswell. Thequestionis, canthisautomatonbeconstructedusingtheautomata � k and � p ?
In this sectionwe show how simpleoperationson finite-stateautomatacancorrespond to someoperators
on languages.

We startwith concatenation.Supposethat � k is a finite-stateautomatonsuchthat � b � k da	g� k , and
similarly that � p is anautomaton suchthat � b � p d/	�� p . We describeanautomaton � suchthat � b �fd�	
� k � � p . A word { is in � k � � p if andonly if it canbe broken into two parts, { k and { p , suchthat
{ 	o{ k � { p , and { k �e� k , { p ��� p . In termsof automata,this meansthatthereis anacceptingpathfor
{ k in � k andanaccepting pathfor { p in � p ; so if we allow an | -transition from all thefinal statesof � k
to theinitial stateof � p , wewill haveaccepting pathsfor wordsof � k�� � p . Thefinite-stateautomaton � is
constructedby combining � k and � p in thefollowing way: its setof states,¬ , is theunionof ¬ k and ¬ p ;
its alphabetis theunionof thetwo alphabets;its initial stateis theinitial stateof � k ; its final statesarethe
final statesof � p ; andits transitionrelationis obtainedby adding to ­ k "$­ p thesetof | -movesdescribed
above: �B4W«�´?<F|�<F« � p 5h��«�´j�$® k � where« � p is theinitial stateof � p . Thisconstruction is graphically depicted
in example 2.12(page 18).

In a very similar way, anautomaton � canbeconstructedwhoselanguagesis � k "$� p by combining
� k and � p . Here,oneshouldnoticethat for a word to beacceptedby � it musteitherbeacceptedby � k
or by � p (or by both). Thecombinedautomaton will haveanaccepting pathfor everyacceptingpathin � k
andin � p . Theideais to adda new initial stateto � , from which two | -arcswill leadto the initial states
of � k and � p . Thestatesof � will betheunion of thestatesof � k and � p , plusthenew initial state.The
transitionrelationwill betheunionof ­ k with ­ p , plusthenew | -arcs.Thefinal stateswill betheunion of
® k and ® p . Thisconstruction is depictedgraphically in example 2.13(page18).

An extensionof thesametechniqueto construct theKleene-closureof anautomatonis ratherstraight-
forward.However, all theseresultsarenotsurprising, aswehavealreadyseenin section2.2thattheregular
languagesareclosedundertheseoperations. Thinking of languagesin termsof theautomata that accept
themcomesin handy whenonewantsto show thattheregular languagesareclosedunderotheroperations,
wheretheregularexpressionnotationis not very suggestiveof how to approachtheproblem. Considerthe
operationof complementation: if � is a regular languageover analphabet t , we saythat thecomplement
of � is thesetof all thewords(in t
� ) thatarenot in � , andwrite � for this set. Formally, �o	gt��h.½� .
Givena regularexpression¥ , it is not clearwhatregular expression¥ ³ is suchthat [[ ¥ ³ ]] 	 [[ ¥ ]]. However,
with automata this becomesmucheasier.

Assumethata finite-stateautomaton � is suchthat � b �fdh	 � . Assumealsothat � is deterministic in
thesensethat its behavior is definedfor every symbolin t , at every state. If this is not thecase,simply
determinize it while preserving its language. To constructanautomaton for thecomplementedlanguage,
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18 CHAPTER2. REGULARLANGUAGES

Example2.12Concatenation of finite-stateautomata
Suppose � k and � p areschematicallydepictedasthetwo trianglesbelow. Thenthecombinedautomaton
is obtainedby addingthe | -arcsasshown below:

� k � p

|
|
|

Example2.13Unionof finite-stateautomata
An automaton � whoselanguageis � b � k dl"@� b � p d :

� k � p

| |

all onehasto do is change all final statesto non-final, andall non-final statesto final. In otherwords,if
�)	�4N¬j<nt�<F« � <K­�<F®
5 , then�)	+4D¬j<Xt�<K« � <F­�<F¬#.m®�5 is suchthat � b �fd�	 � . Thisis becauseevery accepting
pathin � is notaccepting in � , andviceversa.

Now that we know that the regular languagesareclosedundercomplementation,it is easyto show
that they areclosedunderintersection: if � k and � p areregular languages,then � k ,�� p is alsoregular.
This follows directly from fundamentaltheoremsof set theory, since � k ,e� p canactuallybe written as

� k " � p , andwe alreadyknow that the regular languagesareclosedunder union andcomplementation.
In fact,constructionof anautomaton for the intersectionlanguageis not very difficult, although it is less
straight-forwardthanthepreviousexamples.
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2.6 Applications of finite-state automata in natural language pro-
cessing

Finite-stateautomataareefficient computationaldevicesfor generating regular languages.An equivalent
view wouldbeto regard themasrecognizingdevices:givensomeautomaton � andaword { , applying the
automatonto thewordyieldsananswerto thequestion:Is { amemberof � b ��d , thelanguageacceptedby
theautomaton?This reversedview of automatamotivatestheir usefor a simpleyet necessaryapplication
of natural languageprocessing: dictionary lookup.

Example2.14Dictionariesasfinite-stateautomata
Many NLPapplicationsrequire theuseof lexiconsordictionaries,sometimesstoringhundredsof thousands
of entries. Finite-stateautomataprovide an efficient meansfor storingdictionaries,accessingthemand
modifying their contents. To understandthe basicorganization of a dictionary asa finite-statemachine,
assumethatanalphabet is fixed(we will use to	¾� a, b, \]\�\ , z� in thefollowing discussion) andconsider
how a singleword,saygo, canberepresented.As we haveseenabove,a näıve representation wouldbeto
construct anautomatonwith asinglepathwhosearcsarelabeledby thelettersof thewordgo:

go ¿ ¼ P
To representmorethanoneword, we cansimply addpathsto our “lexicon”, onepathfor eachadditional
word. Thus,afteraddingthewordsgoneandgoing, wemighthave:

go,gone, going ¿
¼ P J s ¼
¼ P s Y
¼ P

Thisautomatoncanthenbedeterminizedandminimized:

go,gone, going ¿

s ¼J
¼ P s Y

With sucha representation,a lexical lookup operationamounts to checking whethera word { is a member
in thelanguagegeneratedby theautomaton, whichcanbedoneby “walking” theautomaton alongthepath
indicatedby { . This is anextremelyefficientoperation: it takesexactlyone“step” for eachletterof { . We
saythatthetimerequired for this operationis linear in thelengthof { .

Theorganizationof the lexicon asoutlinedabove is extremely simplistic. The lexicon in this view is
simplya list of words.For realapplication oneis usuallyinterestedin associatingcertaininformationwith
every wordin thelexicon.For simplicity, assumethatwedonothaveto list afull dictionary entrywith each
word; rather, we only needto storesomemorpho-phonological information,suchasthepart-of-speechof
theword,or its tense(in thecaseof verbs)or number(in thecaseof nouns). Onewayto achievethisgoalis
by extending thealphabet t : in additionto “ordinary” letters, t caninclude alsospecialsymbols,suchas
part-of-speechtags,morpho-phonological information,etc. An “analysis” of a (naturallanguage)word {
will in thiscaseamount to recognitionby theautomatonof anextendedword, { , followedby somespecial
tags.
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20 CHAPTER2. REGULARLANGUAGES

Example2.15Addingmorphological informationto thelexicon
Supposewe want to addto the lexicon informationabout part-of-speech,andwe usetwo tags: µ/À for
nouns, µ½Á for verbs. Additionally, we encode thenumberof nouns as-sgor -pl, andthetenseof verbsas
-inf, -prp or -psp(for infinitive,presentparticiple andpastparticiple,respectively). It is very important to
notethat theadditional symbols aremulti-charactersymbols: thereis nothing in common to thealphabet
symbol -sgandthesequence of two alphabetletters 4 s,g5 ! In otherwords,theextendedalphabet is:

t!	o� a, b, c, \�\]\ , y, z, -N, -V, -sg, -pl, -inf, -prp, -psp�
With theextendedalphabet,we mightconstructthefollowing automaton:

¼ P J s ¼ -V -prp

s Y -V -psp

-V -inf

Thelanguagegeneratedby theaboveautomaton is no longerasetof wordsin English. Rather, it is asetof
(simplisticly) “analyzed” strings,namely � go-V-inf, gone-V-psp,going-V-prp � .

Regular languages are particularly appealing for natural languageprocessingfor two main reasons.
First, it turns out thatmostphonological andmorphological processescanbestraight-forwardly described
usingtheoperationsthatregular languagesareclosedunder, andin particular concatenation.With veryfew
exceptions (suchasthe interdigitation word-formationprocessesof Semitic languagesor the duplication
phenomenaof someAsian languages), the morphology of most natural languages is limited to simple
concatenationof affixes,with somemorpho-phonological alternations,usuallyon a morphemeboundary.
Suchphenomenaareeasyto modelwith regular languages,andhenceareeasyto implementwith finite-
stateautomata. The otheradvantageof usingregular languages is the inherent efficiency of processing
with finite-stateautomata. Most of the algorithms onewould want to apply to finite-stateautomatatake
timeproportional to thelengthof thewordbeingprocessed,independently of thesizeof theautomaton.In
computationalterminology, this is calledlinear timecomplexity, andis asgoodasthingscanget.

In thenext sectionwe will seehow two languagescanberelatedsuchthatonelanguage containsonly
a setof naturallanguagestrings,while the othercontainsa setof analyzedstrings,with the appropriate
mapping from onelanguageto theother.

2.7 Regular relations

Weemphasizedin thepreviouschapteradualview of finite-stateautomata:asthemechanismis completely
declarative, automatacanbe seenas either recognizing languagesor generatingthem. In otherwords,
dependingon the application, onecanusea finite-stateautomatonto generatethe stringsof its language
or to determine whethera givenstring indeedbelongs to this language. Finite-stateautomataaresimply
yet anotherway for defining (regular) languages,with theadditional benefitthat they areassociatedwith
efficientalgorithms for manipulatingsuchlanguages.

While thisfunctionality is sufficientfor somenaturallanguageapplications,aswasshown in section2.6,
sometimesit is usefulto have a mechanismfor relating two (formal) languages. For example, a part-of-
speechtaggercanbe viewed as an applicationthat relatesa set of natural language strings(the source
language)to asetof part-of-speechtags(thetarget language).A morphological analyzercanbeviewedas
a relationbetweennatural language strings(thesurfaceforms of words)andtheir internal structure (say,
assequences of morphemes).For dictionary lookup of someSemiticlanguages,onemight want to relate
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2.8. FINITE-STATE TRANSDUCERS 21

surfaceforms with their root andpattern(assomedictionariesare indexed by root). In this sectionwe
discussa computationaldevice, very similar to finite-stateautomata,which definesa relation over two
regular languages.

Example2.16Relationsover languages
Considera simplepart-of-speechtagger: anapplication which associateswith every word in somenatural
languageatag,drawnfromafinitesetof tags.In termsof formallanguages,suchanapplication implements
a relation over two languages. For simplicity, assumethat the natural language is definedover t k 	
��E6<FC�<]\]\�\X<K�?� andthatthesetof tagsis t p 	3� PRON, V, DET, ADJ, N, P � . Thenthepart-of-speechrelation
might containthe following pairs,depictedherevertically (that is, a string over t k is depictedover an
element of t p :

I know some new tricks said the Cat in the Hat
PRON V DET ADJ N V DET N P DET N

As anotherexample,assumethat t k is asabove,and t p is a setof part-of-speechandmorphological tags,
including � -PRON, -V, -DET, -ADJ, -N, -P, -1, -2, -3, -sg, -pl, -pres,-past,-def, -indef � . A morphological
analyzeris basicallyanapplication defining arelationbetweenalanguageover t k andalanguageover t p .
Someof thepairsin sucha relationare(vertically):

I know some new tricks
I-PRON-1-sg know-V-pres some-DET-indef new-ADJ trick-N-pl

said the Cat in the Hat
say-V-past the-DET-def cat-N-sg in-P the-DET-def hat-N-sg

Finally, considertherelationthatmapseveryEnglishnoun in singularto its plural form. While therelation
is highly regular (namely, adding “

§
” to the singular form), somenouns areirregular. Someinstancesof

this relationare:

cat hat ox child mouse sheep goose
cats hats oxen children mice sheep geese

With theterminologyweintroducedsofarwecandefinerelationssuchasexemplified abovein asimple
way. A relationis definedover twoalphabets, t k and t p (thesecondalphabet is sometimesdenoted Â ). Of
course,thetwo alphabetscanbeidentical,but for many naturallanguageapplicationsthey differ. A relation
in t/�
A�th� is regular if andonly if its projectionsonbothcoordinatesareregular languages.Informally, a
regular relationis a setof pairs,eachof which consistsof onestringover t k andonestringover t p , such
thatboththesetof stringsover t k andthoseover t p constituteregularlanguages.

2.8 Finite-state transducers

In thepreviouschapterwe introducedfinite-stateautomataasa computationaldevice for defining regular
languages.In a very similar way, finite-statetransducers area computationaldevice for defining regular
relations. Transducersarevery similar to automata: themostsignificantdifferenceis that thearcsarenot
labeledby singleletters,but ratherby pairsof symbols:onesymbol from t k andonesymbol from t p .
Formally, afinite-statetransduceris asix-tuple 4D¬j<F« � <Xt k <Xt

p <K­U<K®�5 . Similarly to automata,¬ is afinite set
of states,« � is anelementof ¬ , theinitial state,® is asubsetof ¬ , thefinal (or accepting) states,t k and t p
arealphabets:finite setsof symbols,notnecessarilydisjoint(ordifferent).Exceptfor theadditionof t p , the
only differencebetweenautomataandtransducersis thetransitionrelation ­ : while for automata,­ relates
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22 CHAPTER2. REGULARLANGUAGES

statesandalphabetsymbols to states,in ourcase­ relatesastateandtwo alphabetsymbols, onefrom each
alphabet,to anew state.Formally, ­ is a relationover ¬ , t k , t p and ¬ , or asubsetof ¬�A$t k A$t p A�¬ .

Example2.17Finite-statetransducers
Following is a finite-statetransducer relating the singularforms of two Englishwordswith their plural
form. In this case,both alphabets are identical: t k 	°t p 	Ã��E6<FC�<�\]\]\]<K��� . The setof nodes is ¬Ã	
��« k <K« p <�\]\]\]<K« kFk � , theinitial stateis « » andthesetof final statesis ®�	3��« º <K« kKk � . Thetransitionsfrom one
stateto another aredepictedaslabeledarcs;eacharcbearstwo symbols,onefrom t k andonefrom t p ,
separatedby acolon(:). So,for example, 4W« k <KPB<FYx<F« p 5 is anelementof ­ .

« k « p « q « ¹ « º

« » «]Ä «�Å «]Æ « k � « kKk

¼ ¿ ¼ P�¿xY P�¿xY § ¿ § Y�¿QY
§ ¿ § Ç ¿ Ç Y�¿QY Y�¿QY R$¿GR

Observe thateachpathin this devicedefinestwo strings:a concatenationof theleft-hand sidelabelsof the
arcs,andaconcatenationof theright-handsidelabels.Theupperpathof theabove transducerthusdefines
thepairgoose:geese, whereasthelowerpathdefines thepairsheep:sheep.

What constitutesa computationwith a transducer? Similarly to the caseof automata,a computation
amountsto “walking” a pathof thetransducer, startingfrom theinitial stateandendingin somefinal state.
Along the path,arcsbearbi-symbol labels: we canview the left-handsidesymbol asan “input” symbol
andtheright-handsidesymbol asan“output” symbol.Thus,eachpathof thetransducerdefinesa pair of
strings,an input string (over t k ) andanoutput string (over t p ). This pair of stringsis a member of the
relationdefinedby thetransducer.

Formally, to definethe relation inducedby a transducerwe must extend the relation ­ from single
transitions to paths,aswe did for automata. The extendedrelation, ²­ , definedover ¬ , t k � , t p � and ¬ ,
is definedasfollows: for each«È��¬ , ²­ b «B<K|�<K|�<F«Ud holds,that is, eachstateis relatedto itself through an
|f¿B| path;then,if ²­ b « k <>{ k <K{ p <F« p d and ­ b « p <KE6<nC�<K« q d , then ²­ b « k <K{ k�� Ez<K{ p � C�<K« q d holds: if thereis a path
labeled { k ¿·{ p from « k to « p andan arc labeled E�¿mC from « p to « q , thenthereis alsoa path labeled
{ k � E�¿Q{ p � C from « k to « q . Finally, apair { k ¿U{ p is accepted (or generated) by thetransducerif andonly
if ²­ b « � <>{ k <>{

p <K{h´Bd holdsfor somefinal state«U´-�1® . Therelationdefinedby thetransducer is thesetof
all thepairsit accepts.

As a shorthand notation, whenanarcis labeledby two identicalsymbols,we depictonly oneof them
andomit thecolon. As we did with automata,we usuallysuppresstheidentitiesof thenodes.

Example2.18Shorthandnotationfor transducers
With theabove conventions, thetransducer of example 2.17 is depictedas:

¼ P�¿QY P�¿QY § Y
§ Ç Y Y R

Of course,theabove definitionof finite-statetransducersis not very useful: sinceeacharc is labeled
by exactly onesymbolof t k andexactly onesymbolof t p , any relationthat is implemented by sucha
transducermustrelateonly stringsof exactlythesamelength.Thisshouldnotbethecase,andto overcome
this limitation weextendthedefinitionof ­ to allow also | -labels.In theextendeddefinition, ­ is a relation
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over ¬ , t k "'��|�� , t p "���|�� and ¬ . Thusa transitionfrom onestateto another caninvolve “reading” a
symbol of t k without “writing” any symbol of t p , or theotherway round.

Example2.19Finite-statetransducerwith | -labels
With the extended definitionof transducers,we depictbelow an expandedtransducer for singular–plural
noun pairsin English.

¼ P�¿QY P�¿QY § Y
§ Ç Y Y R
P � |/¿QY |h¿xs¦

P�¿UJ Z$¿x| § ¿Qy Y
Note that | -labelscanoccuron the left or on the right of the ‘:’ separator. The pairsacceptedby this
transduceraregoose:geese, sheep:sheep,ox:oxen andmouse:mice.

It is worthnotingthatthereexist variantsof finite-statetransducersin which thearcsarelabelednotby
singlealphabetsymbolsbut ratherby stringsthereof. For simplicity, we will only considertransducersas
presentedin this section.

2.9 Propertiesof regular relations

In the previous sectionswe discussedseveral propertiesof finite-stateautomata. The main observation
wasthat finite-stateautomatagenerateexactly the setof regular languages;we also listed a few closure
propertiesof suchautomata.The extension of automatato transducers carrieswith it someinteresting
results.First andforemost,finite-statetransducersdefineexactly thesetof regular relations.Many of the
closurepropertiesof automataarevalid for transducers,but somearenot. As thesepropertiesbearnotonly
theoreticalbut alsopractical significance,we discussthemin more detailin this section.

Givensometransducer É , considerwhathappenswhenthelabelsonthearcsof É aremodifiedsuchthat
only the left-handsymbolremains. In otherwords,consider what is obtainedwhenthe transitionrelation
­ is projectedon threeof its coordinates: ¬ , t k and ¬ only, ignoring the t p coordinate. It is easyto see
thatafinite-stateautomatonis obtained. Wecall thisautomatontheprojectionof É to t k . In thesameway,
we candefinethe projection of É to t p by ignoring t k in the transitionrelation. Sincebothprojections
yield finite-stateautomata,they induceregular languages. Thereforetherelationdefinedby É is a regular
relation.

We cannow considercertainoperationson regularrelations,inspiredby similar operationson regular
languages. For example, union is very easyto define. Recall that a regular relation is a subsetof the
Cartesianproduct of t
�k AÈth�p , that is, a setof pairs. If

_ k and
_
p

areregular relations,then
_ k " _fp is

defined, andit is straight-forwardto show thatit is a regular relation. To definetheunionoperationdirectly
over transducers,we cansimplyextendthetechniquedelineatedin section2.5(seeexample 2.13), namely
addanew initial statewith two arcslabeled|h¿:| leadingfrom it to theinitial statesof thegiventransducers.

In a similar way, the operation of concatenationcanbe extendedto regular relations: if
_ k and

_ p
areregular relationsthen

_ km� _ p 	��B4;{ km� { p <>{ q � {�¹�5h��4;{ k <>{ q 5m� _ k and 4;{ p <K{�¹�5�� _ p � . Again, the
techniquedelineatedin example 2.12canbestraight-forwardly extendedto thecaseof transducers,andit
is easyto show that

_ k � _�p is a regular relation.
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Example2.20Operations onfinite-statetransducers
Let
_ k bethefollowing relation,mapping someEnglishwordsto theirGermancounterparts:

_ k 	3� tomato:Tomate, cucumber:Gurke, grapefruit:Grapefruit,pineapple:Ananas,coconut:Koko �
Let
_ p

bea similar relation:
_ p 	3� grapefruit:pampelmuse, coconut:Kokusnuß� . Then

_ k " _fp 	 � tomato:Tomate, cucumber:Gurke, grapefruit:Grapefruit,
grapefruit:pampelmuse, pineapple:Ananas,coconut:Koko ,coconut:Kokusnuß�

A rathersurprisingfactis thatregular relationsarenot closedunder intersection. In other words, if
_ k

and
_
p

aretwo regular relations,thenit very well might bethecasethat
_ k , _ k is not a regular relation.

It will take us beyond the scopeof the materialcoveredso far to explain this fact, but it is important to
remember it whendealingwith finite-statetransducers. For this reasonexactly it follows that theclassof
regularrelations is notclosedundercomplementation: sinceintersectioncanbeexpressedin termsof union
andcomplementation,if regularrelationswereclosedundercomplementationthey wouldhavebeenclosed
alsounderintersection, whichweknow is not thecase.

A very useful operation that is definedfor transducers is composition. Intuitively, a transducer re-
latesoneword (“input”) with another (“output”). Whenwe have morethanonetransducer, we canview
the output of the first transducer as the input to the second. The composition of É k and É p relatesthe
input languageof É k with the output language of É p , bypassingthe intermediatelevel (which is the out-
put of É k and the input of É p ). Formally, if

_ k is a relation from t��k to th�p and
_
p

is a relation from
th�p to th�q thenthe composition of

_ k and
_
p

, denoted
_ k/Ê _fp , is a relationfrom t��k to t/�q definedas

�:4W{ k <>{ q 5h� thereexistsa string { p ��th�p such that { k _ k { p and { p�_�p { q � .
Example2.21Compositionof finite-statetransducers
Let
_ k bethefollowing relation,mapping someEnglishwordsto theirGermancounterparts:

_ k 	 � tomato:Tomate, cucumber:Gurke, grapefruit:Grapefruit,
grapefruit:pampelmuse, pineapple:Ananas,coconut:Koko ,coconut:Kokusnuß�

Let
_ p

bea similar relation,mapping Frenchwordsto theirEnglishtranslations:

_�p 	 � tomate:tomato,ananas:pineapple, pampelmousse:grapefruit,
concombre:cucumber, cornichon:cucumber, noix-de-coco:coconut �

Then
_ p Ê _ k is a relationmappingFrenchwordsto theirGerman translations (theEnglishtranslations are

usedto computethemapping, but arenotpartof thefinal relation):

_ p Ê _ k 	3� tomate:Tomate, ananas:Ananas,pampelmousse:Grapefruit, pampelmousse:Pampelmuse,
concombre:Gurke, cornichon:Gurke, noix-de-coco:Koko, noix-de-coco:Kokusnuße�

Further reading

A verygoodformal exposition of regular languagesandthecomputing machinery associatedwith themis
given by Hopcroft andUllman(1979, chapters 2–3). Another useful sourceis Partee,ter Meulen, andWall
(1990,chapter 17). For naturallanguageapplicationsof finite-statetechnologyreferto RocheandSchabes
(1997a),which is a collectionof papers ranging from mathematicalpropertiesof finite-statemachinery to
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2.9. PROPERTIESOF REGULAR RELATIONS 25

linguistic modeling usingthem. The introduction(RocheandSchabes,1997b) canbeparticularly useful,
aswill be Karttunen (1991). Koskenniemi (1983) is the classicpresentation of Two-Level Morphology,
andanexpositionof the two-level rule formalism,which is demonstratedby anapplication of finite-state
techniquesto themorphologyof Finnish.KaplanandKay (1994) is a classicwork thatsetstheverybasics
of finite-statephonology, referring to automata, transducers and two-level rules. As an example of an
extendedregularexpressionlanguage,with an abundanceof applications to naturallanguage processing,
seeBeesley andKarttunen(Forthcoming). Finally, Karttunenetal. (1996) is a fairly easypaperthatrelates
regular expressionsandrelations to finite automataandtransducers, andexemplifies their usein several
languageengineeringapplications.
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Chapter 3

Context-freegrammars and languages

3.1 Where regular languagesfail

Regular languagesandrelationswereprovenvery usefulfor variousapplicationsof natural languagepro-
cessing,as the previous chapters demonstrate. Applications that requirerelatively “shallow” linguistic
knowledge,especiallyaround thefinite domains of linguistics(e.g.,morphology andphonology), suchas
dictionary lookup, morphological analysisandgeneration,part-of-speechtagging, etc.,areeasilymodeled
with finite-statetechniques.However, thereis a limit to whatcanbeachievedwith suchmeans.Thetheo-
reticalreasonto this limit lies in thelimited expressivenessof regular languages.We mentionedin passing
that not all languagesover t areregular, but we did not hint at what kind of languages lie beyond the
regularones.This is thetopicof this section.

To exemplify a non-regular language,considera simplelanguageover thealphabet t`	���E6<nCG� whose
membersarestringsthatconsistof somenumber, s , of ‘ E ’s,followedby thesamenumberof ‘ C ’s. Formally,
this is thelanguage �*	o��E ~ � C ~ ��sÈ�#vB� . Notethatthis is verydifferentfrom thelanguage ��E���C]��� : for a
stringto beamemberof � , thenumberof E ’smustbeidenticalto thenumberof C ’s. Now let usassumethat
this languageis regular, andthereforethatadeterministic finite-stateautomaton� existswhoselanguageis
� . Considerthelanguage �½��	���E � ��J·�!v�� . Sinceevery stringin this languageis a prefix of somestring
( E � � C � ) of � , theremustbeapathin � startingfrom theinitial statefor everystringin �j� . Of course,there
is aninfinite numberof stringsin � � , but by its verynature,� hasafinite number of states.Thereforethere
mustbetwo differentstringsin � � thatleadtheautomatonto a singlestate.In otherwords,thereexist two
strings,E � and E?� , suchthat �e0	 M but ²­ b « � <KE � d�	©²­

b « � <KE���d . Let uscall this state« . There mustbea path
labeledC � leadingfrom « to somefinal state« ´ , sincethestring E � C � is in � . Thissituationis schematically
depictedbelow:

« � « « ´
E �

E��

C �

Therefore,thereis alsoanacceptingpath ET�QC � in � , andhence also E6��C � is in � , in contradiction to our
assumption. Sinceour assumptionleadsto a contradiction, it mustbe false,andhenceno deterministic
finite-stateautomatonexistswhoselanguageis � .

We have seenonelanguage,namely � 	g��E ~ � C ~ ��se�!v�� , which cannot bedefinedby a finite-state
automatonandtherefore is not regular. In fact, thereareseveralothersuchlanguages,andthereis a well
known technique, the so calledpumping lemma, for proving that certainlanguagesarenot regular. If a
languageis not regular, thenit cannotbe denotedby a regular expression. We must look for alternative
means of specificationfor non-regularlanguages.
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28 CHAPTER3. CONTEXT-FREEGRAMMARS AND LANGUAGES

3.2 Grammars

In order to specifya classof morecomplex languages,we introducethenotionof a grammar. Intuitively,
a grammar is a setof ruleswhich manipulatesymbols. We distinguishbetweentwo kinds of symbols:
terminal ones,which should be thought of as elementsof the target language,and non-terminal ones,
which areauxiliary symbols that facilitate the specification. It might be instructive to think of the non-
terminal symbolsassyntacticcategories, suchasSentence, NounPhraseorVerbPhrase. However, formally
speaking, non-terminalsaresimply a setof symbols,andthey have no “special”, external interpretation
whereformal languagesareconcerned.Similarly, terminalsymbolsmight correspondto lettersof some
natural language, or to words,or to nothing at all, whenthe grammar is of somenon-natural language.
Terminal symbols aresimplyelementsof somefinite set.

Rulescanexpresstheinternal structureof “phrases”,whichshould notnecessarilybeviewedasnatural
languagephrases.Rather, they induceaninternalstructureonstringsof thelanguage,but thisstructurecan
bearbitrary, anddoes not have to bemotivatedby anything more thantheconvenience of expressingthe
required language.A rule is a non-empty sequenceof symbols,a mixture of terminalsandnon-terminals,
with the only requirementthat the first elementin the sequence be a non-terminalone. We write such
ruleswith a specialsymbol, ‘ Ë ’, separatingthe distinguishedleftmost non-terminal from the restof the
sequence. Theleftmostnon-terminalis sometimesreferredto astheheadof therule,while therestof the
symbols arecalledthebody of therule.

Example3.1Rules

Assumethat the setof terminals is � the, cat, in, hat� andthe setof non-terminals is � D, N, P, NP, PP� .
Thenpossiblerulesover thesetwo setsinclude:

D Ë the NP Ë D N
N Ë cat PP Ë P NP
N Ë hat NP Ë NP PP
P Ë in

Note that the terminalsymbolscorrespond to words of English, andnot to lettersaswasthe casein the
previouschapter.

ConsidertheruleNP Ë D N. If weinterpretNPasthesyntacticcategory nounphrase, D asdeterminer
andN asnoun, thenwhattherule informally meansis thatonepossibleway to constructa nounphraseis
by concatenatinga determiner with a noun. More generally, a rule specifiesonepossibleway to construct
a “phrase”of the category indicatedby its head: this way is by concatenatingphrasesof the categories
indicatedby theelementsin thebodyof therule. Of course,theremight bemore thanonewayto construct
a phraseof somecategory. For example, therearetwo ruleswhich definethestructureof thecategory NP
in example 3.1: eitherby concatenatingaphraseof category D with oneof category N, or by concatenating
anNP with a PP.

In example 3.1,rulesareof two kinds: theoneson theleft havea singleterminal symbol in their body,
while theoneson the right have oneor morenon-terminalsymbols, but no rule mixesboth terminal and
non-terminal symbols in itsbody. While thisis acommon practicewhengrammarsfor natural languagesare
concerned,nothing in theformalism requiressuchaformatfor rules.Indeed, rulescanmix any combination
of terminal andnon-terminalsymbolsin their bodies.However, we will keeptheconventionof formatting
rulesin grammarsfor naturallanguagesin this way.

A grammar is simply a finite set of rules. Sincewe must specify the alphabet and the set of non-
terminals over which a particulargrammar is defined,we say that, formally, a grammar is a four-tupleÌ 	ª4 Á <nt�<FÍ�<FÎ�5 , where Á is a finite setof non-terminalsymbols,t is analphabet of terminalsymbols,
Í is a setof rulesand Î is thestart symbol, a distinguishedmember of Á . Therules(members of Í ) are
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3.3. DERIVATION 29

sequencesof terminalsandnon-terminals with adistinguishedfirst elementwhichis anon-terminal, thatis,
membersof Á A

b
Á "�t�dX� .

Notethatthis definitionpermits ruleswith emptybodies. Suchrules,which consistof a left-hand side
only, arecalled | -rules,andareusefulbothfor formalandfor natural languages.Example3.11below will
makeuseof an | -rule.

Example3.2Grammar
Thesetof rulesdepictedin example3.1 canconstitutethebasisfor a grammar

Ì 	u4 Á <nt�<KÍ�<nÎ·5 , where

Á 	o� D, N, P, NP, PP� , t(	3� the, cat, in, hat� , Í is thesetof rulesandthestartsymbol Î is NP.

In the sequelwe will depictgrammarsby listing their rulesonly, aswe did in example 3.1. We will
keepa conventionof usinguppercaselettersfor thenon-terminalsandlowercaselettersfor theterminals,
andwe will assumethatthesetof terminals is thesmallestthat includesall theterminalsmentionedin the
rules,andthesamefor thenon-terminals.Finally, we will assumethat thestartsymbol is theheadof the
first rule,unlessstatedotherwise.

Sofarwetalkedabout“rules” and“grammars” in general. In fact,formal languagetheory defines rules
andgrammarsin a muchbroader way thanthatwhich wasdiscussedabove, andour definitionis actually
only a specialcaseof rulesandgrammars.For various reasonsthathaveto dowith theformatof therules,
thisspecialcaseis known ascontext-freerules.Thishasnothing to dowith theability of grammarsto refer
to context; thetermshouldnotbetakenmnemonically. However, although thetermcanbequiteconfusing,
especiallyfor naturallanguageapplications, it is well establishedin formal languagetheoryandwe will
therefore useit here. In the next chapter we will presentotherrule systemsandshow that context-free
rulesandgrammarsindeedconstitutea specialcase.In this chapter, however, we usetheterms“rule” and
“context-free rule” interchangeably, aswe dofor grammars,derivationsetc.

3.3 Derivation

Formally speaking, eachnon-terminalsymbol in a grammardenotesa language. For a simplerule suchas
N Ë cat we saythat the languagedenoted by N includes thesymbolcat. For a morecomplex rule such
asNP Ë D N, the languagedenotedby NP contains theconcatenationof the languagedenotedby D with
the onedenoted by N. Formally, for this rule we saythat � b NPdjÏ^� b D d � � b Nd . Mattersbecome more
complicatedwhenwe consider a rule suchasNP Ë NP PP. This is a recursiverule: a singlenon-terminal
occurs bothin theheadandin thebodyof therule,andhencewe mustdefinethelanguage denotedby NP
in termsof itself! While this might look strange,it is in factwell-definedandsolutionsfor suchrecursive
definitionsareavailable.

In orderto definethelanguagedenotedby a grammarsymbol we needto definetheconceptof deriva-
tion. Derivationis arelationthatholdsbetweentwo forms, eachasequenceof grammarsymbols. Formally,
given a grammar

Ì 	g4 Á <Xt�<KÍ�<FÎ·5 , we definethesetof formsto be
b
Á "et�dQ� : thesetof all sequencesof

terminal andnon-terminalsymbols. We saythata form Ð derivesa form Ñ , denotedby ÐÈÒ¶Ñ , if andonly
if Ð'	7Ó � �hÓ � and Ñ1	)Ó � Ó � Ó � and �3Ë±Ó � is a rule in Í . � is calledtheselectedsymbol. Informally, this
means that Ð derives Ñ if a singlenon-terminal symbol, � , occursin Ð , suchthatwhatever is to its left in
Ð , the(possiblyempty) sequenceof terminal andnon-terminal symbolsÓ � , occursat the leftmostedgeof
Ñ ; andwhatever is to theright of � in Ð , namelythe(possiblyempty) sequenceof symbols Ó � , occursat
therightmostedgeof Ñ ; andtheremainderof Ñ , namely Ó � , constitutesthebodyof somegrammar rule of
which � is thehead.
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30 CHAPTER3. CONTEXT-FREEGRAMMARS AND LANGUAGES

Example3.3Derivation

Let
Ì

bethegrammarof example3.1,with NP thestartsymbol. Thesetof non-terminalsof
Ì

is Á 	3� D,
N, P, NP, PP� andthe setof terminals is tu	°� the, cat, in, hat� . The setof forms therefore contains
all the (infinitely many) sequencesof elementsfrom Á and t , suchas 4N5 , 4 NP5 , 4 D cat P D hat5 , 4 D N5 ,
4 thecat in thehat5 , etc.
Let usstartwith a simpleform, 4 NP5 . Observe that it canbewritten as Ól� NPÓB� , whereboth ÓI� and Ó?� are
empty. Observe alsothatNP is theheadof somegrammar rule: therule NP Ë D N. Therefore,the form
is a goodcandidatefor derivation: if we replacetheselectedsymbolNP with thebodyof therule, while
preserving its environment, weget Ó[� D NÓB�½	 D N. Therefore, 4 N5�ÒÔ4 D N5 .
Wenow applythesameprocessto 4 D N5 . This timetheselectedsymbol is D (wecouldhaveselectedN, of
course).Theleft context is againempty, while theright context is Ó � 	 N. As thereexistsa grammar rule
whoseheadis D, namelyD Ë the, we canreplacetherule’s headby its body, preserving thecontext, and
obtaintheform 4 theN5 . Hence4 D N5�Ò�4 theN5 .
Giventheform 4 theN5 , thereis exactlyonenon-terminal thatwe canselect,namelyN. However, thereare
two rulesthatareheaded by N: N Ë catandN Ë hat. We canselecteitherof theserulesto show thatboth
4 theN 5�ÒÔ4 thecat5 and 4 theN5·ÒÔ4 thehat5 .
Sincethe form 4 thecat5 consistsof terminal symbols only, no non-terminalcanbe selectedandhence it
derivesno form.

We now extendthederivationrelationfrom a singlestepto anarbitrary numberof steps.To formalize
theconceptof “any numberof applications”, oneusuallyusesthereflexivetransitiveclosure of a relation.
In our case,thereflexive transitive closureof thederivation relationis a relationover forms,denoted‘ �Ò ’,
anddefinedrecursively asfollows: Ð �Ò�Ñ if Ð*Ò�Ñ , or if Ð*ÒÃÓ and Ó �Ò�Ñ . Simply put, this definition
means that theextendedderivation relation‘ �Ò ’ holds for two forms, Ð and Ñ , eitherif Ð directly derives
Ñ , or if Ð directlyderivessomeintermediateform, Ó , which is known to (transitively) derive Ñ .
Example3.4Extendedderivation
In example3.3weshowedthatthefollowing derivationshold:

b w�d�4 NP5 Ò 4 D N 5bNÕ d�4 D N5 Ò 4 theN5bDÖ d�4 theN5�Ò 4 thecat5
Therefore,we trivially have: bW× d�4 NP5 �Ò 4 D N5bNØ d�4 D N5 �Ò 4 theN5bDÙ d�4 theN5 �Ò 4 thecat5
From(2) and(6) we get b�Ú d�4 D N5 �Ò 4 thecat5
andfrom (1) and(7) we get bDÛ d�4 NP5 �Ò 4 thecat5

Fromhereon we usetheterm“derivation” in referenceto theextended,transitive relation;theoriginal
relationwill be referred to as immediatederivation. The derivation relationis the basisfor definingthe
languagedenotedby a grammarsymbol.Considertheform obtainedby takinga singlegrammarsymbol,
say 4W�f5 ; if thisformderivesasequenceof terminals,say 4WE k <�\]\�\KEB~?5 , thenwesaythattheterminalsequence
(whichis astringof alphabetsymbols) is amemberof thelanguagedenotedby � . Formally, thelanguageof
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3.4. DERIVATION TREES 31

somenon-terminal ��� Á , denoted � b �fd , is ��E k ���]� E ~ ��EB�Ü��t for wa�(J·�!s and 4W�f5 �ÒÔ4WE k <]\�\]\G<FE ~ 5G� .
That is, the languagedenotedby � is thesetof stringsof terminal symbolsthatarederivedby 4W�f5 . The
languageof a grammar

Ì
, � b Ì d , is thelanguagedenotedby its startsymbol, � b Î�d . Whena string { is in

� b Ì d wesaythat { is grammatical.

Example3.5Languageof agrammar

Consideragainthegrammar
Ì 	^4 Á <nt�<FÍ�<FÎ�5 where Á 	
� D, N, P, NP, PP� , t�	
� the, cat, in, hat� , the

startsymbol Î is NP and Í is thefollowing setof rules:

D Ë the NP Ë D N
N Ë cat PP Ë P NP
N Ë hat NP Ë NP PP
P Ë in

It is fairly easyto seethat the language denotedby the non-terminalsymbolD, � b D d , is the singleton
set � the� . Similarly, � b Pd is � in � and � b Nd$	�� cat,hat� . It is moredifficult to definethe languages
denotedby thenon-terminalsNP andPP, although is shouldbestraight-forwardthatthe latter is obtained
by concatenating � in � with theformer. We claim,without providing a proof, that � b NPd is thedenotation
of theregular expression

b
the � b cat � hatd � b in � the � b cat � hatd>dx��d .

3.4 Derivation tr ees

Thederivation relationis thebasisfor thedefinitionof languages,but sometimesderivationsprovidemore
informationthanis actuallyneeded. In particular, sometimestwo derivationsof thesamestringdiffer not
in therulesthatwereappliedbut only in theorderin whichthey wereapplied. Consideragainthegrammar
of example3.5.Startingwith theform 4 NP5 it is possibleto derive thestringthecat in two ways:

b w�d�4 NP5�ÒÔ4 D N5·ÒÔ4 D cat5�ÒÔ4 thecat5bDÕ d�4 NP5�ÒÔ4 D N5·ÒÔ4 theN5·ÒÔ4 thecat5
Derivation (1) appliesfirst therule N Ë cat andthentherule D Ë thewhereasderivation(2) applies the
samerulesin thereverseorder. But sincebothusethesamerulesto derive thesamestring,it is sometimes
useful to collapsesuch“equivalent” derivations into one. To this end the notion of derivation treesis
introduced.

A derivation tree(sometimescalledparsetree,orsimplytree)isavisualaidin depictingderivations,and
ameansfor imposingstructureonagrammaticalstring.Treesconsistof verticesandbranches;adesignated
vertex, theroot of thetree,is depicted on thetop. Then,branchesaresimply connectionsbetweenpairsof
vertices.Intuitively, treesaredepicted“upsidedown”, sincetheir root is at thetopandtheir leavesareat the
bottom. An example for a derivation treefor thestring thecat in thehat with thegrammar of example 3.5
is given in example 3.6(page32).

Formally, a treeconsistsof afinite setof verticesandafinite setof branches(or arcs),eachof which is
anorderedpairof vertices.In addition, a treehasadesignatedvertex, theroot, whichhastwo properties: it
is notthetargetof any arc,andeveryothervertex is accessiblefrom it (by following oneor morebranches).
Whentalking about treeswe sometimesusefamily notation: if a vertex Ý hasa branch leaving it which
leadsto somevertex Z , thenwe saythat Ý is themother of Z and Z is thedaughter, or child, of Ý . If Z has
two daughters,we refer to themassisters. Derivationtreesaredefined with respectto somegrammar

Ì
,

andmustobey thefollowing conditions:

1. everyvertex hasa label, which is eithera terminal symbol, a non-terminal symbolor | ;
2. thelabelof theroot is thestartsymbol;

c
�

2001by ShulyWintner



32 CHAPTER3. CONTEXT-FREEGRAMMARS AND LANGUAGES

Example3.6Derivation tree

NP

NP PP

D N P NP

D N

the cat in the hat

3. if a vertex Ý hasan outgoing branch, its label must be a non-terminal symbol; furthermore, this
symbolmustbetheheadof somegrammar rule; andtheelementsin thebody of thesamerulemust
bethelabelsof thechildrenof Ý , in thesameorder;

4. if avertex is labeled| , it is theonly child of its mother.

A leaf is a vertex with no outgoing branches.A treeinducesa natural “left-to-right” order on its leaves;
whenreadfrom left to right, thesequenceof leavesis calledthefrontier, or yield of thetree.

By theway we definedthem,derivationtreescorrespond very closelyto derivations. In fact,it is easy
to show that for a form Ð , a non-terminalsymbol � derives Ð if andonly if Ð is theyield of someparse
treewhoseroot is � . In otherwords,whenever somestring canbe derived from a non-terminal, there
exists a derivation treefor that string,with the samenon-terminalasits root. However, sometimesthere
exist differentderivationsof thesamestringthatcorrespondto a singletree.In fact,thetreerepresentation
collapsesexactly thosederivationsthatdiffer from eachotheronly in theorderin whichrulesareapplied.

Example3.7Correspondencebetweentreesandderivations
Considerthetreeof example3.6.Eachnon-leafvertex in thetreecorrespondsto somegrammarrule(since
it mustbelabeledby theheadof somerule,andits childrenmustbelabeledby thebodyof thesamerule).
For example, theroot of thetree,which is labeledNP, correspondsto therule NP Ë NP PP; the leftmost
D-labeledvertex correspondsto the rule D Ë the. This treerepresentsthe following derivations (among
others):

b w�d NP Ò NP PP Ò D N PP Ò D N P NP Ò D N P D N Ò theN P D N Ò thecatP D N
Ò thecat in D N Ò thecat in theN Ò thecat in thehatbNÕ d NP Ò NP PP Ò D N PP Ò theN PP Ò thecatPP Ò thecatP NP Ò thecat in NP
Ò thecat in D N Ò thecat in theN Ò thecat in thehatbDÖ d NP Ò NP PP Ò NP P NP Ò NP P D N Ò NP P D hat Ò NP P thehat Ò NPin thehat
Ò D N in thehat Ò D cat in thehat Ò thecat in thehat

While exactly thesamerulesareappliedin eachderivation(therulesareuniquely determinedby thetree),
they areappliedin different orders.In particular, derivation(2) is a leftmostderivation: in every stepthe
leftmost non-terminal symbolof a derivation is expanded.Similarly, derivation(3) is rightmost.

Sometimes,however, differentderivations(of thesamestring!) correspondto different trees.This can
happen only whenthe derivationsdiffer in the ruleswhich they apply. Whenmorethanonetreeexists
for somestring,we saythat the string is ambiguous. Ambiguity is a majorproblemwhengrammars are
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usedfor certainformal languages, in particularfor programminglanguages. But for naturallanguages,
ambiguity is unavoidableasit correspondsto propertiesof thenaturallanguageitself.

Example3.8Ambiguity
Consideragainthegrammarof example 3.5,andthefollowing string:

thecatin thehatin thehat

What does this sequence of words mean?Intuitively, therecanbe (at least)two readings for this string:
onein whicha certaincatwearsa hat-in-a-hat,andonein whichacertaincat-in-a-hatis insideahat. If we
wantedto indicatethetwo readingswith parentheses,we woulddistinguishbetween

((thecatin thehat)in thehat)

and

(thecatin (thehatin thehat))

This distinctionin intuitive meaningis reflectedin thegrammar, andhence two differentderivationtrees,
corresponding to thetwo readings,areavailablefor thisstring:

NP

NP

NP PP PP

D N P NP P NP

D N D N

the cat in the hat in the hat

NP

NP PP

D N P NP

NP PP

P NP

D N D N

the cat in the hat in the hat

Using linguistic terminology, in the left treethe secondoccurrenceof the prepositionalphrase in the hat
modifies thenounphrasethecat in thehat, whereasin theright treeit only modifies the(first occurrence
of) thenounphrasethehat. This situationis known assyntacticor structural ambiguity.

3.5 Expressiveness

In example 3.5above we presenteda context-freegrammar whoselanguage,we claimed,is regular. How-
ever, recall from section3.1 that themotivation behindtheintroductionof context-freegrammarswasthe
inability of regular expressionsto denotecertainlanguages(or, in otherwords,thelimitationsof theclassof
regularlanguages).Wemustthereforeshow thatcontext-freegrammarsdoprovidethemeansfor describing
somenon-regular languages.

In this sectionwe will concentrateon a formal (thatis, notnatural)example, for thesake of simplicity.
The language that was shown to be non-regular in section3.1 is �¯	Ô��E ~ C ~ ��sÈ�!v?� , and this is the
languagefor which we provide a context-free grammar here. The grammar,

Ì 	±4 Á <nt�<FÍ�<FÎ�5 , hastwo
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34 CHAPTER3. CONTEXT-FREEGRAMMARS AND LANGUAGES

terminal symbols: to	���E6<nC�� , andthreenon-terminalsymbols: Á 	���Î�<K��<F�%� , with Î thestartsymbol.
Theideais to have Î derivestringsof oneor more‘ E ’s,and � – stringsof ‘ C ’s. But of course,thegrammar
mustsomehow guaranteethat thenumberof the ‘ E ’s matchesthenumberof the ‘ C ’s. This is achievedby
guaranteeingthatwheneveran � is addedto someform, a � is alsoadded.

Example3.9A context-freegrammarfor �'	 ��E ~ C ~ ��sÈ�(v��
(1) S Ë A SB
(2) S Ë a b
(3) A Ë a
(4) B Ë b

The ideabehindthegrammar of example 3.9 is simple: the languageof thenon-terminalA is simply
� a � , andsimilarly � b Bd�	+� b � . Thelanguageof S is morecomplicated. With thesecondrule,S Ë a b, Î
canderive thestringa b. Thefirst rule is recursive: it expandsanoccurrenceof S in a form to A SB. Since
theA will derivea andtheB will deriveb, thisamounts to replacinganoccurrenceof Sin aform with a Sb.
Notethatwhenever ana is addedto theleft of theS, a b is added on its right. This ensuresthatthenumber
of theas matchesthenumber of thebs. Eventually, theS in a form canbeexpandedinto a b, to complete
thederivation.

Example3.10Derivationwith thegrammar
Ì

An example derivation with thegrammar
Ì

of example 3.9 is givenbelow. Thederivedstring is a a b b,
which is indeedin thelanguageof

Ì
. Thenumber above thederivationarrow correspondsto thenumber

of theruleof
Ì

thatwasusedfor thederivation.

4 S5 kÒ 4 A SB5p
Ò 4 A a b B5¹Ò 4 A a b b5q
Ò 4 a a b b5

What if we wereinterestedin a slightly different language,namely � ³ 	
��E ~ C ~ ��sÈÞ(v?� ? Noticethat
theonly differencebetweenthe two languageslies in theemptystring, | , which is a member of the new
language. A grammar for � ³ is given in example 3.11to demonstratetheuseof what is know as | -rules,
thatis, ruleswith emptybodies.There is nothing in thedefinitionof a rule which requiresthat its body be
non-empty. Whenan | -rule participatesin a derivation,whenever its headis theselectedelementin some
form, it is replacedby theemptysequence,thatis, thelengthof theform decreases.

Example3.11A context-freegrammar for � ³ 	3��E ~ C ~ ��s�Þ#v��
(1) S Ë A SB
(2) S Ëß|
(3) A Ë a
(4) B Ë b

This grammar is very similar to thegrammar for � of example 3.9; theonly difference is that thehalting
condition for the recursion, namelyrule (2), now expands S to | ratherto a b. This allows for theempty
stringto beamember of thelanguage: aderivation for | simplystartswith 4 S5 andappliesthesecondrule,
yielding 4N5 .
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Sincethe language ��	©��E ~ C ~ ��sÈ�!v?� is not a regular language,andsincewe have shown above a
context-freegrammar for generating it, we have proven that somecontext-free languagesarenot regular
languages.This bringsup an interestingquestion: what is the relationshipbetweenthesetwo classesof
languages?Thereareonly two possibilities:eitherthecontext-freelanguagesproperly contain theregular
languages,or they simply overlap: they have a non-emptyintersection, but eachclasscontainsmembers
thatarenotmembers of theotherclass.It turnsout thatit is relatively simpleto show thattheformer is the
case:every regularlanguageis alsocontext-free. In otherwords,given somefinite-stateautomaton which
generatessomelanguage � , it is alwayspossibleto constructacontext-freegrammarwhoselanguageis � .
Theregular languagesareproperly containedin thecontext-freelanguages.

To validatethe above claim, we conclude this sectionwith a discussionof converting automata to
context-free grammars. The rationalization is that if we can show, for any finite-stateautomaton � , a
grammar

Ì
suchthat � b ��dj	ª� b Ì d , thenwe have proven that any regular language is context-free. In

otherwords,in what follows we “simulate” a computationof a finite-stateautomaton by a derivationof a
context-freegrammar.

Let �g	¯4D¬%<K« � <F­�<K®a5 bea deterministic finite-stateautomatonwith no | -movesover thealphabet t .
Thegrammar we defineto simulate� is

Ì 	^4 Á <Xt�<KÍ�<FÎ·5 , wherethealphabett is thatof theautomaton,
andwherethesetof non-terminals,Á , is theset ¬ of theautomatonstates.In otherwords,eachstateof the
automatonis translatedto a non-terminal of thegrammar. Theideais thata single(immediate)derivation
stepwith the grammar will simulatea singlearc traversalwith the automaton. Sinceautomatastatesare
simulatedby grammarnon-terminals, it is reasonableto simulatethe initial stateby thestartsymbol,and
hence thestartsymbol Î is « � . Whatis left, of course,arethegrammar rules.Thesecomein two varieties:
first, for every automaton arc ­ b «B<KE�d�	o« ³ we stipulatea rule q Ë a « ³ . Then,for every final state«x´@��® ,
weaddtherule «U´aËß| . Thisprocessis demonstratedfor asmallgrammarin example3.12.

Example3.12Simulatinga finite-stateautomaton by a grammar

Considerthesimpleautomaton 4D¬%<K« � <K­�<F®a5 depictedbelow, where ¬^	^��« � <K« k <F«
p <F« q � , ®�	���« q � and ­

is �B4W« � <
¦ <K« k 5X<�4W« k <KY:<F« p 5G<�4W« p <FPB<K« p 5G<�4W« p <K{�<K« q 5G<�4W« � <K{�<K«

p 5X� :
« � « k « p « q

¦ Y

P

{
{

Thegrammar
Ì 	94 Á <Xt�<KÍ�<nÎ�5 which simulatesthis automatonhas Á 	^��« � <K« k <K«

p <K« q � , Î7	�« � andthe
setof rules: b w�dà« � Ë m « kbDÕ dà« k Ë e « pbWÖ dà« p Ë o « pb;× dà« p Ë w « qbDØ dà« � Ë w « pbWÙ dà« q Ë¯|
Thestringmeoow, for example, is generatedby theautomaton by walking alongthepath « � µ « k µ «

p
µ« p µ «

p
µ «
q
. Thesamestringis generatedby thegrammarwith thederivation

4D« � 5
kÒÔ4 ¦ « k 5

p
ÒÔ4 ¦ Y�« p 5

q
ÒÔ4 ¦ Y�P�« p 5

q
ÒÔ4 ¦ Y�P�P�« p 5 ¹Ò�4 ¦ Y�P�P�{½« q 5 »ÒÔ4 ¦ Y�P�P�{f5

We will notprovideaproof thatthelanguageof thegrammarindeedcoincideswith thelanguageof the
automaton,but thevalidity of this propositionshouldbeeasyto see.

It is extremelyimportant to realizethat while for every finite-stateautomaton � a grammar
Ì

exists
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suchthat � b ��d�	°� b Ì d , the reverse doesnot hold. Thereexist grammars whoselanguagecannot be
generatedby any finite-stateautomaton. Our conclusion, then, is that the classof regular languagesis
properlycontainedwithin theclassof context-freelanguages.

Observingthe grammarof example 3.12, a certainproperty of the rulesstandsout: the body of each
of theruleseitherconsistsof a terminalfollowedby a non-terminalor is empty. This is a specialcaseof
whatareknown asright-linear grammars. In a right-lineargrammar, the body of eachrule consistsof a
(possiblyempty)sequenceof terminalsymbols,optionally followedby asinglenon-terminalsymbol.Most
importantly, noruleexistswhosebodycontainsmorethanonenon-terminal;andif anon-terminaloccursin
thebody, it is in thefinal position.Right-lineargrammarsarea restrictedvariant of context-freegrammars,
andit canbeshown thatthey generateall andonly theregularlanguages.

3.6 Linguistic examples

Context-free grammarsare a powerful device, both for the specificationof formal (e.g., programming)
languagesandfor describingthesyntax(and,sometimes,alsootheraspects)of natural languages. Oneof
thereasonsfor their appeal is their efficiency: while not asefficient to implementasfinite-stateautomata,
thereexist algorithmsthatdeterminewhetheragivenstringis in thelanguageof somegrammarin timethat
is proportional to thecubeof thelengthof thestring.Comparedto finite-stateautomata,wherethetimefor
sucha taskis proportional to the lengthof thestring (that is, linear ratherthancubic), this might seema
majordifference;but given theextendedexpressivenessof context-freelanguagesover regular languages,
this is sometimesworththeprice.In thissectionweexemplify somecharacteristiclinguistic issuesthatcan
behandledelegantly with context-freegrammars.

Let usstartwith thebasicstructureof sentencesin English.Thegrammar of example 3.5canbeeasily
extendedto cover verbphrases,in additionto nounphrases:all that is required is a setof rulesthatderive
verbs,sayfrom a non-terminalcalledV, anda few rulesthatdefinethestructure of verb phrases:

V Ë sleeps VP Ë V
V Ë smile VP Ë VPNP
V Ë loves VP Ë VPPP
V Ë saw

Now all that is neededis a rule for sentenceformation: S Ë NP VP, and the augmentedgrammar can
derive stringssuchasthecat sleepsor thecat in thehat sawthehat. Thegrammar, alongwith anexample
derivationtree,aredepictedin example 3.13(page37).

Therearetwo major problemswith the grammar of example 3.13. Firstly, it ignores the valenceof
verbs: thereis no distinctionamong subcategoriesof verbs,andan intransitive verbsuchassleepsmight
occur with a noun phrasecomplement,while a transitive verb suchas lovesmight occur without one. In
suchacasewesaythatthegrammarovergenerates: it generatesstringsthatarenotin theintended language.
Secondly, thereis no treatmentof subject–verbagreement,sothata singularsubjectsuchasthecat might
befollowedby a plural form of verbsuchassmile. This is another caseof overgeneration.Both problems
areeasyto solve.

To account for valence, we simply replace the non-terminalsymbolV by a setof symbols: Vtrans,
Vintrans,Vditrans etc.We alsochangethegrammarrulesaccordingly:

VP Ë Vintrans Vintrnas Ë sleeps
VP Ë VtransNP Vintrans Ë smile
VP Ë Vditrans NP PP Vtrans Ë loves

Vditrans Ë give

To account for agreement,wecanagainextendthesetof non-terminal symbols suchthatcategoriesthat
mustagreereflectin thenon-terminalthatis assignedfor themthefeaturesonwhichthey agree.In thevery
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Example3.13A context-freegrammar for Englishsentences

Theextendedgrammar is
Ì 	
4 Á <nt�<FÍ�<FÎ�5 where Á 	�� D, N, P, NP, PP, V, VP, S� , t#	+� the, cat, in, hat,

sleeps,smile, loves,saw� , thestartsymbolis Sand Í is thefollowing setof rules:

S Ë NP VP D Ë the
NP Ë D N N Ë cat
NP Ë NP PP N Ë hat
PP Ë P NP P Ë in
VP Ë V V Ë sleeps
VP Ë VP NP V Ë smile
VP Ë VP PP V Ë loves

V Ë saw

A derivation treefor thecatsleepsis:
S

NP VP

D N V

the cat sleeps

simplecaseof English,it is sufficient to multiply thesetof “nominal” and“verbal” categories,sothatwe
getDsg, Dpl, Nsg, Npl, NPsg, NPpl,Vsg, Vlp, VPsg, VPpletc.Wealsochange thesetof rulesaccordingly:

S Ë NPsgVPsg S Ë NPpl VPpl
NPsg Ë DsgNsg NPpl Ë Dpl Npl
NPsg Ë NPsgPP NPpl Ë NPplPP
PP Ë P NP
VPsg Ë Vsg VPpl Ë Vpl
VPsg Ë VPsgNP VPpl Ë VPplNP
VPsg Ë VPsgPP VPpl Ë VPplPP
Nsg Ë cat Npl Ë cats
Nsg Ë hat Npl Ë hats
P Ë in
Vsg Ë sleeps Vpl Ë sleep
Vsg Ë smiles Vpl Ë smile
Vsg Ë loves Vpl Ë love
Vsg Ë saw Vpl Ë saw
Dsg Ë a Dpl Ë many

Context-freegrammarscanbeusedfor a varietyof syntacticconstructions,including somenon-trivial
phenomenasuchasunboundeddependencies,extraction, extrapositionetc. However, some(formal) lan-
guages are not context-free, and therefore thereare certainsetsof stringsthat cannotbe generatedby
context-free grammars. The interestingquestion, of course, involvesnatural languages: are therenatu-
ral languagesthatarenot context-free? Are context-freegrammarssufficient for generatingevery natural
language?This is thetopicwe discussin thenext chapter.
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38 CHAPTER3. CONTEXT-FREEGRAMMARS AND LANGUAGES

3.7 Formal propertiesof context-freelanguages

In section2.9we discussedsomeclosurepropertiesof regular languagesandcameto theconclusion that
thatclasswasclosedunderunion, intersection, complementation, concatenation,Kleene-closureetc.These
areusefulproperties,both for theoretical reasoning with regular languagesandfor practicalapplications.
Unfortunately, context-freelanguagesarenoso“well-behaved”. Wediscusssomeof theirclosureproperties
in this section.

It should befairly easyto seethatcontext-free languagesareclosedunderunion. Giventwo context-
free grammars

Ì k 	°4 Á k <Xt k <FÍ k <FÎ k 5 and
Ì p 	á4 Á

p <nt p <FÍ p <FÎ p 5 , a grammar
Ì 	á4 Á <Xt�<KÍ�<FÎ·5 whose

languageis � b Ì k d�"$� b Ì p d canbeconstructedasfollows: thealphabett is theunionof t k and t p , the
non-terminal set Á is a unionof Á k and Á

p
, plusa new symbol S, which is thestartsymbolof

Ì
. Then,

therulesof
Ì

arejust theunion of therulesof
Ì k and

Ì p
, with two additional rules:S Ë Sk andS Ë S

p
,

whereSk andS
p

arethestartsymbols of
Ì k and

Ì p
, respectively. Clearly, every derivation in

Ì k canbe
simulatedby a derivation in

Ì
usingthesamerulesexactly, startingwith therule S Ë S k , andthesameis

truefor derivationsin
Ì p

. Also, sinceS is a new symbol, nootherderivationsin
Ì

arepossible.Therefore
� b Ì d�	�� b Ì k dT"�� b Ì p d .

A similar ideacanbeusedto show thatthecontext-freelanguagesareclosedunderconcatenation:here
we only needoneadditional rule, namely S Ë Sk S

p
, andthe restof the construction is identical. Any

derivation in
Ì

will “first” derive a string of
Ì k (through Sk ) andthena string of

Ì p
(through S

p
). To

show closureunder theKleene-closureoperation,useasimilarconstruction with theaddedrulesS Ë¯| and
S Ë SSk .

However, it is possibleto show thattheclassof context-freelanguagesis notclosedunder intersection.
Thatis, if � k and� p arecontext-freelanguages,thenit is notguaranteedthat � k ,�� p is context-freeaswell.
Fromthis fact it follows thatcontext-freelanguagesarenot closedunder complementation,either. While
context-free languagesarenot closedunder intersection,they are closedunder intersectionwith regular
languages:if � is a context-freelanguage and

_
is a regular language,thenit is guaranteedthat �e, _ is

context-free.

Further reading

Context-free grammars and languagesarediscussedby Hopcroft andUllman (1979, chapters 4, 6) and
Partee,ter Meulen,andWall (1990, chapter18). A linguistic formalismthat is basedon the ability of
context-freegrammarsto provide adequateanalysesfor natural languagesis GeneralizedPhraseStructure
Grammars,or GPSG(Gazdaretal., 1985).
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Chapter 4

The Chomsky hierarchy

4.1 A hierarchy of languageclasses

We have encounteredsofar threetypesof mechanismsfor defininglanguages:expressions,automataand
grammars. Let us focus on grammarsin this chapter. We have seentwo typesof grammars: context-free
grammars,whichgeneratethesetof all context-freelanguages;andright-lineargrammars,whichgenerate
thesetof all regularlanguages.Right-lineargrammarsarea specialcaseof context-freegrammars,where
additional constraintsareimposedon theform of therules(in this case,at mostonenon-terminalsymbol
canbepresentin thebody of a rule,andit mustbethefinal element). Thepatternthatwe emphasizehere
is thatby placingcertainconstraintson theform of therules,we canconstraintheexpressive power of the
formalism.Whatwouldhappenif weusedthisrationalization in thereversedirection, thatis, allowedmore
freedomin theform of therules?

Oneway to extend theexpressivenessof grammarsis to allow morethana singlenon-terminalsymbol
in theheadof therules. With context-freegrammars,a rule canbeapplied(during a derivation)whenits
headis anelement in a form. We canextend this formalism by referring, in theapplication of rules,to a
certaincontext. While acontext-freerulecanspecifythatacertainnonterminal, say � , expandsto acertain
sequenceof terminalsandnon-terminals,say Ð , a rule in theextendedformalismwill specifythatsuchan
expansionis allowedonly if thecontext of � in the form, that is, � ’s neighbors to the right andleft, are
asspecifiedin the rule. Due to this reference to context, the formalismwe describe is known ascontext-
sensitivegrammars. A rule in a context-sensitive grammar hastheform Ð k A Ð p ËßÐ k ÑTÐ p , where Ð k , Ð p
and Ñ areall (possiblyempty)sequencesof terminalandnon-terminalsymbols. Theothercomponentsof
context-sensitive grammarsareasin thecaseof context-freegrammars. For example, a context-sensitive
rule might expand a verbphraseto a ditransitive verb suchas loveonly if it is precededby a nominative
noun phraseand followed by an accusative one: NPnomVPNPacc Ë NPnomloveNPacc. This format
of rulesis mostly known from phonology, wherephonological processesareusuallydescribedas“some
phoneme� is realizedas Ñ whenit is precededby Ð k andfollowedby Ð p ”.

As usual, the classof languages that can be generatedby context-sensitive grammars is called the
context-sensitive languages. Consideringthat every context-free grammar is a specialcaseof context-
sensitive grammars (with an emptycontext), it shouldbe clear that every context-free languageis also
context-sensitive,or in otherwords,thatthecontext-freelanguagesarecontainedin thesetof thecontext-
sensitiveones.As it turnsout, this containmentis proper, thatis, therearecontext-sensitive languagesthat
arenotcontext-free.

Whatwearefindingis ahierarchy of classesof languages:theregularlanguagesareproperly contained
in the context-free languages,which areproperly contained in the context-sensitive languages.These,in
turn, areknown to beproperly containedin thesetof languagesgeneratedby theso-calledunrestrictedor
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40 CHAPTER4. THE CHOMSKY HIERARCHY

general phrasestructuregrammars.Thishierarchyof languageclasseswasfirstdefinedbyNoamChomsky,
andis therefore calledtheChomsky Hierarchyof Languages. It is schematicallydepictedbelow:

Phrase-structure
languages

Context-sensitive
languages

Context-free
languages

Regular
languages

4.2 The location of natural languagesin the hierarchy

TheChomsky Hierarchyof Languagesreflectsa certainorderof complexity: in somesense,thelower the
languageclassis in thehierarchy, thesimplerareits possibleconstructions.This is a very informal notion,
andindeed thereis nothingsacredaboutthis particular hierarchy: onecould conceive of criteriaotherthan
the form of the rulesfor defining languageclasses,andget at a different hierarchy altogether. However,
given thesignificanceof theChomsky hierarchyin formal languagetheoryandcomputersciencein general,
it is interestingto investigatethelocationof formal languageswith respectto thishierarchy. In otherwords,
wheredoestheclassof natural languagesfall? Are therenaturallanguagesthataretrans-regular (cannot
bedescribedby a regular expression)?Are thereany thataretrans-context-free(cannot bedescribedby a
context-freegrammar)?Beyondtheexpressive powerof evencontext-sensitivegrammars?

In his 1957Syntactic Structures(Chomsky, 1957), NoamChomsky presentsa theoremthatsays“En-
glish is not a regular language”; asfor context-free languages,Chomsky says“I do not know whetheror
not Englishis itself literally outsidethe rangeof suchanalyses”.Incredibly, it wasfor many yearswell
acceptedthat naturallanguagesstoodbeyond the expressive power of context-free grammars,with not a
singlewell establishedproof. To illustratethis situation,herearea few quotesfrom introductory texts in
linguistics.

In one of the most popular syntaxtextbooks, An introduction to the principles of transformational
syntax(AkmajianandHeny, 1976, pp.84-86),in achaptertitled “Theneedfor transformations”,theauthors
present asmallfragmentof Englishthatdealswith auxiliaryconstructions.They present asmallCFGfor the
fragment,show that it undergenerates,thenamendit andshow that theamendedgrammarovergenerates.
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4.2. THE LOCATION OFNATURAL LANGUAGESIN THE HIERARCHY 41

Finally, they modify the grammar again,andshow that it generatesthe required language,but doesnot
“expresslinguisticallysignificantgeneralizationsaboutthelanguage”.They conclude:

Sincethereseemto be no way of usingsuchPS rules to representan obviously significant
generalizationabout onelanguage,namely, English,wecanbesurethatphrasestructuregram-
marscannotpossiblyrepresentALL the significantaspectsof language structure. We must
introduceanew kind of rule thatwill permit usto doso.

The logic that Akmajian and Heny are applying is the following: try to list as many grammars as
possiblefor a givenlanguage;if you can’t find onethat is context-free, the language is trans-context-free.
But a natural language,andindeedany language,will have aninfinite numberof grammars. It is logically
impossibleto searchthroughall of themfor onethatis context-free.Hencethis techniqueof demonstration
by enumerationof candidategrammars,in order to show thatthey areinappropriate,is outof thequestion.

In a similar way, PeterCulicover in “Syntax” (Culicover, 1976) presentsa sequenceof infinitely many
sentenceswith anincreasingdegreeof embedding, andaseriesof CF rulesthatmanage to captureincreas-
ingly morecomplex constructions.He concludes(p. 28):

In general, for any phrasestructuregrammar containing a finite number of rules like (2.5),
(2.52) and(2.54) it will alwaysbepossibleto constructa sentencethat thegrammarwill not
generate. In fact, becauseof recursiontherewill alwaysbe an infinite number of suchsen-
tences.Hence,thephrasestructureanalysiswill notbesufficient to generateEnglish.

Lateron (p. 50) heexploresa phenomenon of affix hoping in auxiliary constructionsin English,andcon-
cludes that “this makes it impossibleto capture the observed generalizationsin purely phrasestructure
terms”.Again,noproof is given.

What is the sourcefor this confusion? Perhaps the reasonlies in the notion of “context-freeness”;
onemight be misled to believe that context-free grammars cannot capturephenomenathat involve con-
text. This misconception runsso deep,that you find incredible statementssuchas in Transformational
grammar (Grinder andElgin, 1973). The authors present(p. 56) what mustbe the simplestcontext-free
grammar for a small subsetof English, anddemonstratethatwhile it correctly generatesthegirl sawthe
boy, it alsowrongly generatesthegirl kisstheboy. They claimthat“this well-known syntacticphenomenon
demonstratesclearly the inadequacy of ... context-freephrase-structuregrammars”. More precisely, they
state(p. 58) that:

The defining characteristic of a context-free rule is that the symbol to be rewritten is to be
rewritten without referenceto thecontext in which it occurs... Thus,by definition, onecannot
write a context-free rule that will expand the symbol Á into kiss in the context of beingim-
mediatelypreceded by thesequencethegirls andthatwill expandthesymbol Á into kissesin
thecontext of beingimmediately precededby thesequence thegirl . In otherwords,any setof
context-free rulesthat generate(correctly) thesequencesthegirl kissestheboyandthegirls
kiss the boy will alsogenerate(incorrectly) the sequencesthe girl kiss the boy and the girls
kissestheboy. Thegrammaticalphenomenonof Subject-Predicateagreement is sufficient to
guaranteetheaccuracy of: “English is notacontext-freelanguage”.

Exactlythesamephenomenon is usedby EmmonBachin Syntactic theory(Bach,1974, p. 77) to reach
thesameconclusion. After listing severalexamplesof subject-verb agreement in Englishmainclauses,he
says:

Theseexamplesshow that to describethe factsof Englishnumber agreement is literally im-
possibleusinga simpleagreementrule of thetypegivenin a phrase-structuregrammar, since
we cannot guaranteethatthenounphrasethatdeterminestheagreementwill precede(or even
beimmediatelyadjacent)to thepresent-tenseverb.
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42 CHAPTER4. THE CHOMSKY HIERARCHY

Of course,suchphenomenaaretrivial todescribewith context-freegrammars,asoutlinedin section3.6.
Similarly, JoanBresnanin A realistictransformational grammar (Bresnan,1978, pp.37-38) lists some

more examplesof numberagreement in English,indicating that:

In many casesthenumber of averbagreeswith thatof anounphraseatsomedistancefrom it...
this typeof syntacticdependency canextendasfarasmemory or patiencepermits... thedistant
typeof agreement... cannot beadequatelydescribed evenby context-sensitivephrase-structure
rules,for thepossiblecontext is notcorrectly describableasa finite stringof phrases.

It shouldbeemphasizedthatcontext-freerulescantake careof dependenciesthatgo far beyond “im-
mediateadjacency”. For example,we couldaugmentthegrammar of example3.13to allow relativeclause
modification of noun phrasesby separatingsingularandplural categories(assuggestedin section3.6)and
adding therulesNPsg Ë NPsgthatSandNPpl Ë NPpl thatS, andthusaccount for sentencesin whichthe
subjectandtheverbagreeonnumber, eventhoughthey mightbeseparatedfromeachotherby afull clause,
whoselengthmightnotbelimited.

Therehave been,however, somemore seriousattemptsto demonstratethat natural languagesarenot
context-free. We have seenso far onewrong way of demonstratingthat a language is not context-free.
How, thendoesonegoabout proving suchaclaim?Therearetwo maintechniques.Oneis direct: thereis a
lemma,known asthepumping lemma, thatdescribessomemathematicalpropertyof context-freelanguages
in termsof their stringsets.To prove thata particularlanguageis not context-free,onecansimply prove
thatthesetof stringsof that language doesnot comply with this property. However, theproperty is rather
complex; directproofs of noncontext-freenessarerare.

More useful than the pumping lemmaare two closurepropertiesof context-free languages: closure
under intersectionwith regular languagesandunderhomomorphism. Supposewe want to checkwhether
English is context-free. If we canfind someregular language, andshow that its intersection with English
is not context-free, then we know that English itself is not context-free. The target language – in the
intersectionof Englishandsomeregular language– shouldbeonethat is obviously not context-free,and
usuallyoneusesa variant of what’s called“copy languages”.Thecanonical example of a copy language
is ��{/{+��{3��t���� . In otherwords, if we canshow that whenEnglish is intersectedwith someregular
languageit yieldsacopy language,thenEnglish is provablynotcontext-free.Usingsuchtechniques,it was
demonstratedquiteconvincingly – usingdatafrom Dutch,Swiss-Germanandotherlanguages– thatthere
arecertainconstructionsin naturallanguagesthatcannot begeneratedby context-freegrammars.

We will not demonstrateherethenon-context-freenessof naturallanguages,asboththelinguistic data
andthemathematicsof theproof arebeyond thescopeof this course.It is muchsimpler, though, to show
that natural languagesarenot regular; in particular, we demonstratebelow that English is not a regular
language.

A famousexamplefor showing thatnatural languagesarenot regular hasto dowith phenomenaknown
ascenterembedding. Thefollowing is a grammaticalEnglish sentence:

A whitemalehiredanother whitemale.

Thesubject,A whitemale, canbemodifiedby therelativeclausewhoma whitemalehired:

A whitemale– whoma whitemalehired– hiredanother whitemale.

Now thesubjectof therelative clausecanagainbemodifiedby thesamerelative clause,andin principle
thereis nobound to thelevel of embeddingallowedby English. It is obtained,then,thatthelanguage � trg
is asubsetof English:

� trg 	3� A whitemale(whoma whitemale)
~

(hired)
~

hiredanother whitemale ��sÈ�(v?�
There aretwo importantpointsin this argument: first, � trg is not a regular language. This canbeeasily
shownusingasimilarargumentto theoneweusedin ordertodemonstratethatthelanguage��E ~ C ~ ��se�#vB�
is not regular, in section3.1.
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Thesecondpoint is thatall thesentencesof � trg aregrammaticalEnglishsentences,while no“similar”
sentence,in which the exponentsof the clauseswhoma white male andhired differ, is a grammatical
English sentence.In otherwords, � trg is theintersectionof thenaturallanguage Englishwith theregular
set

� reg 	o� A whitemale(whoma whitemale)� (hired)� hiredanother whitemale�
� reg is indeedregular, asit is definedby a regular expression.Now assumetowardsa contradiction that
English werea regular language.Thensincetheregular languagesareclosedunder intersection,andsince
� reg is a regular language, thensowould have beenthe intersection of Englishwith � reg, namely � trg.
Since� trg is known to betrans-regular, wegetatacontradiction,andthereforeourassumptionis falsified:
English is not aregular language.

As notedabove, similar considerations– albeit with a more complicatedsetof data,anda more in-
volved mathematicalargument– canbe usedto demonstratethat certainnaturallanguagesstandbeyond
theexpressivepowerof even context-freelanguages.

4.3 Weakand stronggenerativecapacity

In the discussionof the previous sectionwe only looked at grammarsasgenerating setsof strings(i.e.,
languages),andignoredthestructurethatagrammar imposesonthestringsin its language. In otherwords,
whenwe saythatEnglishis nota regular languagewe meanthatno regular expressionexistswhosedeno-
tationis thesetof all andonly thesentencesof English.Similarly, whena claim is madethatsomenatural
language,sayDutch, is not context-free, it shouldbe readassayingthat no context-freegrammar exists
whoselanguage is Dutch.Suchclaimsarepropositionson theweakgenerativecapacity of theformalisms
involved: the weakgenerative capacityof regular expressions is insufficient for generating English; the
weakgenerative capacityof context-freelanguagesis insufficient for Dutch. Wherenaturallanguagesare
concerned,however, weakgenerative capacitymight not correctly characterize the relationshipbetween
a formalism (suchas regular expressionsor context-free grammars)anda language (suchasEnglishor
Dutch). This is becauseoneexpectstheformalismnotonly to beableto generatethestringsin a language,
but alsoto associatethemwith “correct” structures.

In the caseof context-freegrammars,the structureassignedto stringsis a derivation tree. Otherlin-
guisticformalismsmightassignotherkinds of objectsto theirsentences.We saythatthestronggenerative
capacity of someformalismis sufficient to generatesomelanguageif theformalismcan(weakly)generate
all thestringsin thelanguage,andalsoto assignto themthe“correct” structures. Unlike weakgenerative
capacity, which is a properly definedmathematical notion, stronggenerative capacityis poorly defined,
becausenocleardefinitionof the“correct” structurefor somestringin somelanguage exists.

As anextremeexample, consider somesubsetof English,definedwith thefollowing grammar,
Ì k :

S Ë NP VP D Ë the
NP Ë D N N Ë cat

N Ë hat
PP Ë P NP P Ë in
VP Ë V V Ë sleeps
VP Ë V NP V Ë saw
VP Ë V PP V Ë loves

This grammar definessentencessuchas thecat sleeps,thecat sawthehat, thecat sleepsin the hat, etc.
But
Ì k not only generates suchsentences;it alsoassociateseachof themwith a derivation tree. Now

observe thatthelanguagegeneratedby
Ì k is finite: thereis no recursionin therules,andsoonecaneasily

enumerateall thesentencesin thelanguage.
Now consideranalternativegrammar,

Ì p
, with thefollowing rules:

c
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S Ë thecatsleeps
S Ë thecatsleepsin thecat
S Ë thecatsleepsin thehat
S Ë thecatsawthehat
S Ë thecat lovesthehat
S Ë thecat lovesthecat
\]\�\

In otherwords,
Ì p

hasaproductionrulefor every possiblesentenceof thelanguagegeneratedby
Ì k . Since

� b Ì k d is finite, the number of rules in
Ì p

is finite, too. Furthermore,by its construction, the language
generatedby

Ì p
is identicalto thelanguage generatedby

Ì k . In termsof their weakgenerative capacity,
wewouldsaythatthegrammarsareequivalent:they generateexactly thesamesetsof strings.However, in
termsof theirstronggenerativecapacity, it is obviousthat

Ì k and
Ì p

assigncompletely differentstructures
to the stringsin their (common) language: clearly, the treesadmittedby

Ì k aremore informative than
the flat tressadmittedby

Ì p
. We might say that

Ì k is superior to
Ì p

, as it correspondsmore closely
to the intuitions we have whenwe think of the structureof Englishsentences;but sucha claim is not a
mathematicalpropositionandcannotbeproven.Ì k and

Ì p
abovearetwocontext-freegrammars,andhenceassignthesamekindof structure(derivation

trees)to thestringsin their languages. Whentwo grammars thatareinstancesof different formalismsare
concerned,mattersbecome more complicated: it is not only difficult to evaluate the “correctness”of the
structuresassignedto strings;thesestructuresmight becompletelydifferent entities.For example, in some
linguistic theories stringsareassociatedwith complex entitiescalled feature structures rather thanwith
strings.It is verydifficult to definerelationshipsbetweenstructuresof oneformalism andthoseof another.

To summarize,thepicturethatemergesfrom theabovediscussionis thatcomparisonof different gram-
mars,andtherefore alsoof different linguistic formalisms, canonly be done on the basisof their weak
generative capacity. This is thenotionthatgrammar equivalencecaptures;this is thenotionthatshouldbe
usedwhenreferring to theappropriatenessof someformalismfor somelanguage(or a classof languages).
Stronggenerative capacityis interestingin andby itself, but it is not a notionthat is amenable to formal,
mathematicalinvestigation.

Further reading

TheChomsky Hierarchy of Languagesis dueto Chomsky (1956). Thelocationof thenatural languagesin
this hierarchy is discussedin a varietyof papers,andby far themostreadable, enlighteningandamusing
isPullumandGazdar(1982),onwhichsection4.2isbased.Severalotherworksdiscussingthenon-context-
freenessof natural languagesarecollectedin Part III of Savitch et al. (1987). Rounds,Manaster-Ramer,
andFriedman(1987) inquire into the relationsbetweenformal languagetheory andlinguistic theory, in
particular referring to the distinctionbetweenweakandstronggenerative capacity. Works showing that
natural languagescannot be described by context-free grammars include Bresnanet al. (1982) (Dutch),
Shieber(1985) (Swiss-German) andManaster-Ramer(1987) (Dutch). Miller (1999) is a recentbookded-
icatedto generative capacityof linguistic formalisms,where stronggenerative capacityis definedasthe
model theoretic semanticsof a formalism.
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