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Abstract. Bayesian paradigm has been widely acknowledged as a coherent approach to learning
putative probability model structures from a finite class of candidate models. Bayesian learning is
based on measuring the predictive ability of a model in terms of the corresponding marginal data
distribution, which equals the expectation of the likelihood with respect to a prior distribution for
model parameters. The main controversy related to this learning method stems from the necessity of
specifying proper prior distributions for all unknown parameters of a model, which ensures a complete
determination of the marginal data distribution. Even for commonly used models, subjective priors
may be difficult to specify precisely, and therefore, several automated learning procedures have
been suggested in the literature. Here we introduce a novel Bayesian learning method based on the
predictive entropy of a probability model, that can combine both subjective and objective probabilistic
assessment of uncertain quantities in putative models. It is shown that our approach can avoid some
of the limitations of the earlier suggested objective Bayesian methods.
Key words: Bayesian inference, entropy, information theoretic criteria, objective model learning

1. Introduction
Consider a situation where judgement of the relative plausibilities of probability
models in a finite class M = {M j : j ∈ J }, is sought in the light of some observed
data. Plausibility should be understood here as a general term extending over concepts like evidence, utility, degree of belief, predictive power etc. Among generally
acknowledged principles that attempt to provide an answer to such a question, there
are the information theoretic approach pioneered by Akaike (1974, 1978, 1979),
the prequential approach (Dawid, 1984), the coding theoretic approach (Rissanen,
1987, 1995), and the normative Bayesian framework, which is discussed in detail
in Bernardo and Smith (1994).
The above mentioned methods are from the theoretical perspective suitable for
ordering the elements of M with respect to their ability to explain observed data. In
typical applications, models in the class M have varying parametric dimensionality,
and therefore, the maximum likelihood (ML) principle is not applicable as such
to the assessment of the relative plausibility of any particular M j . Even advocates
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of the ML principle have clearly stated that its use is often unfortunate in the
model comparison context (Lindsey, 1996), a fact which has partly stimulated
the emergence of some of the alternative approaches, such as Akaike (1974). For
a discussion of the problematic issues of measuring evidence using the law of
likelihood, see the discussion of Royall (1992).
Using the theory developed in Bernardo and Smith (1994) as a benchmark, we
discuss the requirements of the normative Bayesian framework to be met in order
to obtain a coherent solution to the stated problem. Many prominent Bayesians,
see, e.g. Lindley (1991, 1992), have claimed that the only satisfactory measures of
support for scientific hypotheses presented in terms of parametric models are probability based. The Bayesian framework requires that a scientist seeking answers to
questions involving model uncertainty expresses strictly probabilistic, subjective
beliefs about both observables and unobservables. By doing so, coherent information processing is guaranteed with the normative tools of inference. This framework
could thus be considered as an ideal, which tells us how we should do inference if
we are able to meet its requirements.
From the pragmatic point of view, it cannot be ignored that specification of
strictly probabilistic beliefs can be a daunting task even in problems of moderate
dimensionality, and that the computations involved therein may be intractable in
practice. Therefore, a considerable theoretical activity has been devoted to the development of automated methods for assessment of the elements of M in the light of
data. Some of these methods yield consistent approximations to Bayesian decision
rules, whereas others fall outside the normative framework even asymptotically.
Generally, the automated methods have the common aim of being objective,
i.e. the results should not be dependent on the opinion of any particular applier of
the method, but solely be a function of the observed data and the class of putative
models M. Here we discuss to which extent such an aim is attainable, and investigate assessment of relative plausibilities of models using the concept of predictive
entropy, which enables combination of both subjective and objective probabilistic
assessment of uncertain quantities in putative models. The structure of the paper is
as follows. In Section 2, the Bayesian model learning problem is formally defined,
and in Section 3 we derive the entropy based approach. Illustrative examples of its
application are provided in the final section, together with some concluding remarks.

2. Bayesian Model Learning
A tradition put forth by Bernardo and Smith (1994), see also the discussion in Aitkin
(1991), is to consider the comparison of model plausibilities from three different
perspectives; M-closed, M-completed and M-open. Within these perspectives,
the answers obtained depend on whether or not we wish to make some inference,
conditional on that we have actually chosen a model from M. To formalize the
problem, the comparisons are embedded into a decision situation, and under the
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principles of quantitative coherence, the solution is to order the models with respect
to their expected utilities.
Let x denote generically the data available for judging plausibilities of the models
in M. Each model M j , j ∈ J , is assumed to be labeled by a finite-dimensional
parameter θ j , taking values in a generic space  j . For some models the parametric
dimension of the model can be specified explicitly, and will be denoted by d j .
Following the notation of Bernardo and Smith (1994), within the M-closed
perspective it is assumed that one of the models in M is the true data generating
mechanism, and that the (subjective) belief model for x is defined as
p(x) =



P(M j ) p(x | M j ),

(1)

j∈J

where P(M j ) is a priori degree of belief (or probability) of M j , and p(x | M j ) is
the marginal data density given M j , which equals

p(x | θ j )π (θ j ) dθ j ,
(2)
j

where p(x | θ j ) is the conditional data density given θ j , and π (θ j ) is the prior density
of θ j .
If the problem at hand is formally treated as a decision problem in which a
choice is to be made from M, ω is an unknown of interest, and u(M j , ω) is a utility
function, the plausibilities of the models are specified by the expected utilities

u(M j , ω) p(ω | x) dω,
(3)
ū(M j | x) =


where
p(ω | x) =



p j (ω)P(M j | x),

(4)

j∈J

and
P(M j | x) = 

P(M j ) p(x | M j )
.
j∈J P(M j ) p(x | M j )

(5)

The quantity P(M j | x) can be interpreted as conditional or posterior probability of
M j being the true data generating mechanism, or simply be regarded as a weight in
the predictive mixture distribution. The most challenging practical issues related to
this strategy are the choice of the priors π(θ j ), j ∈ J, and the computation of (5).
Numerous methods have been suggested for derivation of the priors as a function of
the model structure, see e.g. Kass and Wasserman (1996). However, these methods
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typically yield improper reference priors for which  j π(θ j )dθ j = 1, leading to
undetermined probabilities (5).
Bernardo and Smith (1994) claim that, when literally taken, the above perspective appears to be quite unconvincing in reality, where the truth of a single model
available in M is seldom to be expected. In contrast, within the M-completed
perspective, the truth of any M j is not assumed, but there exists a separate belief
model, with respect to which the models in M are to be evaluated. Generally, we
are then interested in how well the elements of M work as approximations to the
separate belief model.
Finally, in the M-open perspective, the models are simply available for comparison, no overall actual belief model p(x) is assumed to be available. According to
us, this perspective captures an important situation appearing in scientific modeling
of real-world phenomena, in which a scientist is in lack of competence to proceed
with the strictly normative Bayesian framework. Gutiérrez-Peña and Walker (2001)
discuss the M-closed and M-open perspectives, and develop a strategy to model
selection using a nonparametric approach.
Paradoxically, to be able to utilize the arguments of the normative Bayesian
framework for assessment of relative plausibilities of the models in M, it would
inevitably be necessary to proceed within the formalism defined under the M-closed
perspective, as is clearly stated by de Finetti (1974). However, it is important to
notice that in the specification of the subjective belief model as in (1), it is really not
necessary to believe in the existence of any true model. The prior quantities P(M j )
can simply be regarded as predictive weights, measuring our opinion about the
expected relative predictive performance of the models. If the subjective Bayesian
approach is not taken, then whatever procedures we use for model assessment, they
need to be theoretically motivated either as (i) approximations to Bayesian decision
rules under quantitative coherence, or (ii) as formal rules for model learning based
on some alternative inference theory. The lack of solid normative theory behind the
M-completed and M-open perspectives, has in fact not been clearly put forth in
Bernardo and Smith (1994).
The challenge related to the specification of p(x) in (1) through the priors
π(θ j ), P(M j ), j ∈ J , for a given model class M and a data set, has inspired the
development of objective Bayesian methods for model learning. Also, the demonstrated sensitivity of subjectively determined posterior probabilities (5) for various
common modelling situations, illustrates the need for an objective approach. A considerable number of Bayesian automated methods for ranking the elements of M,
given the observed data, have been introduced in the literature, see e.g. Schwarz
(1978), Aitkin (1991), O’Hagan (1995), Berger and Pericchi (1996), Key et al.
(1999), Bayarri and Berger (1998), Berger and Mortera (1999) and Perez and Berger
(2002). Such methods do not typically necessitate the explicit specification of proper
prior distributions for the model parameters, however, some of them rely on the
reference type of priors (Kass and Wasserman, 1996). Examples of successful performance of the automated methods have been generally demonstrated, however, a
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variety of acknowledged deficiencies have also been identified (see, e.g. discussions
in the papers), including statistical inconsistency, poor small sample behavior, and
inapplicability to even extremely simple, commonly used discrete model families.
3. Predictive Entropy Based Model Comparison
In Bernardo (1999) and Bernardo and Rueda (2002), arguments for considering
nested model comparison in a Bayesian decision theoretic framework utilizing
information theoretic concepts were put forth. In particular, these papers discussed
the problem of providing meaningful probabilities (both prior and posterior) as
measures of the degree of belief to a particular probability model. Rather elegantly,
the authors then derived a reference criterion for determining the plausibility of a
model as a description of an observed data set. However, as such, the approach can
only be applied to pairwise comparisons of probability models which are nested in
the standard parametric manner, and does not yield an unambiguous ordering of
the elements of M in cases where there are more than two candidate models. In
Corander (2003a,b), a modification of the reference criterion was introduced for the
structural learning of undirected graphical models (see, e.g. Jordan, 2004). Here, we
consider a further generalization of the Bayesian information and decision theoretic
approach to model comparison. There exist also several related Bayesian learning
rules derived from the coding theoretic principle (see, e.g. Meir and Merhav, 1995;
Engel et al., 2003; Weissman and Merhav, 2003).
Assume that the utility of a density p j (· | θ j ), j ∈ J, to describe the behavior of
a random quantity y is measured with a logarithmic score function (see Bernardo
and Smith, 1994) α log p j (y | θ j ) + β(y), such that α > 0, and β(·) is an arbitrary,
real valued function in the joint sample space X . Since β(·) does not depend on
the actual density used, it will be ignored in the sequel by setting β(y) = 0, for
all y ∈ X , as in Bernardo (1999). To simplify the notation, we may abbreviate
p j (· | θ j ) as p j . Given that we have the data x comprising n observations currently
available, the expected utility of p j for the prediction of a future data set y also
comprising n observations, can be written as

ū( p j | x) =
u( p j , θ j )π(θ j | x) dθ j ,
(6)
j

where



u( p j , θ j ) = α

X

p j (y | θ j ) log p j (y | θ j ) dy,

(7)

is the negative entropy of p j (· | θ j ), and π (θ j | x) is the posterior of θ j ,
π(θ j | x) = 
j

p j (x | θ j )π(θ j )
,
p j (x | θ j )π (θ j ) dθ j

(8)
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where π (θ j ) is a prior deemed suitable for the model M j . The most appropriate
objective choice of the prior seems to be provided by the method introduced in
Bernardo (1979), and developed further in Berger and Bernardo (1989, 1992).
In the subjective Bayesian approach defined in (1), the priors π(θ j ), j ∈ J , are
required to be coherent about features that are common to different models. Here,
no such claims are made, but the prior π(θ j ) (either subjectively or objectively
determined) is a function of the characteristics of M j only.
In Bernardo (1999), the expectation in (7) is instead taken with respect to a
true sampling model in which p j (· | θ j ) is nested, leading to a measurement of
the expected performance of the approximation provided by p j (· | θ j ). To avoid
the necessity of using such an encompassing model approach, (6) is introduced to
enable characterization of the expected predictive performance of p j (· | θ j ), were
it an appropriate sampling model for the data. Notice that the current uncertainty
about θ j is taken into account, since it is quantified by the posterior π(θ j | x). Also,
for this particular utility measure, the precise value of α is irrelevant for ranking
the models in M, since it does not depend on the actual model used. In the sequel,
the utility structure is simplified by setting α = 1.
As discussed in Bernardo and Smith (1994) and Bernardo (1999), the above
type utility function measures the terminal utility of using p j to explain the data
structure. However, in some situations, we would wish to extend the utility function
additively to include a measure of the cost c j expected from using p j , which
measures the relative simplicity of the model, or reflects some other scientific
implications considered relevant in the particular application. Then, the expected
utility equals

ū( p j | x) =
u( p j , θ j )π(θ j | x) dθ j − c j .
(9)
j

This slightly more general form of the utility measure will be referred to as the
Bayesian entropy criterion (BEC).
Certain characteristics of the suggested utility measure are important to be
acknowledged. Firstly, the utility is not invariant with respect to monotone reparametrizations of the models in M. Surely, invariance in this sense is one of
the fundamental properties sought for objective prior distributions, which is discussed in detail in Kass and Wasserman (1996). Several of the earlier mentioned
automated model learning methods are invariant, or at least, invariant under limited classes of monotone transformations. However, for model learning problems,
invariance property has generally its price as a limited applicability, since it is typically achieved through either an encompassing model (Bernardo, 1999), existence
of a training sample of the data x associated with minimal information (O’Hagan,
1995; Berger and Pericchi, 1996), or asymptotic approximations (Schwarz, 1978).
For instance, none of these arguments are applicable to the common problem of
learning graphical models for sparse high-dimensional contingency tables (see the
discussion of O’Hagan, 1995).
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Secondly, the utility measure should not be applied to model learning problems
where certain candidates in M limit directly the entropy of p j in terms of restrictions
to θ j . This is evident from the fact that the predictive entropy can be made arbitrarily
small by fixing certain elements of θ j , related to the variance of the observed
variables. Fortunately, model learning applications related to such hypotheses are
generally of limited interested, which makes this restriction less important.
Spiegelhalter et al. (2002) considered the quantification of the expected future
performance of a Bayesian model through the expected log-likelihood for the current observations, corrected for the effective parametric dimension of the proposed
model. Here, as in Bernardo (1999), the expectation of the utility function taken
with respect to the posterior distribution, has a similar role of providing a quantification of the increase in uncertainty when the complexity of the model structure is
increased.
When the statistical consistency of the sought solution to model ranking problem is of concern, it should be reflected in the choice of the cost c j . In regular cases
where the parametric dimension of M j is straightforward to quantify, the cost can be
defined analogously to consistent penalized ML criteria, such as those introduced
by Schwarz (1978), or Hannan and Quinn (1979). As noted by Corander (2003a,b),
a careless choice of the cost function would lead to an asymptotically satisfactory behavior of the model assessment, while even worsening the performance for
relatively small observed samples, as compared to asymptotic approximations to
the logarithm of the marginal data distribution (2), such as the one introduced by
Schwarz (1978). As a cautious strategy, slowly increasing cost functions, such as the
one introduced in Hannan and Quinn (1979), and utilized by Corander (2003a,b),
should be advocated as a choice of c j .
The objective Bayesian approach to inference under a fixed model structure
has been shown to often produce even very acceptable frequentist properties (e.g.
Bernardo and Smith, 1994). Such handling of uncertainty can be seen as a general
agreement concerning how to proceed under lack of knowledge about the parameters of a statistical model in any particular application. However, no generally applicable objective Bayesian method seem yet have appeared for the model learning
situation considered here. This is not entirely surprising, as it may be argued, that a
successful application of the Occam’s razor principle (for a statistical introduction,
see Madigan and Raftery, 1994) requires in general some subjective assessment,
which is effectively intrinsic to the normative Bayesian approach. Such assessment
may also be incorporated to the BEC criterion, most reasonably through the cost
function, which can reflect the expected behavior of the model.
Since learning about the relative merits of the models in M is a very complicated
issue under any realistic and interesting data analysis scenario, it is not feasible
to assume that the utility structure could be universally calibrated, without any
reference to the particular application at hand. Bernardo (1999) obtains such a
calibration by restricting the attention to the simple case with only two nested
models in M (although, for criticism of his calibration, see the discussion of the
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paper). Similarly, there are several other methods (e.g. O’Hagan, 1995; Berger and
Pericchi, 1996) where the calibration is based on the existence of a minimal training
sample with respect to the largest model in M. Such samples do not even exist for
many regularly used models for discrete data (e.g. multinomial distribution), and
unfortunately can exceed the size of the complete observed data set (an example of
this is provided in the next section).
The decision theoretic framework defines the optimal model in M as the M j
obtained by solving
arg max ū( p j | x),

(10)

j∈J

thus, the model learning problem corresponds to the minimization of the predictive
entropy within M. Interpretation of the differences in the model utilities is also
facilitated by comparing the relative utilities


exp(ū( p j | x))
.
j∈J exp(ū( p j | x))

(11)

The values of the BEC criterion can in general be computed by using Markov
Chain Monte Carlo (MCMC) simulation (see Robert and Casella, 1999). If the
observations are independently and identically distributed (iid) given θ j , we have

p j (y | θ j ) log p j (y | θ j ) dy,
(12)
u( p j , θ j ) = n
X∗

where X ∗ is the sample space of a single observation y. By the strong law of large
numbers we get
m∗
  
n 
log p j y (l)  θ j → u( p j , θ j ),
∗
a.s.
m l=1

when m ∗ → ∞,

(13)

where y (l) , l = 1, . . . , m ∗ are iid samples from M j with the fixed θ j . Also, under
the standard ergodicity assumption for MCMC,

m

1 
(i) 
u pj, θj →
u( p j , θ j )π(θ j | x) dθ j
m i=1
j

(14)

where θ (i)
j , i = 1, . . . , m is a sequence from π(θ j | x), obtained from an MCMC
simulation. Thus we can approximate the key value ū( p j | x) as
m∗
m
  
n 
1 
log p j y (l)  θ (i)
ū( p j | x) =
j ,
∗
m i=1 m l=1
∗

(15)
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where y (l) , l = 1, . . . , m ∗ and θ (i)
j , i = 1, . . . , m are as above. Clearly, as
∗
∗
m, m → ∞, ū( p j | x) → ū( p j | x). Notice that the above double sum need not be
numerically prohibitive in practice, since generation of y (l) is often computationally
inexpensive given fixed values of the model parameters.
It is illuminating to consider the behavior of the utility function under a less
general setting, while assuming the conditional independence. Let the likelihood
p j (y | θ j ) belong to the exponential family, such that the density of the sufficient
statistic t = (T1 (y), . . . , Tk (y)) can be written as
 
c(θ j ) exp θ jT t ,

(16)

where θ j is the natural parameter. Then, using Theorem (2.64) in Schervish (1995),
it follows that the integral in (12) can be written as:
k

∂
θ (l)
log c(θ j ),
u( p j , θ j ) = log c(θ j ) −
j
∂θ (l)
l=1
j

(17)

where θ (l)
j is now the lth element of θ j . For any value of θ j , the above is the expected
log-likelihood for a future set of n exchangeable observations, and in particular,
when θ j equals the ML-estimate θ̂ j given x, the utility equals the maximized loglikelihood for the current data.
For a wide range of models in the exponential family, the posterior expectation
of the utility function can be calculated analytically under certain reference type
of priors. The asymptotic behavior of the BEC criterion is tractable for such cases,
and in the next section we provide some illuminating examples.

4. Examples and Discussion
Perhaps one the simplest possible examples of model comparison within the exponential family is concerned with two univariate normal distributions: M = { p1 =
N (0, σ 2 ), p2 = N (μ, σ 2 )}. Using the canonical parametrization, the components of
2
θ for p2 are θ1 = μ/σ 2 , θ2 = −1/(2σ
n observations,
the relevant statisn). Given
n
2
tics for the two models are n s̃ = i=1 xi2 , ns 2 = i=1
(xi − x̄)2 , respectively.
The cumulant generating function for the latter model is
n −

1
θ12
− log
4θ2 2

−

θ2
π

(18)

The negative entropies for the two models are equal, and given by
n
log
2

−

θ2
π

−

n
2

(19)
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Let λ = − 2θ2 . The reference prior for λ given in Bernardo and Smith (1994) is
π (λ) ∝ λ−1 for both models, and the reference posteriors are the following Gamma
distributions Ga(n/2, n s̃ 2 /2) and Ga((n − 1)/2, ns 2 /2), respectively. Standard
probability calculus yields the expectation (9) in a closed form, and it is illuminating
to consider the difference between the negative expected entropies, which equals
n−1
n
log(s̃ 2 ) − log(s 2 ) + ψ
2
2

−ψ

n
2

(20)

where ψ(·) is the digamma function. The first part is recognized as the maximized
log-likelihood ratio, and the strictly negative difference ψ((n − 1)/2) − ψ(n/2)
reflects the increased uncertainty in the posterior caused by the inclusion of the
mean parameter.
In Figure 1, we illustrate the error rate of the BEC criterion with particular
choices of c j as a function of n (n = 2, . . . , 30), assuming p1 to be the true
model. For comparison, the AIC (Akaike, 1974) and SBC (Schwarz, 1978) criteria
have also been included. It is seen, that the error rate for BEC with c j = d j /2
is nearly constant over n, reflecting the fact that the posterior expectation takes
the curvature in the likelihood into account. Indeed, from the frequentist point of
0.7
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Figure 1. Empirical error rates (over 1000000 replicates) for the univariate normal example
as function of n. From top to bottom (at right vertical axis) curves correspond to: (1) AIC, (2)
BEC with c j = d j /2, (3) BEC with c j = d j log log n, (4) SBC.
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view, our approach behaves similarly to a small sample correction to the asymptotic
likelihood ratio test as in Porteous (1985). As expected, error rate for the choice
c j = d j log log n (Hannan and Quinn, 1979; Corander, 2003a,b) tends to zero as n
increases, and approaches that of the SBC criterion.
Simply choosing the best model from M is not as such in general a comprehensive strategy for the model learning problem, when the utility of the best model is
relatively close to that of any other model. The relative expected utilities can therefore be pursued to obtain an intuitive interpretation of the plausibility of the best
model. In the normal example, we may consider the empirical probability that the
relative utility would yield strong evidence for the incorrect model, by investigating
the probability that (11) exceeds .1 for the model p2 . This is illustrated in Figure 2
for BEC with c j = d j /2 and c j = d j log log n, respectively. Again, as expected, it
is seen that the probability of this event is fairly small.
As a more realistic example, consider now the multivariate linear regression
model (see, e.g. Mardia et al., 1979) defined by
Y = XB + U,

(21)

where Y(n × p) is an observed matrix of p response variables in each of n observations, X(n × q) is a known matrix, B(q × p) is a matrix of unknown regression
parameters and U is a matrix of unobserved random disturbances whose rows for
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Figure 2. Empirical probability (over 1000000 replicates) that (11) exceeds .1 for the model
p2 . Upper curve: BEC with c j = d j /2; lower curve: BEC with d j = d j log log n.
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given X are uncorrelated, each with mean 0 and common covariance matrix . We
further assume that rows of U are from the normal distribution N p (0, Σ). Now we
have the parameter θ = (B, Σ), and the negative entropy (7) for n future observations is given as

u( p j , θ j ) = n
Pr(Y = y | B, Σ) log Pr(Y = y | B, Σ) dy
(22)
p
R

=n
Pr(U = y − xB | B, Σ) log Pr(U = y − xB | B, Σ) dy.
Rp

(23)
From the standard probability calculus, it follows that (23) is simply n times the
negative entropy of a variable U with distribution N p (0, Σ). Thus, we can write
n
u( p j , θ j ) = ( p + p log(2π) + log |Σ|).
(24)
2
Next we must specify the joint prior distribution π for the parameters B and Σ.
We assume that the elements of B and those of Σ are independently distributed;
that is,
p(B, ) = p(B) p(Σ).

(25)

In (25) we take the Jeffreys’ prior (Bernardo and Smith, 1994)
p(B) ∝ constant

(26)

p(Σ) ∝ |Σ|−( p+1)/2 .

(27)

and

With the specified prior the marginal posterior distribution of Σ is computed in
Zellner (1971) and is equal to the inverted Wishart distribution W p−1 (S −1 , υ), where
υ is the degrees of freedom, and
S = (Y − X B̂)T (Y − X B̂),

(28)

B̂ = (X T X )−1 X T Y,

(29)

and

is a matrix of least squares quantities. Given Lemma 5.1 and Proposition 5.2 in
Corander (2003a), we can now integrate (24) with respect to the posterior, which
gives

n
ψ((υ − i)/2) .
p + p log π + log |S −1 | −
2
i=0
p−1

ū( p j | x) =

(30)

OBJECTIVE BAYESIAN MODELLING

17

It is thus seen that BEC is available in a closed form for the class of normal linear
models, which have been extensively considered in the papers concerned with
automated Bayesian model selection.
Using the Proposition 5.2 in Corander (2003a), the expectation (9) may be derived for any multivariate linear model with Gaussian iid errors, where the reference
inverse Wishart posterior is available in a closed form. Such modeling setting includes the predictor choice in the standard linear multivariate regression model
(even with several response variables), order determination for vector autoregressive models, and learning of graphical Gaussian models (Giudici and Green, 1999).
Analogously to the criterion of Corander (2003a,b), BEC can be applied to learning
of graphical log-linear models for multinomial data. Also, BEC can be derived in
a closed form for unsupervised Bayes classifiers based on multivariate Gaussian
mixtures, using the data partition model formulation of Corander et al. (2005).
We now turn to an example of a model learning scenario, for which the subjective
Bayesian approach is extremely complicated, and for which the earlier referred
automated methods may easily fail.
The likelihood for a decomposable graphical Gaussian model G for a finite set
V of variables, may be written in the factored form
c∈C
s∈S

p(xc | θc )
,
p(xs | θs )

(31)

where C and S are the sets of cliques and separators in G, respectively (for details,
see Lauritzen, 1996). Under (31), the posterior factorizes, and consequently, the
expectation of (9) may be calculated separately for each term. Letting a ⊆ V be an
arbitrary subset of the variables, the graphical Gaussian model specifies p(xa | θa )
as N (0, Σa ), where Σa is the covariance matrix of the corresponding variables.
Given the reference prior π(Σa ) ∝ | Σa |−(|a|+1)/2 , where |a| is the cardinality of
−1
a, the reference posterior is the inverse Wishart distribution W|a|
(Sa , n), where
Sa is the ML-estimate of Σa . Proposition 5.2 in Corander (2003a) shows that the
expected negative entropy for the density term corresponding to a can be written
as
ū( pa |x) =

n|a|
[1 + log(2π) + log n]
2


|a|−1

n|a|
ψ((n − 1 − i)/2)
log |Sa | − log 2 −
+
2
i=1

(32)

which is similar to the univariate Gaussian case. Thus, the expected utility of graphical Gaussian model G equals

c∈C

ū( pc | x) −


s∈S

ū( ps | x) − cG ,

(33)
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where the cost cG is a function of the parametric dimensionality of the model,
dG =

 |s|
 |c|
+ |c| −
+ |s|.
2
2
c∈C
s∈S

(34)

The simplicity of the BEC approach in this particular case can be compared to
the computationally intensive MCMC method, which was considered in Giudici
and Green (1999). In this application, a minimal training sample (O’Hagan, 1995;
Berger and Pericchi, 1996) must be defined with respect to the complete graph G,
which easily leads to a training sample with size larger than n for extensive sets of
variables V. Also, it is well known that the asymptotic model learning criteria lead
to coarse approximations for this type of situations.
For BEC, the expectation above is with respect to the posterior for any actual
graphical model, not for the complete model as in Corander (2003a). Since for
the inverse Wishart parametrization a change in the degrees of freedom is induced
by marginalization, the unbiasedness of the Bayesian entropy estimate given by
Proposition 5.2 in Corander (2003a), is in fact satisfied by BEC for each term in
(33), but not by the approach of Corander (2003a) (except for the complete graph).
For the above type of exponential models, it follows from the behavior of the
digamma function that the difference between the expected utility for two candidate
models M j , Mk , with d j > dk tends to
log p j (x | θ̂ j ) − log pk (x | θ̂k ) −

d j − dk
− (c j − ck ),
2

(35)

as n → ∞. Depending on the choice of the model cost c j , the criterion can now
be made asymptotically equivalent to several model selection criteria introduced
in the literature. For the particular choices c j = {d j /2, d j log log n, (d j /2) log n},
BEC tends to the Akaike’s, Hannan and Quinn’s, and Schwarz criteria, respectively.
However, for small values of n, value of BEC may differ considerably from (35),
since (9) takes into account the expected curvature in the log-likelihood function for
the future data, and the curvature in the posterior distribution of θ j . Clearly, the criteria based on the asymptotic approximation of the above type ignore the curvature
and are linear in the penalty term with respect to the model dimension for any fixed
sample size n. Notice that, under typical improper reference priors, if the model
dimension d j would be too extensive with respect to n, the corresponding posterior
expectation of (7) would tend to minus infinity, thus automatically preventing the
use of models for which there is not enough data to estimate the parameters.
As discussed in the previous section, calibration of the cost function c j necessarily requires some subjective argument related to the characteristics of M, however,
for many standard model classes c j = d j log log n seems to be a reasonable choice
when statistical consistency is sought.
In the examples belonging to the regular exponential family which were considered above, the predictive negative entropy was expressible as the sum of the
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maximized log-likelihood for the currently observed data, and a non-linear correction term depending on the sample size and on the number of parameters in the
model. Our aim in future is to investigate properties of BEC further in important
general model classes, such as the curved and stratified exponential families, and
to obtain more explicit results concerning the calibration of the utility structure.
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