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Preface

Thisis thereadeifor the courseFormal Language Theoryfor Natural Language Processingtaughtaspart
of ESSLLI 2001, the 13th SummerSchoolin Logic, Langwageand Information This courise is a mild
introductionto formal languag theoryfor studentswith little or no backgourd in formal systems.The
motivationis naturd languag processingandthe presentatin is gearedowardsNLP applicatiors, with
extersive linguistically motivated exanples. Still, mathenaticalrigor is notcompiomised andstuderts are
expectedto have a formal graspof the materialby the endof thecourse.

The topicsto be coveredinclude: settheow; regular languagesand reguar expressions;languages
vs. compuational machiney; finite stateautonata; finite statetransdeers; contet free gramnars and
languagesthe Chomsly hierachy; weakandstronggeneratie capady; andgrammarequialence.

As this is a nev manusdpt, | would appreiate feedbackaboutits suitability, clarity, correctressand
usefuness,aswell asary errois or typos.

ShulyWintner
Haifa, Octobe 2001
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Chapter 1

Settheory

1.1 Sets

A setis anabstractunorderedcollectionof distinctobjects,calledmembes or elementof the set. When
someelemen z is amemberof asetA, wewrite z € A.

Example1.1Sets

Thesetof vowelsof the Englishalphabeis {a, €, i, 0, u}. Its membes area, €, i, 0 andu.
Thesetof articlesin Germaris {ein, eine einer einem einen.eines der, die, das,dem,den,des.

Setscan consistof elementsthat shareno other property than beingmembes of the sameset: for
exanple,thesetcontainirg theletter“a” andthenumbe 17 is a perfectlyvalid set.

Setscanbeeitherfinite orinfinite: thesetof lettersin the Englishalphabgis finite. Thesetof sentences
in theEndish languag is infinite, asis the setof oddnatual numkers. Whena sethasexactly oneelement
it is calleda singleton Whena sethasno memtlersit is calledanemptyset Thisis averyspecialset:there
is exactly one,unique emptyset,andwhile it might seemweird, it is a very usefulnotion. For examge, it
is agoodrepresetationfor the setof colorlessgreenobjects.

Thereare two main waysto specify sets: by listing all their memkers or by specifyinga property
that all their membes have (a third way, specifying a setof ruleswhich generge all the elementsof a
set, will be presered later on in this text). Listing all its elementds the obvious way to specify a set:
{a, e i, 0,u}. Notetheuseof curly braclets’{ }' arourd the elements.Sincesetsareunorcered,the
order of elementsn somespecificationof a setis irrelevant, and hencethe following setsareidentical:
{a,e i, 0,u} = {u,i, g 0,a}. Sincesetsarecollectionsof distinctelementsrepdition of anelememn does
not changethe set (asoneis only interestedn whetheran elemen is a memberof a set, and multiple
occurencegdo notchang this status):{a, e, i, o,u} = {a,a, & i, 0,0, 0, u}. Theconcepbf identity here
is thattwo setsareequalif andonly if they have exactlythesamememlers. This alsoexplainswhy thereis
aunique emptyset:its identityis fully determine by theabsene of its membes. We usea specialsymbad,
‘0" to derotetheemptyset.

Listing all the elementf somesetis a usefulway to specifythe set,but only whenthe setis finite.
For infinite sets,someothermethodof specificatioris requred. The prediatenotationfor specifyingsets
consistsn specifyirg a predcatethatmusthold for all andonly the memiersof the set. Thenotationuses
curly braclets,somevarialle (say ‘' z’) followedby averticalbar(which shoud bereadas“suchthat”) and
thenthepredcate.



2 CHAPTER1. SETTHEORY

Example 1.2 Predicatenotationfor specifyirg sets

The setof vowels of the Endish alphadet canbe specifiedas {« | z is a vowelof the Englishalphabet
(read “the setof all 2’s suchthatz is a vowel of the Endish alphalet”). Othersetsspecifiedsimilarly are:

{y | y is abookon syntax

{z | z is abookon syntaxand Chomsl wrote z}
{z | z is aword in Endish andthenumler of lettersin z is 1}

Theabore exampesall specifyfinite sets.Thefollowing areinfinite:
{# | z is anevennumbe}

{y | y is agrammatich Englishsentencg

Whena set A is finite, the numter of its memtersis calledits cardindity andis denoted A|. The
cardirality of a finite setis a naturalnumkber. Infinite setsalso have cardiralities, but they are not the
nunberof their elementsandarenot givenby naturalnumbes.

We have alreadyseenonerelationon sets,namelyequality Otherrelationsareuseful;in particuar, we
saythatasetA is asubsebf asetB if andonlyif every elemeniof A is alsoanelemenbof B (whichmight
optionally containadditicnal elements) We denotesucharelationby A C B. We saythat A is cortained
in B, orthat B contdns A.

Example 1.3 Setinclusion

0 C {a,e 0}
{a,e 0} C {z |z isavoweloftheEnglishalphabet
{a,e i, 0,u} C {z | z isavowelof theEnglishalphabet
{z | x isavoweloftheEnglishalphabett C {z | z is aletter of the Englishalphabet

Note that by definition, the emptyset‘()’ is a subsebf every set. Note alsothatevely setis a subset
of itself. Whenwe wantto exclude this possibility we musthave a differentrelation: a set A is a proper
subsetof asetB if A is asubsetof B and,additimally, A doesnotequa B. We dende this relationby
ACB.

The union of two setsA and B is the setwhosemembes are membes of A or of B (or of both)
Formally, the union of A andB is denoted4 U B andis definedas{z | € A or z € B}. Of couse,if
someelemenis amembe of both A andB it is amemberof theunion

Example 1.4 Setunion

0 U {a,e 0} = {a,e 0}
{a,e 0} U {i, e u} = {a,e i, 0,u}
{z | z isanEnglishvowel} U {a,e i, o,u} = {z | z is anEnglishvowel}
{z | zisanEnglishvowel U {z|=zisanEnglishconsmantt = {z |z isanEndish letter}

Notethatfor everysetA, AU = AandAU A = A. Also,if A C BthenAU B = B.

(© 2001by ShulyWintner



1.2 RELATIONS 3

Theintersectionof two setsA andB is thesetwhosemembes arememlersof both A andB. Formally,
theintersectiorof A andB is deroted A N B andis definedas{z | z € A andz € B}.

Example 1.5 Setintersection

0 N {a,e 0} = 0
{a,e 0} N {i, e u} = {e}
{z | =z isanEnglishvowel} N {a,e i, 0,u} = {a,e i, 0,u}
{z | zisanEnglishvowe} N {z |z isanEnglishconsmant =
{z | z isanEnglishletter} N {z | z is an Englishvowel} = {z | z isanEnglishvowel}

Here,noticethattheintersectiorof ary setwith theemptysetyieldstheemptyset,andtheintersectio
of ary setA with itselfyields A. If A C BthenAN B = A.

Anotherusefulopertionon setsis setdiffererce thedifferencebetweenA and B, denotedA \ B, is
definedas{z | z € A andz ¢ B}, wherez ¢ B mearsz is notamemberof B.

Example 1.6 Setdiffererce

{a,e 0} \ 0 = {a,e 0}
{a,e 0} \ {i, e u} = {a,0}
{z | z isanEnglishvowel} \ {a,e i, 0,u} = 0
{z | zisanEnglishletter} \ {z |z isanEnglishvowe} = {z |z isanEnglishconsomnt}

Finally, we definethe complemenbf a set A, deroted 4, asall thoseelementsnotin A. In order
to definethis notion formally, we must set someuniverse of objectsthat might be refered to: it isn’t
vely usefulto assumehe universe of “everything’. For exanple, whenreasonig abou languagesthe
universemight be taken to be all possibleutterancesn somelangwage. Then if the set A4 is definedas
{z | z is anutterance of 12wordsor lesg, thecomplenentof A is A = {y | y is anutterancelonger than
12 words}.

1.2 Relations

Setsareunaderedcollectiors of elements.Sometines, however, it is usefulto have ordered collections
of elements.We useanguar braclets‘( )’ to dende orderedsequenes For exampe, the sequencef
charatersin the Englishalphaletis

(a,b,c,d, e f, g, h,ij Kkl mno,p,qrstuvwX.y,z2

The length of a sequences the numker of its elements;multiple occurencesof the sameelementare
courted more than once. Sincesequenes are ordered, alternatirg the order of their elementscharges
the sequene. For examge, (a, e i, 0,u) # (u,i, e 0,a). Also, repetitionof an elementchangeshe
sequene: (a,€, i, 0,U) # (a,a, €, i, 0,0,0,Uu). Unlike sets,the concet of identity for sequencerequres
bothidentity of elemeis andidentity of their positionin thesequene. Thisimpliesthattwo sequenescan
only beequalif they areof thesameength.

A specialcaseof a sequencés anordered pair: asequene of length2. If A andB aresets,consicr
the setobtainedby collectingall the pairsin which the first elementis a memter of A andthe second-

© 2001by ShulyWintner



4 CHAPTER1. SETTHEORY

a membe of B. Formally, sucha setis definedas {{z,y) | z € Aandy € B}. This setis calledthe
Cartesianprodud of A andB andis dended A x B.

Example 1.7 Cartesiarproduct

Let A be the setof all the vowels in somelanguag and B the setof all consonats. For the sale of
simplicity, take A to be{a, e, i, o,u} andB tobe {b,d,f, k, I, m,n,p, s,t}. TheCartesiarproduct B x A
is the setof all possiblecorsonant—awel pairs: {{b, a), (d, a), {d, i), {k,0), (p, 0), (t, e}, (t,u), ...}, etc.
Noticethatthe Cartesiamprodiuct A x B is different: it is the setof all vowel-carsonan pairs,whichis a
cometely different entity (albdt with the samenumter of elements)The Cartesiarprodict B x B is the
setof all possibleconsomnt—cosonantairs,wherea A x A is the setof all possiblediphthongs.

The Cartesiarproduct is instrunentalin the definition of a very powerful concept,that of relations
When A andB aresets,arelationfrom A to B is a subsebf the Cartesiamproductof A andB. Formally,
R is arelationfrom A to B if andonlyif R C A x B. If R isarelationfrom A to B, it is asetof pairs;
whenapair (z,y) is in theset(i.e., when(z,y) € R), we write R(z,y), or sometimes Ry, andwe say
that R holdsfor (z, y).

Example 1.8 Relation

Let A bethesetof all articlesin GermarandB thesetof all Germamours. TheCartesiarproductA x B is
thesetof all article—rounpairs. Any subsef this setof pairsis arelationfrom A to B. In particula, theset
R = {{z,y) | € Aandy € B andz andy agreeonnumter, gencer andcase is arelation. Informally,
R holdsfor all pairsof article—nan which form a gramnmaticalnowun phrasein German sucha pairis in
therelationif andonly if thearticleandthenounagree.

Relationsarea specialcaseof sets.In particular theconcep of a“universaldonain” for relationsfrom
A to B is well defined:it is the entire Cartesiarproductof A andB. It is therebre possibleto definethe
compementof arelation: if R is arelationfrom A to B, its complenentis dended R andis definedas
(A x B) \ R, thatis, asall thosepairsin the Cartesiarproductthatarenotmembesin R.

Anotherusefulnotionis thatof theinverseof arelation.If R is arelationfrom A to B, thenits inverse,
dended R~!, is definedas {(z,y) | (y,z) € R}. Thatis, theinverseor R consistsof all the pairsof R,
eachin areverseorder. R~! is arelationfrom B to A.

A veryimportantkind of relationis afunction A relationR from A to B is saidto befunctioral if and
onlyif it pairseachmember: € A with exadly onememberof B.

Example 1.9 Functian

Let A = {appe, barana,strawberry grapefruitt andB = {green yellow red}. The Cartesiarprodict of
A andB is the setwhich pairseachfruit in A with eachcolorin B. Therelationwhich relateseachfruit
with its “true” coloris R = {(apfe, greer}, (banana, yellow), (strawberry red), (grapdruit, yellow) }.
Theinverseof Ris R~! = {(green,apde), (yellow barana), (red,strawberry), {yellow grapefriit)}. No-
ticethat R—! nolonge relatedfruit to their colors;rather it relatescolorsto thefruits thatbearthem.
TherelationR is afunction. Informally, thisis becaseeachfruit hasexactly onecolor. TherelationR —!
is notafunction, sincesomecolors (e.g, yellow) arethe colorsof mary fruits.

Relationsaredefinal overtwo sets.A specialcaseof relatiors thatis of specialinterestis relationsin
whichthetwo setsareidentical.If R is arelationfrom asetA to itself, we saythat R is definedin A. We
discusssomepropertiesof suchrelationsbelow.

A relation R in A is reflxive if andonly if for everyxz € A, xRz, thatis, if every elementin A is
relatedto itself. A relationR in A is symmetridf wheneer x Ry alsoy Rz; thatis, wheneertwo elements

(© 2001by ShulyWintner



1.3 STRINGS 5

aremembes of R they arealsomembes of R~!; it is asymmetridf whenaer xRy, it impliesthaty Rz
doesnothold. A relationR in A is anti-symmetridf wherever x Ry andy Rz we candedicethatx = y.
Finally, arelationR in A is transitiveif wherever xRy andyRz, alsoxRz.

Example 1.10Propetiesof relations

Let A beasetof humanbeings;say the setof residentof Finland Let R; bearelationin A, definedby
zRyy if andonly if z andy arerelatives. In othe terms,R; is theset{(z,y) | z is arelativeof y}. The
relationR; is reflexive, becausevery persa is arelative of himself;it is symmeéric, becauséf | amyour
relative thenyou aremy relative; it is therebre neitherasymmeéric nor anti-symmeéric; andit is transitive,
sinceif z is arelative of y andy is arelative of z, thenz is arelative of z (through y).

Let R, betherelationdefinedby z R,y if andonly if x is a paren of y. R is notreflexive, sinceit is not
the casethatevery personis his/herown parent; it is not symmetric,sinceit is not the casethatmy child
is my parett; in fact, it is asymmetic sincewhener x is a parett of y, y is not a parentof z; andit is
therebrevacuasly anti-symnetric. R» is nottransitve: if x is aparen of y andy is a parett of z, it does
notfollow thatz is a paren of z. However, therelationR 3 definedasz R3y if andonly if x is anancestor
of y is transitive.

Sofarwe have only looked at binary relations thatis, relationsover two sets. However, it is possible
to exterd this notion to morethantwo sets:for examge, aternaryrelation or arelationoverthreesets,4,
B andC, is definedasa subsebf the Cartesiarproductof A, B andC, thatis, it is a collectionof triples,
wherethefirst elements amemter of A, thesecond- of B andthethird —of C. In thesameway we can
definen-aryrelatiors for ary naturalnunbern.

1.3 Strings

Formal langua@s are definedwith respectto a given alphabet The alphdetis simply a finite set of
symbds, eachof which is called a letter. This notationdoesnot mean,however, that elementsof the
alphdet mustbe “ordinary” letters;they canbe ary symbds, suchasnumters,or digits, or words. It is
customay to use'Y’ to denotethe alphalet. A finite sequene of lettersis calleda string. For simplicity,
we usuallyforsale the traditionalsequene notationin favor of a morestraight-foward represetation of
strings.

Example 1.11Strings

Let X = {0,1} beanalphatet. Thenall binaly numkersarestringsover . Insteadof (0,1,1,0,1) we
usuallywrite 01101.

If ¥ = {a,b,¢c,d,...,y,z} is analphatet thencat, incredulas andsupecalifragilisticexpialidociaus are
strings,asaretac, qqqandkjshdfkwjehr.

The lengthof a stringw is the nurrber of lettersin the sequene, andis denotedw|. A very special
stringis the uniquestring of lengthO. It is calledthe emptystring andis usuallydenoted (but sometimes
A).

If w, andw, aretwo stringsover the samealphalet 3, we can createa new word by writing w4
following w;. This opeation is called concdenation andis formally definedas follows: let w; =
(x1,...,2n) andws = {y1,...,ym). The conatenationof w; andws, denotedw; - ws, is the string
(1,3 Tn,Y1,---,Ym). Notethatthelengthof w; -w, is thesumof thelengthsof w; andws: |wy -ws| =
|wi| + |w=|. Whenit is clearfrom the context, we sometime®mit the‘-” symbolwhendepictingconcae-
nation

(© 2001by ShulyWintner



6 CHAPTER1. SETTHEORY

Example 1.12Concatenatio

Let ¥ = {a,b,c,d,...,y,z} beanalphalet. Thenmaster- mind = mastermingd mind - master =
mindmater and master- master = mastermaster Similarly, learn- s = learns learn- ed = learned
andlearn- ing = learning

Noticethatwhentheemptystringe is concateatedwith ary stringw, theresultingstringis w. Formally,
for everystringw, w - € = € - w = w.

We defineanexponat opaatorover stringsin thefollowing way: for everystringw, w ° (read:w raised
to thepowerof zerg is definal ase. Then forn > 0, w™ is defina asw™ ! -w. Informally, w™ is obtainel
by concateatingw with itself n times. In particdar, w! = w.

Example 1.13Expment
If w = go, thenw® = ¢, w! = w =go, w? = w' -w = w -w = gogo, w* = gogogo andsoon.

A few othernotionsthatwill be usefulin the sequel:the reversal of a stringw is derotedw ¥ andis
obtairedby writing w in thereverseorder. Thus,if w = (z1,2,...,2,), w? = (T, 20 1,...,71).

Example 1.14Reversal

LetY = {a,b,c,d,...,y, 2} beanalphalet. If w isthestringsaw thenw £ is thestringwas If w = madan
thenw’ = madam= w. In this casewe saythatw is a palindrome

Givenastringw, asubstringof w is asequencéormed by takingcontiguoussymbds of w in theorder
in whichthey occurin w. If w = (z1,...,2,) thenfor ary i, j suchthatl < i < j < n, (z;,...z;) isa
substringof w. Anotherway to definesubstring is by sayingthatw . is asubstringof w if andonly if there
exist (possibly empty) stringsw; andw, suchthatw = w; - w. - w,. Two specialcasef substringsare
prefixandsufix: if w = w; - w, - w, thenw; is aprefixof w andw,. is asuffix of w. Notethatevery prefix
andevery suffix is asubstringbut notevery substriny is a prefix or a sufix.

Example 1.15Substring

LetY = {a,b,¢,d,...,y, 2} beanalphaletandw = indistingushablea stringover ¥. Thene, in, indis,
indistinguishandindistinguishableareprefixesof w, while €, e, able distinguishdle andindistingtishable
aresuffixes of w. Substrigsthatareneitherprefixesnor sufixesincludedistinguish gui andis.

1.4 Languages

Givenanalph&etX, thesetof all stringsover X is denotediy X * (thereasorfor this notationwill becone
clearpresently. Noticethatno matterwhatthealphatetis, ¥ * is alwaysinfinite. Evenfor animpoverished
alphadetthatconsistof asingleletteronly, sayY = {a}, ©* containghestringsa® = ¢, a'! = a, a® = aa,
etc.,andin geneal for every k > 0 thestringa* is in £*. Sinceonecannad imposea bourd onthelength
of astringin X*, it is impossibleto bourd the nunmber of its elementsandhenceX * is infinite.

A formallanguage over analphalet X is simply a subsebf X *. Any subsetbeit finite or infinite, is a
language. SinceX* is alwaysinfinite, the numker of its subsetss alsoinfinite. In otherwords,givenary
alphdet Y, evenan extremdy impoverishedalphabetonsistingof a single charater, thereareinfinitely
mary formal langugesover X! Somepossible(formal) languagsover a “natural” alphabé aredepictel
in thefollowing exanple.

(© 2001by ShulyWintner



1.4 LANGUAGES 7

Example 1.16Langlwages

LetY = {a,b,c,...,y, z}. ThenX* is thesetof all stringsover the Latin alphdet. Any subseDf this set
is alanguag. In particdar, thefollowing areformal languages:

* X¥;

o thesetof stringsconsistingof consomntsonly;

o thesetof stringsconsistingof vowelsonly;

o thesetof stringseachof which contairs atleastonevowel andatleastoneconsonat)
o thesetof palindranes:stringsthatreadthe samefrom right to left or from left to right;
o thesetof stringswhoselengthis lessthanl7 letters;

¢ thesetof single-letterstrings;

e theset{i, youy he she it, we they};

o thesetof wordsoccuring in Joyce’s Ulysses;

e theemptyset;

Notethatthefirst five languagsareinfinite while the lastfive arefinite.

We cannow “lift” someof the string operatios definedabove to languaes. If L is a langwagethen
thereversal of L, dended L, is thelanguage{w | w® € L}, thatis, the setof reversedL-strings. Con-
cateration canalsobelifted to languayes:if L, andL, arelangwagesthenl, - L, is thelanguagedefinel
as{w; -ws | w1 € Ly andws € Ly}: theconcateationof two langlagess the setof stringsobtainedby
conatenatingsomeword of thefirst languae with someword of the second

Example 1.17Languageoperatims

Let L; = {i, you,he she it, we, they} andL, = {smilg sleeg. ThenL;" = {i, uoy, eh,ehs i, ew, yeht
andL, - L, = {ismile, yousmile hesmilg shesmileitsmile wesmile theysmile isleep,yousleephesleep,
shesleepitsleep,wesleeptheysleeg.

In the sameway we candefinethe exponet of alanguag: if L is alanguaethenL ? is thelanguag
contaning theemptystringonly, {e}. Then fori > 0, L* = L-Li~!, thatis, L¢ is obtainel by concaenating
L with itself i times.

Example 1.18Languageexponentiation

Let L be the set of words {bau, haus,hof, frau}. ThenL® = {e}, L' = L andL? = {baubay
bathaus, baulof, baufrau, haustau, hawshaus, haushé, hawsfrau, hofbau, hofraus, hofhd, hoffrau,
fraubau, frauhaus,frauhof fraufrau}.

Sometimest is usefu to consider not a particdar numker of conatenationsbut “any” nurrber. Infor-
mally, given alanguage L onemight wantto corsiderthelanguag obtainel by concaenatingsomeword
of L with someotherword of L, thenconatenatingthe resultwith yet anotler word, andso on andso
forth. Thelanguageobtaned by considringany number of concaenationsof wordsfrom L is calledthe
Kleeneclosure of L andis denotedZ*. Formally, it is definedas|J;~, L?, whichis atersenotatia for the

© 2001by ShulyWintner



8 CHAPTER1. SETTHEORY

unioning of L° with L!, thenwith L2, L? andsoon adinfinitum. Whenonewantsto leave L° out, one
writes LT = [J2, L.

Example 1.19Kleeneclosure

Let L = {dog, cat}. ObserethatL® = {e}, L' = {dog, cat}, L? = {catcat,catdqy, dogca, dogdog}, etc.
Thus L* cortains,amongits infinite setof strings,the stringse, cat, dog, catcat,catday, dogcat, dogdog,
catcdcat, cattbgcat,dogcatcat,dogdogcat, etc.

As anotherexanple, corsiderthealphabe® = {a, b} andthelanguag L = {a, b} definedoverX. L* is
the setof all stringsover a andb, which is exactly the definitionof X *. The notationfor ¥* shouldnow
becaneclear:it is simply aspecialcaseof L*, whereL = X.

Further reading

Most of the materialpresentedn this chaptercanbe found in ary introductory textbook on settheoryof
formallanguagtheory A very formal preserationof this materialis given by Hopcrdt andUllman (1979,
chaper1). Justasrigorous,but with aneyeto linguistic usesandapplicatiors, is the presetationof Partee,
ter Meulen,andWall (199, chaptersl—3.

(© 2001by ShulyWintner



Chapter 2

Regular languages

2.1 Regular expressions

A formal languageis simply a setof strings,a subsetof ¥ *, andwe have seena variety of langlagesin

the previous chapter As langlagesare sets,they canbe specifiedusingary of the specificatiormethals
for setsdiscussedn sectionl.1 However, whenlanguagsarefairly regular, they canbe characterize

by morereguar means.In otherwords,if the langlagesoneis interestedn arenot arbitrarily compex, a

formal andsimplemears of specifyirg themcanbe moreusefulthanthegeneal, ratherinformal predcate
notation. For exanple, supwseX is analphdet,say¥ = {a, b}, andsuppseonewantsto specifythe
languagethat contairs all andonly the stringswhich startwith threea’s andendin threeb’s. Thereis an
infinite number of suchstrings,of course andtherefae anenunerationof the memtersof thelanguaeis

notanoption. In predcatenotation thislangiagecanbedescribedis{w | w € X * andw startswith “aaa”

andendswith “bbb” }. However, this is notaformal notation andwheninformal specificatiorareused one
runs therisk of vagueandambigwusspecificationslt is advantayjeousthen,to have amoreformd means
for specifyinglanguages.

We now presentsucha formalism, calledreguar expressions It is a meta-langage: a languagefor
specifying formal languages.lts “syntax” is formally definedandis relatively simple. Its “semantics"will
besetsof stringsin aformd languag. Theformalismdefines regularexpressionsformal expressiongover
somealphalet ¥, augmetedby somespecialcharacterslt alsodefinesa mappirg, calleddenotaion, from
regular expressiongo setsof stringsover . In otherwords, every well-formedregularexpressiordenotes
asetof strings,or alanguage.Regularexpressionsover analphalet ¥ aredefinedasfollows:

e (is aregula expression
e cisaregularexpression

o if ¢ € X isaletterthena is areguar expression

if r; andr, areregularexpressionghensoare(r; + r2) and(ry - r2)

if r is areguar expressiorthensois (r)*

nothirng elseis aregularexpressionover X.

Example 2.1 Regularexpressions

Let ¥ bethealphatet{a,b,c,...,y, zZ}. Somereguar expressionsover this alphabearef, a, ((c - a) - t),
(((m-e)-(0)*)-w), (a+(e+ (i + (0+w))), ((a+ (e+ (i + (0+uw)))))*, etc.
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Now that the form of reguar expressionsis defined we can definetheir meanimgs. For every reguar
expression its dendation, []], is asetof stringsdefinedasfollows:

o [(] is theemptyset(
o [[€] is thesingletonsetcontairing theemptystringonly: {e}
o if a € ¥ isaletterthen[[a] is thesingletonsetcontainirg a only: {a}

e if 7y andr, aretwo reguar expressionswhosedendationsare[[r1]] and[r2]], respectiely, then

|I(T1 + 7'2)]] is |IT1]] U [[TQ]] and[[(n - 7'2)]] is [[7'1]] - [[7“2]]

e if r is areguar expressionrwhosedendationis [[r] thenthederotationof (r) * is [r]*

Example 2.2 Reggularexpressionsandtheir denotatios
Following arethe dendationsof the regularexpressionf the previousexanple:

0 0
€ {e}
a {a}

((c-a)-t) {c-a-t}

(((m -e) - (0)*) -w) {men, meowmeoowmeoow, mMeooow, ...}
(@+(e+(i+(o+uw))  {aeiou}

((a+ (e+ (i + (o +u)))))* thesetcortainingall stringsof 0 or more vowels

Regularexpressionsareusefulbecasethey enalbe usto specifycomplec languagesin aformal, concise
way. Of coursefinite languagescanstill be specifiedoy enumeatingtheirmemkers;but infinite languages
aremucheasierto specifywith aregula expressionasthelastinstanceof theabove exanple shaws.

For simplicity, we will omit the parentlesesarourd reguar expressionswhen no confusion canbe
causedThus,theexpression((a + (e + (i + (0 + u)))))* will bewrittenas(a + e + i + o + u)*. Also, if
¥ ={a1,as,...,a,}, wewill useX asashorttandnotation for a; + az + - - - + a,,. As wasthecasewith
stringconcateationandlanguageconatenationye sometime®mitthe'-’ operdor in reguar expressions,
sothatthe expressiore - a - t canbewritten cat

Example 2.3Regularexpressions

To exemplify the power andexpressvenessof reguar expressios, we presenterea few expressios de-
noting rathercompex langua@s.

Giventhealphaetof all Englishletters,X = {a, b, ¢, .. .,y, 2}, thelanguageX * is denotedby thereguar
expressionX* (recall our convention of usingX as a shorthad notatior). The setof all stringswhich
contan avowel is denotel by £* - (a + e + i + 0 + u) - £*. Thesetof all stringsthatbegin in “un” is
dendedby (un)X*. Thesetof stringsthatendin either“tion” or “sior’ is dendedby X * - (s + t) - (ion).
Notethatall thesdanguagsareinfinite.

Whatlanguagscanbeexpressedsthe dendationsof reguar expressions?This is animportantques-
tion which we will discussin detail in section4.2. For the time being, sufiice it to say that not every
langwagecanbe thusspecified. The setof languageswhich canbe expressedasthe dendation of reguar
expressionss calledreguar languages It is a mathemécal factthatsomelanguags,subsetof X *, are
notregular. We will encaintersuchlanglagesn thesequel.

(© 2001by ShulyWintner
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2.2 Propertiesof regular languages

We have definedthe classof regular langluagesabore asthe classof languayesthat canbe specifiedby
regular expressionslt is importantto notethatthisis a setof languayes,thatis, a setof setsof strings.In
this sectiorwe discusssomepropertiesof this classof languags. Thiswill berelatedto adiscussiorof the
expressvenesf this class whichwe deferto sectiond.2

Whenclasseof languaesarediscussedsomeof the interestingpropertiesto be investigatedareclo-
sureswith respecto certainoperates. Recallfrom sectionl.4thatseverd opeators,suchasconcateation,
union, Kleene-closte etc.,aredefinedoverlanguags. Givena particula operatim, sayunion it is inter-
estingto know whetherthe classof regular languagesis closedunder this operatim. Whenwe saythat
regular languagesare closedunderunion, for exanple, we meanthatwheneer we take the union of two
regularlanguagestheresult—whichis alanguae—is guaraeedto beareguar languag. More geneally,
aclassof languagesc is saidto be closedundersomeoperdion ‘o’ if andonly if wherevertwo languages
L,, Ly arein theclass(L1, L. € £), alsotheresultof perfaming the opertiononthetwo languagsis in
thisclass:L; e Ly € L.

Closurepropertieshave a theoetical interestin andby themseles, but they are especiallyimportant
whenoneis interestedn processinganguages.For exanple, if we have anefficientcompuationalimple-
mentatia for regular langwages(say onewhich couldtell us whethera given stringindeedbelong to a
given langua@), andwe know thatcertainlanguagsarereguar, thenwe canfreely usethe opeatorsthat
thereguar languagsareclosedunde, andstill presere computationalefficiency in processing At amore
conaetelevel, suppsewe have a part-d-speechtagger a programthat determiresthe part of speectof
eachwordin arunnirg text, whenthewordsaremembes of someregularlangua@. Suppsewe now want
to extendthelanguag sothatthe coverageof thetaggeris improved. We cansimply testour taggeron the
languageextension thosewordsthatarenotin the original language. Assumingthatthis is alsoa reguar
language,andassuminghattheregular languagesareclosedunderunion, we cansimply take the unionof
thetwo langua@es:the original oneandits extension andthetaggershouldbe ableto copeefficiently with
thisnew languag, asit is guaanteedo bereguar.

Whatoperatims, then,aretheregularlangwagesclosedundef It shouldbefairly easyto seethatthey
areclosedunder union corcatenatiorandKleene-claure.Sinceary reguar languae, by definition,is the
dendation of someregularexpressionwheneer we have areguar languaye we canreferto somereguar
expression(pethapsnot unige) of whichit is the denotdion. Thus, whengiven two reguar languaes,L
and L,, therealways exist two reguar expressions,r; andrs, suchthat[[r1]] = L; and[[r2]] = L». It
is therefoe possibleto form new regular expressios basedonr; andrs, suchasr - rq, r1 + ro andry.
Now, by the definitionof reguar expressionsandtheir dendations,it follows thatthedenotatio of 7 ; - r5
is Ly - Ly: [[ry - 2]l = Ly - Lo. Sincer; - ro is areguar expressionits denotatio is areguar language,
andhencelL; - L. is areguar languag. SinceL; and L, arearbitrary (regular) languaes, the logical
processoutlinedaboreis valid for any two reguar langua@s: hencethereguar languagsareclosedunder
cona@tenation.In exactly the sameway we canprove thatthe classof regular languagesis closeduncer
union andKleene-claure.

Of coursethefactthattheregularlanguagesareclosedunder someoperatimsdoesnotimply thatthey
areclosedunderary opeation. However, one of the reasongor the attractvenessof regular languages
is thatthey areknown to be closedundera wealth of useful opeations: intersection comgementation
exponentiatia, substitutionhomanorptism, etc. Thesepropertiescomein very hand/ bothin practical
applicdionsthatusereguar languag@sandin mathenatical proofs thatconernthem. For exanple, there
exist severalexterdedreguar expressiorformalismsthatallow the userto expressregular languagsusing
not only the threeoperateos that defineregular expressios, but alsoa wealth of otheroperaors (thatthe
classof reguar languagsis closedundej. It is worth noting thatsuch“good behaior” is not exhibited by
more comple classe®f languagessuchasthe contet-freelanguageshatwe will meetin chapte 3. See
section3.7for more details.

© 2001by ShulyWintner
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2.3 Finite-state automata

In the previous chapterwe presentedormd langu@esasabstracentities: setsof stringsof letterstaken
from somepredefired alphalet. In section2.1 we presered a meta-laguage, reguar expressionswhich
is a formalism for specifyinglanguaes. We also definedthe set of languagesthat can be denotedby
regular expressions,namelythe setof reguar langua@s. This sectionis dedicatedo a differenttake on
languages:we presentanguag@sasentitiesgereratedby a computdion. Thisis avery comman situation
in formal languaetheory mary languag families(suchasthe classof reguar languags)areassociated
with compuing machiney that generateshem. The dual view of languages(asthe dendation of some
specifying formalismandasthe outpu of acomputationalprocess)s centralin formal languagetheory

The computationaldevice we definein this sectionis a very simpleone The easyway to ervision it
wouldbeto think of afinite setof states conrectedby afinite numter of transitions Eachof thetransitions
is labeledby a letter, taken from somefinite alphalet, andwe will cortinue to use¥: for the alphabet.A
comptationstartsatadesignatd state the start stateor initial state andit movesfrom onestateto anotler
alongthe labeledtransitions. As it moves, it printsthe letter which labelsthe transition. Thus, duringa
computation,a string of lettersis printedout. Now someof the statesof the machinearedesignatedinal
statesor accepping states.Wheneaer the compuation reaches final state,the string thatwas printedso
faris saidto be acceped by the machire. Sinceeachcomputationdefinesa string, the setof all possible
comptationsdefinesa setof strings,or in otherwords,alanguag@. We saythatthis languaeis accepte
or geneatedby themachine.

The computationaldeviceswe definehereessentiallycontan afinite nunberof states.Therefore,they
are called finite-stateautonata. In orderto visualizefinite-stateautomatawe will usually depictthem
graphically. The stateswill be depided ascircles;theinitial statewill be shadedandwill usuallybethe
leftmaost (or, sometimestopmest) statein the picture thefinal stateswill be depictedby two concertric
circles. Thetransitionswill be depictedasarcsconneting thecircles,with thelabelsplacednext to them.
The alphabetwill usuallynot be explicitly given we will usuallyassumehatthe alphaket is simply the
collectionof all thelettersthatlabelthearcsin anautonaton.

Example 2.4 Finite-stateautomaon

The following autonatonhasfour states:qq, ¢1, g2 andgs. It hasfour arcs: one,labelede, comectsqq
with ¢;; thesecondlabeleda, conrectsq; with ¢»; andthe othertwo, labeledt andr, connet g with g3.
Theinitial stateis g9, whichis shadedanddepictedasthe leftmoststate andthe only final stateis g3, asis
evident from thedoube circle.

t

The above presentatiorof finite-stateautormatawas ratherintuitive andinformal. Formdly, a finite-
stateautoméaon is afive-tuge, or a sequene of five elements.Thefirst elements a finite setof states;t
is custonary to use() for this set. The next elements analphabg or afinite setof letters,andwe useX
asusualfor this set. Then,thethird elements the startstateof the automata, which mustof coursebean
elemenin @; we useqq for this state. Thefourth elementusuallyd, is arelationfrom statesandalphalet
symbds to states Finally, thelastelementF', is a setof final statessothat I’ C (). Thus,anautomaon A
is writtenas{(Q, ¥, qo, 9, F).

Example 2.5 Finite-stateautomaon
Thefinite-stateautomata of exanple 2.4 canbe formally writtenas A = (Q, %, q¢, 6, F'), where@ =
{qu q1,92, q3}v Y= {Ca a, ta T}v F = {q3} and6 = {<q03 c, ql)a (qla a, q2)7 <q23 ta q3)a <q2a T, Q3>}

(© 2001by ShulyWintner
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Now that autonataare formally defined we candiscussthe way by which they geneate, or accept,
languages.Informally, whenlooking at a graphical depictionof anautonaton,onecancorstructa “path”
by startingin theinitial state moving alongthetransitionarcs(in thedirectionindicatedby thearrovs) and
reacling oneof thefinal states.During sucha jourrey, the sequencef lettersthatlabelthearcstraversed
in the order in which they weretraversed constitutesa string, andthis stringis saidto be acceptedy the
autonaton.

To captue this notionformaly, we first extendthetransitionrelationfrom singlearcsto “paths”. For-
mally, we definethereflexive transitive extensionof thetransitionrelationé asanew relation, §, from states
andstringsto states Theextendedrelationis definedasfollows: first, for evely stateq € @, S(q, €,q) holds.
In otherwords, theemptystring canleadfrom eachstateto itself, but nowheie else.ln addtion, if acertain
stringw labelsthe pathfrom theinitial stateto somestateq, andthereis anoutgang transitionfrom ¢ to
q' labeleda, thenthestringw - a labelsa pathfrom theinitial stateto ¢'. Formally, for every stringw € %*
andlettera € %, if 6(¢q, w,q’) andd(q’, a,q") thend(q,w - a,q").

Example 2.6 Paths
For thefinite-stateautoméaon of examge 2.4, Sis thefollowing setof triples:

<q0767q0>7 <611;€; Q1>, <112>€;QZ); <q37€7 q3>7 <q0707 ql); <q17a7 q2>7 <q27taq3>7 <CI2,T, q3>7
(g0, ca, g2),{q1,at,q3),{q1,ar, g3), (qo, cat, g3), {go, car, g3)

Notethatthemiddleelemen of eachtriple is a string,ratherthana letteraswasthe casewith 6.

A stringw is acceptedy anautonatonif andonly if thereis a pathlabeledw which leadsfrom the
initial stateto ary of the final states. Formally, we write w € L(A) andsaythatw is acceptd by the
automaton A = (Q, g0, X, 6, F) if andonly if thereexists a stateqy € F suchthat d(go, w) = g¢. The
language accepedby a finite-stateautomdon is the setof all stringsit accepts.

Example 2.7 Languageacceptedy anautonaton
Theautomato of exampe 2.4 acceptsxactly two strings:cat, alongthe pathg, — ¢ — ¢2 — g3, andcar,
alongthesamepath(albeitwith a differentfinal transition) Theefore,its languageis {cat, car}.

Automataarecomputationaldevicesfor computinglanguags,andsoanautonatoncanbeviewedasan
alternatve definitionfor alanguage.In exanple 2.8 (pagel4) we present nunberof automatayererating
somelanglageswe encounteredin this chager.

We introducethe corventionof writing “?* for “any characteof X" in examge 2.8. Anothercorvention
we will usein subsequenexanplesof automaa would be to label a singletransitionby more thanone
symbd, insteadof drawing severaltransitiors betweerthetwo nodes eachlabeledby oneof thesymiols.

We now slightly amen the definition of finite-stateautonatato include whatis called e-moves. By
our original definition, the transitionrelationd is arelationfrom statesandalphalket symbolsto statesWe
now exterd §: thetransitionrelationis now definedover statesput ratherthanalphaetsymbds, its second
coodinateis now ¥ U {e}, thatis, ary arcin anautormatoncanbe labeledeitherby somealphalet symbol
or by thespecialsymbole, which asusualdendesthe emptyword. Theimplicationis thatwhile traversirg
theautomata, onecantransitfrom onestateto anotter without printing outary symbol,or in otherwords,
thataword w canbe acceptedy the autonatonby traversingmorearcsthanthe nurmber of charactersn
w. It is possibleto shav thatfor every finite-stateautonatonwith e-trarsitionsthereexists an equivaent
finite-stateautonaton(acceptig the samdangua@) without e-moves.

© 2001by ShulyWintner
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Example 2.8 Somefinite-stateautonata

We startwith an automatonwhich acceptso string at all, thatis, which geneatesthe emptylanguage.
This autormraton hasa single state,which by definition hasto betheinitial state,so@ = {go}. Sincewe
dorit wantthe automaon to accep ary string, no final statesare necessaryandhenceF = (). For the
samereasonno transitiors arereqgured, andthusd = () aswell. Graptically, this autonatonis depicedas

follows:

Sincethereareno final statesfor no string w does thereexist a stateqy € F suchthats(qo,w,qf) is
defined andhencethelangwageacceptedy theautomata is empty

Now conside thelanguae which consistof a singlestring,a. An automata which acceptghis languag
musthave atleastoneacceptingtate andindeedonesuchstatesufiices. There mustbeatransitionlabeled
a leadingfrom theinitial stateto this singlefinal state.A finite-stateA whoselanguag L(A) is {a} is:

®—®

Whatif we wantedanautomata to accept langwageof onestringonly, but we wantedtheacceptedtring
to betheemptystring?In otherwords,whatwould anautanatonA look likewhenL(A) = {e}? Again,a
singlefinal stateis requirel, but sincewe wantthe machire to accepthe emptystring, thefinal statemust
coindde with theinitial state.No transitionsarenecessaraswe don't wantthe automata to acceptary

otherstring. Hereit is:

Notethedifferencefrom thefirst automata in this exanple.

Next, consicer an autormaton the langua@ of which consistsof the set of stringsof one or more‘a’s:
{a,aa,aaa aaas, ...}. We needto provide pathsfrom theinitial stateto afinal statelabeledby a, by aa,
aag, etc.,andthe nunberof pathsmustbeinfinite. But sincefinite-stateautonatahave a finite nunmber of
states an exhaustize enumeation of thesestatess impossible.Instead,onecould usea finite number of
statesin aninfinite numker of paths:this canbe achieved usingloops, or circular paths. The following
autonaton hasonly two statesand only two transitions,but the languag it generateis infinite. Thisis
becasethetransitionthatleadsfrom ¢, to itself canbetraversedaninfinite numker of times. Sinceq; is
afinal state,it canbereachedn infinitely mary differentways: by walking the patha, or by walking the
pathaa, or aaa andsoon, adinfinitum. Thelanguageit acceptss therefae therequred one.

a
‘
Similarly, anautoméon for acceptiig the languageof zeroor moreoccurencesf a would be:

@)

Whatwill anautonatonaccepting®* look like? We canusea corventionby which the wildcard symbol
‘?" standdor ary charater of 33, anddepictthe autorratonasfollows:

@)

(© 2001by ShulyWintner
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Example 2.9 Automatawith e-moves
Thelanguageacceptedy thefollowing autormatonis {do, undq dore, undone}:

@®——O——®——®——0—"—O——@®
~_ ~_

Note thatin orderfor the autamatonto accept,say undq an acceptingpath musttraversethe e-arc that
conrectsqy with gg. While traversingthis arc,nosymba is read(or geneated):thee is takento denotethe
emptyword, asusual.

Finite-stateautonata,just like reguar expressionsare devicesfor definingformal languages.As was
the casewith reguar expressionsijt is interestingto investigatethe expressvenesf finite-stateautonata.
Interestingly it is a mathematiclafact that the classof langiageswhich canbe generéed by somefinite-
stateautomaonis exactlytheclassof reguar languages.In otherwords, ary languagethatis thedenotatio
of somereguar expressioncanbe gengatedby somefinite-stateautonaton,andary langwagethatcanbe
geneatedby somefinite-stateautonatonis the dendation of somereguar expression.Furthernore, there
are simple andefficient algorithns for “translating a regular expressionto an equivaent autonatonand
vice versa.

Example 2.10Equivalenceof finite-stateautomataandregular expressions
For eachof theregularexpressionof exanple 2.2we depictanequvalentautomaon below:

0

a —a’

(c-a)- ) - (@) —

(m-€) (0)") -w) - : -
a,e,t,o,u U

(a+ (e+(i+ (0o+uw)))) —’ ©

(a+ (e + (i + (0+u))) 3 a,e.i,0,u

® ©

2.4 Minimization and determinization

The finite-stateautonata preseted above are nondeterminstic. By this we meanthatwhenthe compu
tationreaches certainstate,the next stateis not uniquely determine by the next alphalet symbolto be
printed. Theremightvery well be morethanonestatethatcanbereachd by atransitionthatis labeledby
somesymlol. Thisis becauseve definedautonatausingatransitionrelation §, whichis notrequiredto be
functional. For somestateq andalphabésymbola, § might includethe two pairs{q, a, ¢1) and{(q, a, g=)
with ¢; # ¢2. Furthernore, whenwe extended 6 to allow e-transitionswe added yet anothe dimensiom
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of nondetermirism: whenthe machire is in a certainstateq andan e-arcleavesq, the compuation must
“guess” whethe to traversethis arc.

Much of the appedof finite-stateautonatalies in their efficiencgy; andtheir efficiengy is in greatpart
dueto thefactthat, given somefinite-stateautom&on A andastringw, it is possibleto determinenhetrer
ornotw € L(A) by “walking’ thepathlabeledw, startingwith theinitial stateof A, andcheckng whetter
thewalk leadsto a final state. Sucha walk takestime thatis propational to the lengthof w. But when
autonataare nondeterministic,an elementof guessings introduced,which might very well impair the
efficieng/: no longeris therea singlewalk alorg a single pathlabeledw, and somecortrol mechaism
mustbeintroducedto checkthatall possiblepatts aretaken.

Thegoodnews is thatnondeterninism worksfor us: it is sometimesnucheasierto construt a non
deterninistic automata for somelanguage. And we canrely on two very important results: every non
deterninistic finite-stateautonatonis equvalentto somedetermiiistic one andevely finite-stateautomata
is equivalent to onethathasa minimum numter of nodes,andthe minimal autonatonis unique. We now
explain thesetwo results.

First, it is importart to clarify whatis meantby “equivalent”. We saythat two finite-stateautonata
areequiadent if andonly if they acceptthe samelanguwage: every string thatis acceptedy one of the
autonatais acceptedy theother Notethattwo equivalentautomataanbevery different from eachothes
they canhave differert nunbersof statesdifferentacceptingstatesetc. All thatcowntsis thelanguaethat
they generateIn the following exampe andin future ones,we suppessthe identitiesof the nodeswhen
depiding automata.

Example 2.11Equivalentautomata
Thefollowing threefinite-stateautomaa areequivdent: they all acceptheset{go,gone going}.

. n g
g 0 n e

Ay o 0 ® o @

As

Notethat A, is deterninistic: for ary stateandalphabesymbolthereis atmostonepossibletransition A 5

is not deterninistic: theinitial statehasthreeoutgdng arcsall labeledby g. Thethird autonaton, A 3, has
e-arcs andhenceis not deterninistic. While 4, mightbethe mostreadale, 4, is themostcompmactasit

hasthefewestnodes.

As we saidabove, given a nondeterministidfinite-stateautonaton A it is alwayspossibleto corstruct
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anequvalentdeterninistic automaon, onewhosenext stateis fully deterninedby thecurrentstateandthe
alphadet symbol,andwhich containsno e-moves. Sometimeghis corstructionyields an autormatonwith
mote stateghanthe original, nornrdetermirstic one. However, this automéaon canthenbe minimizedsuch
thatit is guaanteedthat no determiristic finite-stateautanatongeneating the samelanguae is smaller
Thus, it is alwayspossibleto deterninize andthenminimize a givenautormatonwithout affecting thelan-
guage it generges. Fromanefficiengy poirt of view, then,we canalwaysdealwith deterninistic autonata.
For conveniene, we cango on usingnon-deterninism ande-arcsin our automaa, asthesecanalwaysbe
removed.

2.5 Operationson finite-state automata

We know from the previous sectionthat finite-stateautonata are equivalentto regular expressios, or in

otherwords, thatarny reguar languag canbegereratedoy someautomato. We alsoknow from section2.2

thatthereguar langlagesareclosedunderseveral opeations,includingunion, conatenatiorandKleene-
closure So,for examge, if L; and L, aretwo regular languaes,thereexist automatad; and A, which
accepthem,respectiely. Sinceweknow thatL, UL, is alsoaregularlanguage theremustbeanautomata
whichacceptst aswell. Thequestionis, canthis autonatonbe constrictedusingtheautomaa A ; andA,?
In this sectionwe shov how simpleoperdions on finite-stateautomatecancorrespod to someoperaors
onlanguags.

We startwith concdenation. Supmsethat A, is a finite-stateautonatonsuchthat L(A,) = L;, and
similarly that A, is anautomato suchthat L(A2) = L,. We describeanautanatonA suchthatL(A) =
Ly - Ly. Awordw isin Ly - Ly if andonly if it canbe broken into two parts,w; andws, suchthat
w = wy - we, andw; € L1, ws € Ls. In termsof automatathis meanghatthereis anacceptingpathfor
wy in A; andanacceptig pathfor ws in A,; soif we allow ane-trarsition from all thefinal statesof A,
to theinitial stateof A,, we will have acceptig pathsfor wordsof L - L,. Thefinite-stateautomata A is
constrietedby combning 4; and A, in thefollowing way: its setof states(y, is theunionof @ ; and@s;
its alphdetis the unionof thetwo alphalets;its initial stateis theinitial stateof A4; its final statesarethe
final statesof A,; andits transitionrelationis obtaired by addirg to §; U §, the setof e-movesdescribe
above: {{gys,€, qoo) | g5 € F1} Wheregy, is theinitial stateof A,. Thisconstrutionis graphially depictel
in exampe 2.12(page 18).

In avery similar way, anautomata A canbe constructedvhoselanguagsis L1 U L, by comhbning
A; and A,. Here,oneshouldnoticethatfor aword to be acceptedy A it musteitherbeacceptedy A ;
orby A, (or by both. Thecombnedautomata will have anacceptig pathfor everyacceptingathin A4 ;
andin A,. Theideais to adda new initial stateto 4, from which two e-arcswill leadto theinitial states
of A; andA,. Thestatesof A will betheunion of thestatesof A; and A,, plusthenew initial state.The
transitionrelationwill betheunionof §; with d2, plusthenew e-arcs. Thefinal stateswill bethe union of
Fy andF;. Thisconstrution is depctedgraphically in examge 2.13(pagel8).

An extensionof the sametechnigie to constrict the Kleene-tosureof anautonatonis ratherstraight-
forward. However, all theseresultsarenotsurprising aswe have alreadyseenin section2.2thatthereguar
languagesare closedundertheseopeations. Thinking of languag@sin termsof the automaa thataccept
themcomesn hand/ whenonewantsto shav thatthereguar languagsareclosedunderotheroperatians,
wheretheregularexpressiomotationis not vety suggestie of how to appoachthe prodem. Considerthe
opeationof complemetation if L is areguar langu@e over analphalet X, we saythatthe conplement
of L is the setof all thewords(in £*) thatarenotin L, andwrite L for this set. Formally, L = £* \ L.
Givenaregularexpressionr, it is not clearwhatregular expressionr’ is suchthat[[r']] = [[r]]. However,
with automéa this beconesmucheasier

Assumethata finite-stateautormaton A is suchthat L(A) = L. Assumealsothat A is determiristic in
the sensethatits behaior is definedfor every symbolin X, at every state. If this is not the case,simply
deterninize it while preseving its languag. To corstructan automata for the complenentedlangiage,
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18 CHAPTER2. REGULARLANGUAGES

Example 2.12Concatenatio of finite-stateautonata
SupmseA; and A, areschematicallydepictedasthetwo trianglesbelon. Thenthe combined automata
is obtaired by addingthe e-arcsasshovn below:

Example 2.13Union of finite-stateautonata
An autormaton A whoselanguaeis L(A;) U L(Asz):

@)

all onehasto dois charge all final statesto nonfinal, andall nonfinal statesto final. In otherwords, if
A=(Q,%,q,0,F),thend = (Q, %, q0,6,Q \ F)issuchthatL(A) = L. Thisis becaseevely acceptig
pathin A is notacceptig in A, andvice versa.

Now that we know that the regular languagesare closedundercomplengentation,it is easyto show
thatthey areclosedunderintersection if L; and L, areregularlanguaes,thenL N L, is alsoreguar.
This follows directly from fundamentaltheoemsof settheory since L, N L, canactuallybe written as
L, U L,, andwe alreadyknow that the regular languaesare closedunder union and comgementation
In fact, corstructionof anautomaon for the intersectionlanglageis not very difficult, althowgh it is less
straightforwardthanthe previous exanples.
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2.6 Applications of finite-state automata in natural language pro-
cessing

Finite-stateautonmataare efficient computationaldevicesfor generéing reguar languages.An equivadent
view would beto regaid themasrecanizingdevices: givensomeautomaon A andaword w, applyirg the
autonatonto thewordyieldsananswetrto the question:ls w amemberof L(A), thelangageacceptedy
theautonmaton?This reversedview of autonatamotivatestheir usefor a simpleyet necessarapplication
of natual languageprocessingdictionas lookup.

Example 2.14Dictionariesasfinite-stateautonata

Many NLP applicatiosrequre theuseof lexicons or dictionaies,sometimestoringhundedsof thousands
of entries. Finite-stateautomatgprovide an efficient meansfor storingdictionaries,accessinghemand
modfying their conterts. To undestandthe basicorganizatia of a dictionary as a finite-statemachire,

assumehatanalphafet is fixed (we will useX = {a,b, ..., z} in thefollowing discussioh andconsidr

how a singleword, saygo, canberepiesentedAs we have seenabore, a naive representatiowould be to

constriet anautonatonwith a singlepathwhosearcsarelabeledby thelettersof theword go:

g 0
go: O— 00— ©

To representmorethanoneword, we cansimply addpathsto our “lexicor’, onepathfor eachadditioral
word. Thus,afteraddingthewordsgoneandgoing we might have:

o) ) n g
9/» 0O—0—0—0——0
. g 0 n e
go,gong going: @) O O O ©

&
o]
O——0©

This autom#&on canthenbe determimzed andminimized

. 9
go,goneg going: 0] 0] © ©® 'e) ®

With sucharepresentationa lexical lookup opelationamourts to checlking whetheraword w is amemter
in thelanguag geneatedby theautomata, which canbedore by “walking’ theautomata alongthe path
indicatedby w. Thisis anextremelyefficientopeation: it takesexactly one“step” for eachletterof w. We
saythatthetime requred for this opeationis linear in thelengthof w.

The organizationof the lexicon asoutlinedabove is extremely simplistic. The lexicon in this view is
simply alist of words. For realapgication oneis usuallyinterestedn associatingertaininformationwith
evety wordin thelexicon. For simplicity, assumehatwe donothaveto list afull dictionary entrywith each
word; rather we only needto storesomemorpho-phondogical information,suchasthe part-d-speectof
theword, or its tense(in the caseof verbs)or numter (in the caseof nours). Onewayto achieve this goalis
by extendng thealphalet X: in additionto “ordinary” letters,Y. caninclude alsospecialsymbols,suchas
part-of-speechtags,morpto-phonolaggical information, etc. An “analysis” of a (naturallanguae) word w
will in this caseamount to recanition by theautonatonof anexterdedword, w, followedby somespecial
tags.
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20 CHAPTER2. REGULARLANGUAGES

Example 2.15Adding morphologcal informationto thelexicon

Supmsewe wantto addto the lexicon informationabou part-d-speechandwe usetwo tags: — N for
nowns,—V for verbs. Additiondly, we encoe the numberof nours as-sgor -pl, andthetenseof verbsas
-inf, -prp or -psp(for infinitive, presenparticide andpastparticiple,respectiely). It is very importari to
notethatthe additional symtols aremulti-charactersymbds: thereis nothing in comman to the alphalet
symbd -sgandthe sequene of two alphabetetters(s,g! In otherwords,the exterdedalphaletis:

¥ ={a,b,c,..., V¥, 2,-N,-V,-sg -pl, -inf, -prp, -psp

With the extended alphdet,we might constructhefollowing automata:

g 0 i n g Vv -prp
) O o) o) o) o) o) ®
n e -V -psp
o) o) e ®
-V -inf
O ®

Thelangugegenergedby theabosre automata is nolongerasetof wordsin Endish. Ratherit is a setof
(simplisticly) “analyzed strings,namely{go-V-inf, goneV-psp,goingV-prp}.

Regular langua@s are particulaty appealing for naturallanguage processingfor two main reasons.
First, it turns outthatmostphondogical andmorplologicd processesanbe straight-brwardly describel
usingthe opeationsthatreguar languagesareclosedunder, andin particdar concaenation.With very few
exceqions (suchasthe interdgitation word-formation processe®f Semiticlanguaesor the duplication
pheromenaof someAsian langua@s), the morphology of most natual languags is limited to simple
conatenationof affixes,with somemorpho-ghondogical alternatims, usuallyon a momphemebourdary,
Suchphenanenaare easyto modelwith regularlanguages,andhenceare easyto implenmentwith finite-
stateautonata. The otheradvaentageof using regular languagsis the inheren efficiengy of proessing
with finite-stateautonata. Most of the algorithns onewould wantto apply to finite-stateautonatatake
time proportiond to thelengthof theword beingprocessedindependenly of the sizeof theautonaton.In
computationalterminolay, thisis calledlinear time compleity, andis asgoodasthingscanget.

In the next sectionwe will seehow two languagescanberelatedsuchthatonelangua@ containsonly
a setof naturallanguagestrings,while the othercontainsa setof analyzedstrings,with the appopriate
mappng from onelanguageto the other

2.7 Regularrelations

We emplasizedn the previouschapteia dualview of finite-stateautonata: asthemechaismis competely
declaative, automatacan be seenas eitherrecoqizing langugesor gereratingthem. In otherwords,
depeading on the application onecanusea finite-stateautomatonto geneate the stringsof its languag
or to determire whethera given string indeedbelorgs to this language. Finite-stateautomataare simply
yet anothemway for defining (reguar) languages with the addtional benefitthatthey areassociatedvith
efficientalgorithns for manipulatingsuchlanguages.

While thisfunctionality is sufiicientfor somenaturallanguag apgications,aswasshavnin sectiorn?.6,
sometimest is usefulto have a mechanisnfor relating two (formal) langua@s. For examge, a part-of
speechtaggercan be viewed as an applicationthat relatesa set of natual languae strings (the source
language)to a setof partof-speechags(thetargetlangwage).A morghologicd analyzercanbeviewedas
arelationbetweematual languag strings(the surfaceforms of words)andtheir interral structue (say
assequencgof morphemes).For dictionary lookup of someSemiticlanglages,onemight wantto relate
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surfaceforms with their root and pattern(as somedictionariesare indexed by roat). In this sectionwe
discussa computationaldevice, very similar to finite-stateautomatawhich definesa relation over two
regularlanguag@s.

Example 2.16Relationsover languags

Considera simplepart-of-speecttagger anapplication which associatesvith every wordin somenatural
langlwageatag,dravn from afinite setof tags.In termsof formallanglagessuchanapplicatio implements
a relation over two languages. For simplicity, assumethat the naturallanguag is definedover ¥ ; =
{a,b,...,z} andthatthesetof tagsis £, = {PRON, V, DET, ADJ, N, P}. Thenthepart-d-speectrelation
might containthe following pairs, depictedhereverticdly (thatis, a string over X ; is depictedover an
elememof X5:

| know some newnv tricks said the Cat in the Hat
PRON V DET ADJ N \Y DET N P DET N

As anotherexanple,assumehaty:; is asabove,and¥; is a setof part-of-speecrandmorphologcal tags,
includng {-PRON, -V, -DET, -ADJ, -N, -P, -1, -2, -3, -sg -pl, -pres,-past,-def, -indef}. A momphologcal

analyeris basicallyanapplicdion definirg arelationbetweeralanglageover 3. ; andalanglageover ¥,.
Someof the pairsin sucharelationare(vertically):

I know some new tricks
[I-PRON-1-sg know-V-pres some-DE¥indef new-ADJ trick-N-pl

said the Cat in the Hat
say-\tpast the-DETFdef cat-N-sg in-P the-DET-def hat-Nsg

Finally, corsidertherelationthatmapsevery Englishnouwn in singularto its pluralform. While therelation
is highly regular (namely addirg “s” to the singuar form), somenours areirreguar. Someinstancesf
thisrelationare:

cat hat ox child mouse sheep goose
cats hats oxen children mice sheep geese

With thetermindogy we introducedsofarwe candefinerelationssuchasexenplified abose in asimple
way. A relationis definedovertwo alphatets,>:; and¥; (thesecondalphaletis sometimeslendedA). Of
course,thetwo alphaletscanbeidentical,but for mary naturallanguayeapplicaticsthey differ. A relation
in X* x ¥* isregularif andonly if its projedionson bothcoordnatesareregular languages.Informally, a
regular relationis a setof pairs,eachof which consistsof onestringover ¥ ; andonestringover X5, such
thatboththe setof stringsover ¥; andthoseover 3.5 constituteregularlanglages.

2.8 Finite-statetransducers

In the previous chaptemwe introducedfinite-stateautomataasa computationaldevice for definirg regular
languages.In a very similar way, finite-statetransduers area computationaldevice for definirng reguar
relatiors. Transdeersarevery similar to automaa: the mostsignificantdifferenceis thatthe arcsarenot
labeledby singleletters,but ratherby pairsof symbols: onesymbd from ¥ ; andonesymbdad from Xs.
Formally, afinite-statetransdiceris asix-tuple{Q, qo, X1, X2, d, F'). Similarly to automatag) is afinite set
of statesgy is anelemenbf (), theinitial state,F' is asubsebf ), thefinal (or acceptig) states).; andX,
arealphalets:finite setsof symbds, notnecessarilglisjoint(or different).Exceptfor theadditionof X 5, the
only differencebetweerautomataandtransduersis thetransitionrelationd: while for automatag relates
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statesandalphdetsymbds to statesjn our case) relatesa stateandtwo alphdetsymbds, onefrom each
alphaet,to anew state.Formally, § is arelationover@, 31, ¥ and@, orasubsebf @ x ¥; x Xy x Q.

Example 2.17Finite-statdransduces

Following is a finite-statetransdeer relating the singularforms of two English wordswith their plural
form. In this case,both alphatets areidentical: ¥1 = ¥» = {a,b,...,2}. Thesetof nodesis @ =
{q1,q2,...,q11}, theinitial stateis g andthe setof final statess F' = {g¢s, ¢11 }. Thetransitionsfrom one
stateto anotler aredepcted aslabeledarcs;eacharc bearstwo symbols,onefrom ¥ ; andonefrom %5,
separatethy a colon(:). So,for examge, (q1, 0, €, ¢2) is anelemenbf §.

g%o:eo:es:se:e
s:sh:he:ee:eﬂ

Obsenre thateachpathin this device defineswo strings:a corcatenatiorof theleft-hard sidelabelsof the
arcs,andaconcateationof theright-handsidelabels.The upperpathof theabove transdeerthusdefines
thepair gocse:geesewhereaghelower pathdefines the pair sheepsheep

What constitutesa computationwith a transdweer? Similarly to the caseof autonata,a computation
amountsto “walking’ a pathof thetransdeer, startingfrom theinitial stateandendingin somefinal state.
Along the path,arcsbearbi-symtol labels: we canview the left-handside symbd asan “input” symbol
andtheright-handsidesymbd asan“output” symbol. Thus,eachpathof the transdicerdefinesa pair of
strings,aninput string (over 1) andanoutpu string (over ¥5). This pair of stringsis a memter of the
relationdefinedby thetransduer.

Formally, to definethe relationinducedby a transducemwe must exterd the relationd from single
transitiors to paths,aswe did for automaa. The exterdedrelation, ¢, definedover @, %%, ¥,* and @,
is definedasfollows: for eachqg € @, 0(q, ¢, €, q) holds,thatis, eachstateis relatedto itself through an
¢ : € path;then,if §(g, w1, w2, g2) andéd(gs, a, b, gs), thend (g, ws - a,w, - b, g3) holds:if thereis a path
labeledw; : ws from ¢; to ¢; andan arclabeleda : b from g5 to g3, thenthereis alsoa pathlabeled
wy - a : we - bfromg; to g3. Finally, apairw; : ws is acceptd (or generted) by thetransduceif andonly
if S(qg,wl,wg,wf) holdsfor somefinal stateg; € F. Therelationdefinedby thetransduceis the setof
all the pairsit accepts.

As ashorthad notatian, whenanarcis labeledby two identicalsymbols,we depictonly oneof them
andomit the colon. As we did with automatayve usuallysuppressheidentitiesof thenodes.

Example 2.18Shorthad notationfor transdeers
With theabove corventiors, thetransduceof exanple 2.17 is depidedas:

o:e o:e S e
9/»0 O—0—0—0
s h e e p

@) @) @) O O ©

Of course,the above definition of finite-statetransdweersis not very usefd: sinceeacharcis labeled
by exactly onesymbolof ¥; andexactly onesymbolof X5, ary relationthatis implemenied by sucha
transdeermustrelateonly stringsof exactlythe samdength. This shouldnotbethecase andto overcome
thislimitation we extendthe definitionof § to allow alsoe-labels.In the exterdeddefinition § is arelation
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over @, X1 U {e}, 2 U {¢} and@Q. Thusa transitionfrom onestateto andher caninvolve “readng” a
symbd of ¥; without “writing” arny symbad of X, or theotherway round.

Example 2.19Finite-stateransducewith e-labels

With the extencded definition of transdeers,we depictbelov an expandedtransdeer for singulasplural
noun pairsin English.

O ®)
@) @) @) ©) ®) C)
©) ©)

) u:E€ i
@) O @) O ©

Note that e-labelscan occuron the left or on the right of the .’ separatar The pairs acceptedy this
transdeeraregoose:gesesheep:shep,0x:0xe1 andmouse:mice

It is worth notingthatthereexist variantsof finite-statetransdaicersin whichthearcsarelabelednot by
singlealphdetsymbolsbut ratherby stringstheref. For simplicity, we will only considertransduersas
presetedin this section.

2.9 Propertiesof regular relations

In the previous sectionswe discussedsereral propertiesof finite-stateautomata. The main obsevation
wasthat finite-stateautanatageneate exactly the setof regular languages;we alsolisted a few closure
propertiesof suchautomata. The extersion of automatato transduces carrieswith it someinteresting
results. First andforenost, finite-statetransduersdefineexactly the setof regular relations.Many of the
closurepropertiesof automatarevalid for transdeers,but somearenot. As thesepropertiesbearnotonly
theoetical but alsopradical significancewe discusghemin motre detailin this section.

GivensometransdeerT, considemwhathapp@&swhenthelabelsonthearcsof T aremodifiedsuchthat
only the left-handsymbolremairs. In otherwords,conside whatis obtaired whenthe transitionrelation
4 is projectedon threeof its coodinates: (@, X1 and@ only, ignaring the ¥, coordnate. It is easyto see
thatafinite-stateautonatonis obtainel. We call this automatonthe projectionof 7' to X 1 . In thesameway,
we candefinethe projection of T' to X » by ignoring ¥, in the transitionrelation. Sinceboth projedions
yield finite-stateautomatathey induce regular langua@s. Therforetherelationdefinedby T is areguar
relation

We cannow considercertainopeationson regularrelations,inspiredby similar opeationson reguar
langwages. For examge, union is very easyto define. Recallthat a regular relationis a subsetof the
Cartesiamproductof X1 x X3, thatis, a setof pairs. If R; and R, areregula relations,thenR; U Rs is
defined andit is straightforwardto shaw thatit is areguar relation To definetheunionopertiondirectly
over transdeers,we cansimply extendthetechnigqie delineatedn section2.5 (seeexamge 2.13) namdy
addanew initial statewith two arcslabelede : € leadingfromiit to theinitial statesf thegiventransduers.

In a similar way, the opeation of concdenationcanbe exterdedto reguar relatiors: if R; and Ry
arereguar relationsthenR; - Ry = {(w; - wa, w3 - wy) | {w1,ws) € Ry and{ws,ws) € Ry}. Again,the
technque delineatedn examge 2.12canbe straightforwardy extencedto the caseof transdwers,andit
is easyto show that R, - R, is aregularrelation.
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Example 2.200peratios on finite-statetransduers
Let R; bethefollowing relation,mappirg someEnglishwordsto their Germancounteparts:

R, = {tomatoTomate cucumler:Gurke, grapefruitGrapefruit,pinegple:Aranas,coconu: Koko}
Let R, beasimilarrelation: Ry = {grapefruit:panpelmusgcocont:Kokusnufy. Then

R; U R, = {tomatoTomate cucumler:Gurke, grapefruitGrapefruit,
grapefruit:pampelmusepineaple:Ananas,cocorut:Koko ,coconut:Kokusmuf3}

A rathersurprisingfactis thatreguar relationsarenot closeduncer intersection In othe words, if R ;
and R, aretwo regular relations thenit very well might bethecasethat R, N R; is notareguar relation
It will take us beyond the scopeof the materialcoveredso far to explain this fact, but it is importantto
remenberit whendealingwith finite-statetransduces. For this reasonexactly it follows thatthe classof
regularrelatiorsis notclosedunder complemetation: sinceintersectiorcanbeexpressedn termsof union
andcomplenentation|f regularrelationswereclosedundercomplanentatiorthey would have beenclosed
alsounderintersectionwhich we know is notthe case.

A very useful operaion that is definedfor transdeersis compaition. Intuitively, a transdeer re-
latesoneword (“input”) with anothe (“output”). Whenwe have morethanonetransducg we canview
the output of the first transduce as the inpu to the second. The composition of T'; and T relatesthe
input langwageof T, with the output languag of T, bypasingthe intermaliate level (which is the out-
put of T, andtheinput of T5). Formdly, if R; is arelationfrom X7 to ¥} and R, is a relationfrom
Y5 to X3 thenthe compsition of R; and R., dended R; o R, is arelationfrom X} to X3 definedas
{{wy,w3) | thereexistsastringw, € X} sut thatw; Ryw, andws Rows }.

Example 2.21 Compositiorof finite-statetransduers
Let R; bethefollowing relation,mappirg someEnglishwordsto their Germancounteparts:

R; = {tomato: Dmée, cucunber:Gurlke, grapefrut:Grapefruit,
grapefruit:pampelmse pineagple:Ananas,cocornut:Koko ,coconut:Kokusnuf}

Let R, beasimilarrelation,mappirg Frenchwordsto their Englishtranslatios:

R, = {tomate:tanato,ananas:pireapple pampelmasse:gapefruit,
concanbre:cucunber cornichon:cicumber noix-de-cocacocorut}

ThenR; o R; is arelationmappingFrenchwordsto their German translatios (the Englishtranslatiors are
usedto compute the mappng, but arenot partof thefinal relation):

R, o R; = {tomate:Dmae, ananas:Anaas,pampelmousse:Gpefruit, pampelmousse:@melmuse
concanbre:Gurke, cornichon:Gurke, noix-de-cocoKoko, noix-de-cocoKokusni®e}

Further reading

A very goodformal exposition of regular languag@sandthe compuing machnery associateavith themis
given by Hopcrdt andUliman (197, chaptes 2—3) Another usefu sourceis Partee ter Meulen andWall
(1990, chager 17). For naturallanglageapplicatians of finite-statetechrology referto RocheandSchabes
(1997a),whichis a collectionof papes rangng from mathematicapropertiesof finite-statemactinery to
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linguistic modelirg usingthem. The introduction (Rocheand Schabes]1997b) canbe particulaty useful,
aswill be Kartturen (1991). Koskennieni (1983) is the classicpresentatio of Two-Level Morphdogy,

andan exposition of the two-level rule formalism,which is demorstratedby an applicdion of finite-state
techniquesto themorptology of Finnish.KaplanandKay (1994) is a classicwork thatsetsthe very basics
of finite-statephaology, refering to automaa, transduces and two-level rules. As an exanple of an

exterdedregular expressionanguage,with an alundanceof applicatiors to naturallangua@ processing
seeBeeslg andKarttunen(Forthcoming) Finally, Karttunenetal. (199%) is afairly easypaperthatrelates
regular expressionsandrelatiors to finite automataandtransduces, and exenplifies their usein several
langwageengineringapplications.
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Chapter 3

Context-freegrammars and languages

3.1 Whereregularlanguagedail

Regularlanguagesandrelationswereprovenvery usefulfor various apgicationsof natual languagepro-
cessing,as the previous chagers demastrate. Applications that requirerelatively “shallow” linguistic
knowledge,especiallyarownd the finite domairs of linguistics(e.g.,morptology andphorology), suchas
dictionary lookup, morphologial analysisandgeneation, part-ofspeechagging etc.,areeasilymodelel
with finite-statetechniqes. However, thereis alimit to whatcanbe achiezedwith suchmeans.Thetheo-
reticalreasorto thislimit liesin thelimited expressvenesf regular languags. We mentiaedin passing
that not all languagesover X arereguar, but we did not hint at what kind of languagslie beyond the
regularones.This s thetopic of this section.

To exemplify anonreguar language considera simplelangiageover the alphdetX = {a, b} whose
memltersarestringsthatcorsistof somenumter, n, of ‘a’s, followedby thesamenunberof ‘b’s. Formally,
thisis thelanguae L = {a™ - b™ | n > 0}. Notethatthis s very differentfrom the language{a *b*}: for a
stringto beamemlerof L, thenumker of a’s mustbeidenticalto thenumberof b’s. Now let usassumehat
thislangwageis regular, andtherebrethata deterninistic finite-stateautanatonA existswhoselangwageis
L. ConsidetthelangwageL; = {a’ | i > 0}. Sinceevely stringin this langiageis a prefix of somestring
(a’ - b?) of L, theremustbea pathin A startingfrom theinitial statefor everystringin L ;. Of coursethere
is aninfinite nunberof stringsin L;, but by its very nature, 4 hasafinite numbe of statesTherebrethere
mustbetwo differentstringsin L; thatleadthe autonatonto a singlestate.In otherwords,thereexist two
strings,a’ anda*, suchthatj # & but §(go, a?) = 8(go,a*). Let uscall this stateg. Thele mustbea path
labeledy’ leadingfrom ¢ to somefinal stateg, sincethestringa’b? is in L. This situationis schematically
depidedbelow:

Pg - = N Pg -7 ~
@_. . @
Theeefore, thereis alsoan acceptingpatha b7 in A, andherce alsoa®?’ is in L, in contradiction to our
assumptia. Sinceour assumptiorleadsto a contradiction, it mustbe false,and henceno deterministic
finite-stateautomatonexistswhoselangwageis L.

We have seenonelanguge,namelyL = {a™ - b™ | n > 0}, which cannad be definedby a finite-state
autonatonandtherebreis notreguar. In fact,thereareseveral othersuchlangua@s,andthereis a well
known technige, the so called pumpng lemma for proving that certainlanguajesare not regular. If a
languageis not regular, thenit cannotbe denotedby a reguar expression. We mustlook for alternatve
meaurs of specificatiorfor non-iegularlanguags.
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3.2 Grammars

In orde to specifya classof morecompex languageswe introducethe notionof agramma. Intuitively,
a gramma is a setof ruleswhich manipulate symbols. We distinguishbetweentwo kinds of symbols:
terminal ones,which shoud be though of as elementsof the tarmget language,and nonrterminal ones,
which are auxiliary symbds that facilitate the specification It might be instructive to think of the non
termiral symbolsassyntacticcategaries, suchasSentenceNounPhraseor Verb Phrase However, formally
speakiig, nonterminalsare simply a setof symbols,andthey have no “special”, exterral interpgretation
whereformal languagesare corcerned. Similarly, terminal symbolsmight correspondto lettersof some
natual languag, or to words, or to nothing at all, whenthe grammar is of somenonnatual language.
Termiral symbds aresimply elementf somefinite set.

Rulescanexpresstheinterna structureof “phrases” which shoud notnecessarilyoeviewedasnatural
langwagephrasesRatherthey induceaninternalstructue on stringsof thelanguage but this structurecan
be arbitray, anddoes not have to be motivatedby anything more thanthe corveniene of expressingthe
requred language.A rule is anon-anpty sequencef symbols,a mixture of termirals andnonterminals,
with the only requrementthat the first elementin the sequene be a nonterminalone. We write such
ruleswith a specialsymbd, ‘—’, separatinghe distinguishedeftmost non-teminal from the restof the
sequene. Theleftmostnonterminalis sometimeseferedto asthe headof therule, while the restof the
symbds arecalledthebody of therule.

Example 3.1Rules

Assumethatthe setof termiralsis {the cat, in, hat} andthe setof nonterminds is {D, N, P, NP, PP}.
Thenpossiblerulesover thesetwo setsinclude

D — the NP—- DN

N — cat PP— PNP
N — hat NP — NP PP
P —in

Note that the terminal symbolscorrespad to words of Endish, andnot to lettersaswasthe casein the
previouschapter

ConsidettheruleNP — D N. If weinterpretNP asthesyntacticcateggory nounphrase D asdeterminer
andN asnoun thenwhattherule informally meands thatonepossibleway to corstructa nounphrasds
by conatenatinga determine with anoun More generally a rule specifiesone possibleway to corstruct
a “phrase” of the catgary indicatedby its head this way is by corcatenatingphrasesof the categories
indicatedby theelementsn thebodyof therule. Of coursetheremight be more thanonewayto corstruct
aphraseof somecatgary. For examge, therearetwo ruleswhich definethe structureof the category NP
in examge 3.1: eitherby concateatinga phraseof cateyoty D with oneof catggory N, or by concaenating
anNP with aPP.

In exanple 3.1, rulesareof two kinds: the onesontheleft have a singletermind symba in their body,
while the oneson the right have one or more nortterminalsymtols, but no rule mixesboth termiral and
nontermind symbds in its body. While thisis acomma pradice whengramnarsfor naturd languayesare
conernednothirg in theformdism requiressuchaformatfor rules.Indeedrulescanmix ary comhbination
of termimal andnonterminalsymbolsin their bodies.However, we will keepthe cornventionof formatting
rulesin gramnarsfor naturallanguagesn this way.

A granmar is simply a finite set of rules. Sincewe mustspecify the alphaket and the set of non
termirals over which a particulargranmar is defined,we say that, formally, a grammar is a four-tuple
G = (V, %, P,S), whereV is afinite setof nonterminalsymbols,X is analphalet of terminalsymbols,
P is asetof rulesandS is the start symbo] a distingushedmemter of V. Therules(membes of P) are
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sequenesof terminalsandnonterminds with adistingushedfirst elementwhichis anortterming, thatis,
memiersof V x (V U X)*.

Notethatthis definition pernits ruleswith emptybodes. Suchrules,which corsist of aleft-hard side
only, arecallede-rules,andareusefulbothfor formal andfor natual languages.Example3.11below will
malke useof ane-rule.

Example 3.2 Gramnar

Thesetof rulesdepictedin example3.1 cancorstitute the basisfor agramma G = (V, X, P, S), where
V ={D, N, P,NP, PP}, £ = {the cat,in, hat}, P is thesetof rulesandthestartsymiol .S is NP.

In the sequelwe will depictgramnarsby listing their rulesonly, aswe did in exanple 3.1. We will
keepa cornventionof usinguppercasdettersfor the nonterminalsandloweraselettersfor theterminals,
andwe will assumehatthe setof termiralsis the smallestthatincludesall thetermirals mentimedin the
rules,andthe samefor the nonterminals. Finally, we will assumehatthe startsymba is the headof the
first rule, unlessstatedotherwise.

Sofarwetalkedabout‘rules” and“grammars”in genera In fact,formal languaetheowy definesrules
andgranmarsin a muchbroadr way thanthatwhich wasdiscussedbore, andour definitionis actually
only a specialcaseof rulesandgranmars.For various reasonsghathave to do with the formatof therules,
this specialcaseis known ascontext-freerules. This hasnothng to do with theability of grammarsto refer
to cortext; thetermshouldnotbetakenmnenonically. However, althoudn thetermcanbequiteconfusing,
especiallyfor naturallanglwageapplicatiors, it is well establishedn formal languagetheoryandwe will
therebre useit here. In the next chager we will presentotherrule systemsand showv that contet-free
rulesandgranmarsindeedconstitutea specialcase.In this chaper, however, we usetheterms*“rule” and
“context-free rule” interchangealy, aswe dofor grammnars,derivationsetc.

3.3 Derivation

Formally speakingeachnonterminalsymbad in a granmar derotesalanguag. For a simplerule suchas
N — cat we saythatthe languagedended by N includes the symbolcat For a morecomgex rule such
asNP — D N, thelanguagedenotedoy NP contans the concateation of the languagedended by D with
the onedended by N. Formally, for this rule we saythat L(NP) D L(D) - L(N). Mattersbecane more
compicatedwhenwe conside arule suchasNP — NP PP. Thisis arecursiverule: asinglenonterminal
occus bothin theheadandin the bodyof the rule, andhencewe mustdefinethelanguag derotedby NP
in termsof itselfl While this mightlook strangeijt is in factwell-definedandsolutionsfor suchrecursve
definitionsareavailable.

In orderto definethe languagedended by a grammarsymbad we needto definethe corceptof deriva-
tion. Derivationis arelationthatholdsbetweertwo forms eachasequeneof gramnar symbds. Formally,
givenagrammarG = (V, X, P, S), we definethe setof formsto be (V U ) *: the setof all sequencesf
termiral andnon-teminal symbds. We saythataform « derivesaform g, denotedby o = g, if andonly
if @ =y Ay, andf = vv.v- andA — 7. isarulein P. A is calledtheselectedsymbol Informally, this
mears thata derives 3 if a singlenon-teminal symbd, A, occursin «, suchthatwhatever is to its left in
a, the (possiblyempty) sequencef termiral andnon-teminal symbolsy,, occursat the leftmostedgeof
B; andwhatever is to theright of A in a, namelythe (possiblyempty) sequene of symbds - ., occursat
therightmostedgeof 3; andtheremairderof 3, namdy -y ., constituteghe bodyof somegrammar rule of
which A is thehead
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Example 3.3 Derivation

Let G bethegrammar of example3.1,with NP thestartsymtol. Thesetof non-teminalsof G isV = {D,

N, P, NP, PP} andthe setof terminds is ¥ = {the cat, in, hat}. The setof forms therebre contains
all the (infinitely mary) sequencesf elementsfrom V' andX, suchas(), (NP), (D catP D hat), (D N},

(thecatin thehat, etc.

Let usstartwith a simpleform, (NP). Obsere thatit canbe written as~;NP+y,., whereboth~; and~, are
empty Obsere alsothatNP is the headof somegramnar rule: therule NP — D N. Therfore,the form

is a goodcandidateor derivation: if we replacethe selectedsymbolNP with the body of the rule, while

preseving its ervironmen, we get-y;D Nvy,. = D N. Therebre,(N) = (D N).

We now applythesameprocessto (D N). Thistime theselectedsymbd is D (we couldhave selected\, of

cousse). Theleft contet is againempty while theright contect is v, = N. As thereexistsagrammarrule
whoseheadis D, namelyD — the we canreplacetherule’s headby its body presering the context, and
obtaintheform (theN). Hence(D N) = (theN).

Giventheform (theN), thereis exactly onenontermiral thatwe canselecthamelyN. However, thereare
two rulesthatareheaded by N: N — catandN — hat. We canselecteitherof theserulesto shaw thatboth
(theN) = (thecat) and{theN) = (thehay.

Sincethe form (thecat) corsistsof termind symbds only, no nonterminalcanbe selectedandhene it

derivesno form.

We now extendthe derivationrelationfrom a singlestepto anarbitrary number of steps.To formalize
the coneptof “any nunberof apgications”, oneusuallyusesthe reflexive transitiveclosure of a relation
In our case thereflexive transitive closureof the derivation relationis a relationover forms, deroted* =,
anddefinedrecursidy asfollows: a = g if a = 3, orif a = v andy = 3. Simply put, this definition
mears that the exterdedderivation relation* =’ holds for two forms, & and, eitherif « directly derives
B, orif a directly derivessomeintermediateform, -y, whichis known to (transitively) derive (.

Example 3.4 Exterdedderivation
In exanple 3.3we shavedthatthe following derivationshold:

(1) (NP} = (DN)
(2) (DN) = (theN)
(3) (theN) = (thecat

Therefore,we trivially have:

4 (NP = (DN)
(5) (DN)y = (theN)
(6) (theN) = (thecat

From(2) and(6) we get

(7) (DN)y = (thecat)
andfrom (1) and(7) we get

(8) (NP) = (thecat)

Fromhereonwe usetheterm*“derivation” in refelenceto the extended, transitive relation;the original
relationwill be refered to asimmediatederivation. The derivation relationis the basisfor definingthe
langwagedenotedby a granmarsymbol. Considerthe form obtaired by takinga singlegrammar symbad,
say(A); if thisformderivesasequeneof terminalssay{ay, - . - a,, ), thenwe saythattheterminalsequene
(whichis astringof alphaletsymbds) is amembeiof thelanguagedendedby A. Formally, thelanguag of
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somenontermind A € V, derotedL(A), is {a1 ---an | a; € Sfor1 <i < nand(4) = (ay,...,a.)}.
Thatis, the languae dendedby A is the setof stringsof termiral symbolsthatarederivedby (A4). The
langwageof agrammar G, L(G), is thelanguae dended by its startsymbd, L(S). Whena stringw isin
L(G) we saythatw is grammadical.

Example 3.5 Languageof agramnar
ConsideragainthegrammarG = (V, %, P, S) whereV = {D, N, P, NP, PP}, ¥ = {the cat,in, hat}, the
startsymbolS is NP and P is thefollowing setof rules:

D — the NP— DN

N — cat PP— PNP
N — hat NP — NP PP
P—in

It is fairly easyto seethat the languag denotedby the nonterminal symbol D, L(D), is the singletm
set{the}. Similarly, L(P) is {in} and L(N) = {cat, hat}. It is moredifficult to definethe languages
dendedby the nonterminalsNP andPP, althowgh is shouldbe straightforwardthatthe latteris obtainel
by concatenting {in} with theformer We claim, without providing a prod, that L(NP) is thedenotatio
of thereguar expression(the- (cat+ haf) - (in- the- (cat+ hat)) *).

3.4 Derivation trees

Thederivation relationis the basisfor the definitionof langua@s,but sometimeslerivationsprovide more
informationthanis actuallyneecd. In particula, sometimegwo derivations of the samestring differ not
in therulesthatwereappliedbut only in theorderin whichthey wereapplied Consideragainthegramnar
of exanple 3.5. Startingwith theform (NP) it is possibleto derive the stringthecatin two ways:

(1) (NP) = (D N) = (D cat) = (theca)
(2) (NP) = (D N) = (theN) = (thecat)

Derivetion (1) appliesfirst therule N — cat andthentherule D — the whereasderivation (2) apgies the
samerulesin thereverseorder. But sincebothusethe samerulesto derive the samestring, it is sometimes
usefu to collapsesuch“equivalent” derivations into one. To this endthe notion of derivationtreesis
introduced.

A derivation tree(sometimegalledparsetree,or simplytree)is avisualaidin depcting derivations,and
ameandor imposingstructue onagranmaticalstring. Treesconsistof vertices andbrancles;adesignatd
vertex, theroot of thetree,is depictel onthetop. Then,branclesaresimply conrectionsbetweernpairsof
vettices. Intuitively, treesaredepicted'upsidedown”, sincetheirroat is atthetopandtheirleavesareatthe
bottam. An exampe for a derivation treefor the stringthe catin the hat with the gramnar of exampe 3.5
is given in exampe 3.6 (page32).

Formally, atreeconsistsof afinite setof verticesandafinite setof branctes(or arcs),eachof whichis
anordeedpairof vertices.In addition atreehasadesignatedertex, theroot, whichhastwo propeties: it
is notthetargetof any arc,andevery othervertex is accessiblérom it (by following oneor morebrarches).
Whentalking abou treeswe sometimesisefamily notatio: if a vertex v hasa brand leaving it which
leadsto somevertex u, thenwe saythatwv is the mothe of u andwu is the daughter, or child, of v. If » has
two daudnters,we referto themassistes. Derivationtreesaredefinel with respecto somegranmarG,
andmustobey thefollowing conditimns:

1. everyvertex hasalabel, whichis eitheraterminal symbd, a nonrtermind symbolor ¢;

2. thelabelof theroat is the startsymbol;
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Example 3.6 Derivation tree

the cat in the hat

3. if avertex v hasan outgoirg branch its label mustbe a nonterminal symbol; furthemore, this
symbolmustbethe headof somegramma rule; andthe elementsn the body of the samerule must
bethelabelsof the childrenof v, in the sameorder;

4. if avertexis labelede, it is theonly child of its mother

A leaf is a vertex with no outgoing brarches. A treeinducesa natual “left-to-right” order on its leaves;
whenreadfrom left to right, thesequencef leavesis calledthefrontier, or yield of thetree.

By the way we definedthem,derivationtreescorrespod very closelyto derivations. In fact, it is easy
to shaw thatfor a form «, a nonterminalsymbol A derives« if andonly if « is theyield of someparse
treewhoserootis A. In otherwords, wheneer somestring can be derived from a nonterminal, there
exists a derivation treefor that string, with the samenonterminalasits root. However, sometimeghere
exist differentderivationsof the samestringthatcorrespondto a singletree. In fact,thetreerepiesentation
collapsesxactly thosederivationsthatdiffer from eachotheronly in the orderin whichrulesareapplied.

Example 3.7 Corresppnderte betweertreesandderivations

Considetthetreeof exanple 3.6. Eachnonleafvertex in thetreecorrespadsto somegrammarrule (since
it mustbelabeledby the headof somerule, andits childrenmustbelabeledby the bodyof the samerule).
For exampe, theroot of thetree,whichis labeledNP, correspadsto therule NP — NP PP; the leftmost

D-labeledvertex correspondgo therule D — the This treerepresentshe following derivations (amoryg
othes):

(1) NP=NPPP=DNPP=DNPNP=DNPDN=theNPDN = thecatPDN
= thecatin D N = thecatin theN = thecatin thehat

(2) NP= NPPP=-DNPP= theNPP = thecatPP = thecatP NP = thecatin NP
= thecatin D N = thecatin theN = thecatin thehat

(3) NP= NPPP= NPPNP= NPPDN = NPPD hat= NP P thehat=- NPin thehat
= D Ninthehat= D catin thehat = thecatin thehat

While exactly the samerulesareappliedin eachderivation (therulesareunicguely deternined by thetree),
they areappliedin differert orders. In particlar, derivation (2) is a leftmostderivation: in every stepthe
leftmaost nonttermind symbolof a derivation is exparded. Similarly, derivation (3) is rightmost

Sometimeshowever, differentderivations (of the samestring!) correspondto differert trees.This can
happen only whenthe derivationsdiffer in the ruleswhich they apply Whenmorethanonetree exists
for somestring, we saythatthe stringis ambigious Ambiguity is a major problemwhengrammas are
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usedfor certainformal langua@s, in particularfor progmamminglangwages. But for naturallanguags,
ambigity is unavoidableasit correspadsto propertiesof the naturallanguageitself.

Example 3.8 Ambiguity
Consideragainthe granmarof examge 3.5,andthefollowing string:

thecatin thehatin thehat

What does this sequene of words mean?Intuitively, therecanbe (at least)two reading for this string:
onein which a certaincatwearsa hat-in-a-hat,andonein which a certaincat-in-ahatis insidea hat. If we
wantedto indicatethetwo readirgswith parentlesesye would distinguishbetween

((thecatin thehat)in the hat)
and
(thecatin (thehatin thehat))

This distinctionin intuitive meanings reflectedin the gramnar, andherce two differentderivationtrees,
correspondig to thetwo reading, areavailablefor this string:

NP
NP .\
NP

PP
/NP\ D/\N P/ \NP

NN N W e

D N P NP P NP /\
/\ /\ P NP
D N D N /\

the cat in tf&e htlt in trlle hlat T T [l) T

the cat in the hat in the hat

Using linguistic termindogy, in the left treethe secondoccurenceof the prepsitionalphrasein the hat
modfies the nounphrasethe catin the hat whereadn theright treeit only modfies the (first occurence
of) thenounphrasehehat This situationis known assyntacticor structural ambiguty.

3.5 Expressveness

In exanple 3.5aboe we presente context-free grammar whoselanguage, we claimed,is regular. How-
ever, recallfrom section3.1 thatthe motivation behindthe introduction of contect-free gramnarswasthe
inability of reguar expressiongo dende certainlanguagegor, in otherwords,thelimitationsof the classof
regularlanguages) We musttherebreshow thatcontext-freegranmarsdo providethemeandor describirg
somenonreguar langua@s.

In this sectionwe will corcentrateon aformal (thatis, not natural)examge, for the sale of simplicity.
The languag that was shavn to be nonreguar in section3.1is L = {a™b™ | n > 0}, andthis is the
langwagefor which we provide a context-free gramma here. The gramnar, G = (V, %, P, S), hastwo
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termiral symtols: ¥ = {a, b}, andthreenonterminalsymbols:V = {S, A, B}, with S the startsymbd.
Theideais to have S derive stringsof oneor more‘a’s,and B —stringsof ‘b’s. But of course,thegramnar
mustsomelow guarateethatthe nunber of the ‘a’s matcheghe nunber of the ‘d’s. Thisis achiesed by
guaanteeinghatwhereveran A is addedo someform, a B is alsoadded.

Example 3.9 A contet-freegranmarfor L = {a™b™ | n > 0}

(1) S— ASB
(2) S—ab
3) A—a
4 B—b

Theideabehindthe gramnar of examge 3.9is simple: the languae of the nonterminalA is simply
{a}, andsimilarly L(B) = {b}. Thelangwageof Sis morecomplicated With thesecondule,S— ab, S
canderive thestringa b. Thefirst ruleis recursve: it expandsanoccurenceof Sin aformto A SB. Since
theAwill deriveaandtheB will derive b, thisamourtsto replacinganoccurenceof Sin aform with a Sh.
Notethatwheneer ana is addedo theleft of the S, abis adda onits right. This ensuesthatthe numter
of theas matcheghe numker of the bs. Eventually, the Sin a form canbe expardedinto a b, to comgete
thederivation.

Example 3.10Derivationwith thegramma G

An exanple derivation with the grammarG of examge 3.9is givenbelon. The derivedstringisaab b,
whichis indeedin the langwageof G. The numkber above the derivationarron correspadsto the numter
of therule of G thatwasusedfor thederivation.

(9 = (ASB)
£ (AabB)
2 (Aabb)
4 (aabhb)

Whatif we wereinterestedn aslightly differert languiage,namelyL’ = {a™b" | n > 0}? Noticethat
the only differencebetweerthe two langwageslies in the emptystring, €, which is a memter of the new
langwage. A gramnar for L' is givenin exanple 3.11to demastratethe useof whatis know ase-rules,
thatis, ruleswith emptybodies.Thee is nothing in the definitionof a rule which requiesthatits body be
nonempty Whenane-rule participatesin a derivation,wherever its headis the selectecelementn some
form, it is repla@d by the emptysequene, thatis, thelengthof theform deceases.

Example 3.11A contet-freegrammafor L' = {a™b™ | n > 0}
(1) S— ASB

(2) S—e
3 A—a
4 B—b

This gramnar is very similar to the granmarfor L of exampe 3.9; the only differerceis thatthe halting
condtion for the recursion namelyrule (2), now expards Sto e ratherto a b. This allows for the empty
stringto beamembe of thelangua@: aderivation for e simply startswith (S) andappliesthesecondule,

yielding ().
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Sincethelanguge L = {a™b" | n > 0} is notaregular langlage,andsincewe have shavn abore a
contet-free gramma for geneatingit, we have proven that somecontet-free languagesare not reguar
langlages. This bringsup an interestingquestion whatis the relationshipbetweenthesetwo classeof
languages?Thereareonly two possibilities:eitherthe contect-free languagesproperly cortain the reguar
languages,or they simply overlap: they have a nonemptyintersection but eachclasscontainsmemiers
thatarenotmembes of the otherclass.It turnsoutthatit is relatively simpleto shav thattheformer is the
case:evely regularlanguageis alsocontet-free. In otherwords,given somefinite-stateautomaon which
geneatessomelanguae L, it is alwayspossibleto corstructa context-free granmarwhoselangageis L.
Theregular languaesareproperly contairedin the context-freelanguages.

To validatethe above claim, we concluck this sectionwith a discussionof converting automaa to
context-free granmars. The rationalizatio is that if we canshaw, for ary finite-stateautonaton 4, a
granmar G suchthat L(A) = L(G), thenwe have proventhatary reguar languag is contet-free. In
otherwords,in whatfollows we “simulate” a compuation of a finite-stateautomata by a derivationof a
context-freegramnar.

Let A = (Q, qo,0, F) be a deterninistic finite-stateautonatonwith no e-movesover the alphatet ¥.
Thegramnar we defineto simulateA is G = (V, X, P, S), wherethealphabef® is thatof the autormaton,
andwherethesetof nonterminals,V, is theset@ of theautom#on statesIn otherwords,eachstateof the
autonatonis translatedo a nonrtermind of thegramnar. Theideais thata single (immediate)derivation
stepwith the gramnar will simulatea singlearc traversalwith the automata. Sinceautomatastatesare
simulatedby grammamonterminds, it is reasonabléo simulatetheinitial stateby the startsymbol,and
hene thestartsymbolS is qg. Whatis left, of course arethegramnar rules. Thesecomein two varieties:
first, for evety automaonarcd(g,a) = ¢’ we stipulatearule q — a¢’. Then,for evely final stategy € F,
we addtherule gy — e. This processs demastratedor asmallgranmmarin exanple 3.12.

Example 3.12Simulatinga finite-stateautomata by a grammar
Considerthe simpleautonaton{Q, go, 6, F') depictedbelov, whereQ = {qo,q1,2,q3}, F = {g3} andé
iS {(q()a m, q1>7 <q17 €, q2>7 <(I27 o, q2)a <Q27 w, q3>7 <q07 w, (I2)}:

@ — @) —O——@®
08

(0]
Thegrammar G = (V, £, P, S) which simulateghis automatonhasV = {qo, 1, 2,93}, S = go andthe
setof rules:

(1) g —-mag
(2 ¢ —eq
(3) @2—0g
(4) g2 —wgs
(5) g —>WwWg
(6) q3—e€

The stringmeoav, for exanple, is gereratedby the automata by walking alongthe pathgg — ¢1 — ¢2 —
g2 — ¢2 — g3. Thesamestringis generéedby the granmarwith thederivation

(q0) EN (mqy) 2 (megs) Y (meogs) 2 (meoogs) A (meoowgqs) L (meoow)

Wewill notprovide aprod thatthelanguae of thegranmarindeedcoincideswith thelanguae of the
autonaton,but thevalidity of this propositionshouldbe easyto see.
It is extremelyimportart to realizethat while for every finite-stateautomaon A a gramnar G exists
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suchthat L(A) = L(G), the reverse doesnot hold. Thereexist gramnars whoselanglage canna be
geneatedby ary finite-stateautomato. Our conclwsion, then, is that the classof regular languagesis
properly contairedwithin the classof contet-freelanguaes.

Observingthe grammar of exanple 3.12 a certainproperty of the rulesstandsout: the body of each
of theruleseitherconsistsof a terminalfollowed by a nonterminalor is empty This is a specialcaseof
whatareknown asright-linear granmars. In aright-lineargramma, the body of eachrule consistsof a
(possiblyempty)sequeneof terminalsymbols pptiondly followedby asinglenonterminalsymbol.Most
importantly, norule existswhosebodycortainsmorethanonenonterminal;andif anonterminaloccursn
thebody it is in thefinal position. Right-lineargramnarsarearestrictedvariant of contect-freegramnars,
andit canbe shavn thatthey gererateall andonly theregularlanguayes.

3.6 Linguistic examples

Contet-free granmarsare a powerful device, both for the specificationof formal (e.g, progamming
languagesandfor describingthe syntax(and,sometimesalsootheraspectspf naturd languags. Oneof
thereasondor their appedis their efficiency: while not asefficient to implementasfinite-stateautonata,
thereexist algorithns thatdetermire whettera givenstringis in thelangua@ of somegramnarin timethat
is proportioral to the cube of thelengthof the string. Compaedto finite-stateautomaa, wherethetime for
suchataskis proportional to the lengthof the string (thatis, linear ratherthan cubic), this might seema
major difference;but given the exterded expressvenesf context-free languag@sover regular langua@s,
thisis sometimesvorththeprice. In this sectionrwe exemgify somecharateristiclinguistic issueshatcan
behanded elegartly with context-free granmars.

Let usstartwith the basicstructureof sentences1 English. Thegramma of examge 3.5canbeeasily
exterdedto cover verbphrasesin additionto nounphrasesall thatis requirel is a setof rulesthatderive
verbs,sayfrom anonterminalcalledV, andafew rulesthatdefinethe structue of velb phrases:

V — sleeps VP—>V

V — smile VP — VP NP
V — loves VP — VPPP
V — saw

Now all thatis neededs a rule for sentencdormation: S— NP VP, andthe augnentedgramnar can
derive stringssuchasthe cat sleepsor the catin thehat sawthe hat Thegramnar, alongwith anexamge
derivationtree,aredepictedn examge 3.13(page37).

Therearetwo major prablemswith the gramnar of examge 3.13 Firstly, it ignores the valenceof
velbs: thereis no distinctionamorg subcatgoriesof verbs,andanintransitve verb suchassleepsmight
occu with a noun phrasecomplenent, while a transitive ver suchaslovesmight occu without one. In
suchacasewe saythatthegramnarovergenertes it geneatesstringsthatarenotin theintendel language.
Seconty, thereis no treatmenbf subject—erbagreenent,sothata singularsubjectsuchasthe cat might
befollowedby a plural form of verbsuchassmile Thisis anotler caseof overgeneration.Both prodems
areeasyto solve.

To accoun for valerce, we simply repla@ the nonterminalsymbolV by a setof symbds: Vtrans,
Vintrans, Vditrars etc. We alsochangehe granmarrulesaccordngly:

VP — Vintrans Vintrnas — sleeps
VP — VtransNP Vintrans — smile
VP — Vditrans NP PP Vtrans— loves

Vditrans — give

To accounfor agreenent,we canagainextendthesetof nontermind symbds suchthatcateyoriesthat
mustagreereflectin thenonterminalthatis assignedor themthefeatuesonwhichthey agree In thevelry

(© 2001by ShulyWintner



3.6, LINGUISTIC EXAMPLES

37

Example 3.13A contet-freegramma for Englishsentences

Theextencedgramnaris G = (V, X, P, S) whereV = {D, N, P, NP, PRV, VP, S}, ¥ = {the cat,in, hat,
sleepssmile loves,saw}, thestartsymbolis SandP is thefollowing setof rules:

S— NPVP
NP— DN
NP — NP PP
PP— PNP
VPV

VP — VP NP
VP — VP PP

A derivation treefor the cat sleepss:

D — the

N — cat

N — hat
P—in

V — sleeps
V — smile
V — loves
V — saw

!

the cat sleeps

simplecaseof English,it is sufficientto multiply the setof “nomind” and“verbal”’ categoties, sothatwe
getDsg Dpl, Nsg Npl, NPsg NPpl, Vsg Vip, VPsg VPpl etc. We alsochang the setof rulesaccordngly:

S— NPsgVPsg
NPsg— DsgNsg
NPsg— NPsgPP
PP— PNP
VPsg— Vsg
VPsg— VPsgNP
VPsg— VPsgPP
Nsg— cat
Nsg— hat
P—in

Vsg— sleeps
Vsg— smiles
Vsg— loves
Vsg— saw
Dsg— a

S— NPplVPpl
NPpl— Dpl Npl
NPpl— NPplPP

VPpl— Vpl
VPpl— VPpINP
VPpl— VPplPP
Npl — cats
Npl — hats

Vpl — sleep
Vpl — smile
Vpl — love
Vpl — saw
Dpl — many

Contet-freegrammarscanbe usedfor a variety of syntacticcorstructionsjncluding somenontrivial
pheromenasuchasunbaindeddepenlenciesgxtraction extraposition etc. However, some(formal) lan-
guages are not contet-free, and therebre there are certainsetsof stringsthat cannotbe gereratedby
contet-free granmars. The interestingquestion of cousse, involves natual languags: are therenatu-
ral languagesthatarenot context-free? Are cortext-free gramnarssufiicient for geneating every natural
language?Thisis the topicwe discussn thenext chager.
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3.7 Formal propertiesof context-freelanguages

In section2.9 we discussedomeclosurepropertiesof reguar languagsandcameto the conclisionthat
thatclasswasclosedunderunion, intersectioncomgementationconcatention,Kleene-clsureetc. These
areusefulproperties,both for theoreical reasomg with reguar langugesandfor practicalapplicatians.
Unfortunately context-freelangua@sarenoso“well-behaved”. We discussomeof theirclosureproperties
in this section.

It shoud befairly easyto seethat contet-free languagesare closedunderunion Giventwo context-
freegramnars Gy = (V1,%1, P, S1) andGe = (Va, X9, Py, Ss), agrammarG = (V, X%, P, S) whose
langwageis L(G1) U L(G,) canbe constructedasfollows: thealphabef: is theunionof ¥, andX,, the
nontermind setV is aunionof V; andVa, plusanev symbad S which is the startsymbolof G. Then
therulesof G arejusttheunion of therulesof G, andG-, with two additicmalrules:S— S; andS— S,
whereS, andS, arethe startsymbds of G; andG., respectiely. Clearly, every derivation in G, canbe
simulatedby a derivation in G usingthe samerulesexactly, startingwith therule S— S;, andthe sameis
truefor derivationsin GG,. Also, sinceSis anew symbd, no otherderivationsin G arepossible. Theefore
L(G) = L(Gl) (@] L(Gz).

A similarideacanbeusedto shaw thatthe context-freelanglagesareclosedunderconcaenation:here
we only needone additinal rule, namdy S— S; S;, andthe restof the constructia is identical. Any
derivationin G will “first” derive a string of G; (through S;) andthena stringof G- (throwgh S;). To
shaw closureuncertheKleene-clgureopeation,useasimilar constructio with theaddedulesS — ¢ and
S— SS.

However, it is possibleto shav thatthe classof contet-freelangua@sis not closedunde intersection
Thatis, if L; andL, arecontet-freelanguagesthenit is notguaanteedhatZ. , N L, is context-freeaswell.
Fromthis factit follows that context-free langugesarenot closedunder complenentation,either While
contet-free langua@s are not closeduncer intersection they are closedunder intersectionwith reguar
langwages:if L is a contet-freelanguag@ and R is aregular language,thenit is guaranteedthat L N R is
contet-free

Further reading
Contet-free grammas and languagesare discussedyy Hopcioft and Ullman (1979, chaptes 4, 6) and
Partee,ter Meulen,and Wall (199, chapter18). A linguistic formalismthatis basedon the ability of

contet-free granmarsto provide adegiateanalysedor naturd langluagesis GeneralizedPhraseStructue
Gramnars,or GPSG(Gazdaretal., 1985)
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Chapter 4

The Chomsky hierarchy

4.1 A hierarchy of languageclasses

We have encainteredsofar threetypesof meclanismsfor defininglanglages:expressionsautomataand
granmars. Let usfocus on grammarsin this chapter We have seentwo typesof grammnars: context-free
grammars,which geneatethe setof all cortext-freelanguages;andright-lineargranmars,which geneate
thesetof all regularlanguags. Right-lineargranmarsarea specialcaseof context-free grammars,where
additianal constraintsareimposedon the form of therules(in this case at mostonenonterminalsymbol
canbe presenin thebody of arule, andit mustbethefinal element) The patternthatwe emphaizehere
is thatby placingcertainconstrainton the form of therules,we canconstrainthe expressve power of the
formalism.Whatwould happenif we usedthisrationalizatia in thereversedirectian, thatis, allowedmore
freecdbmin theform of therules?

Oneway to exterd the expressvenesf granmarsis to allow morethana singlenonterminalsymbol
in the headof therules. With contet-free gramnars,a rule canbe applied(during a derivation) whenits
headis anelemenin aform. We canexterd this formalism by refering, in the apgication of rules,to a
certaincontet. While acontext-freerule canspecifythata certainnontermiral, say A, expardsto acertain
sequene of termiralsandnonterminals,sayq, arulein the exterdedformalismwill specifythatsuchan
expansionis allowedonly if the contect of A in the form, thatis, A’s neighlorsto theright andleft, are
asspecifiedin therule. Dueto this referere to context, the formalismwe descrile is knovn ascontext-
sensitivegrammas. A rule in a context-sensitve gramnar hastheform a1 A as — a3 Bas, whereay, as
andg areall (possiblyempty)sequenesof terminalandnonterminalsymbds. The othercomppnentsof
contet-sensitve gramnarsareasin the caseof contet-free granmars. For exanple, a context-sensitve
rule might expard a verb phraseto a ditrarsitive verb suchaslove only if it is prece@d by a noninative
nown phraseandfollowed by an accusatie one: NPnomVP NPacc— NPnomloveNPacc. This format
of rulesis mostly known from phorology, wherephorological proeessesare usuallydescribedas“some
phanemeA is realizedas whenit is preceeédby a; andfollowedby a”.

As usual, the classof langua@s that can be generatechby contet-sensitve gramnarsis called the
contet-sensitve languaes. Consideringthat every contet-free grammar is a specialcaseof context-
sensitve grammnars (with an empty context), it shouldbe clearthat every contet-free languageis also
contet-sensitve, or in otherwords,thatthe contet-free languagesarecontainedn the setof the context-
sensitve ones.As it turnsout, this containnentis proper, thatis, therearecortext-sensitve languayesthat
arenotcontet-free

Whatwe arefindingis ahierarcly of classe®f languagestheregularlangwagesareproperly containel
in the context-free langua@s, which are properly contaired in the contet-sensitve langlages. These,n
turn, areknown to be properly containedn the setof languagsgeneatedby the so-calledunrestrictedor
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40 CHAPTER4. THE CHOMSKY HIERARCHY

geneal phrasestructue granmars.Thishierachyof languageclassesvasfirst definedoy NoamChomsly,
andis therefoe calledthe Chomsk Hierarchy of Languages It is schematicallydepictedbelow:

Phrase-strcture
langua@s

Contet-sensitve
langua@s

Contet-free
langua@s

Regular
langua@s

4.2 The location of natural languagesn the hierarchy

The Chomsly Hierarchyof Languagegeflectsa certainorderof compleity: in somesensethe lower the
languageclassis in the hierachy, the simplerareits possibleconstructims. Thisis a very informal notion,
andinded thereis nothingsacredaboutthis particdar hierarcly: onecoud conceve of criteriaotherthan
the form of the rulesfor definirg languageclassesandgetat a different hierarcly altogether However,
given thesignificane of the Chomsly hierachyin formal languag theoryandcomputersciencen geneal,
it is interestingo investigatahelocationof formal languageswith respecto this hierachy. In otherwords,
wheredoesthe classof naturd languagesfall? Are therenaturallanguagsthataretrans-egular (canrot
be describedby areguar expression)?Are thereary thataretrans-cotext-free (canrot be describedy a
contet-freegrammnar)? Beyondthe expressve power of evencontet-sensitve granmmars?

In his 1957 Syntatic Structues(Chomsly, 1957), NoamChomsly presents theoremthat says“En-
glishis notareguar langua@g”; asfor contect-free languages,Chomsly says‘l do notknow whetheror
not Englishis itself literally outsidethe rangeof suchanalyses”.Incredibly, it wasfor mary yearswell
acceptedhat naturallanguagesstoodbeyond the expressve power of context-free granmars,with nota
singlewell establishegroof. To illustratethis situation,herearea few qudesfrom introductory texts in
linguistics.

In one of the most popuar syntaxtextbooks, An introduction to the principles of transformatioal
syntax(AkmajianandHery, 1976 pp.84-86),in achaptetitled “The needor transfornations”,theauthas
presehasmallfragmentof Englishthatdealswith auxiliaryconstrictions. They presehasmallCFGfor the
fragment,shaw thatit undergeneratesthenamendit andshov thatthe amene@d granmar overgeneates.
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4.2 THELOCATION OF NATURAL LANGUAGESIN THE HIERARCHY 41

Finally, they modify the gramnmar again,and show thatit geneatesthe requred language,but doesnot
“expresslinguistically significantgenealizationsaboutthe language”. They conclude:

Sincethereseemto be no way of usingsuchPSrulesto representan obviously significant
generdizationabou onelangwage namely English,we canbesurethatphrasestructuregram-
marscannotpossiblyrepresentALL the significantaspectsof languag structue. We must
introduce anew kind of rule thatwill pernit usto do so.

The logic that Akmajian and Hery are applyirg is the following: try to list as mary grammas as
possiblefor a givenlanguage;if you cant find onethatis cortext-free, thelanguag is trans-cotext-free.
But a naturd langlwage,andindeedary langua@, will have aninfinite nurmber of gramnars. It is logically
impossibleto searctthrowghall of themfor onethatis context-free. Hencethistechniqe of demastration
by enumeationof candicategramnars,in orde to shav thatthey areinappopriate,is outof thequestion.

In a similar way, PeterCulicoverin “Syntax” (Culicover, 1976) presentsa sequencef infinitely mary
sentencewith anincreasingdegreeof embelding anda seriesof CF rulesthatmanag to captureincreas-
ingly morecomplec constrictions. He condudes(p. 28):

In geneal, for ary phrasestructuregramnar containing a finite nunber of ruleslike (2.5,
(2.52 and(2.54) it will alwaysbe possibleto constructa sentencehatthe grammarwill not
generge. In fact, becausef recursiontherewill alwaysbe aninfinite numker of suchsen-
tencesHence thephrasestructureanalysiswill notbesufficientto geneateEnglish

Lateron (p. 50) he exploresa pheromena of affix hoping in auxiliary constrctionsin English,andcon-
cludes that “this makesit impossibleto captue the obsered gereralizationsin purely phrasestructure
terms”. Again,no prod is given

What is the sourcefor this confusion? Perhag the reasonlies in the notion of “context-freenes”;
onemight be misledto believe that context-free grammas canrot capturepheromenathat involve con-
text. This misconcefion runs so deep,that you find incredide statementsuchasin Transformatioal
gramma (Grinder andElgin, 1973. The authos present(p. 56) what mustbe the simplestcontet-free
granmar for a small subsef Endish, anddemorstratethatwhile it corredly geneatesthe girl sawthe
boy, it alsowrondy generatetheqgirl kisstheboy. They claimthat“this well-knovn syntacticpheromena
demamstratesclearly the inadegagy of ... contet-free phrasestructuregramnars”. More precisely they
state(p. 58) that:

The defining charactestic of a cortext-free rule is that the symbolto be rewritten is to be
rewritten without refelenceto thecontext in which it occurs.. Thus, by definition onecanna
write a context-free rule thatwill expand the symbolV into kissin the context of beingim-
mediatelyprecedd by the sequencéhegirls andthatwill expandthesymbd V' into kissesn
the context of beingimmedately precededby the sequenethegirl. In otherwords,ary setof
contet-free rulesthat geneate (correctly) the sequencethe girl kissesthe boy andthe girls
kissthe boywill alsogeneate (incarrectly) the sequenesthe girl kissthe boy andthe girls
kissesthe boy. The grammnatical phenanenonof Subject-Prdicateagreenentis suficient to
guarateetheaccuray of: “Englishis notacontedt-freelanglage”.

Exactlythesamepheromenm is usedby Emnon Bachin Syntatic theory(Bach,1974, p. 77)to reach
thesameconclsion. After listing several exanplesof subject-erb agreemenin Englishmainclauseshe
says:

Theseexanplesshaw thatto describethe factsof Englishnumter agreemenis literally im-
possibleusinga simpleagreenentrule of the type givenin a phrasestructuregramnar, since
we canna guaanteethatthe nounphrasethatdeterninestheagreenentwill precedgor even
beimmediatelyadjacent}o the presefrtenseverb.
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Of course,suchpheromenaaretrivial to describawith context-freegranmars,asoutlinedin section3.6.
Similarly, JoanBresnanin A realistictransformatioal gramma (Bresnan 1978, pp. 37-38) lists some
more exampes of numter agreemenin English,indicaing that:

In mary caseshenumbe of averbagres with thatof anounphraseatsomedistancdromit...
thistypeof syntacticdepenéng/ canextendasfarasmemay or patiercepernits... thedistant
typeof agreemen.. canna beadegiatelydescribé evenby contet-sensitve phrase-structure
rules,for the possiblecontext is not correctly descritableasa finite string of phrases.

It shouldbe emplasizedthat context-free rulescantake careof depemnlencieshatgo far beyond “im-
mediateadjaceng’. For exanple,we couldaugnentthegramma of example3.13to allow relative clause
modfication of noun phrasedy separatingingularandplural catgyories (assuggesteéh section3.6)and
addirg therulesNPsg— NPsgthat SandNPpl— NPplthat S, andthusaccount for sentences whichthe
subjectandtheverbagres onnumter, eventhoughthey mightbe separatefrom eachotherby afull clause,
whoselengthmight notbelimited.

Therehave been,however, somemore seriousattemptso demanstratethat natual languag@sare not
contet-free  We have seenso far onewrong way of demastratingthat a languag is not context-free.
How, thendoesonego abaut proving sucha claim? Thele aretwo maintechniqees. Oneis direct: thereis a
lemma known asthepumpirg lemmathatdescribesomemathenaticalpropertyof context-freelanguages
in termsof their string sets. To prove thata particularlanguageis not context-free, onecansimply prove
thatthe setof stringsof thatlanguag@ doesnot comgy with this propgerty. However, the property is rather
comgex; directprods of noncontext-freeressarerare.

More usefulthanthe pumpng lemmaare two closurepropertiesof context-free languaes: closure
uncer intersectiorwith regular languagsandunderhomanorplism. Suppeewe wantto checkwhetrer
Endish is contet-free. If we canfind somereguar languag, andshaw thatits intersectim with English
is not contet-freg thenwe know that Endish itself is not context-free. The target languag — in the
intersectiorof Englishandsomereguar language— shouldbe onethatis olviously not context-free, and
usuallyoneusesa vaiiant of what's called“copy languages”. The canonichexamge of a copy languag
is {ww | w € £*}. In otherwords, if we canshov thatwhenEndish is intersectedvith somereguar
languageit yieldsacopy langlage thenEndish is provably not context-free. Usingsuchtechniqes, it was
demastratedquite corvincingly — usingdatafrom Dutch, Swiss-Germamandotherlanguags— thatthere
arecertainconstructimsin naturallanguagesthatcanrot be geneatedby context-free granmars.

We will notdemastrateherethe non-context-freeressof naturallanguaes,asboththelinguistic data
andthe mathenaticsof the proof arebeyond the scopeof this course.It is muchsimpler thowgh, to shov
that natual langwagesare not regular, in particular we demanstratebelow that Englishis not a regular
language.

A famots examplefor shawing thatnatual languaesarenotregular hasto dowith phenanenaknown
ascenterembeding. Thefollowing is agranmaticalEndish sentence:

A whitemalehiredanaherwhitemale
Thesubject A white malg canbe modifiedby therelative clausewhoma white malehired
A white male—whoma white malehired— hiredanothe white male

Now the subjectof the relative clausecanagainbe modifiedby the samerelative clauseandin prindple
thereis no bourd to thelevel of embeldingallowedby English It is obtaired,then,thatthelangua@ L trg
is asubsebf Endish:

Ltrg = {Awhitemale(whoma whitemale)" (hired)* hiredanothe whitemale| n > 0}

There aretwo importtant pointsin this argument:first, Ltrg is not a regularlanguage. This canbe easily
shavnusingasimilarargumentto theonewe usedn orderto demastratehatthelanguage{a "b™ | n > 0}
is notregular, in section3.1.
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Thesecondointis thatall thesentenceof Lirg aregramnatical Englishsentencesyhile no“similar”
sentencejn which the exponentsof the clauseswhoma white male and hired differ, is a gramnatical
Endish sentenceln otherwords, Ltrg is theintersectiorof the naturallanguag Englishwith the regular
set

Lreg = {A whitemale(whoma whitemale}" (hired)" hiredanotter white male}

Lreg is indeedreguar, asit is definedby a reguar expression.Now assumeowardsa contradction that
Endish wereareguar language. Thensincethereguar languag@sarecloseduncer intersectionandsince
Lreg is areguar langu@e, thensowould have beenthe intersectio of Englishwith L reg, namely Lrg.
SinceLtrg is known to betrans-egular, we getata cortradiction,andtherebre our assumptioris falsified:
Endish is notareguler langwage.

As notedabove, similar consideations— albeit with a more comgicated setof data,anda more in-
volved mathematicahrgument— canbe usedto demorstratethat certainnaturallanguags standbeyond
theexpressve power of even context-freelangua@gs.

4.3 Weakand strong generative capacity

In the discussiorof the previous sectionwe only looked at gramnars as geneating setsof strings(i.e.,
languages)andignoredthestructurehatagramma imposesonthestringsin its langua@. In otherwords,
whenwe saythatEnglishis nota regular langiagewe meanthatno regular expressionexistswhosedene
tationis the setof all andonly thesentencesf English. Similarly, whenaclaimis madethatsomenatural
langlage,sayDutch, is not contet-free, it shouldbe readas sayingthat no cortext-free gramma exists
whoselanguag is Dutch. Suchclaimsarepropositionson the weakgenertive capacity of theformalisms
involved: the weak generéive capacityof regula expressios is insufiicient for generatig English; the
weakgeneratie capacityof contet-freelanguagsis insufiicient for Dutch. Wherenaturallangugesare
conerned,however, weak geneative capacitymight not correctly charaterize the relationshipbetween
a formalism (suchasreguar expressionsor contet-free gramnars) and a languag (suchas Englishor
Dutch) Thisis becaus®neexpectstheformalismnotonly to beableto geneatethe stringsin alanguage,
but alsoto associatéhemwith “correct” structures.

In the caseof cortext-free gramnars, the structureassignedo stringsis a deriation tree. Otherlin-
guisticformalismsmightassignotherkinds of objectsto their sentencesWe saythatthe stronggeneitive
capaity of someformalismis sufficientto generatesomelanguageif theformalismcan(weakly)geneate
all thestringsin the language,andalsoto assignto themthe “correct” structues. Unlike weakgererative
capacity which is a propely definedmathenatical notion, stronggeneative capacityis poaly defined
becawseno cleardefinitionof the“corred” structurefor somestringin somelanguag exists.

As anextremeexamge, conside somesubsebf English,definedwith thefollowing granmar, G 1:

S— NPVP D — the
NP— DN N — cat

N — hat
PP— PNP P—in
VP>V V — sleeps
VP — V NP V — saw
VP — VPP V — loves

This gramnar definessentencesuchasthe cat sleepsthe cat sawthe hat, the cat sleepsin the hat, etc.
But G not only generges suchsentencesit also associategachof themwith a derivation tree. Now
obsevethatthelangwagegenergedby G is finite: thereis norecusionin therules,andsoonecaneasily
enunerateall thesentencei thelanglage.

Now consider@nalternatve grammar, G, with thefollowing rules:
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S— thecatsleeps

S— thecatsleepsn thecat
S— thecatsleepsn thehat
S — thecatsawthehat

S — thecatlovesthehat

S — thecatlovesthecat

In otherwords,G» hasaproductionrulefor evelty possiblesentencef thelanguagegeneatedby G ;. Since
L(G,) is finite, the numker of rulesin G- is finite, too. Furthemore, by its constrution, the languag
geneatedby G, is identicalto the languag geneatedby GG . In termsof their weakgeneative capacity
we would saythatthe gramnarsareequialent; they geneateexadly the samesetsof strings.However, in
termsof their stronggeneative capacityit is obviousthatG ; andG, assigrcompléely differentstructures
to the stringsin their (conmon) language: clearly, the treesadmittedby G ; are more informative than
the flat tressadmittedby G>. We might saythat G; is superio to G-, asit correspondamore closely
to the intuitions we have whenwe think of the structureof Englishsentencesbhut sucha claim is not a
mathenatical propositionandcannotbe proven.

G, andG, above aretwo context-freegrammars,andhenceassigrthesamekind of structurg(detivation
trees)to the stringsin their languags. Whentwo grammas thatareinstanceof differert formalismsare
conerned,mattersbecone more complicated it is not only difficult to evaluae the “correctness’of the
structuesassignedo strings;thesestructuesmight be competely different entities.For exampe, in some
linguistic theoies stringsare associatedvith comgex entities called featue structures rathe than with
strings.It is very difficult to definerelatiorshipsbetweerstructureof oneformdism andthoseof anotter.

To summarizethepicturethatemepgesfrom theabove discussions thatcomparisonof differert gram
mars,andtherefae also of different linguistic formdisms, canonly be dore on the basisof their weak
geneative capacity Thisis the notionthatgramnar equivalencecapturesthis is the notionthatshouldbe
usedwhenreferiing to theappopriateressof someformalismfor somelanguage(or a classof languages).
Stronggeneréive capacityis interestingin andby itself, but it is not a notionthatis amenale to formal,
mathenaticalinvestigation.

Further reading

TheChomsly Hierarcty of Languagess dueto Chomsly (195). Thelocationof the natual languagsin
this hierarcly is discussedn a variety of papersandby far the mostreadake, enlighteningandamusirgy
is PullumandGazdai(198), onwhichsectiord.2is based Severalotherworksdiscussinghenon-context-
freeressof natual languagesarecollectedin Part Il of Savitch etal. (1987. RoundsManasteiRamer
and Friedman(1987) inquire into the relationsbetweenformal langwagetheoy andlinguistic theory in
particdar refering to the distinction betweernweak and stronggereratve capacity Works shaving that
naturl languagescanna be describée by contet-free grammarsinclude Bresnanet al. (198) (Dutch),
Shieben(1985 (Swiss-GermanandManastetRamer(1987 (Dutch). Miller (1999 is arecentbookded-
icatedto geneative capacityof linguistic formalisms,whele stronggeneréive capacityis definedasthe
mockl theorgic semanticof aformalism.
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